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ABSTRACT

Context. We study the propagation of a fast magnetoacoustic wave in a 3D mage#ticrigated from two magnetic dipoles. The magnetic
topology contains an X-line.

Aims. We aim to contribute to the overall understanding of MHD wave propagatittininhomogeneous media, specifically around X-lines.
Methods. We investigate the linearised, 3D MHD equations under the assumptionsbéittecold plasma. We utilise the WKB approximation
and Charpit's method during our investigation.

Results. It is found that the behaviour of the fast magnetoacoustic wave is endlietted by the local, inhomogeneous, equilibrium Alfv
speed profile. All parts of the wave experience refraction duringagafion, where the magnitude of the refractidfeet depends on the
location of an individual wave element within the inhomogeneous magneliic Tihe X-line, along which the Alen speed is identically zero,
acts as a focus for the refractiofiext. There are two main types of wave behaviour: part of the wave ig ¢idipped by the X-line or escapes
the system, and there exists a critical starting region around the X-lineitidésithese two types of behaviour. For the set-up investigated, it
is found that 15% of the fast wave energy is trapped by the X-line.

Conclusions. We conclude that lineag, = 0 fast magnetoacoustic waves can accumulate along X-lines and thes\ilid® specific locations

of fast wave energy deposition and thus preferential heating. Thietlvese highlights the importance of understanding the magnetic topology
of a system. We also demonstrate how the 3D WKB technique described pafies can be applied to other magnetic configurations.
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1. Introduction Fedun (2007), Van Doorsselaere et al. (2008) and Goossens et

al. (2009). Non-thermal line broadening due to torsion&/&h

I_t Is now clear that magnetohydr_odynamic (M_HD) Wave MQyaves has been reported by Ely et al. (1998), Harrison et al.
tions (e.g. Roberts 2004; Nakariakov & Verwichte 2005; D 002), O'Shea et al. (2003) and Jess et al. (2009)

Moortel 2005) are ubiquitous throughout the solar atml—, | | hat th | ic field ol fund
sphere (Tomczyk et al. 2007). Severdteient types of MHD tls also clear that the coronal magnetic field plays a funda-

wave motions have been observed by various solar instm-ental rolg in the propagatio_n gnd properties of MHD waves,
ments: longitudinal propagating disturbances have been Sgnd to begin to understand this inhomogeneous magnetised en
ironment it is useful to look at the topology (structure) of

in SOHO data (e.g. Berghmans & Clette 1999; Kliem et al! L . L )
2002: Wang et al. 2002) and TRACE data (De Moortel dhe magnetic field itself. Potential-field extrapolatiorfstioe

al. 2000) and these have been interpreted as slow magneﬁ?e'{gnal magnetic fielq can be made from photosphgric magne-
coustic waves. Transverse waves have been observed in! ams (e.0. se_ee@nler 2013) and such extrapolanon_s show
corona and chromosphere with TRACE (Aschwanden et N ex!sftenc.e of important feature; OT the' topolagyl pomts
1999, 2002; Nakariakov et al. 1999; Wang & Solanki 2004) SPECific points where the magnetic field is zesparatrices -
Hinode (Okamoto et al. 2007; De Pontieu et al. 2007; Ofm%ﬂpologlcal fggtures tha_t separate regions fbdent magn_etlc

& Wang 2008), SDO data (e.g. McIntosh et al. 2011; Morton px connectivity, al.’ld(_-lmes or null lines - extended Io_catlons

al. 2012, 2015; Morton & McLaughlin 2013, 2014; Thurgooa"here_ the_ magnetic field, and thus t.he./&vasp.eed, IS zero.

et al. 2014) and these have been interpreted as fast magnelfbv’reg'gat'ons of.the coronal magnet'lc field using such ’F".’te
coustic waves, specifically kink waves. These transverse 1) field calcu_latlons can be f°‘f”d n. €., Brown & Prl_est
tions have also been interpreted as Alfic waves, although 2001), Beveridge et al. (2002).e@nier et al. (2008) and in

this interpretation is subject to discussion, e.g. se&lgrd a comprehensive review by Longcope (2005).
These two areas of scientific study, namely ubiquitous MHD

