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Abstract:  

In this paper, the explicit solutions to closure equations of the plane-symmetric Bricard 

linkage are derived and a thorough kinematic study of the general plane-symmetric 

Bricard linkage is conducted with DH matrix method. The derived 5R/4R linkages from 

this Bricard linkage are introduced. Various bifurcation cases of the plane-symmetric 

Bricard linkage with different geometric conditions are discussed, which include the 

bifurcation between two plane-symmetric Bricard linkage motion branches and the 

bifurcation among equivalent serial kinematic chains with revolute joints and a four-

bar double-rocker linkage. Especially the plane-symmetric Bricard linkage that can 

bifurcate to the Bennett linkage is proposed for the first time. These findings not only 

offer an in-depth understanding about the kinematics of the general plane-symmetric 

Bricard linkage, but also bridge two overconstrained linkage groups, i.e., the Bennett-

based linkages and Bricard-related ones, to reveal their intrinsic relationship.    

 

Keywords： 
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bifurcation. 

 

1. Introduction 

The family of 6R overconstrained linkages was proposed by Bricard consists of three 

deformable octahedral cases [1] and three spatial linkage cases [2] whose mobility is 

due to the symmetric property. Among them, the plane-symmetric Bricard linkage has 

been extensively studied. First of all, implicit closure equations of six Bricard linkages 

were derived by Baker with DH loop-closure matrix method [3]. Phillips reviewed the 

Bricard linkages and introduced their relationship with other overconstrained linkages 

[4]. Baker analysed the general plane-symmetric six-screw linkage including the plane-

symmetric Bricard linkage with the reciprocal screw system approach [5]. The 

movability of the plane-symmetric Bricard linkage was investigated by Li and Schicho 

based on the theory of bonds [6]. Deng et al presented a geometric approach for design 
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and synthesis of single loop mechanisms including the plane-symmetric Bricard linkage 

[7]. They also proposed a virtual chain approach for the mobility analysis of multi-loop 

deployable mechanisms with plane-symmetric Bricard linkage as basic element [8]. 

Kong conducted type synthesis of single-loop overconstrained 6R spatial mechanisms 

for circular translation in which the plane-symmetric Bricard linkage is taken as an 

example [9]. Even though various synthesis methods have been used to study the plane-

symmetric Bricard linkage, there is no progress on the explicit solution of closure 

equations after Baker’s implicit ones. The detailed kinematic behaviours of this linkage 

can be revealed only with the explicit solutions. Therefore, we set the target to obtain 

them by overcoming the complicated trigonometric functions.  

 

Recent research applies the plane-symmetric Bricard linkage to the design of 

deployable structures. For example, Chen et al proposed a threefold-symmetric Bricard 

linkage which is a special case of the plane-symmetric one to fold the triangular or 

hexagonal structures [10]. Viquerat et al design a rectangular ring which can be folded 

into a compact bundle. Kinematically this is an alternative form of the plane-symmetric 

Bricard linkage [11]. A number of such retractable rectangular rings can form a family 

of large deployable mechanisms by synchronising the motion of all linkages [12].  

 

Because of the symmetry property, the plane-symmetric Bricard 6R linkage tends to 

have complicated bifurcation behaviours, which should be avoided in the application 

of deployable structures, but could be made use of in the design of reconfigurable 

mechanisms. The kinematics and bifurcation behavior of a special line- and plane-

symmetric Bricard linkage was analyzed using the SVD numerical method by Chen 

and Chai [13]. Zhang and Dai analyzed motion branch variations of the line- and plane-

symmetric Bricard linkage based on reciprocal screw systems [14]. Recent work on 

thick-panel origami shows 6-crease origami pattern can be replaced with the plane-

symmetric Bricard linkage in the thick-panel model [15]. Moreover, the kinematic 

model of the thick-panel waterbomb origami is the assembly of two types of plane-

symmetric Bricard linkages with bifurcation under certain geometric conditions [16]. 

Hence, the current bifurcation analysis of the plane-symmetric Bricard linkage only 

focuses on special cases. Therefore, this paper also aims to setup the general geometric 

condition of the bifurcation for the plane-symmetric Bricard linkage.  

 

The layout of this paper is as follows. The explicit solutions to closure equations of the 

general plane-symmetric Bricard linkage are derived and the comparison between 

kinematics variations of different plane-symmetric Bricard linkages based on these 

solutions are discussed in section 2. Section 3 introduces the derived 5R/4R linkages 

from the general case and their corresponding geometric conditions. Section 4 

addresses the bifurcation between the plane-symmetric Bricard linkage and the Bennett 

linkage. Section 5 discusses other various bifurcation cases of the plane-symmetric 

Bricard linkage under different geometric conditions. Final conclusions are drawn in 

section 6. 
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2. The explicit solutions to closure equations and kinematic properties of the 

general plane-symmetric Bricard linkage 

The geometrical parameters of the general plane-symmetric Bricard linkage are shown 

in Fig. 1 with the conditions that 

 
12 61a a a= = , baa == 5623

, caa == 4534
, 

  =−= 6112 2 ,  =−= 5623 2 ,  =−= 4534 2 , (1) 

 041 == RR , 
6 2R R= − , 

5 3R R= − .   

