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ABSTRACT

An efficient improved discrete velocity method (IDVM) with inner iteration is presented to simulate the steady flows in all flow regimes in
this work. It is an extension of our previous implicit IDVM to achieve a faster convergence rate. In the previous method, both the discrete
velocity Boltzmann equation (DVBE) and the corresponding macroscopic governing equations are solved synchronously, where the
computational discrete cost is dominated by the calculation of the DVBE since the number of distribution functions is far larger than that of
macroscopic conservative variables. Furthermore, the convergence rate of the calculation of the DVBE is affected by the predicted
equilibrium state obtained from the solution of macroscopic governing equations. To provide a more accurate predicted equilibrium state for
the fully implicit discretization of the DVBE, an inner iteration is introduced into the solution of macroscopic governing equations, and the
flux Jacobian of these equations is evaluated by the difference of numerical fluxes of Navier–Stokes equations rather than the Euler equation-
based flux splitting method used in the previous implicit IDVM. This more accurate prediction procedure endows the developed method to
accelerate the computation greatly, especially in the continuum flow regime. Numerical results indicate that, in the continuum flow regime,
the present method is about one order of magnitude faster than the previous implicit IDVM and one to two orders of magnitude faster than
the conventional semi-implicit DVM.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0084547

I. INTRODUCTION

The rarefication of a fluid flow problem is usually represented by
the Knudsen number, which can be computed by the ratio of the mean
free path of molecular to the characteristic length. Since the mean free
path of molecular increases with the altitude, the reentry vehicle will
encounter rarefied situations at a high altitude.1–4 Besides, the microelec-
tromechanical systems (MEMS) will also face rarefied flow problems due
to the very small characteristic scale.5–7 Moreover, the local Knudsen
number in practical engineering problems may vary significantly over
several orders of magnitude, which results in the flows covering all flow
regimes. Taking the hypersonic flow over a flying vehicle at Reynolds
number of 59373 and Mach number of 4 as an example, the minimum
and maximum local Knudsen numbers are 7:61� 10�5 and 19.9,
respectively.8,9 Thus, an efficient and accurate numerical algorithm for all
Knudsen number flows is always desired for such problems.

The Boltzmann–Bhatnagar–Gross–Krook (BGK) equation, which
is free from the continuum assumption, is often utilized to resolve the
above problems. This equation originates from the kinetic theory, and it
describes the evolution of gas distribution functions in the velocity space,
physical space, and time. Thus, to solve this equation with a deterministic
method, the discretization should be carried out in both the physical
space and the velocity space. Due to the discretization in the velocity
space, this kind of approach is collectively referred to as the discrete
velocity method (DVM),10–17 which solves the discrete velocity
Boltzmann equation (DVBE) by a certain computational fluid dynamics
(CFD) approach, such as the finite volume method (FVM), the finite dif-
ference method (FDM), the finite element method (FEM), and the
physics-informed neural network method.18–21 In the framework of
DVM, for simplicity and intuitive implementation, many studies aim to
solve the DVBE individually.22–25 Alternatively, thanks to the correspon-
dence between the Boltzmann–BGK equation and the macroscopic

Phys. Fluids 34, 027110 (2022); doi: 10.1063/5.0084547 34, 027110-1

Published under an exclusive license by AIP Publishing

Physics of Fluids ARTICLE scitation.org/journal/phf

https://doi.org/10.1063/5.0084547
https://doi.org/10.1063/5.0084547
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0084547
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0084547&domain=pdf&date_stamp=2022-02-11
https://orcid.org/0000-0001-7961-4854
https://orcid.org/0000-0003-0825-0883
https://orcid.org/0000-0001-6963-0244
https://orcid.org/0000-0003-1272-1756
https://orcid.org/0000-0002-6696-1133
mailto:lmyang@nuaa.edu.cn
https://doi.org/10.1063/5.0084547
https://scitation.org/journal/phf


governing equations of mass, momentum, and energy, these two
sets of equations are solved simultaneously in some of the variant
discrete velocity methods, such as the unified gas kinetic scheme
(UGKS),26–29 the improved discrete velocity method (IDVM),30,31

the general synthetic iteration scheme (GSIS),32,33 and the modified
discrete unified gas kinetic scheme (DUGKS).34,35 Since the number
of variables of the DVBE is far larger than that of macroscopic gov-
erning equations, the computational cost of the DVM is actually
dominated by the calculation of the DVBE, which should be mini-
mized as much as possible to improve the overall efficiency.

For the first kind of DVM,22–25 i.e., the DVBE is solved individu-
ally, the numerical flux across the cell interface is the key to evolving
the discrete distribution function at the cell center when the FVM is
utilized to do the spatial discretization. Inspired by the reconstruction
strategy used in the conventional CFD method, the upwind scheme is
usually utilized to reconstruct the left and right states of the discrete
distribution function at the cell interface, and the local solution to the
Boltzmann equation without the collision term is directly adopted to
calculate the numerical flux.36,37 For illustration, we named this kind
of approach the conventional DVM in this work. Since the equilibrium
state is not required for the calculation of numerical flux, the distribu-
tion function of each discrete velocity in the conventional DVM can
be updated individually, resulting in a convenient implementation. To
achieve a faster convergence rate, the implicit scheme has been intro-
duced into the conventional DVM. However, since the equilibrium
state or the macroscopic flow variables at the new time level is still
unknown, the collision term of the DVBE is usually discretized by the
semi-implicit scheme, i.e., the equilibrium state is approximated by its
value at the current time level.38–40 This approximation will decelerate
the convergence rate greatly in the continuum flow regime as pointed
out by Mieussens.41 To overcome this defect, Mieussens introduced a
linearized implicit scheme to estimate the equilibrium distribution
function at the new time level.41 However, since a Jacobian matrix in
the scale of the total number of discrete distribution functions needs to
be calculated, this strategy complicates significantly the algorithm.
Moreover, the conventional DVM usually requires the mesh size to be
at least on the order of the mean free path of molecular due to the
ignoring of the collisional effect in the evaluation of numerical flux
across the cell interface, which makes it hard to provide accurate and
efficient predictions in the continuum flow regime. By using the dis-
crete characteristic solution of the DVBE to reconstruct the numerical
flux across the cell interface, the DUGKS was proposed to overcome
the above defects of the conventional DVM.42,43 However, if only the
DVBE is solved, the DUGKS will also encounter the difficulty in devel-
oping a fully implicit counterpart.