Send offprint requests to: J. A. McLaughlin, e-mail: waves and magnetic topology, will naturally encounter each
james.a.mclaughlin@northumbria.ac.uk other in the solar atmosphere, e.g. MHD waves will propa-
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gate into the neighbourhood of coronal null points, X-liaesl Galsgaard et al. (2003) performed numerical experiments on
separatrices. Thus, the study of MHD waves within inhomogthe dfect of twisting the spine of a 3D null point, and described
neous magnetic media is itself a fundamental physical gcethe resultant wave propagation towards the null. They found
Previous works, detailed below, have focused on MHD watleat when the fieldlines around the spine are perturbed itaa ro
behaviour in the neighbourhood of null points and sepasdri tionally symmetric manner, a twist wave (essentially arvaif
(see review by McLaughlin et al. 2011). However, less aibent wave) propagates towards the null along the fieldlines. Whils
has been given to the transient behaviour of MHD waves in ttiés Alfvén wave spreads out as the null is approached, a fast-
vicinity of X-lines in the solar atmosphere. The motivatfon mode wave focuses on the null point and wraps around it. In
this paper is to address this, i.e. this paper aims to inyatsti addition, Pontin & Galsgaard (2007) and Pontin et al. (2007)
the behaviour of fast MHD waves around an X-line in order fperformed numerical simulations in which the spine and fan o
contribute to the overall understanding of MHD wave propa3D null point are subject to rotational and shear pertioshat
gation within inhomogeneous media. Note that an X-line ishey found that rotations of the fan plane lead to currenétshe
degenerate structure and its existence requires a spgnial sin the location of the spine and rotations about the spirmttiea
metry of the magnetic field. Thus, given the inherent lack elirrent sheets in the fan.

symmetry in solar magnetic observations, their existentlea

solar atmosphere is unlikely. However, X-lines are weltistu T . L
S . . The WKB approximation is an asymptotic approximation tech-
ied in other areas, such as in the Earth’'s magnetosphere, e. : :

nique which can be used when a system contains a large param-

Runov etal. (.2003) and Phan etal. (200.6)' . . eter (see e.g. Bender & Orszag 1978). Hence, the WKB method
The propagation of fast magnetoacoustic waves in an inhomo- .
. . ._can be used in a system where a wave propagates through a
geneous coronal plasma has been investigated by Nakariakov . ; . ; ;
-background medium which varies on some spatial scale which
& Roberts (1995), who showed that the waves are refracted 'rﬂst much longer than the wavelength of the wave. There are sev
regions of low Alfven speed (see also Thurgood & McLaughlin 9 9 '

2013). In the case of X-lines, the ABn speed actually dropseral examp!es of autr_lors utilising the WKB approximation to
0 zEr0. compare with numerical results, e.g. Khomenko & Collados

. . . e 2006) and Afanasyev & Uralov (2011, 2012). Galsgaard et al.
MHD waves in the neighbourhood of a single 2D X-point hav§2003) compared their numerical results with a WKB approx-

been investigated by various authors. Bulanov & Syrovats"nation and find that, for the = 0 fast wave, the wavefront

(1980) provided a detailed discussion of the propagatidasif wraps around the null point as it contracts towards it. Thay p

and Avaen_waves using cyhndncali symmetry. _Cra|g & Watso?orm their WKB approximation in cylindrical polar coordireet
(1992) mainly considered the radial propagation ofrthe: O : . . X .