The setup of coordinate frames is in accordance with the Denavit and Hartenberg’s 

convention [17], where iz  is along the revolute axis of joint i ; ix  is the common 

normal direction pointing from 1−iz  to iz ; 
( 1)i ia +

 is the normal distance between iz  

and 1+iz (also known as the length of link )1( +ii ); 
)1( +ii  is the angle of rotation from 

iz  to 1+iz  about axis ix  (also known as the twist of link )1( +ii ); 
iR  is the normal 

distance between ix  and 1+ix  (also known as the offset of joint i ); and 
i  is the 

angle of rotation from ix   and 1+ix   about axis iz   (also known as the kinematic 

variable of joint i  ). Here, a  , b  , c  ,   ,   ,   , 
2R   and 

3R   are taken as the 

geometrical parameters of the plane-symmetric Bricard linkage. 

 

 
 

Fig. 1  D-H parameters of the plane-symmetric Bricard linkage 
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As it is a single loop linkage, the closure equation of the general plane-symmetric 

Bricard linkage can be written as 

 
455661433221 TTTTTT = ,  (2) 

where the transformation matrix 
( 1)i i+T  is 

 


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ii
R

a

a







T ,  (3) 

which transforms the expression in the 1+i th coordinate system to the i th coordinate 

system, and 1

( 1) ( 1)i i i i

−

+ +=T T . 

 

Due to the plane symmetry, we have 

 
35  = ,  

6 2 = .  (4) 

Substituting Eq. (4) to Eq. (2) and simplifying entries (1, 3) and (1, 4) in Eq. (2) (shown 

in Appendix A), the following equation is obtained 

 

2 3 2 3 2

2 3 2 3

3 2

2 3 2 3 2 3 2

sin (cos sin cos sin cos ) sin cos sin

cos sin sin sin cos cos sin cos cos

sin sin sin cos cos sin cos cos sin cos cos

(cos cos cos sin sin ) cos sin sin

(cos sin

c b a R

c

        

        

          

       



+ +

− 
 
+ − − 

− + + +
=

2 3 2 3 3

2 3 2 2 3

cos cos cos cos sin sin sin sin )

cos sin cos sin cos sin sin cosb R R R

        

       

+ − 
 
+ − − − 

.  (5) 

which can be further simplified as 

 0
2

tan
2

tan 332 =++ CBA


,  (6) 

where 2  is taken as the input kinematic variable, and  

2 2 2
3 2( )sin( )tan +2sin ( sin sin( ))tan

2 2

( )sin( )

A a b c R R

a b c

 
      

  

= − + − + + −

+ + − + −

, 

2 2 2
2 3

2 3

2sin ( sin sin( ))tan 2(( )sin( ) ( )sin( ))tan
2 2

2sin ( sin sin( ))

B R R a c a c

R R

 
       

   

= + − + − − − + +

− + +

 ,
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2 2 2
3 2( )sin( )tan +2sin ( sin sin( ))tan

2 2

( )sin( )

C a b c R R

a b c

 
      

  

= − − − − + +

+ + + + +

. 

Moreover, the other kinematic variables 
1   and 

4   could be calculated by 

simplifying entries (1, 3) and (3, 1) in Eq. (2) (shown in Appendix A) as 

2 3 2 3 21

2 3 2 3

3 2

sin (cos sin cos sin cos ) sin cos sin
tan

cos sin sin sin cos cos sin cos cos2

sin sin sin cos cos sin cos cos sin cos cos

        

        

          

+ +
=

− 
 
+ − − 

,  (7) 

2 3 3 24

2 3 2 3 3

2

sin sin cos sin (sin cos cos cos sin )
tan

cos (sin sin sin sin cos cos cos cos sin cos )2

sin (sin sin cos cos cos )

        

          

     

+ +
=

− − 
 
+ − 

.  (8) 

The solutions to Eq. (6) can be divided into following three cases. 

 

1) When 0A = , 

 3tan
2

C

B

 −
= .  (9) 

Substituting Eq. (9) to Eqs. (7) and (8), the relationship between 1 , 4  and 2  can 

be derived as 

 1tan
2

D

E


= ,  (10) 

 4tan
2

F

G


= ,  (11) 

in which the terms D-G are listed in the Appendix B. 

