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Abstract: The question of “what is the structure of water?” has been regarded as one 

of the major scientific conundrums in condensed-matter physics due to the complex 

phase behavior and condensed structure of supercooled water. Great effort has been 

made so far using both theoretical analysis based on various mathematical models and 

computer simulations such as molecular dynamics (MD) and first-principle. However, 

these theoretical and simulation studies often do not have strong evidences of 

condensed-matter physics to support. In this study, a cooperative domain model is 

formulated to describe the dynamic phase transition of supercooled water between 

supercooled water and amorphous ice, both of which are composed of low- and 

high-density liquid water. Free volume theory is initially employed to identify the 

working principle of dynamic phase transition and its connection to glass transition in 

the supercooled water. Then a cooperative two-state model is developed to 

characterize the dynamic anomalies of supercooled water, including density, viscosity 

and self-diffusion coefficient. Finally, the proposed model is verified using the 

experimental results reported in literature. 
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1. Introduction 

Water is the most abundant liquid on the earth and all the life is dependent on it [1]. 

It shows many anomalous properties with the change of temperature, including 

density [2,3], viscosity and diffusion coefficient [4,5]. These anomalous behaviors are 

mostly resulted from the condensed structures of water molecules through hydrogen 

bonding [6]. Among these thermodynamic anomalies, the most well-known one is that 

the water has a maximum density at 277 K under the atmospheric pressure [4]. 

Viscosity and self-diffusion coefficient of water also show a discontinuously 

increasing consistency in comparison with the first-order phase transition with 

temperature [7]. In addition, the liquid-liquid critical point in supercooled water has 

been hypothesized to describe the thermodynamic anomalies [8]. Studies on the 

condensed structure of supercooled water help to understand the working principles 

behind its anomalously dynamic behaviors. 

Many studies have been conducted on the properties of supercooled water and 

amorphous ice. For example, Amann-Winkel et al. measured the glass transition 

temperature (Tg) of supercooled water using differential scanning calorimetry (DSC) 

[7]. Xu et al. measured diffusivity and crystallization growth rate of water using a 

pulsed-laser-heating technique [9]. However, there are many challenges for the 

experimental measurements of supercooled water when the temperature is below 230 

K [10,11]. Therefore, molecular dynamics (MD) simulations have often been used to 

study the nature of supercooled water and its dynamic phase transition at such low 

temperatures [12-16]. Many of these simulation results have been fit well with the 



experimental data and are able to explain the working principles of the anomalous 

behaviors of supercooled water. However, the MD simulation is often difficult to 

explain the working principles of phase transition and dynamic cooperativity [17]. 

Therefore, the study on phase transition of supercooled water between supercooled 

water and amorphous ice, is one of the best approaches to explore the physical 

insights into anomalous behaviors of supercooled water undergoing phase transition 

and dynamic cooperativity. 

In this study, dynamic characteristics and cooperative signatures of the supercooled 

water are investigated based on the two-state model [5,18,19] and Adam-Gibbs model 

[20-22]. Changes of structures between low-density liquid (LDL) water and 

high-density liquid (HDL) water are identified as the driving force to enable the 

cooperative dynamics generated in the supercooled water [23], i.e., causing the 

transitions between the supercooled water and amorphous ice [3]. Then a free volume 

model is formulated to construct the constitutive relationships among density, 

viscosity, self-diffusion coefficient and domain size for the supercooled water. 

Furthermore, phase transition and dynamic cooperativity of the supercooled water 

have been predicted using our proposed model. Finally, effectiveness of the model has 

been verified using the experimental and simulation results reported in the literature. 

2. Theoretical framework 

2.1 MD model of LDL and HDL water 

After the hypothesis of a presence of a coexistence between two liquid phases with 

a liquid-liquid critical point (LLCP) [8], a number of computer simulation studies 



have been performed to verify the presence of the LDL-HDL coexistence [11,23]. 