) : . ._and thus their resultant equations are two-dimensionatesa
mode (wherem is the azimuthal wavenumber) using a MIXSimple 3D null point is essentially 2D in cylindrical coordi
ture of analytical and numerical solutions. They showed tha P P y Y

. . nates. In contrast, this paper will solve the WKB equatioms fo
the propagation of then = 0 wave towards the null point .
three Cartesian components, and thus we can solve for more

enerates an exponentially large increase in the currant de : .
9 P y 1arg eneral disturbances and more general boundary conditions

sity. Craig & McClymont (1991, 1993), Hassam (1992) an . . >
Ofman et al. (1993) investigated the normal mode solutioE/lsCL"’lughlln et al. (2008) utilised the WKB approximation to

- . e Investigate MHD wave behaviour in the neighbourhood of a
for bothm = 0 andm # § modes Wl.th re5|st|V|ty included. fullé( 3D null point. The authors utilised the WKB approxima-
They emphasise that the current builds as the inverse SqLHdorn to determine the transient properties of the fast arfidéd

of the radial distance from the X-point. All these investiga

: . . -, . . modes in a lineaB = 0 plasma regime. From these works, it
tions were carried out using cylindrical models in which th L

) ; ... Nas been demonstrated that the WKB approximation can pro-
generated waves encircled the X-point and so the cylindrica

. vide a vital link between analytical and numerical work, and
symmetry meant that the disturbances can only propagate ej-

ther towards or away from the X-point. The behaviour of MHES <" provides _the critical insight into understanding pifgys-
. . o . ical results. This paper demonstrates the methodology wf ho
waves around two-dimensional X-points in a Cartesian geo

e o .
. . : apply the WKB approximation to a general 3D magnetic
try has been investigated by McLaughlin & Hood (2004, zocr%czald configuration. We believe that with the vast amount of

2006b), McLaughlin et al. (2009) and more recently bz 3D modelling currently being undertaken, applying this WKB

et al. (2015). Of note is also McLaughlin & Hood (2006a) wh . . . o
investigated fast MHD wave propagation in the neighboumooeChn'que in 3D will be very useful and beneficial to the MHD

of two dipoles. These authors solved the lineariged 0 MHD modelling community.

equations and found that the propagation of the linear fagew

is dictated by the Alfén speed profile and that close to th&his paper describes an investigation into the behaviotastf
X-point, the wave is attracted to the X-point by a refractioMHD waves around an X-line using the WKB approximation.
effect. It was also found that in this magnetic configuration Ehe paper has the following outline: §2, the basic equations,
proportion of the wave can escape the refractibect and that linearisation and assumptions are described, includingilde
the split occurs near the regions of very high Alfvspeed. of our equilibrium magnetic field§3 details the WKB tech-
However, this study was limited to 2D. The current paper erique utilised in this paper as well as its application toftst
tends this work to 3D. wave. The results are given §4 and the conclusions and dis-
MHD waves in the vicinity of a 3D null point (e.g. Parnell ettussion are presented §b. There are multiple appendices (A,
al. 1996; Priest & Forbes 2000) have also been investigat&].C) which complement the work in the core text.
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Fig. 1. (a) Equilibrium magnetic field in thg = 0, xz—plane. Dipoles are locatedat +0.5. X-point is located at = 0 andz = V2a= V0.5 =
0.707. Red lines indicate the separatrices in this pld)eD visualisation of the equilibrium magnetic field denoting the red separatioag

y = 0 from (@) and perpendicular to this the blue X-line aloxg 0 from (c). Equilibrium magnetic field is rotationally symmetric about the
y = 0 axis and thus black curves denote the separatrices kytiane atz = 0. (c) Equilibrium magnetic field shown in the= 0, yz—plane.
Magnetic field is only in thex—direction, hence no arrows. Blue line denotes the X-line of the fgrm 22 = 2a2. (d) Plot of B,(0, r) where

r2 = y2 + 22, B,(0,r) changes sign at= v2a = V0.5 = 0.707, i.e. at location of the X-line. Maximum dB,(0, r)/dr occurs ar = 1, where
By(O,r = 1) = (4/5)*2 = 0.5724.