 

Therefore, Eqs. (4), (9), (10) and (11) form the only set of explicit solutions to closure 

equation of the plane-symmetric Bricard linkage when 0A =  . According to the 

definition of term A, the following equation can be obtained 

 
2 2 2

3 2( )sin( )tan +2sin ( sin sin( ))tan
02 2

( )sin( )

a b c R R

a b c

 
      

  

 
− + − + + −  =

  + + − + − 

 (12) 



6 

 

Eq. (12) should be always true for all values of 2 , so we have 

 3 2

( )sin( ) 0

2sin ( sin sin( )) 0

( )sin( ) 0

a b c

R R

a b c

  

   

  

− + − + =


+ − =
 + − + − =

. (13) 

Therefore, the geometric conditions for a plane-symmetric Bricard linkage with only 

one solution in this case are 

 

1

2 3 2

3

0

sin sin( ) 0

0

a b c or k

k or R R

a b c or k

   

    

   

− + = − + =


= + − =
 + − = + − =

,  (14) 

where Rkkk 321 ,, . 

2) When 0A   and 2 4 0B AC = −  , the relationship between 
3  and 2  are 

 
2

3 4
tan

2 2

B B AC

A

 −  −
= .  (15) 

Further, substituting Eq. (15) to Eqs. (7) and (8), we have 

 1tan
2

HI J

KI L

 +
=

+
,  (16) 

 4tan
2

MI N

OI P

 +
=

+
,  (17) 

in which the terms H-P are listed in the Appendix B. 

 

Therefore, when 0A    and 0   , the solutions to closure equation of the plane-

symmetric Bricard linkage are the equation set (4), (15), (16) and (17). Applying the 

definition of the terms A, B and C to the discriminant   , a quartic equation with 

2tan
2


  being the independent variable can be obtained. According to the 

characteristics of the curve of quartic equation, the discriminant is semi-positive only 

under the conditions that the highest-degree coefficient and the minimum value of the 

discriminant   are non-negative. 
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3) When 0A    and 0   , there is no solution to Eq. (6), which means that the 

linkage is a rigid structure.  

 

Based on explicit solutions, the plane-symmetric Bricard linkage can be classified by 

the values of A  and  . The detailed kinematic paths and motion behaviour of the 

plane-symmetric Bricard linkage with different geometric conditions are given in Table 

1.  

 

Table 1. The kinematic properties of the plane-symmetric Bricard linkage 

Case 
Geometric 

condition 
Linkage model 

Kinematic paths 

N curves Motion behaviour 

1 

2

0,

0, ,

.

A

a b c

k 

=

= =

=

 

 

 

Geometrical parameters: 

2 3

0, 1,

0, / 3, / 6,

0.

a b c

R R

    

= = =

= = =

= =

 

1 

 

Three joint axes 6, 1 

and 2 coincide and the 

linkage would rotate 

along this joint as a 

whole. 2 = 6 , while 

1 = 22− . 

2 
2

3

0,

0, ,

sin( )

= sin .

A

a b c

R

R

 



=

= =

−

−

 

 

Geometrical parameters: 

2 3

0, 1,

, ,
3 6

0.

a b c

R R

 
  

= = =

= = =

= =

 

1 

 

The linkage has a 6R 

motion branch with 

joint axes 6, 1 and 2 

intersect. 

3 

2

2 1

0,

,

( ) .

A

k

k k

 

 



=

=

−

= −

 

 

 

Geometrical parameters: 

1 

 

The linkage has a 6R 

motion branch with 

joint axes 6, 1 and 2 

parallel. 
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2 3

1, 2, 4,

0, 7 / 6, / 6,

1, 2.

a b c

R R

    

= = =

= = =

= − = −

 

4 
3

2

3

0,

,

,

sin( )

sin .

A

b a c

k

R

R

  



 



=

= +

+ −

=

−

= −

 

 

Geometrical parameters: 

2 3

1, 2,

/ 6, / 3,

0.

a c b

R R

    

= = =

= = =

= =

 

1 

 

The linkage has a 6R 

motion branch. 

5 
1

2

3

0,

,

,

sin( )

sin .

A

c a b

k

R

R

  



 



=

= +

− +

=

−

= −

 
 

Geometrical parameters: 

2 3

1, 2,

/ 3, / 2, / 6,

0.

a b c

R R

     

= = =

= = =

= =

 

1 

 

The linkage has a 6R 

motion branch. 

6 

1 3

3 1

2

3

0,

( + )
,

2

( )
,

2

sin( )

sin .

A

k k

k k

R

R




 



 



=

=

−

−
=

−

= −

 
 

Geometrical parameters: 

2 3

1.5, 1, 2,

, , ,
2 4 4

0.

a b c

R R

  
  

= = =

= = = −

= =

 

1 

 

The linkage has a 6R 

motion branch.  

7 
0A  , 

0  . 

 

 

Geometrical parameters: 

2 3

1, 2,

, ,
6 2

0.

a c b

R R

 
  

= = =

= = =

= =

 

0 

 

The mechanism is a 

rigid structure and no 

motion exists. 
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8 
0A  , 

0 = .  

Geometrical parameters: 

2 3

3, 2, 1,

2
, , ,

3 6 6

0.

a b c

R R

  
  

= = =

= = = −

= =

 

1 

 

The linkage has only 

one 6R motion branch. 

9 
0A  , 

0  . 