Another type of DVM resolves the DVBE and the macroscopic
governing equations of mass, momentum, and energy simulta-
neously.26–33 A representative is the UGKS,26–29 which evaluates the
numerical fluxes of both the DVBE and the macroscopic governing
equations at the cell interface by locally reconstructing the integral
solution of the DVBE. On the one hand, the UGKS can provide rea-
sonable results in all flow regimes without the limitation of mesh size
on the order of the mean free path of molecular due to the incorpora-
tion of the collisional effect into the calculation of fluxes. On the other
hand, the UGKS can be easily extended to the fully implicit version by
predicting the equilibrium distribution function at the new time level
from the solution of macroscopic governing equations. Specifically,

solving both the DVBE and the macroscopic governing equations by
the lower–upper symmetric Gauss–Seidel (LU-SGS) method, two ver-
sions of the fully implicit UGKS were presented successively for steady
flows44 and unsteady flows.45 Furthermore, to achieve a faster conver-
gence rate, the multi-prediction implicit scheme was developed
recently for steady flows in all flow regimes.46 In this method, an inner
iteration is introduced into the solutions of the DVBE as well as the
macroscopic governing equations, which results in a more accurate
predicted equilibrium state for the fully implicit discretization of the
DVBE as compared with the implicit UGKS. This accurate prediction
procedure endows the new method with high convergence speed in all
flow regimes, especially in the continuum flow regime. In addition, the
GSIS also introduces inner iterations into the solutions of both the
DVBE and the macroscopic governing equations to improve the over-
all efficiency.32,33 More recently, a two-step implicit UGKS was pro-
posed to further enhance the computational efficiency of the original
implicit UGKS.47 In this method, one more prediction step for solving
the macroscopic governing equations is introduced to incorporate the
viscous term into the evaluation of macroscopic numerical flux.

The IDVM is another method to overcome the defects of the
conventional DVM in the continuum flow regime.30,31 This method
also solves the DVBE and the macroscopic governing equations syn-
chronously, while the collisional effect is only involved in the calcula-
tion of the numerical flux of macroscopic governing equations. As a
result, the IDVM well keeps the simplicity of the conventional method
and provides reasonable predictions in all flow regimes. To further
improve the efficiency, two versions of the fully implicit IDVM were
developed for the two-dimensional (2D) case48 and the three-
dimensional (3D) case,49 respectively. In the implicit IDVM, the LU-
SGS method is introduced into the solutions of both the macroscopic
governing equations and the DVBE, and it is executed only once in
each iteration for updating the predicted macroscopic flow variables
and the discrete distribution functions. However, since the computa-
tional cost of the IDVM is actually dominated by the calculation of the
DVBE, the strategy used in the previous implicit IDVM may not be
optimal. In this work, an inner iteration will be introduced into the
solution of macroscopic governing equations to provide a more accu-
rate predicted equilibrium state for the fully implicit discretization of
DVBE. Meanwhile, the flux Jacobian of macroscopic governing equa-
tions, which is estimated by the Euler equation-based flux splitting
method in the previous implicit IDVM, will be evaluated by the differ-
ence of numerical fluxes of Navier–Stokes equations. These two strate-
gies can accelerate greatly the computation of the DVBE so as to
further improve the overall efficiency of the previous implicit IDVM,
especially in the continuum flow regime. The influence of the inner
iteration on the overall efficiency of the developed method will be
investigated comprehensively to determine the preferable inner itera-
tion numbers first, and then several 2D and 3D test examples from the
continuum flow regime to the free molecular flow regime will be simu-
lated to further assess the overall performance of the present method.

II. IMPROVED DISCRETE VELOCITY METHOD
FOR ALL KNUDSEN NUMBER FLOWS

The original Boltzmann equation is an integral–differential equa-
tion, and the collision term is a fivefold integral, which is too compli-
cated for engineering applications. To simplify the collision term, the
BGK model is introduced by Bhatnagar, Gross, and Krook.50
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However, this model will lead to unit Prandtl number. To be suitable
for fluid flow problems with arbitrary Prandtl numbers, the Shakhov
model is proposed.51 The discrete form of the Boltzmann–BGK equa-
tion with the Shakhov model in the velocity space, namely, the DVBE,
can be expressed as

@fa
@t

þ na � rfa ¼ f Sa � fa
s

; a ¼ 1;…;NV ; (1)

where the subscript a is the index in the discrete velocity space and NV

denotes the total number of discrete velocity points. n ¼ ðn1;…; nDÞ
represents the molecular velocity vector in D-dimensional space. fa
and f Sa are the discrete distribution function and its equilibrium state.
For the monatomic gas, f S is given by

f S ¼ f eq 1þ 1� Prð Þ c � q
5pRgT

c2

RgT
� 5

 !" #
(2)

with

f eq ¼ q

2pRgTð Þ3=2
exp � c2

2RgT

" #
; (3)

where p is the pressure, q is the density, T is the temperature, Pr is the
Prandtl number, q is the heat flux vector, c ¼ n� u is the molecular
thermal velocity vector, c ¼ jcj is the magnitude of c, and Rg is the gas
constant. In addition, s ¼ l=p is the collision time and l is the
dynamic viscosity.

Taking the conservative moment integration to Eq. (1), we can
obtain the corresponding macroscopic governing equations as follows:

@W
@t

þr � F ¼ 0; (4)

where the conservative flow variable vector W and the flux vector F
are calculated by

W ¼ q;qu;qEð ÞT ¼ hwf ia; (5)

F ¼ Fq; Fqu; FqEð ÞT ¼ hnwf ia: (6)

Here, w ¼ ð1; n; n2=2ÞT denotes the moment vector. The notation
hf ia ¼

PNV
a¼1 wafa defines the quadrature of discrete distribution

functions fa in the velocity space, and wa represents the quadrature
weight corresponding to the discrete velocity na.

As introduced in Sec. I, the solution of rarefied fluid flow prob-
lems can be given by Eq. (1) purely.22–25 However, to ensure the multi-
scale property and make the scheme free from the limitation of mesh
size on the order of the mean free path, both the DVBE [Eq. (1)] and
the macroscopic governing equations [Eq. (4)] are often resolved syn-
chronously.26–33 Another advantage of resolving the macroscopic gov-
erning equations is that the collision term of DVBE can be discretized
in a fully implicit way, which can speed up the convergence rate of the
computation.