Using neutron diffraction, Soper and Ricci [24] verified the change of structure from 

LDL to HDL in the supercooled water with the increased pressure at ambient 

temperature. In spite of the difficulties to perform experiments in the metastable 

region of supercooled water progress has recently been made in characterizing the 

liquid-liquid phase transition [25]. Anyway there is not a definitive proof of the 

existence of the LLCP [23]. From this point of it is of particular interest to explore 

different approaches to the problem. In this study, the tetrahedra water model [11,17] 

was imported into Materials Studio to obtain the structure of water molecule. Figure 1 

illustrates the structural transition of supercooled water. The main difference of LDL 

and HDL lies in the second shell structure, of which the collapsed tetrahedron 

structures have been presented for the LDL and HDL, respectively [11,17], as shown 

in Figures 1(a) and 1(b). Furthermore, the dynamic transition between LDL and HDL 

is essentially determined by the temperature and pressure [18], resulted from the 

breakage of hydrogen bond and collapse of the second shell. Figure 1(c) presents the 

changes of structure of supercooled water between the LDL and HDL obtained by the 

MD simulation method. The obtained average length (~ 1.81 Å) of hydrogen bonds in 

LDL is larger than that of HDL (~ 1.77 Å) at 268 K measured by Soper and Ricci [24]. 

Figure 1(d) shows a locally structural transition of the LDL and HDL. 

MD simulation results are further employed to study molecular network of the 

supercooled water. The obtained results are shown in Figure 1(e). The molecular 

network is consisted of 48 water molecules and 144 atoms generated by Amorphous 



Cell module implemented in the Materials Studio. The van der Waals force is applied 

for the atoms, and electrostatic force is applied for the hydrogen bond. The 

supercooled water system is equilibrated in a canonical ensemble (NPT) at a constant 

temperature of 100 K and a constant pressure of 0 GPa for 50 ps. Molecular group 

stretch is performed in an isoenergic (NVE) ensemble to obtain the changes of 

interactions and configurations. The deformation is performed under a pressure of 1 

GPa and a temperature of 100K for 50 ps. The cell size of the model is 

11.43×11.43×11.43Å3. 

 

Figure 1. (a) and (b) Diagram of locally tetrahedral structure for the supercooled water. 

Blue dotted lines represent hydrogen bonds. (c) Difference in structural density of 

low-density water and high-density water. (d) Locally structural transition of the LDL 

and HDL with respect to the temperature and pressure. (e) Tetrahedral structure of 

supercooled water obtained by MD simulation at 1 GPa and 100 K. 

2.2 Cooperative dynamics in supercooled water 

The supercooled water is composed of two states of LDL and HDL water, resulting 

in a cooperative signature during its phase transition. Meanwhile, the molecular 



structure of supercooled water is too complex to model, because it is a condensed 

structure and presents a dynamic cooperativity of both the LDL and HDL water. 

Therefore, cooperative dynamics is expected to play an essential role to explore the 

working principles of phase transition in supercooled water. 

Adam-Gibbs theory [20], which is a molecular kinetic theory, explains the 

dependence of relaxation behavior on temperature for the glass-forming liquids. In the 

Adam-Gibbs model, the conformer is connected each other, thus resulting in the 

relaxation of a conformer constricted by the others. This also means that the 

conformer is able to undergo relaxation, and its neighbors move simultaneously in a 

cooperative way. The size of this cooperatively rearranged region is determined by the 

number of conformers and configurational entropy. Based on the Adam-Gibbs model 

[20-22], the domain size (z) is closely related to the temperature. T* and T0 are defined 

as the high and low-temperature limits for the configuration to be relaxed. At the 

high-temperature limit T*, the configurations are separated from each other and 

relaxed independently at z=1. At the low-temperature limit T0, all the configurations 

are connected each other and relaxed cooperatively at z=∞. 

The cooperative motion of these configurations is closely associated with 

configurational entropy (Sc), which has the following form [26],  

1lnc z BS N k c=                             (1) 

where Nz is the number of domains for 1 mol configurations, kB is the Boltzmann 

constant and c1 is the configurational number of one configuration. The relationship 

between the domain size (z) and domain number (Nz) of 1 mol configurations can be 



written as follows [27], 

/A zz N N=                               (2) 

where NA is Avogadro’s number. 