 

Geometrical parameters: 

2 3

3, 2, 1,

, , ,
12 3 4

0.

a b c

R R

  
  

= = =

= = =

= =

 

1 

 

Because joints 2 and 6 

have no complete 

rotation. (So joint 1 is 

taken as input in left 

figure.) Joint 4 rotates 

three angular strokes 

while joints 1, 3 and 5 

rotate one. 

10 
0A  , 

0  .  

Geometrical parameters: 

2 3

2, 1,

2
, , ,

3 6 6

0.

a b c

R R

  
  

= = =

= = = −

= =

 

2 

 

The linkage has two 

different plane-

symmetric 6R motion 

branches 

corresponding to two 

kinematic paths, 

shown in the 

kinematic curves as 

solid and dash lines, 

respectively. 

 

Several typical cases can be seen from Table 1 as follows. 

(1) When 0A = , six cases (Cases 1 to 6 ) can be derived from Eq. (14) where only one 

kinematic path exists.  

(2) When 0A   and 0  , there is no kinematic path, i.e., the mechanism is rigid 

structure in Case 7.  

(3) When 0A   and 0 = , there is one kinematic path, corresponding to Case 8.  

(4) When 0A    and 0   , there are two set of solutions with 2   as the input 

variable. A careful check reveals that for Case 10, two sets of different kinematic 

curves exists corresponding to two different linkage closures, which can switch to 
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each other at the collinear configurations.  

 

However, there is an exception as Case 9. When 0, 0A    , taking 
2  as the input 

variable, there are two sets of solutions. Yet, if converting them into the format with 1  

as the input variable, there is only one set of explicit solutions, i.e., one kinematic path 

obtained. This is because that the 
2  has no complete rotation in the whole path. 

 

3. Derived 5R/4R linkages from the general plane-symmetric Bricard linkage 

The above solutions to the closure equations of the general plane-symmetric Bricard 

linkage are conditional to the constraint that ( 1, 2, 3, 4, 5, 6)i i  = . When any one 

of the kinematic variable 
i   is kept to   , the linkage may degenerate to 5R/4R 

linkages.  

 

 
 

Fig. 2  The degenerated plane-symmetric Bricard linkage: a) when 
1 =  ; b) when 

2 6= =   ; 

c) when 
3 5= =   ; d) when 

4 =  . 

 

1) When 
1 =    

As shown in Fig. 2a), link 12 coincides with link 61 in this case, making the resultant 

linkage a 5R linkage. The problem is to find out when the linkage is moveable. 

 

Substituting 
1 =    to the closure equation Eq. (2), it is found that the linkage is 

moveable only when entries (2,3) and (2,4) of Eq. (2) (shown in Appendix A), which 

contain kinematic variables 
2  and 

3 , are linearly dependent. Thus, the geometric 

condition to make the plane-symmetric Bricard linkage degenerate to a movable 5R 

linkage can be derived from 
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2 2

2

2

3 2 3 2

2

2

3 2 3

sin( ) sin( )

4cos sin

sin( ) sin( ) 1

[ sin( ) sin ] 2( )cos sin( + ) sin

2 cos( ) 2 cos( )

[ sin( ) sin ] 2( )cos sin( +

T

m n

m n

m

R R m b c m R R

k c m c

R R m b c m R

     

 

     

      

   

    

   − − + − −
   
   
   − − − + +   

− − + − − −

= − − + +

− − + + −

2

2) sin 1

T

n

n

R 

   
   
   
   −   

, (18) 

where 2=tan
2

m


, 3=tan
2

n


 and k R .  

The type of the degenerated linkage is depending on the choice of geometrical 

parameters that meet Eq. (18). The plane-symmetric Bricard linkage could degenerate 

to a planar 5R linkage as shown in Fig. 3a) when all twist is zero whatever the values 

of link lengths and offsets are. In this case, the joint 1 is disabled since 
1  is kept to 

 . The resultant planar 5R linkage has two joints 2 and 6 coincide, which works as two 

separated parts including a rotation motion about joint 2/6 and a planar 4R motion 

formed by joints 3, 4, 5 and 2/6. 

 

 

 
Fig. 3  The plane-symmetric Bricard when 

1=  : a) the degenerated planar 5R linkage with two 

joints 2 and 6 coincide; b) the degenerated spherical 5R linkage with two joints 2 and 6 coincide; 

c) the degenerated serial kinematic chain with joints 2, 6 and 3, 5 both coincide. 

 

As shown in Fig. 3b), the plane-symmetric Bricard linkage could also degenerate to a 

spherical 5R linkage if we set all link lengths and offsets zero. Take 

2 30, , , , 0
4 3 5

a b c R R
  

  = = = = = = = =  as an example. The resultant spherical 

5R linkage also has two joints 2 and 6 coincide, so the resultant linkage works as a 

spherical 4R linkage formed by joints 3, 4, 5 and 2/6 with an additional rotation about 

joint 2/6.  