A. Solving discrete velocity Boltzmann equation

Since only the steady flows are considered in this work, the tem-
poral term in Eq. (1) can be dropped out. Thus, the fully implicit dis-
cretization to Eq. (1) yields

na � rf nþ1
a ¼ f

S;nþ1
a � f nþ1

a

snþ1
; (7)

where n denotes the current time level and nþ1 represents the new
time level. f

S;nþ1
a is the predicted equilibrium state, which is defined at

the new time level and given by the solution of Eq. (4), as shown in
Sec. II B. If f

S;nþ1
a and snþ1 are replaced by the equilibrium state and

the collision time at the current time level, Eq. (7) will reduce to the
semi-implicit discretization of the conventional DVM.38–40

To facilitate the application in fluid flow problems with curved
boundaries, the finite volume discretization over a control volume Vi

is adopted to Eq. (7), which yields

Vi

snþ1
i

Df ni;a þ
X
j2N ið Þ

nij � naDf nij;aSij ¼ Resni;a (8)

with

Resni;a ¼
Vi

snþ1
i

f
S;nþ1
i;a � f ni;a

� �
�
X
j2N ið Þ

nij � naf nij;aSij; (9)

where Df ni;a ¼ f nþ1
i;a � f ni;a represents the time increment of the discrete

distribution function. NðiÞ denotes the set of neighboring cells of cell i.
nij and Sij are the outward unit normal vector and the area of the inter-
face shared by cell i and cell j, respectively.

To resolve Eq. (8), the discrete distribution function f nij;a and its
time increment Df nij;a at the cell interface have to be determined in
advance. Like the conventional DVM,38–40 in the IDVM,48,49 Df nij;a is
computed by the first-order upwind scheme and f nij;a is calculated by
the local solution to the Boltzmann equation without the collision
term at the cell interface as follows:

Df nij;a ¼ H na � nij
� �

Df ni;a þ 1�H na � nij
� �� �

Df nj;a; (10)

f nij;a ¼ H na � nij
� �

f L;nij;a þ 1�H na � nij
� �� �

f R;nij;a ; (11)

where Hðna � nijÞ is the heaviside function, and f L;nij;a and f R;nij;a are the
left and right states of the discrete distribution function at the cell
interface. In this work, f L;nij;a and f R;nij;a are interpolated from those at cell
centers with a slope limiter function.

Once Df nij;a and f
n
ij;a are obtained, Eq. (8) can be solved by the clas-

sical LU-SGS method with the following forward and backward
sweeps:52,53

Di;a
eDf ni;a þ X

j2L ið Þ
Dj;a

eDf nj;a ¼ Resni;a; (12)

Di;aDf
n
i;a þ

X
j2U ið Þ

Dj;aDf
n
j;a ¼ Di;a

eDf ni;a; (13)

where Di;a ¼ ð Vi

snþ1
i

þ 1
2

P
j2NðiÞ jnij � najSijÞ and Dj;a ¼ 1

2 ðnij � na
�jnij � najÞSij. eDf ni;a and eDf nj;a are the intermediate results of the for-

ward sweep. The subset LðiÞ 2 NðiÞ represents the neighboring cells
with indices less than i, and the subset UðiÞ 2 NðiÞ denotes the ones
with indices larger than i.

B. Solving macroscopic governing equations

To ensure the multiscale property and achieve the fully implicit
discretization of Eq. (1), the macroscopic governing equations (4) are
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also resolved in the IDVM. The implicit discretization of Eq. (4) over a
control volume Vi yields

Vi

Dtni
DWn

i ¼ �Rnþ1
i ; (14)

where DWn
i ¼ W

nþ1
i �Wn

i represents the time increment of the con-
servative variable vector and Dti denotes the local time step for the
implicit discretization, which can be calculated by the Courant–
Friedrichs–Lewy (CFL) condition with Courant number r. Ri is the
residual of macroscopic governing equations, which are calculated by

Ri ¼
X
j2N ið Þ

nij � FijSij: (15)

To incorporate the collisional effect into the calculation of numerical
flux, the local solution to the Boltzmann–BGK equation at the cell
interface is utilized to evaluate Fij in the IDVM. The detailed deriva-
tion can be found in Ref. 30, and the final expression of Fij can be writ-
ten as

Fij ¼ bhnwfDVM xij; n;Dtp
� �ia þ 1� bð ÞhnwfNS xij; n;Dtp

� �ia
¼ bFij;DVM þ 1� bð ÞFij;NS (16)

with

b ¼ e�Dtp=s; (17)

where fDVMðxij; na;DtpÞ ¼ f nij;a represents the local solution to the
Boltzmann equation without the collision term at the cell interface,
which is given by Eq. (11). fNSðxij; na;DtpÞ defines the distribution
function truncated to the Navier–Stokes level. Dtp denotes the virtual
time step, which is only used for the solution reconstruction and deter-
mined by the CFL condition with Courant number rp ¼ 0:95 in the
IDVM. In the implementation, Fij;DVM is computed by substituting
Eq. (11) into its definition and Fij;NS is calculated by the Navier–Stokes
solver directly.

To resolve Eq. (14), the macroscopic residual needs to be linear-
ized to the following form:

Rnþ1
i ¼ Rn

i þ DRn
i ¼ Rn

i þ
X
j2C ið Þ

@Rn
i

@Wj
DWn

j ; (18)

where DRn
i is the time increment of the macroscopic residual. CðiÞ

represents a set, which contains cell i and its neighbor cells. In the pre-
vious implicit IDVM,48,49 the last term of Eq. (18) is estimated by the
following Euler equations-based flux splitting method:X
j2C ið Þ

@Rn
i

@Wj
DWn

j ¼
1
2

X
j2N ið Þ

nij � DFnc;i þDFnc;j
� �þ rnij DWn

i �DWn
j

� �� �
Sij;

(19)

where

DFnc;j ¼ Fc Wn
j þ DWn

j

� �� Fc Wn
j

� �
;

rnij ¼ jnij � unijj þ cns;ij
� �

þmax
4
3qnij

;
c
qnij

 !
lnij

Prjxj � xij :

Here, Fc ¼ ðqu;quuþ pI; ðqE þ pÞuÞT denotes the macroscopic
convective flux vector, cs represents the sound speed, c is the specific

heat ratio, and xi and xj are the centroids of cell i and cell j, respec-
tively. It should be indicated that the Euler equation-based flux split-
ting method may oversimplify for calculation of DRn

i .
Substituting Eqs. (18) and (19) into Eq. (14), the resultant equa-

tion can be then solved by the LU-SGS method as follows:52,53

Qn
i
gDWn

i þ
1
2

X
j2L ið Þ

nij � DFnc;j � rnij
gDWn

j

h i
Sij ¼ �Rn

i ; (20)

Qn
i DW

n
i þ

1
2

X
j2U ið Þ

nij � DFnc;j � rnijDW
n
j

� �
Sij ¼ Qn

i
gDWn

i ; (21)

where Qn
i ¼ Vi

Dtni
þ 1

2

P
j2NðiÞ r

n
ij Sij. By using the forward sweep (20)

and the backward sweep (21), the time increment of the conservative
variable vector DWn

i can be obtained and the predicted conservative

variable vector can be then computed by W
nþ1
i ¼ Wn

i þ DWn
i .