By substituting equation (2) into (1), a constitutive relationship between the domain 

size (z) and configurational entropy (Sc) can be obtained: 

1ln /A B cz N k c S=                            (3) 

The 1 mol configurations have the maximum configurational entropy (s*) when they 

are heated to T* and the domain size is z=1 [27]. The value of s* can be obtained as, 

1lnA Bs N k c =                          (4) 

Additionally, the maximum configurational entropy (s*) can also be expressed by the 

configurational entropy (Sc) [27], e.g., 
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By substituting equations (4) and (5) into (3), we can obtain the following equation 

for the domain size z(T): 
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Figure 2 plots the analytical results of the domain size (z) as a function of 

temperature (T) for the supercooled water while T*=373.25 K, T0=111.03 K (for the 

LDL state) and T0=103.49 K (for the HDL state). These analytical results reveal that 

the value of T0 has a strong influence on the domain size, which is decreased from ∞ 

to 1.25 with an increase of temperature from T0 (T0=111.03 K or T0=103.49 K) to 250 

K. With the decrease of domain size, relaxation of the configurations easily occurs, 



therefore, a high configurational entropy and a low dynamic cooperativity of the 

confined domains have been achieved for its connection to phase transition.  

 

Figure 2. Analytical results for the domain size as a function of temperature, where 

T*=373.25 K, T0=111.03 K for the LDL state and T0=103.49 K for the HDL state. 

2.3 Relaxation of supercooled water  

The supercooled water shows a cooperative relaxation behavior similar to that of 

macromolecules. This is because all the water molecules are condensed and confined 

in the domains, in which all water molecules relax synchronously and cooperatively. 

The relaxation time (τ) required for the dynamic cooperativity can be described using 

the de Gennes model [28], in which the length of the macromolecule chain is 

equivalent to the domain size (z) in the confined domain. 

The relationship between the friction force in the macromolecule chain (Ff) and 

domain size (z) can be expressed as [28], 

0/ /f pF v z = =                           (7) 

where ζ is the friction coefficient and vp is the diffusion velocity of the chain along the 

pipe, μ0 is a given constant independent of the domain size (z) [28]. 



Meanwhile, the diffusion coefficient (D(T)) of the chain is inversely proportional to 

the friction coefficient [29], e.g., 

0 0( ) / ( ) / ( ) / ( )D T kT T kT z T D z T = = =             (8) 

where D0 is a given constant and k is the proportionality coefficient. 

If the length of the macromolecule chain is L, which is proportional to the 

diffusion length, a constitutive relationship between relaxation time (τ(T)) and 

domain size (z) can be written as [30]: 

2

0

3( ) / ) ( )(T L D T Tz  =                      (9) 

By substituting equation (6) into (9), a relationship between the relaxation 

time (τ(T)) and temperature (T) can be obtained, 
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Using the equation (10), we can calculate the relaxation time (τ(T)) of the 

supercooled water as a function of temperature. The obtained analytical results 

are shown in Figure 3(a), which shows a good agreement with the 

experimentally obtained ones reported in Ref. [7]. The parameters used in the 

calculations using the equation (10) are summarized in Table 1. Results in 

Figure 3(a) reveal that the proposed model is able to characterize and predict 

the relaxation behaviors in a temperature range from 105 K to 315 K for both 

the LDL and HDL water. Furthermore, the divergences between the analytical 

and experimental results [7] are calculated using the correlation index (R2), 

which are 93.91% and 97.49% for the LDL and HDL water, respectively, as 

shown in Figure 3(b). These analytical results reveal that the dynamic 



relaxation of supercooled water is also governed by the same relaxation rule of 

the macromolecules. 

Table 1. Values of parameters used in equation (10) for both the LDL and HDL 

water. 

 τ0 (s) T0 (K) T* (K) 

LDL 0.19482 111.03 
373.25 

HDL 0.02141 103.49 

 

Figure 3. Analytical results and experimental data [7] of relaxation time-temperature 

curves of LDL and HDL water. (a) The relaxation time-temperature curves and 

experimental data in temperature range from 105 K to 315 K. (b) Divergences of the 

analytical and experimental results in temperature range from 105 K to 150 K. 

3. Experimental verification and discussion 

Water shows an anomalous density-temperature relationship, and has the maximum 

density around 4oC [10]. The anomalously dynamic behavior of water has attracted 

extensive attention in recent years. Free volume theory, proposed by Fox and Flory 

[31] is often used to characterize the volume changes of macromolecules as a 



function of temperature. Here the free volume theory is employed to characterize the 

anomalous density-temperature behavior of the supercooled water. Its total volume 

(V(T)) as a function of temperature (T) can be expressed as [31], 

0( ) ( )fV T V V T= +                          (11) 

where V0 is the volume of water per mole and Vf(T) is the free volume per mole. 
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= = =                      (12) 

In combination with equations (11) and (12), the total volume of supercooled water 

can be obtained, 

*
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= +                         (13) 

where *V is the minimum volume for the rearrangement of a confined domain. 