 

Besides, the plane-symmetric Bricard linkage would degenerate to an equivalent serial 

kinematic chain with revolute joints when the parameters are set 
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2 31, 1, , 0, , 0
2 2

a b c R R
 

  = = = = = = = =   as shown in Fig. 3c). In this case, 

joints 2, 6 and 3, 5 coincide. The resultant linkage works as a serial kinematic chain 

with two effective revolute joints 2/6 and 3/5. 

 

2) When 
2 6= =     

As shown in Fig. 2b), links 12 and 23 are coincident as well as links 56 and 61, which 

generate a 4R linkage. In order to make the linkage moveable, we need to substitute 

2 6= =    to the closure equation as Eq. (2). Taking entries (1,3) and (1,4) of Eq. (2) 

(shown in Appendix A), which contain kinematic variables 
1  and 

3 , the linkage is 

moveable only when the following equation is satisfied 

3 3

3 3 3 2

sin sin cos

sin cos( )cos +cos sin( ) cos( )sin sin( ) sin

c b a

c R R

  

            

− − − +
=

− − − − + − −
. 

  (19) 

Further, to make Eq. (19) always true for all values of 
3 , the geometric condition to 

make the plane-symmetric Bricard linkage degenerate to a movable 4R linkage is  

 
2 30, sin( ) 0, sin [ sin sin( )] 0b a c c R R      − + = + − = − − = , (20) 

or 

 
2 3sin( + )=0, ( )sin 2 0, sin [ sin sin( )] 0a b c R R       − − + = − − = . (21) 

 

The type of the resultant 4R linkage depends on the choice of geometrical parameters 

that meet Eq. (20) or (21). For example, if we set the geometric condition as 

2 30, 0a b c R R= = = = =  , the movable linkage is a spherical 4R linkage. If the 

condition is 
2 30, 0R R  = = = = =  , the linkage degenerates to a planar 4R 

linkage. Moreover, a Bennett linkage is obtained when the condition is set as 

2 3, , 0a b c R R  = + = + = =  or 
2 3, , 0b a c R R  = + = + = = . 

 

3) When 
3 5= =     

Similarly, in Fig. 2c) links 23 and 34 are coincident as well as links 45 and 56, which 

makes the linkage generates a 4R linkage. The condition of a moveable 4R linkage is 

obtained by substituting 
3 5= =    to the closure equation Eq. (2). Considering entries 



13 

 

(1,3) and (1,4) of Eq. (2) (shown in Appendix A), which contain kinematic variables 

1  and 
2 , the linkage is moveable only when  

 

2

2

2 3 2

2 3 2 3 2

sin( )sin

cos sin( )cos sin cos( )

( )cos sin sin

( )cos sin cos sin cos sin cos sin

b c R a

b c R R R

  

      

  

       

−

− − −

− + +
=

− − − −

, (22) 

i.e., 

 
2 30, sin( ) 0, sin [ sin( ) sin ] 0a b c a R R      − + = − − = − − = , (23) 

or 

 
2 3sin( )=0, ( )sin 2 0, sin [ sin( ) sin ] 0a b c R R       − + + − = − − = . (24) 

 

The type of the resultant movable 4R linkage varies with the choice of geometrical 

parameters according to Eq. (23) or (24). When all link lengths and offsets are set zeros, 

the resultant 4R linkage could be a spherical 4R linkage. When all twists and offsets are 

zeros, a planar 4R linkage is obtained. The condition to obtain a Bennett linkage is 

2 3, , 0b a c R R  = + = + = =  or 
2 3, , 0c a b R R  = + = + = = . 

 

4) When 
4 =    

As shown in Fig. 2d), link 34 coincides with link 45 in this case, making the resultant 

linkage a 5R linkage. Substituting 
4 =   to the closure equation Eq. (2), it is found 

that the linkage is moveable only when entries (1,3), (1,4) and (3,2) of Eq. (2) (shown 

in Appendix A), which contain kinematic variable 
1  , 

2   and 
3  , are linearly 

dependent. Thus, the geometric condition to make the plane-symmetric Bricard linkage 

degenerate to a movable 5R linkage the following equation can be derived as 
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2

3 2

2

2 3

2 3

2

3 2

( )sin( ) +2sin ( sin sin( ))

( )sin( )

2sin ( sin sin( )) 2(( )sin( )

( )sin( )) 2sin ( sin sin( ))

( )sin( ) 2sin ( sin sin(

a b c m R R m

a b c

R R m a c

a c m R R

a b c m R R

      

  

     

     

      

 − + − + + −
 
+ + − + − 

 + − + − −
 
− + + − + + 

− − − − + + +

2

2 2

2

1
))

( )sin( )

sin( ) sin( )

4sin sin

sin( ) sin( ) 1

T

T

n

n

m

a b c

m n

k m n

m

  

     

 

     

 
 
 

  
  
  
    

  
  
+ + + + +  

   − − + + −
   

=    
   − − − + +   

, (25) 

where 2=tan
2

m


 , 3=tan
2

n


  and k R  . Considering the plane symmetry of the 

Bricard linkage, the degenerated linkage is similar as the case when 
1=  . 