Finally, f
S;nþ1
a can be calculated by Eq. (2) fromW

nþ1
i .

III. IMPROVED DISCRETE VELOCITY METHOD
WITH INNER ITERATION

In the IDVM, both the discrete distribution functions and the
conservative variables are evolved with one forward sweep and one
backward sweep in each step by solving the DVBE and the macro-
scopic governing equations, respectively. However, since the number
of discrete distribution functions in the velocity space is far larger than
that of conservative variables, the computational cost of the IDVM is
actually dominated by the calculation of the DVBE. Furthermore, the
accuracy of the predicted equilibrium state given by the macroscopic
governing equations will affect the convergence rate of the calculation
of DVBE, especially in the continuum flow regime. To obtain a
sought-after predicted equilibrium state, the inner iteration is intro-
duced into the solution of macroscopic governing equations.

A. Inner iteration for solving the macroscopic
governing equations

Since the temporal term will not affect the steady-state solution,
we can multiply the left-hand side of Eq. (14) by the adaptive parame-
ter b defined in Eq. (17), which yields

bn
Vi

Dtni
W

nþ1
i �Wn

i

� �
¼ �Rnþ1

i ¼ � Rn
i þ DRn

i

� �
: (22)

The effect of b in the above equation is to enlarge the local time
step in the continuum flow regime to achieve a faster convergence
rate while remaining its value unchanged in the rarefied flow
regime to guarantee good numerical stability. According to Eq.
(15), DRn

i can be written as

DRn
i ¼

X
j2N ið Þ

nij � Fnþ1
ij � Fnij

� �
Sij �

X
j2N ið Þ

nij � F
nþ1
ij;NS � Fnij;NS

� �
Sij;

(23)

where Fnij;NS and F
nþ1
ij;NS are the numerical fluxes of Navier–Stokes equa-

tions calculated by the macroscopic flow variables at the current time
level and the predicted macroscopic flow variables at the new time
level, respectively. In Eq. (23), the time increment of the macroscopic
residual DRn

i is approximated by the difference of numerical fluxes of
Navier–Stokes equations. This strategy is more accurate than that used
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in the previous implicit IDVM, as shown in Eq. (19). Since F
nþ1
ij;NS is still

unknown, Eq. (22) cannot be solved directly. By introducing a time
derivative term with respect to the pseudo time g into the left-hand
side of Eq. (22), we have

Vi
@W

nþ1
i

@g
þ bn

Vi

Dtni
W

nþ1
i �Wn

i

� �
¼ � Rn

i þ DRn
i

� �
: (24)

Substituting Eq. (23) into Eq. (24) and discretizing the resultant equa-
tion by the backward Euler scheme, we can get

Vi

Dgnþ1;m
i

DW
nþ1;m
i ¼ � Rnþ1;m

i þ DRnþ1;m
i

� �
(25)

with

Rnþ1;m
i ¼ Rn

i þ
X
j2N ið Þ

nij � F
nþ1;m
ij;NS � Fnij;NS

� �
Sij

þbn
Vi

Dtni
W

nþ1;m
i �Wn

i

� �
; (26)

DRnþ1;m
i ¼

X
j2N ið Þ

nij � DFnþ1;m
ij;NS Sijþbn

Vi

Dtni
DW

nþ1;m
i : (27)

Here, DW
nþ1;m
i ¼ W

nþ1;mþ1
i �W

nþ1;m
i and DF

nþ1;m
ij;NS ¼ F

nþ1;mþ1
ij;NS

�F
nþ1;m
ij;NS are the time increments of the predicted conservative variable

vector and the flux vector of Navier–Stokes equations at the pseudo
time levelm of the inner iteration. At the end of the inner iteration, we

can takeW
nþ1;mþ1
i as the approximation ofW

nþ1
i .

In the inner iteration,
P

j2NðiÞ nij � DFnþ1;m
ij;NS Sij can be further

approximated by the following Euler equations-based flux splitting
method:X
j2N ið Þ

nij � DFnþ1;m
ij;NS Sij ¼ 1

2

X
j2N ið Þ

h
nij � DFnþ1;m

c;j

þ rnþ1;m
ij DW

nþ1;m
i � DW

nþ1;m
j

� �i
Sij; (28)

where DF
nþ1;m
c;j ¼ FcðWnþ1;m

j þ DW
nþ1;m
j Þ � FcðWnþ1;m

j Þ. In the

above equation,
P

j2NðiÞ nij � DFnþ1;m
c;i Sij ¼ 0 for an arbitrary closed

region has been used. Note that the above approximation will not
destroy the accuracy of DRn

i estimated by Eq. (23) since the converged

solution of Eq. (25) will always yield F
nþ1
ij;NS ¼ F

nþ1;mþ1
ij;NS . Substituting

Eq. (28) into Eq. (25), we have

Gnþ1;m
i DW

nþ1;m
i þ 1

2

X
j2N ið Þ

nij � DFnþ1;m
c;j � rnþ1;m

ij DW
nþ1;m
j

h i
Sij

¼ �Rnþ1;m
i ; (29)

where Gnþ1;m
i ¼ bn Vi

Dtni
þ Vi

Dgnþ1;m
i

þ 1
2

P
j2NðiÞ r

nþ1;m
ij Sij. Equation (29)

can be resolved by the following forward and backward sweeps:

Gnþ1;m
i

gDWnþ1;m

i þ1
2

X
j2L ið Þ

nij �DFnþ1;m
c;j � rnþ1;m

ij
gDWnþ1;m

j

� 	
Sij

¼�Rnþ1;m
i ; (30)

Gnþ1;m
i DW

nþ1;m
i þ 1

2

X
j2U ið Þ

nij � DFnþ1;m
c;j � rnþ1;m

ij DW
nþ1;m
j

h i
Sij

¼ Gnþ1;m
i

gDWnþ1;m

i : (31)

Here, gDWnþ1;m

i denotes the intermediate result of the forward sweep.