By substituting equation (6) into (13), the density can be expressed as,  
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There are two states of water in a confined domain, e.g., LDL and HDL. A 

two-state model is then used to investigate the density-temperature behavior of the 

supercooled water [5,18,19]. According to the phenomenological model [19], mass 

fractions of the LDL and HDL water during their transitions can be written as, 

32 ( ) ( )
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( )

1 w wA T T B T T
f T

e
− − − −
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+

                    (15) 

1 2( ) 1 ( )f T f T= −                          (16) 

where f1(T) and f2(T) are the mass fractions of LDL and HDL water, respectively. Tw is 

the fastest rate in temperature determined by the mass fraction curve [11]. Subscript 1 



and 2 represent the LDL and HDL water, respectively. A and B are the 

temperature-independent constants. 

By substituting equations (15) and (16) into (14), the densities for the two states of 

LDL and HDL water can be obtained as, 
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The analytical results obtained using the equation (17) are shown in Figure 4(a), 

which has also shown the results from the MD simulations and experimental data for 

comparisons [32]. During the calculations using the equation (17), the following 

parameters are used, e.g., T1
*= T2

*=373.25 K, T01=111.03 K and T02=103.49 K, while 

values of the other parameters are summarized in Table 2. The maximum density 

obtained by the proposed model is 1.0002 g/cm3 at 276.5 K for the supercooled water, 

whereas it is 0.999972 g/cm3 at 277.25 K determined by the experimental 

measurement. Meanwhile, the minimum density obtained by the proposed model is 

0.9338 g/cm3 for the supercooled water at 173.3 K, whereas it is about 174.5 K 

obtained from both the experimental measurement and simulation [4]. Clearly, the 

obtained analytical results using our newly proposed model fit well with both the MD 

simulation and experimental ones [32]. Furthermore, the divergences among the 

analytical, simulation and experimental results of the densities were calculated using 

the correlation index (R2), and the obtained result is R2=99.40%, as shown in Figure 

4(b). 

 



Table 2. Values of parameters used in equation (17) for supercooled water 

incorporated of two states of LDL and HDL water. 

 A B Tw (K) V01 (cm3) V02 (cm3) V1
* (cm3) V2

* (cm3) 

LDL 0.19482 111.03 373.25 1.02994 / 1.71×10-25 / 

HDL 0.02141 103.49  / 0.74691 / 4.67×10-25 

 

Figure 4. (a) Comparison among the data of density for the supercooled water 

obtained using analytical results from equation (17), MD simulation and experimental 

studies [32]. (b) Divergences of the analytical, simulation and experimental results. 

To identify the working principle of this density anomaly, cooperative dynamics of 

two states (LDL and HDL) in the supercooled water are investigated using the 

proposed model. The MD simulation results [32] of the supercooled water are 

employed to compare with the analytical results obtained using equation (17). All the 

obtained results are shown in Figure 5(a), in which the analytical results of densities 

in the pure LDL state, pure HDL state and two-state mixture are plotted as a function 

of temperature. The values of parameters using in equation (17) are listed in Table 2. 

Figure 5(a) shows that the analytical results fit well with the simulation ones. The 

calculated densities of LDL and HDL water are 0.931g/cm3 and 1.153g/cm3, 



respectively, at the temperature of 153 K, while the densities obtained from the MD 

simulations are 0.92g/cm3 and 1.15g/cm3, respectively. The divergences between the 

analytical and MD simulation results are limited to 1.18% and 0.26% for the densities 

of LDL and HDL water, respectively. Furthermore, both the analytical and MD 

simulation results show that the density of supercooled water is governed by the 

cooperative dynamics of two states of LDL and HDL water in the temperature range 

from 175 K to 285 K. Below 175 K, the water is in its LDL state, while above 285 K 

it is in its HDL state. 

 

Figure 5. (a) Comparison between analytical results obtained using the equation (17) 

and MD simulation ones [32] of density for the metastable water. (b) First-order 

derivative curves of mass fractions as a function temperature of LDL and HDL water. 