 

Moreover, when 
i   is kept constant but not equal to   , the linkage will also 

degenerate to 5R/4R linkages.  

 

4. Bifurcation between the plane-symmetric Bricard linkage and the Bennett 

linkage  

Based on the analysis in section 3, in cases 2 and 3, the linkage could bifurcate from 

the plane-symmetric Bricard linkage to the Bennett linkage. When the geometric 

condition is  

 
2 3, , 0a b c R R  = + = + = =  or 

2 3, , 0b a c R R  = + = + = = ,  (26)  

0A   and 0  . The linkage would have two solutions given as the equation set (4), 

(15), (16) and (17). However, there is only one plane-symmetric 6R motion branch 

represented by the solid line shown in Fig. 4, which corresponds to Case 9 in Table 1. 

The revolute joints 
2  and 

6  have no complete rotation.  

 

Moreover, there is another motion branch when 
2 6= =   , shown as the dashed line 

in Fig. 4, where the linkage works as a Bennett linkage actually. The whole bifurcation 

process is presented in Fig. 4, where the actuated joint 1 is highlighted with a rotation 

in red. 
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Fig. 4  Bifurcation between the plane-symmetric Bricard linkage and the Bennett linkage when

2 6= =   , where i-ii-iii-iv-v-vi-i correspond to configurations of the linkage along the plane-

symmetric Bricard motion branch and i-vii-viii-vi-ix-x-i correspond to configurations of the 

linkage along the Bennett motion branch. Here the geometrical parameters of this linkage are 

2 33, 2, 1, , , , 0
12 3 4

a b c R R
  

  = = = = = = = = . 

 

Similarly, once the geometric conditions are 

 
2 3, , 0b a c R R  = + = + = =  or 

2 3, , 0c a b R R  = + = + = = ,  (27) 

0A = . The linkage would have only one 6R motion branch given as the equation set 

(4), (9), (10) and (11), which is represented by the solid line shown in Fig. 5 where the 

actuated joint 2 is highlighted with a rotation in red. 

 

All the revolute joints have complete rotation, and some revolute joints have strokes 

more than 2  such as the stroke of 
1  is 6 . And there is one more motion branch 

when 
3 5= =   , as the dashed line in Fig. 5, in which the linkage also works as a 

Bennett linkage.  
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Fig. 5  Bifurcation between the plane-symmetric Bricard linkage and the Bennett linkage when 

3 5= =    , where i-ii-iii-iv-v-vi-i correspond to configurations of the linkage along the plane-

symmetric Bricard motion branch and i-vii-viii-vi-ix-x-i correspond to configurations of the 

linkage along the Bennett motion branch. Here the geometrical parameters of this linkage are 

2 3

7
1, 3, 2, , , , 0

4 3 12
a b c R R

  
  = = = = = = = = . 

 

5. Other bifurcation behaviours of the plane-symmetric Bricard linkage  

The last section deals with a special case of the bifurcation between the plane-

symmetric Bricard linkage and the Bennett linkage. Additional various bifurcation 

cases depending on the different choice of geometrical parameters are revealed in this 

section. 

 

1) Bifurcation between two plane-symmetric Bricard linkage motion branches 

In order to make the plane-symmetric Bricard linkage have two 6R motion branches, 

0A   and 0   must be satisfied according to the analysis in section 2. If we set 

the geometric condition as 
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2 32 , , , 2 , , , 0a d b d c d R R      = = = = − = = − = = , (28) 

the linkage would have two solutions as 

2 11
tan / tan

2 cos 2 2

 


= − , 3 1tan cos tan

2 2

 
= − , 

4 1 = , 35  = , 26  = .

 (29) 

and 

 61

2

1
tan / tan

2 cos 2




= − , 3 61

tan / tan
2 cos 2

 


= , 

2 6

4

2 2 26 2

cos 2 tan 1
2tan

2
tan (cos tan 2 cos )

2 2






 
 

+
= −

+ −

, 
2 6 = , 35  = .    (30) 

 

As shown in Fig. 6, the two kinematic paths intersect at points ( , 0)  and (0, )  , 

indicating these two points are the bifurcation points. The actuated joint is highlighted 

with a rotation in red. The linkage would work along path I if we choose joint 1 as the 

actuated joint, and it would change to path II when the actuated joint is joint 2. 

 

2) Bifurcation among equivalent kinematic chains with revolute joints and a four-bar 

double-rocker linkage 

There is a special case where A, B and C all equal to zero, where the solution set in 

section 2 is no longer true. For example, if we set the geometrical parameters as 

 
2 33, 2, 4, , 0, , 0

2 2
a b c R R

 
  = = = = = = = = , (31) 

by solving Eq. (2), the solutions can be obtained as 

 
1 4 2 6 3 5

2
, ,

3 3

 
     = − = = = = ,  (32a) 

 
1 4 2 6 3 5

2
, ,

3 3

 
     = − = = − = = − ,  (32b) 

 
1 4 2 6 3 5= , ( , ), ( , )          = =  − =  − ,  (32c)  

and 
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2 22 2 2

6

1 4
2 2

6 2

2 3 5 2 3 6

4tan 3(7tan 3)(7 5tan )
2 2 2

=0, tan = ,
2

15tan 7
2

sin sin
sin( ) , ( ).