In the practical calculation, we can set W
nþ1;1
i ¼ Wn

i and F
nþ1;1
ij;NS

¼ Fnij;NS in the first step of the inner iteration (m ¼ 1) and choose

Dgnþ1;m
i ¼ Dtni for simplicity. The effect of the inner iteration on the

overall efficiency and accuracy will be assessed in Sec. IV.

B. Velocity space discretization and computational
sequence

In the simulation, both the Gauss–Hermite rule and the rectangle
rule are adopted for numerical integration in the velocity space. For
low-speed flow at a low Knudsen number, since the distribution func-
tion is almost symmetric about the original point and it is very close to
the equilibrium state, the Gauss–Hermite rule can achieve high accu-
racy with relatively few discrete points in the velocity space. In this
quadrature rule, both the abscissas and weights are determined by the
Hermite polynomials, which cannot be chosen freely. For high-speed
flow or high Knudsen number flow, since the distribution function
may become bizarre, the rectangle rule is more preferable. When using
the rectangle rule, the unstructured mesh is a natural way to discretize
the velocity space. In this way, the abscissas and weights are, respec-
tively, the centroids and the volumes of cells. Due to its flexibility, the
unstructured mesh in the velocity space can be easily refined in the
region where the value of the distribution function is large and coars-
ened in the region where its value is small. As a result, the desired
accuracy can be achieved by applying relatively fewer discrete points
in the velocity space as compared with the uniform mesh.

FIG. 1. Unstructured mesh in the velocity space for 2D lid-driven cavity flow.
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In the DVM, since the conservative variable vector and the heat
flux vector are calculated by the numerical quadrature of the discrete
distribution functions and they are further applied to compute the
equilibrium state, a difference between the numerical quadrature and
the analytical integration may prevent the system from converging to
its physical solution. An effective way to overcome this defect is the
conservative correction, which enforces the following relationship:

hw1 f S � f
� �

ia ¼ 0; 0; 0;�Prqð ÞT (32)

for all control volumes in the physical space.54,55 Here, w1
¼ ð1; n; n2=2; cc2=2ÞT . Equation (32) is a nonlinear system for varia-
bles ðq;u;T; qÞT , which can be solved efficiently by the Newton itera-
tion. Usually, one or two iterations are enough since the Newton
algorithm converges rapidly. In our simulation, we set the convergence
criterion of the Newton iteration as the infinite norm of the error vec-
tor of two adjacent iterations being less than 10−9.

Since the inner iteration is only introduced into the solution of
macroscopic governing equations, the main process of the present

method is the same as that of the previous implicit IDVM. Suppose
the indicator of the outer loop is n; the computational process of the
developed method can be briefly summarized as follows:

(1) Calculate the left and right states of the discrete distribution
function at the cell interface, f L;nij;a and f R;nij;a , from those at cell
centers by the second-order interpolation with a slope limiter
function.

(2) Reconstruct the discrete distribution function at the cell inter-
face f nij;a by Eq. (11) and compute the macroscopic flux attrib-
uted to f nij;a by the first term on the right-hand side of Eq. (16),
Fnij;DVM .

(3) Start the inner iteration for resolving the macroscopic govern-
ing equations. Suppose the indicator of the inner loop is m, the
calculation process of the inner iteration can be summarized as
step (a) to step (d).
(a) Compute F

nþ1;m
ij;NS by the Navier–Stokes solver from the

predicted conservative variable vector W
nþ1;m
i . If m ¼ 1,

FIG. 2. Convergence histories of IDVM with different inner iterations for 2D lid-driven cavity flow at different Reynolds/Knudsen numbers.
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TABLE I. Effect of the inner iteration on the total computational time (minutes) of the
present method for 2D lid-driven cavity flow at different Reynolds/Knudsen numbers.

Inner iterations Re¼ 1000 Re¼ 100 Kn¼ 0.075 Kn¼ 1 Kn¼ 10

1 192.99 78.60 4.76 4.14 4.20
2 118.98 49.87 4.35 4.14 4.21
10 36.44 17.01 3.27 4.09 4.21
50 13.63 12.11 1.92 4.11 4.31
100 10.67 15.71 1.71 4.15 4.39
500 10.06 44.88 2.27 4.53 5.13
1000 12.50 82.56 3.01 5.28 6.10

TABLE II. Comparison of computational times (minutes) of different methods for 2D
lid-driven cavity flow at different Reynolds/Knudsen numbers. Note: Speed-up ratio 1
and speed-up ratio 2 are defined by the ratios of computational time of IDVM w/o It
and Semi DVM over that of IDVM w/ It, respectively.

Schemes Re¼ 1000 Re¼ 100 Kn¼ 0.075 Kn¼ 1 Kn¼ 10

IDVM w/ It 13.63 12.11 1.92 4.11 4.31
IDVM w/o It 192.99 78.60 4.76 4.14 4.20
Semi DVM 6975.18 322.54 5.07 4.13 4.20
Speed-up ratio 1 14.16 6.49 2.48 1.01 0.97
Speed-up ratio 2 511.75 26.63 2.64 1.00 0.97

FIG. 3. Velocity profiles along the vertical and horizontal central lines obtained by the IDVM with different inner iterations for 2D lid-driven cavity flow at different Reynolds/
Knudsen numbers.
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set W
nþ1;1
i ¼ Wn

i and F
nþ1;1
ij;NS ¼ Fnij;NS, and calculate the

macroscopic residual by Rn
i ¼

P
j2NðiÞ nij � FnijSij, where

Fnij ¼ bnFnij;DVM þ ð1� bnÞFnij;NS.
(b) Calculate Rnþ1;m

i by Eq. (26) and compute the time
increment of the predicted conservative variable vector

DW
nþ1;m
i by Eq. (29).

(c) Update the predicted conservative variable vector by

W
nþ1;mþ1
i ¼ W

nþ1;m
i þ DW

nþ1;m
i .

(d) Repeat steps (a)–(c) until the maximum iteration number
of the inner iteration is arrived. At the end of the inner

iteration, set W
nþ1
i ¼ W

nþ1;mþ1
i .

(4) Calculate the predicted equilibrium state f
S;nþ1
i;a by Eqs. (2) and

(3) from the solution of macroscopic governing equations,
W

nþ1
i . In this step, the heat flux vector can be approximated by

its value at the last time step qn.

(5) Compute the microscopic residual by Eq. (9) and solve Eq. (8)
by the LU-SGS method to determine the time increment of the
discrete distribution function Df ni;a.