2. Governing equations 2.2. Linearised equations and non-dimensionalisation

2.1. Basic equations In this paper, the linearised MHD equations are used to study
o . . _ _ the nature of wave propagation. Using subscripts of O foi-equ
The resistive, adiabatic MHD equations for a plasma in the Sfbrium quantities and 1 for perturbed quantities, equaifi)

lar corona are used: become:
ov . ov1 . .
Pot +p(V-V)v = -Vp+jxB+pg, pog = =Vp1 +joxB1+j1XxXBo+p10, (2)
0B
ﬁsz(va)+nVZB, %:Vx(le80)+nVZBl, (3)
op 17)
S Vv =0, %Jrv.(povl):o, (4)
0
a—i)"‘V'Vp:—?’PV'V, %+vl-Vp0=—ypoV-v1, )
Moj = VXB, (1) poj1 = VxBy, (6)

wherev is the plasma velocity, is the mass density is the where we note thaty = 0. We now consider several simplifi-
plasma pressurd3 is the magnetic induction (usually calledcations to our system. We will be considering a potentiai-equ
the magnetic field)j is the electric current densitg,is grav- librium magnetic field and s& x Bg = jo = 0. In addition, we
itational accelerationy is the ratio of specific heatg, is the ignore the &ect of gravity on the system, i.e. we get 0. We
magnetic difusivity andug is the magnetic permeability in aalso consider an ideal system and so the magnefiiesility,
vacuum. n, is set to zero.
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Fig. 2. (a) Shaded surface ofa(X, Y, z0) = |Bo(X, Y, Z)| in the xy—plane atzy = 0.1, with local maxima atX, y, z2) = (xa, 0,0), i.e. the dipoles’
location. ) Colour contour of/a(x, 0, 2) = |Bo(X, 0, 2)| in they = 0, xz—plane. Contour is colour coded:Ova < 0.3 (white); 03 < va < 0.5724
(green); 06724 < va < 2 (yellow); 2< va < 30 (orange)yva > 30 (black). Red lines indicate the separatrices in this plaf€dglour contour
of va(0,Y,2) = |Bo(0,Y, 2)| in the x = 0, yz—plane. Blue line indicates the X-line in this plane. Contour is colour coded inatime svay asky).
(d) Plot of B4(0, )| = Va(0,y, 2) wherer? + y? + 7 and axis displays.6 < r < 2. Colour coding corresponds to that bj and ), except now
black represent®,(0,r)| < 0.3.

Furthermore, we consider a cold plasma, ge= 0 plasma ideal, linearised, non-dimensionalised equations arengby:
approximation, since in the solar corgfiax 1. Under this as-

sumption,pp = 0 andp; = pa(x Y, 2) from equation (5). We V1 _ (VxBy)xBy and B _ o (v1 % Bo) . )
will also assume the equilibrium gas densjty, is uniform. ot ot

Note that a spatial variation jmy can cause phase mixing (e.g. . .
Heyvaerts & E’riest 1983 Dewk/loortel ot aI.p1999' Mchu(ghﬁnNOte that once is known,p; can be calculated from equation
et al. 2011). There are no assumptions@r= p1(X,Y, z t) but (). ) b bined to f inal .
we will not discuss equation (4) further as it can be solvezeonEauations (7) can be combined to form a single equation:

we knowvs. In fact, under the assumptions @f= 0, lineari- ,

sation and no gravityy; has no influence on the momentum—v; = (V x [V x (v1 x Bo)]} x By . (8)
equation and so the plasma i$eetively arbitrarily compress-

ible (Craig & Watson 1992). This equation is valid for any 3D potential equilibrium mag-

netic field,Bg. Thus, we now detail our choice 8.

We now non-dimensionalise the above equations as foll@s: £.3. Magnetic equilibrium
vi = W, Bo = BBy, By = BB}, x = Lx",y = Ly*, z = LZ, L o
V = V*/L andt = tt*, where we let: denote a dimension- We choose a magnetic field created by two magnetic dipoles
less quantity and, B, L, andf are constants with the dimen-l0cated atX.y,2 = (xa,0,0). The mathematical form of our
sions of the variable that they are scaling. In additignand diPolar magnetic field comes from the vector poten#glpro-

po are constants as these equilibrium quantities are uniforfyiced by a magnetic dipole moment, whereBo = V x A
ie.py = p; = 1. We then seB/ yuopo = vV andv = L/t, and:

which setsv as a constant equilibrium Alén speed. Under Ho M X X

these scalings’ = 1, for example, refers to=t = L/v, ie. AK) = 4 xP

the equilibrium Alfen time taken to travel a distante For

the rest of this paper, we drop the star indices; the facthiegt whereug is the permeability of free space ard (X, Y, 2). See

are now non-dimensionalised is understood. ThusBodr0, Shadowitz (1975) for further details. Thus, the magnetik fie
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takes the fornBg = (BX, By, Bz) B/L3, where: Thus, in Figure 1c and inside the blue circB; < 0 and
so the magnetic field is in thex—direction (into the page),
B, = -2(x+a)’+y?+ 2 N -2(x-a)’+y’+ 2 ’ whereas outside the circ®, > 0 and the magnetic field is in
[(x a4y + 22]5/2 [(x _al 4y 4 22]5/2 th_e x—direction (towards the reader).
Figure 1d shows a plot d@4(0, r). We see thaBy(0, r) changes
B, = - 3(x+a)y _ 3(x-ay ’ sign as it passes through= V2a = V0.5 as expected, i.e. this
[(x +a)?+y2+ 22]5/2 [(x —a)P+y2+ 22]5/2 is the location of the X-line. There is a maximunmrat 1, i.e.
3(x+a)z 3(x—a)z max[By(0,r = 1)] = (4/5)°2 = 0.5724. .
B, = - 55 57 (9) Note that as, y or zget very large, the field strength becomes
[(x +a)l+y2+ 22] [(x —a)l+y2+ 22] small; this is a more physically-realistic topology thamsh

. o ) previously investigated in McLaughlin et al. (2008). Nadtatt
whereB is a characteristic field strength,is the length scale although the magnetic field is inhomogeneous, it is stilhbot
for magnetic field variations and the loci of the dipoles are 'potential V x By = 0, and solenoidaly - By = 0.

cated atxa (2a is the separation of the dipoles). We choose
a = 0.5L in our investigation and sa = 0.5 under our non- ) _
dimensionalisation. The magnetic field can be seen in Figu#el. Alfvén speed profile

1. The equilibrium magnetic field comprises of separatrix SUs o ious work (see MclLaughlin et al. 2011) has high-

fe_lces_, i.e. the magnef[ic skelgtc_m, that.divide _the magmetic lighted that the equilibrium Alfén speed profileva(x. y, 2) =
gion mtt').fo.ur topolog|cglly dIS'tInCt regions. Figure laosls IBo(X, Y, 2|, plays a key role in dictating the propagation of the
the equilibrium magnetic field in thez—plane aty = 0 where ¢ o\ /o o Figure 2a shows a shaded surfaces0t,y,0) =
the red lines indicate the separatrices in this plane. Niatiethe IBo(x,y, 0)] in the xy—plane atz = 0.1. The shaded surface
equilibrium magnetic field is rotationally symmetric aboue clearly shows that the equilibrium Alén speed profile changes

axisy = 0, "’?”‘?' SO the magnetic ﬁ‘?'d geometry in #ye-plane substantially across the magnetic region and reaches raaxim
alongz = O is identical to that of Figure 1a far— yfory > 0 at (x.y,2) = (+a,0,0), i.e. the location of the dipoles. Figure

andz — -y fory < 0, respectively. This symmetry betwegn 2b shows a colour contour ofy(x,0,2) = [Bo(x,0,2)| along

andzcan also be understood from the form of the equations far xz-plane aty = 0. As in Figure 1a, the red lines in-

By and B, themselves, which are identical under the mappinge.e the separatrices in this plane. The contour is colour

.2 — (zy). coded: white represents values<0 va < 0.3; green repre-

The (red) separatrices cross at an X-point, located Ants B < va < 05724 =z
. < va <0 (where maiBy(0,r)] = 05724 at
(x¥.2 = (0,0, V2a) and at that locatiorB,(0,0, V2a) =  _ 1); yellow represents.B725 < va < 2; orange represents