Effect of phase transition on the density anomaly has further been investigated for 

the supercooled water. The analytical results of the mass fractions f1(T) of LDL water 

and f2(T) of HDL water as well as their first-order derivatives for the supercooled 

water are obtained using equations (15) and (16). The obtained results are shown in 

Figure 5(b). These analytical results reveal that the mass fraction (f1(T)) of the LDL 

water is gradually decreased with an increase in temperature, whereas the mass 



fraction (f2(T)) of the HDL water is gradually increased. Below 165 K, the density of 

the supercooled water is mainly determined by that of the LDL water, whereas above 

300 K, the density of supercooled water is mainly determined by that of the HDL 

water. The density of the supercooled water is cooperatively determined by both LDL 

and HDL water in the temperature range from 165 K to 300 K. 

Furthermore, both the peaks of two mass fraction curves are at 227.4 K, which is 

the point of fastest phase transitions of LDL and HDL in the supercooled water. 

Figures 6(a) and 6(b) show the 2D cloud chart and simulation curves for the density 

of supercooled water as functions of temperature and mass fraction of LDL. It is 

revealed that the density of two-state supercooled water is increased from 0.886 g/cm3 

to 1.250 g/cm3 with the decrease of temperature and mass fraction of LDL. 

 

Figure 6. (a) 2D cloud chart for the density of supercooled water as the functions of 

temperature and mass fraction of LDL. (b) Simulation curves for the density of 

supercooled water as a function of mass fraction of LDL, at 180 K, 210 K, 240 K, 270 

K, 300 K and 330 K. 

Viscosity is an essential parameter to be linked with the glass transition of 

supercooled water. Generally, the Doolittle equation [33,34] is used to present the 



relationship between the viscosity (η(T)) and free volume (Vf(T)) as, 

0 0 0( ) exp( / ( ))fT A B V V T =                      (18) 

where A0 and B0 are the given constants. By substituting equations (6) and (12) into 

(18), we can obtain the following expression as, 
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Based on the Arrhenius equation [35], the viscosity of supercooled water is related to 

the mass fraction, e.g., 

1 1 2 2lg ( ) ( ) lg ( ) ( ) lg ( )T f T T f T T  =  +                 (20) 

By substituting equations (15), (16) and (19) into (20), the viscosity function can 

therefore be rewritten as, 
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To verify the proposed model and identify the working principle of viscosity 

anomaly of supercooled water, a group of simulation data reported in Ref. [36] (which 

were obtained using the first-principle calculation method) are used to compare with 

the analytical results obtained by the equation (21). The analytical results of viscosity 

as a function of temperature are plotted in Figure 7. The parameters used in the 

equation (21) are listed in Table 3.  

Table 3. Values of parameters used in equation (21). 

 A B Tw (K) A01 B01 A02 B02 

LDL 

0.2488 -4.99×10-5 221.2 
-1.872 0.1685 / / 

HDL / / -7.936 1.726 



As shown in Figure 7(a), the analytical results fit well with the first-principle 

simulation ones [36]. The density of the supercooled water is critically determined by 

those of LDL and HDL water, in the temperature range from 210 K to 240 K. 

However, the viscosity is mainly determined by the viscosity of the LDL water when 

the temperature is below 210 K, whereas it is mainly determined by the viscosity of 

the HDL water above 240 K. Furthermore, the divergence between the analytical and 

simulation results [36] is calculated using the correlation index (R2), and it is 99.01%, 

as shown in Figure 7(b). 

 

Figure 7. (a) Comparisons between analytical results of equation (21) and 

first-principle ones [36] and experimental ones [5] of viscosity for the supercooled 

water in temperature range from 135 K to 345 K. (b) Divergences of the analytical 

results in temperature range from 200 K to 280 K. 