(6) Update the discrete distribution function by f nþ1
i;a ¼ f ni;a þ Df ni;a

and the conservative variable vector Wnþ1
i as well as the heat

flux vector qnþ1
i by taking moments of f nþ1

i;a .
(7) Solve Eq. (32) by the Newton iteration to correct the conserva-

tive variable vector and the heat flux vector.
(8) Repeat steps (1)–(7) until the convergence criterion is satisfied.

IV. NUMERICAL EXAMPLES

Four test cases will be resolved to validate the overall perfor-
mance of the present method in this section. First, we will investigate
the influence of the inner iteration on the efficiency and accuracy of
the developed method by the test case of 2D lid-driven cavity flow.

FIG. 4. Comparison of convergence histories of the IDVM with inner iteration and semi-implicit DVM for 2D lid-driven cavity flow at different Reynolds/Knudsen numbers.
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Guidance for choosing the maximum iteration number of the inner
iteration is then suggested for flows from the continuum flow regime
to the free molecular flow regime. After that, we will focus on the com-
parison of the performance of the current method with the semi-
implicit DVM by the rest test cases. Unless otherwise stated, the argon
gas is assumed in the simulation, which results in the specific heat ratio
of 5=3, the Prandtl number of 2=3, and the gas constant of 208:13.
The Courant number r for determination of Dt is adjusted individu-
ally for different cases to achieve better numerical stability. In addition,
the first two cases are carried out on a personal computer (PC) with a
processor of Intel(R) Xeon(R) Gold 6226R CPU at 2.9GHz, and no
parallel computation is utilized, while the open multi-processing
(OpenMP) parallel technique with 16 and 24 cores is adopted to accel-
erate the calculation for the third and the fourth cases, respectively.
For brevity, the results obtained by the semi-implicit DVM, the IDVM
without inner iteration (i.e., the previous implicit IDVM) and the cur-
rent method are denoted as “Semi DVM,” “IDVM w/o It” and “IDVM
w/ It” in the following texts, respectively.

Case 1: 2D lid-driven cavity flow
A classic test example for validating the performance of a newly

developed method in all flow regimes is the lid-driven cavity flow. In
this test case, the argon gas is filled in a square cavity with an edge
length of L. All walls of the cavity are stationary except the top wall
moving with a velocity of uW ¼ 0:15

ffiffiffiffiffiffiffiffiffiffiffiffi
2RgT0

p
, where T0 is the refer-

ence temperature. The temperature of all walls is fixed at T0. In the
simulation, two test cases with different Reynolds numbers of
Re¼ 100 and 1000 and three test cases with different Knudsen num-
bers of Kn¼ 0.075, 1 and 10 are resolved. The test cases of Re¼ 100
and 1000 belong to the continuum flow regime, and test examples of
Kn¼ 0.075, 1, and 10, respectively, correspond to the slip flow regime,
the transition flow regime, and the free molecular flow regime. For the
continuous case (the first two test cases), the dynamic viscosity is
determined by

l ¼ q0uWL
Re

; (33)

FIG. 5. Comparison of velocity profiles along the vertical and horizontal central lines obtained by the IDVM with inner iteration and the semi-implicit DVM for 2D lid-driven cav-
ity flow at different Reynolds/Knudsen numbers.
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where q0 is the reference density and Re is the Reynolds number. For
the rarefied case (the last three test cases), the dynamic viscosity is
computed by

l ¼ l0
T
T0

� �w

: (34)

Here, w is a coefficient relevant to the intermolecular interaction
model, which is taken as 0.81 in this test example. The reference vis-
cosity l0 is calculated by

l0
L

¼ 5q0 2pRgT0ð Þ1=2
16

Kn; (35)

where Kn is the Knudsen number. For discretization of the physical
space, the unstructured uniformmesh with 10 000 and 1600 quadrilat-
eral cells is used for the continuous case and the rarefied case, respec-
tively. For discretization of the velocity space, the Gauss–Hermite
quadrature rule with 8� 8 and 28� 28 mesh points is, respectively,
used in the continuous case and the case of Kn¼ 0.075. For the cases
of Kn¼ 1 and 10, an unstructured mesh with 1648 triangular cells is
utilized to discretize the velocity space and the rectangle rule is
adopted for numerical quadrature, as shown in Fig. 1. The Courant
number for evaluation of Dt is taken as r ¼ 100.

First, the influence of the inner iteration on the efficiency and
accuracy of the developed method is investigated in all flow regimes.
Seven different maximum iteration numbers of the inner iteration are
considered. They are set as MaxIt¼ 1, 2, 10, 50, 100, 500, and 1000.
Note that MaxIt¼ 1 corresponds to the IDVMwithout inner iteration.
The convergence histories of the developed method with different
inner iterations are shown in Fig. 2. It can be seen that the larger value
of MaxIt has a faster convergence rate, while the acceleration becomes
insignificant when MaxIt� 50. In addition, the acceleration effect of
the inner iteration is dramatically evident for the continuous case and

becomes less noticeable as the Knudsen number increases. Indeed, the
convergence histories of the test case of Kn¼ 10 with different inner
iterations are the same, which are not shown in Fig. 2. The effect of the
inner iteration on the total computational time of the present method
for 2D lid-driven cavity flow at different Reynolds/Knudsen numbers
is tabulated in Table I. Theoretically, the total computational time con-
sists of the calculation of outer and inner iterations. However, since
the inner iteration is only introduced into the calculation of macro-
scopic governing equations, the total computational time is still domi-
nated by the outer iteration, especially for the test case with a large
number of discrete distribution functions in the velocity space. As
reported in this table, the total computational time decreases first and
then increases with the increase of inner iteration numbers for all test
cases, while the trend in the continuous case is more evident than that
in the rarefied case. WhenMaxIt¼ 50, the speedup ratio of the present
method to the IDVM without inner iteration is about 14 for the test
case of Re¼ 1000, as reported in Table II. Since MaxIt¼ 50 has a good
comprehensive benefit in all flow regimes, it will be adopted to the rest
test cases in this work. Except for the efficiency, the effect of the inner
iteration on the accuracy of the present method is depicted in Fig. 3.
Clearly, the inner iteration will not affect the accuracy of the present
method.