B,(0.0. V2a) = B0.0, V2a) = 0. This X-point, in tr;e 2 < va < 30; and black representg > 30. Thus, we can see

xz-plane aty = 0, forms an X-line of the forny* + 22 = 28 5 ar0und the X-point, located at= 0 andz= V2a = V0.5,

in the yz-plane atx = 0. This can be seen in Figure 1400 is 4 small island of low Alen speed, and that this is

where the blue line denotes the X-line. The X-line is ey g o the X-point itself. Figure 2c shows a colour contdur o

tral to the investigation in this paper. Note that the maigne(/A(O’y’ 7) along in theyz—plane atx = 0. Note that in this plane,

field is identically zero along the whole of the X-line. Ther?/A(O v.2) = [Bo(0,Y, 2| = B0, Y, 2)| = |B4(0, )] as per equa-

is no guide-field alor!g _the X-line. Note that the_ X-point Nion (11). As in Figure 1c, the blue line indicates the X-line
the y22= Oz,zxz—plzane IS “i}s_t a cut across the X-line, and seyq contour is colour coded in the same way as for Figure 2b.
y+2 =2 =2a = z= v2aatx=y=0. The Alfvén speed is identically zero along the X-line, denoted
Along x = 0, equations (9) simplify greatly such that: by r?2 = y? + 22 = 2a°. Figure 2c can be further understood by

2(—2a2 TV 22) Figure 2d which shows a plot 0B«(O,r)| = va(0,Y, 2). Here,

Bx(0,y,2) = 5 the green, yellow and orange colours correspond to those of
(@2 +y*+2) Figure 2b and Figure 2c. However, note that here black repre-
By(0,y,2 = B,0,y,2 =0, (10) sentsB,(0,r)| < 0.3.

where alongy? + Z = 2a%, By = B, = B, = 0. Figure 1c o

shows the equilibrium magnetic field in tye—plane atx = 0 3. WKB approximation

where the blue curve denotes the X-line. Note that wken |, this paper, we will be looking for WKB solutions (see e.g.
0, the m.agnetlc field is in tha—dwectlpn only, is oner_1tate§ Bender & Orszag 1978) of the form:

perpendicular to thgz—plane and, crucially, changes direction _

across the X-line. The X-line manifests as a cirgfes 22 = Vi = Ve/t¥29 (12)

2a?, which is in agreement with our observation of rotationglherey is a constant vector. In addition, we define= 9¢/ot

symmetrzy aboutztzhg = 0 axis. , _ as the angular frequency akd:= Vo = (p, g, r) as the wavevec-
Lettingr = y? + 22 simplifies equation (10) further: tor. Note thatp and its derivatives are considered to be the large

2(—2a2 + rz) parameters in our system.
B«(0.1) = ———==", One of the dificulties associated with three-dimensional MHD
(a2 +r2)*” wave propagation is distinguishing between the thréemint

By(0,r) = B,0,r)=0. (11) wave types, i.e. between the fast and slow magnetoacoustic
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waves and the Alfén wave. To aid us in our interpretationHere, Charpit's equations take the form:

we now define a coordinate systeBy(k, By x k) wherek is

our wavevector as defined above. This coordinate systesn fuff? _ (wi +k- 2)7—‘ a _ iy: x_ 9
describes all three directions in space wiBgnandk are not ds dw ok T ds dw 7 ds ok
parallel to each other, i.& # ABg, whereAd is some constant dw 0 0 dk 0 0

of proportionality. In§3.1, we will consider the fast wave solu-ds ~ (& + ‘”%)T o ds (& + k%)gr ’
tion. The Alfvén wave solution is considered in Appendix A. In ) .

§3.1, we will proceed assuminig # 1B,. The scenario where Where as previously defindd= (p.q.r) = V¢ andx = (x.y,2). -
k = 1By is looked at in Appendix B. In fact, the work describea'hesle. ordinary dierential equations are subject to the initial
in §3.1 is also valid fork = 1B, with the consequence that thefonditions¢ = ¢o(s = 0), X = Xo(s = 0), ¥y = yo(s = 0),
solution is degenerate, i.e. the waves recovered are ént? = 2(S = 0),t = to(s = 0), p = po(s = 0),q = 0o(s = 0),

and so the fast wave§8.1) cannot be distinguished from the” = fo(S = 0) andw = wo(s = 0) and are solved numerically
Alfv én wave wherk o Bo. using a fourth-order Runge-Kutta method.