4

  


 



 
     

−  + −

=

+

−
+ = = − + +

    (32d) 

  
Fig. 6  Bifurcation between two 6R motion branches, where i-ii-iii-iv-i correspond to 

configurations of the linkage along path I and i-vi-iii-v-i correspond to configurations of the 

linkage along path II. Here the geometrical parameters of this linkage are 

2 3

2
2, 1, 1, , , , 0

3 6 6
a b c R R

  
  = = = = = = − = = , which corresponds to Case 10 in Table 1.  

  

It is found that Eq. (32a) and Eq. (32b) correspond to the cases that the linkage 

degenerates to a revolute joint, where links 12, 23 and 34 work as a whole part that 

rotates about joint 1 relative to the part consisting of links 45, 56 and 61. It is 

represented in Fig. 7a) as path I and path III respectively, where the joint 1 is chosen as 

the actuated joint highlighted with a rotation in red. Eq. (32c) corresponds to the case 

that the linkage degenerates to a serial kinematic chain with two revolute joints as 

shown in Fig.7a) as path II, where there are two actuated joints 2 and 3. It should be 

noticed that there exists a case represented by Eq. (32d) that violates the plane-
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symmetric motion shown as path IV along which configurations of the linkage are 

shown in Fig. 7b). The linkage is actually a four-bar double-rocker linkage. 

 

The plotted paths define the values of two chosen kinematic variables at those selected 

points where corresponding configurations are presented, and other kinematic variables 

can be determined by other kinematic paths as well. Once all kinematic variables are 

given, configurations of the linkage at these points are definitely determined. The whole 

bifurcation behavior is presented in Fig. 7, where Fig. 7a) shows the bifurcation 

between two equivalent single-revolute-joint motion branches and a serial kinematic 

chain with two revolute joints, and Fig. 7b) shows the bifurcation between two 

equivalent single-revolute-joint motion branches and a four-bar double-rocker linkage 

motion branch. 

 

6. Conclusions 

In this paper, a thorough kinematic study of the general plane-symmetric Bricard 

linkage has been conducted. Based on the DH matrix method, the explicit solutions to 

closure equation of the plane-symmetric Bricard linkage have been derived first. Once 

the geometric condition is given, the kinematic relationship between different kinematic 

variables can be easily obtained. Even though Baker gave the implicit closure equations 

of a general plane-symmetric Bricard linkage [3], the explicit solutions provide a more 

effective way on kinematic and bifurcation analysis. Various cases of the plane-

symmetric Bricard linkage with two, one or none 6R kinematic paths have been 

compared. Moreover, the conditions to obtain degenerated 5R/4R linkages from this 

kind of linkage have been elaborated.  

 

Furthermore, various bifurcation cases of the plane-symmetric Bricard linkage with 

different geometric conditions, including the bifurcation between overconstrained 6R 

and 4R linkages, two 6R linkages and among equivalent kinematic chains with single 

or double revolute joints and a four-bar double-rocker linkage, have been revealed. 

Especially, the bifurcation from the plane-symmetric Bricard linkage to the Bennett 

linkage has also been proposed. Normally, Bricard-related linkages and Bennett-based 

linkages [18] compose two major separated groups of single-loop overconstrained 

spatial linkages. This work further reveal the intrinsic relationship between these two 

groups after the proposal of the linkage reconfigurable between Bennett linkage and 

general line-symmetric Bricard linkage [19]. 
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Fig. 7  Bifurcation of the plane-symmetric Bricard linkage: a) between equivalent single-

revolute-joint branch and a serial kinematic chain with two revolute joints branch; b) between 

equivalent single-revolute-joint branch and a four-bar double-rocker linkage branch, where i-ii-

iii-iv correspond to configurations of the linkage along path I, iv-v-vi correspond to configurations 

of the linkage along path III, vi-vii-viii-ix correspond to configurations of the linkage along path 

II, and viii-x-xi-xii-ii-xiii-xiv-xv correspond to configurations of the linkage along path IV. 
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Symmetry is usually adopted when we analyze the kinematics of deployable structures 

constructed by these basic overconstrained linkage elements. Based on the recent 

research on the thick-panel origami, the work in this paper not only offers an in-depth 

understanding about the kinematics of the general plane-symmetric Bricard linkage, but 

also establishes the essential mathematical foundation for extending origami patterns 

to practical engineering applications. 
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Appendix  

A. Entries of closure equations of the plane-symmetric Bricard linkages 

General case: 

(1, 3):  