Second, the efficiency and accuracy of the developed method are
compared with the semi-implicit DVM. The convergence histories of
these two methods at different Reynolds/Knudsen numbers are shown
in Fig. 4, and the velocity profiles along the vertical and horizontal cen-
tral lines are displayed in Fig. 5. Also depicted in Fig. 5 are the reference
data calculated by Ghia et al.56 for the test cases of Re¼ 100 and 1000
and by using the Direct Simulation Monte Carlo (DSMC) method57 for
the rest test cases. Evidently, a significant acceleration is achieved for
the present method as compared with the semi-implicit DVM, espe-
cially for the test cases of Re¼ 100 and 1000. In addition, since the colli-
sional effect is included in the calculation of numerical flux, the present
method can predict the velocity distribution correctly in all flow
regimes, while an obvious deviation is observed for the semi-implicit
DVM in the test case of Re¼ 1000. In comparison, the semi-implicit
DVM usually requires using a very small cell size, which is on the order
of the mean free path of molecular, to get reasonable solutions as com-
mented by Xu.58 The comparison of the computational times of the
developed method and the semi-implicit DVM is tabulated in Table II.
A speed-up ratio of one to two orders of magnitude is achieved for the
present method in the continuum flow regime, while for high Knudsen
number flows, the computational time of the present method is roughly
the same as that of the semi-implicit DVM. This test example validates
the high efficiency of the present method in all flow regimes.

Case 2: Flow around a circular cylinder
To assess the performance of the present method for high-speed

flows, the hypersonic rarefied flow around a circular cylinder is simu-
lated in this subsection. In this test case, the free-streamMach number
and Knudsen number are taken as Ma¼ 5 and Kn¼ 0.1, respectively.
The reference viscosity is determined by

l0
R0

¼ 15q0 2pRgT0ð Þ1=2
2 5� 2wð Þ 7� 2wð ÞKn; (36)

where R0 ¼ 0:01m is the radius of the cylinder, q0 ¼ 8:582
�10�5 kg=m3 is the free stream density, and T0 ¼ 273K is the free
stream temperature. In the simulation, the dynamic viscosity is

FIG. 6. Unstructured mesh in the velocity space for flow around a circular cylinder.
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computed by Eqs. (34) and (36) using the variable hard-sphere (VHS)
model with w ¼ 0:81. The wall temperature is fixed at T0. The com-
putational domain, which has a far-field boundary at 15R0 away from
the geometrical center, is discretized by a non-uniform mesh with 61
points in the radial direction and 60 points in the circumferential
direction. The velocity space is discretized by an unstructured mesh
with 4648 triangular cells, and the rectangle rule is adopted for numer-
ical quadrature, as shown in Fig. 6. Besides, the Courant number for
evaluation of Dt is taken as r ¼ 1 for better numerical stability.

Figure 7 compares the density, temperature, x, and y components
of the heat flux vector obtained by the IDVM with inner iteration and
the semi-implicit DVM. Since the Knudsen number of this test case is
relatively large, the results of these two methods are consistent with
each other. The comparison of density, u-velocity, and temperature
distributions along the stagnation line and convergence histories calcu-
lated by the two methods are depicted in Fig. 8, and the comparison of
pressure, shear stress, and normal heat flux distributions along the
cylindrical surface from the stagnation point to the trailing edge are

shown in Fig. 9. Also displayed in Figs. 8 and 9 are the results obtained
by the DSMC method.43 It can be seen that the results of these two
methods are basically the same, and they agree well with the reference
data. As for the convergence history, the IDVM with inner iteration is
slightly faster than the semi-implicit DVM. The total computational
times spent by the IDVM with inner iteration and the semi-implicit
DVM are 1.00 and 1.07 h, respectively. This test example indicates that
the accuracy, efficiency, and stability of these two methods are almost
the same for solving hypersonic rarefied flows.

Case 3: 3D lid-driven cavity flow
This test example is the extension of the 2D case in the y-direc-

tion, as shown in Fig. 10. At the top wall, the lid is moving with a
velocity of uW ¼ 0:15

ffiffiffiffiffiffiffiffiffiffiffiffi
2RgT0

p
in the x-direction. Other settings,

including the gas properties, the wall temperature, and the calculation
of the dynamic viscosity, are consistent with the 2D scenario. Four
cases with different Knudsen numbers or Reynolds numbers are simu-
lated in this test. They are the cases of Kn¼ 1 in the transition flow
regime, Kn¼ 0.1 in the slip flow regime, and Re¼ 100 and 1000 in the

FIG. 7. Comparison of density, temperature, x and y components of the heat flux vector for flow around a circular cylinder (IDVM w/ It: colored background with black solid
line; semi DVM: white dash line).
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continuum flow regime. For Kn¼ 1, an unstructured mesh with 4000
hexahedral cells is used to discretize the physical space, and the veloc-
ity space is discretized by an unstructured mesh with 22 909 tetrahe-
dral cells, as shown in Fig. 10. For Kn¼ 0.1, the physical space is
discretized by an unstructured mesh with 13 500 hexahedral cells, and
the numerical integration in the velocity space is performed by the
Gauss–Hermite rule with 18� 18� 18 mesh points. For the test cases
in the continuum flow regime, a finer unstructured mesh with 10 800
hexahedral cells is adopted to discretize the physical space, and the
Gauss–Hermite quadrature rule with a coarsermesh of 8� 8� 8 points
is used to do the numerical integration. The Courant number for evalu-
ation of Dt is taken as r ¼ 100 in all simulations.

The comparison of convergence histories of the developed
method and the semi-implicit DVM at different Reynolds/Knudsen
numbers is depicted in Fig. 11. It can be seen that the present method
has a faster convergence rate than the semi-implicit DVM, especially
for the test cases in the continuum flow regime. Accordingly, a signifi-
cant acceleration is achieved for the present method. As indicated in
Table III, the speed-up ratio is about one to two orders of magnitude

in the continuum flow regime. Figure 12 compares the velocity distri-
butions along the vertical and horizontal central lines at y¼ 0.5 plane
calculated by the developed method and the semi-implicit DVM. Also
displayed in the plots of Re¼ 100 and 1000 are the benchmark data
obtained by the differential quadrature (DQ) method.59 For the test
cases of Re¼ 100, Kn¼ 0.1 and 1, the results of the present method
and the semi-implicit DVM are consistent with each other, while for
the test case of Re¼ 1000, the results obtained by the present method
are closer to the reference data than the semi-implicit DVM. The
reason is that the collisional effect is involved in the calculation of
numerical flux in the present method, while it is neglected in the semi-
implicit DVM, which will result in a large numerical dissipation as the
flow goes into the continuum flow regime at large Reynolds numbers.
Figure 13 shows the temperature contours computed by the present
method for test cases of Kn¼ 0.1 and 1, which are in line with the
results of IDVM without inner iteration.48

Case 4: Flow around a 3D blunt body
First, supersonic rarefied flow with a free-stream Mach number

of 3.834 and a Knudsen number of 0.03 around a sphere is simulated.