Based on the de Gennes model [28], the macromolecule chains will diffuse in a 

pipe for their relaxation motions, and the self-diffusion coefficient is a critical 

parameter to characterize the relaxation time and viscosity. Therefore, the 

self-diffusion coefficient is often studied in order to understand the cooperative 



dynamics in the macromolecule chains. Kandpal et al formulated a constitutive 

equation for the viscosity of supercooled water based on the Stokes-Einstein model 

[37]. Meanwhile, the supercooled water is incorporated of two states of LDL and 

HDL, and thus the self-diffusion coefficient (D(T)) is determined by those of these 

two states, i.e., 

1 1 2 2lg ( ) ( ) lg ( ) ( ) lg ( )D T f T D T f T D T=  +               (22) 

By substituting equations (8), (15) and (16) into (22), we can obtain the following 

expression of self-diffusion coefficient (D(T)), 
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To verify the proposed model, the MD simulation results [32] and experimental 

data [9,38,39] of self-diffusion coefficient (D(T)) for the supercooled water as a 

function of temperature have been employed to compare with the analytical results 

obtained using equation (23). All the obtained results are shown in Figure 8(a). 

During the analysis, the following parameters are used in the calculations using the 

equation (23), e.g., D01=3.6×10-12 m2/s and D02=2.5×10-9 m2/s. The values of all the 

other parameters are presented in Table 2.  

It is revealed that the analytical results of supercooled water using our model are in 

good agreements with the MD simulation and the experimental results. All these 

results show that the self-diffusion coefficient (D(T)) of the supercooled water is 

determined by those of the two states of LDL and HDL water, and there is a 

cooperative dynamics to determine the self-diffusion coefficient anomaly of the 



supercooled water in the temperature range from 165 K to 300 K. Furthermore, the 

divergence between the analytical and experimental results of the self-diffusion 

coefficient is calculated using the correlation index (R2), and the obtained result is 

R2=99.65%, as shown in Figure 8(b). 

 

Figure 8. (a) Comparisons among analytical results obtained using the equation (23), 

simulation ones [32] and experimental data [9,38,39] of self-diffusion coefficient for 

the supercooled water in temperature range from 120 K to 360 K. (b) Divergences of 

the analytical and experimental results in temperature range from 225 K to 295 K. 

To verify the Tg based on the proposed model, WLF equation [40] and equations (6) 

and (12) are applied to formulate the free volume fraction (fV(T)) of the supercooled 

water with respect to the temperature, e.g., 
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It is defined that the glass transition is triggered when fV(T)=2.5%, where the 

corresponding temperature is the Tg of the supercooled water, based on the free 

volume theory [31] and WLF equation [40]. According to the previous studies [7], the 

Tg for the LDL water was determined to be 136±2 K using the differential scanning 



calorimetry (DSC). Whereas the Tg for the LDL water is between 126 K~136 K and 

Tg for HDL water is between 110 K~116 K, which were determined by the dielectric 

relaxation experiments [41]. The Tg for the HDL water was experimentally 

determined as 115±10 K [42]. However, there are few theoretical evidences for the Tg 

values of supercooled water. Based on our proposed model, we clearly show that the 

Tg =135.2 K for the LDL water, Tg=108.8 K for the HDL water and Tg=133.7 K for 

the supercooled water, when the free volume fraction fV(T)=2.5% [31,40], as shown in 

Figure 9. The experimental data showed that most of the Tg of supercooled water at 

atmospheric pressure is between 134 K~138 K [10,43-45]. Therefore, our analytical 

results are in good agreements with experimental results and the proposed model is 

well capable to predict the Tg of the supercooled water. 

 

Figure 9. Analytical curves of the free volume fraction as a function of temperature 

for the LDL, HDL and supercooled water, of which the Tg in three states all are 

determined at fV(T)=2.5%. 

4. Conclusions  

In this study, a cooperative domain model was developed to describe the 

anomalously dynamic behaviors and phase transition of the supercooled water, which 



is condensed and confined in a domain. The cooperative dynamics for two states of 

LDL and HDL water are identified as the driving force for the glass transition and 

anomalous dynamics of the supercooled water based on the two-state model. The 

constitutive relationships among density, viscosity, self-diffusion coefficient and Tg 

have been theoretically investigated and discussed. Furthermore, the cooperative 

dynamics of two states of LDL and HDL water has been identified as the working 

principle of the phase transition and dynamic anomalies. The Tg of 133.7 K for the 

supercooled water has been predicted by the model based on the free volume theory 

and WLF equation. Finally, the analytical results of our newly proposed model fit 

well with the simulation and experimental data reported in the literature. This study is 

expected to provide a theoretical insight into supercooled water, of which the phase 

transition and anomalously dynamic behavior are determined by the condensed 

structure and confined domain based on macromolecule physics. 
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