1 2 3 2 3 3

2 1 2 3

2 3 2

sin (cos sin sin sin cos cos sin cos cos sin sin sin cos

cos sin cos cos sin cos cos ) (1 cos )(sin cos sin

cos sin sin cos sin cos sin )

             

          

      

− +

− − = +

+ +

 

(1, 4):  

1 2 3 2 3 3 2

3 2 2 3 1 2 3

2 3 2 3 2

sin [ (cos sin cos cos cos cos sin sin sin sin ) cos sin

cos sin cos sin sin cos ] (1 cos )[ (cos cos

cos sin sin ) cos sin sin ]

c b

R R R c

b a R

            

        

     

+ − +

− − − = +

− + + +

 

(3, 1):  

4 2 3 2 3 3

4 2 3 2 3 3

2

(1 cos )(sin sin cos sin cos cos sin cos sin sin )

=sin [cos (sin sin sin sin cos cos cos cos sin cos )

sin (sin sin cos cos cos )]

          

           

     

+ + +

− −

+ −

 

When 
1 =  , 

(2, 3):  

2 3 2 3 3

2

cos sin sin sin cos cos sin cos cos sin sin sin cos

cos sin cos cos sin cos cos =0

            

      

− +

− −
 

(2, 4):  
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2 3 2 3 3 2

3 2 2 3

(cos sin cos cos cos cos sin sin sin sin ) cos sin

cos sin cos sin sin cos =0

c b

R R R

           

     

+ − +

− − −
 

 

When 
2 6= =   , 

(1, 3):  

1 3 3

3 1

sin (cos cos sin cos sin sin sin cos cos sin cos

sin cos cos ) sin sin (1 cos )

           

     

+ +

− = − +
 

(1, 4):  

1 3 3 3

2 3 1 3

sin [ cos cos sin sin sin sin cos sin

sin sin cos ] (1 cos )( cos )

c c R

R R c b a

        

    

− − +

− − = + − − +
 

 

When 
3 5= =   , 

(1, 3):  

1 2 2

1 2 2

sin (cos cos sin cos sin sin sin cos sin cos cos

sin cos cos ) (1 cos )( cos sin sin sin cos sin )

           

         

− −

− = + − +
 

(1, 4):  

1 2 2 3 2 2

3 1 2 2 3 2

sin [ cos sin cos sin cos sin cos sin

sin cos ] (1 cos )( cos cos sin sin

c b R R

R c b a R

        

      

− + − −

− = + − + + + ）
 

 

When 
4 =  , 

(1, 3):  

1 2 3 2 3 3

2 1 2 3

2 3 2

sin (cos sin sin sin cos cos sin cos cos sin sin sin cos

cos sin cos cos sin cos cos ) (1 cos )(sin cos sin

cos sin sin cos sin cos sin )

             

          

      

− +

− − = +

+ +

 

(1, 4):  

1 2 3 2 3 3 2

3 2 2 3 1 2 3 2 3

2 3 2

sin [ (cos sin cos cos cos cos sin sin sin sin ) cos sin

cos sin cos sin sin cos ] (1 cos )[ (cos cos cos sin sin )

cos sin sin ]

c b

R R R c

b a R

            

           

  

+ − +

− − − = + −

+ + +

(3, 2):  

2 3 2 3 3

2

cos (sin sin sin sin cos cos cos cos sin cos )

sin (sin sin cos cos cos )=0

          

     

− −

+ −
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B Definitions of some terms in the text   

2 2 22 22 sin tan 2( sin( ) sin( ))tan 2 sin
2 2

D BC B C BC
 

     = + + + − − ,

2 2 2 2 2

2 2

( sin( ) sin( ))tan 4 cos sin tan
2 2

( sin( ) sin( ))

E B C BC

B C

 
       

     

= − − − + − + −

− + + + + −

, 

2 2 22 22 sin( )tan 2( )sin tan 2 sin( )
2 2

F BC B C BC
 

    = − + − − + ,

2 2 2 2 2

2 2

( sin( ) sin( ))tan 4 sin cos tan
2 2

sin( ) sin( )

G B C BC

B C

 
       

     

= − − − − + −

− + + + + −

, 

2 2 22 sin tan 2 sin( )tan 2 sin
2 2

H A B A
 

   = − − − + , 

2 4I B B AC= −  − , 

24 tan ( sin( ) sin( ))
2

J A A C


   = + − − , 

2 2 2sin( )tan 4 cos sin tan sin( )
2 2

K B A B
 

       = − + + + + − , 

2 22 (( sin( ) sin( ))tan sin( ) sin( ))
2

L A C A C A


           = − + − − − + + − − + + , 

2 2 22 sin( )tan 2 sin tan 2 sin( )
2 2

M A B A
 

    = − − + + + , 

24 ( )sin tan
2

N A A C


= + , 

2 2 2sin( )tan 4 sin cos tan sin( )
2 2

O B A B
 

       = − + + − + − , 

2 22 (( sin( ) sin( ))tan sin( ) sin( ))
2

P A C A C A


           = − + + − − − + − − + + . 
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