FIG. 8. Density, u-velocity, and temperature profiles along the stagnation line and convergence history for flow around a circular cylinder.
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FIG. 9. Pressure, shear stress, and heat flux distributions along the cylindrical surface from the stagnation point to the trailing edge for flow around a circular cylinder.

FIG. 10. Geometry (left) and unstructured mesh in the velocity space (right) for 3D lid-driven cavity flow.
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In the simulation, the dynamic viscosity is calculated by Eqs. (34) and
(35) with w ¼ 0:75, in which the characteristic length is taken as the
sphere diameter. The wall temperature is fixed at TW ¼ ½1þ ðc
�1ÞMa2=2�T0, where T0 is the reference temperature. The spherical
surface is discretized by 768 quadrilateral elements. The physical space,
which has a far-field boundary at four times of sphere diameter away
from the geometrical center, is discretized by an unstructured mesh
with 20 736 hexahedral cells. The velocity space is discretized by an

unstructured mesh with 36 053 tetrahedral cells, and the rectangle
rule is adopted for numerical quadrature, as shown in Fig. 14.
Figure 15 depicts the density and temperature contours around the
sphere. The temperature and u-velocity distributions along the
stagnation line are shown in Fig. 16 and compared with those of Li
and Zhang computed by the gas kinetic unified algorithm
(GKUA)60 and Bird et al. by the DSMC method.61 It can be found
that the present results basically match well with the reference
data. In addition, the drag coefficients calculated by the developed
method, the GKUA, and the DSMC method are 1.4295, 1.3749,
and 1.4122, respectively. The relative error of the present result
over the result of the DSMC method is 1.2%. The total outer itera-
tion numbers and the computational time of this test example by
using the OpenMP parallel technique with 24 cores are 222 and
13.59 h, respectively.

Second, hypersonic rarefied flow with a free-stream Mach num-
ber of 5, a Knudsen number of 0. 601, and an angle of attack of 26�

around an Orion Crew Module is tested to further assess the flexibility

FIG. 11. Comparison of convergence histories of the IDVM with inner iteration and semi-implicit DVM for 3D lid-driven cavity flow at different Reynolds/Knudsen numbers.

TABLE III. Comparison of computational times (hours) of different methods for 3D
lid-driven cavity flow at different Reynolds/Knudsen numbers.

Schemes Re¼ 1000 Re¼ 100 Kn¼ 0.1 Kn¼ 1

IDVM w/ It 4.98 4.08 0.46 0.18
Semi DVM 1798.38 98.15 1.21 0.18
Speed-up ratio 361.12 24.06 2.63 1.00
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FIG. 12. Comparison of velocity profiles along the vertical and horizontal central lines at y¼ 0.5 plane obtained by the IDVM with inner iteration and the semi-implicit DVM for
3 D lid-driven cavity flow at different Reynolds/Knudsen numbers.

FIG. 13. Temperature contours for 3D lid-driven cavity flow at Kn¼ 0.1 (left) and Kn¼ 1 (right).
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FIG. 14. Meshes in the physical space (left) and the velocity space (right) for supersonic flow around a sphere.

FIG. 15. Density (left) and temperature (right) contours for supersonic flow around a sphere.

FIG. 16. Temperature (left) and u-velocity (right) profiles along the stagnation line for supersonic flow around a sphere.
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and stability of the present method for solving more complex problems.
The details of the geometry can be found in Ref. 62, which is discretized
by 966 quadrilateral elements. As shown in Fig. 17, the physical space is
discretized by an unstructured mesh with 37 440 hexahedral cells. The
velocity space is discretized by an unstructured mesh with 36 053 tetra-
hedral cells, and the rectangle rule is adopted for numerical quadrature.
In the simulation, the dynamic viscosity is computed by Eqs. (34) and
(35) with w ¼ 0:5, where the characteristic length is taken as
L ¼ 5:0292m. Other parameters are corresponding to the condition at
the altitude of 120km, i.e., the average molecular weight is 26.159 g/mol,
the number density is n0 ¼ 5:2127� 1017 m�3, the free-stream density
is q0 ¼ 2:2642� 10�8 kg=m3, the free-stream temperature is
T0 ¼ 368K, the wall temperature is TW ¼ 567K, and the reference
area is 19.865m2. Figure 18 shows the density and the pressure contours
at z¼ 0 plane as well as the surface of the orion crew module. Due to
the relatively large Knudsen number, a diffused bow shock wave is
observed in front of the object. The distributions of the surface pressure
coefficient and the magnitude of the heat flux vector over the orion
crew module are shown in Fig. 19, where the heat flux is normalized by
q0ð2RgT0Þ3=2. Since the wall temperature is far less than the stagnation
temperature in this test case, the largest pressure and heating are formed

at the stagnation point. The computed normal and axial force coeffi-
cients are 0.497 and 1.648, respectively. The total outer iteration num-
bers and the computational time of this test example by using the
OpenMP parallel technique with 24 cores are 77 and 11.45h,
respectively.

V. CONCLUSIONS

In the previous implicit IDVM, the total computational cost is
dominated by the calculation of the DVBE since the number of dis-
crete distribution functions is far larger than that of the macroscopic
conservative variables. Thus, the key to improving the overall effi-
ciency of the previous IDVM is to minimize as much as possible the
computational cost of the DVBE. To achieve this goal, an inner itera-
tion is introduced into the solution of macroscopic governing equa-
tions to provide a more accurate predicted equilibrium state for the
fully implicit discretization of the DVBE so as to speed up the conver-
gence rate of its calculation. Since the predicted results are actually the
solution of Navier–Stokes equations in the continuum flow regime,
the convergence rate of the developed method can be accelerated
greatly in this regime.

FIG. 17. Surface mesh (left) and mesh in
the physical space (right) for hypersonic
flow around an orion crew module.

FIG. 18. Density (left) and pressure (right)
contours for hypersonic flow around an
orion crew module.
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Four test examples, including the 2D lid-driven cavity flow, the
hypersonic flow around a circular cylinder, the 3D lid-driven cavity
flow, and the supersonic/hypersonic flow around a 3D blunt body, are
resolved for comprehensive evaluation of the developed method in all
flow regimes. Numerical results show that the inner iteration will not
affect the accuracy and stability of the IDVM but improve the effi-
ciency significantly in the continuum flow regime. As shown in the
test case of lid-driven cavity flow at Re¼ 1000, the speed-up ratios of
one order of magnitude and two orders of magnitude are achieved for
the present method as compared with the previous implicit IDVM
and the semi-implicit DVM, respectively.
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