We now substitute; = V&4 %29 into equation (8) and make Note that there are no boundary conditions in the traditiona
the WKB approximation such that > 1. Taking the scalar S€NSE: the_ vgriables are solved using Charp_it’s_ methodr{ess
product withBo, k andBy x k gives three velocity componentst'a”y a variation on the method of characteristics) andrie

F .

which in matrix form are: sulting characteristics are only dependent upon initigipm
(%o, Yo, 20, to) and the distance travelled along the characteristic,
w? 0 0 v1 - Bg s. Thus, only initial conditions are required and no boundary
(Bo-K) k>  w? - |Bol |k[? 0 vy -k conditions are imposed. The fact that WKB solutions are inde-
0 0 w? = (Bo-k)? [\ vi-Boxk pendent of boundary conditions is actually an advantage ove

0 conditions can play a significant role. In this paper, we have

0 chosen to illustrate our results in the domaih < x < 1,
-1<y<1,0<z< 2, and this choice is arbitrary.

In order to avoid the trivial solution, the matrix of theseeth For the fast wave solution and equation (14), Charpit's equa

coupled equations must have zero determinant. Thus, getfi@ns are:

[ O] traditional numerical simulations where the choice of biany

the determinant equal to zero gives: do dt dw
- - = 0 s T w, - - = O )
ds ds ds
F (¢, w,t,Bo, k) dx gz pp ¥ B2
=wz(w2—|Bo|2|k|2)(w2—(Bo-k)2)=O, 13) gs - —pIBol” , d_s__ql ol s d—s——fl ol
d 0B 0 0B
where¥ is a first-order, non-linear partialftiérential equation. d_z = (Bx axx + a—iy +B; a_xz) kP

Equation (13) has two solutions, corresponding to twitedi 5
ent MHD wave types: the fast magnetoacoustic wave and e = (Bx 9By + L'V +B, @) kPP,

Alfvén wave. Note that in general there are three wave solélS ay ay ay

tions, but the slow wave has vanished underghe 0 cold dr _ B 0Bx N 9By +B 9B, K2 (15)
plasma approximation. We also do not considerathe O triv- (s X 9z oz Z 9z ’

ial solution. o
The case where the two roots of equation (13) are the sam&/i€re Bxé By a2nd 822 arezthe components of our equilibrium
examined in Appendix B. field, |Bol” = B + By + B, w is the angular frequency of our

wave, s is the parameter along the characterispics g—ﬁ, q=
’;—‘)’j, r = 2 andk? = p? + ¢? + r%. We note thap = constant=
¢o andw = constant= wy, i.e. constant angular frequency. In
Let us consider the fast wave solution, and hence we assuaggition,t = ws + to where we arbitrarily sety = 0, which

3.1. Fast wave solution

w? # (B - k)2. Thus, equation (13) simplifies to: corresponds to the leading edge of the wave startirig=aD
whens = 0. The other six ordinary ffierential equations are
F (¢, w,1,Bo, K) = w? — |Bof? |k[? solved numerically using a fourth-order Runge-Kutta mdtho
1
:>E[wz—(B§+B§+B§)(p2+q2+r2)]=0, (14)

3.2. Planar fast wave launched from zg = 0.2

where we have introduced'2 to simplify the equations later ye now solve equations (15) subject to the initial condition
on. We can now use Charpit's method (e.g. see Evans 1999)

to solve this first-order partial flerential equation, where wegg = 0, wo=2r, -1<x <1, -1<yy<1,

assume our variables depend upon some independent paragne= 02 py =0, gy =0, ro = —wo/IBo (X0 Yo. 20)| , (16)
ter sin characteristic space. Charpit’s method replaces a first-

order partial diferential equation with a set of characteristiceshere we have chosen arbitraridyy = 2r andgo = 0. These
that are a system of first-order ordinanftdrential equations. initial conditions correspond to a planar fast wave stgrtih
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4. Results

2.0
4.1. Wave behaviour in the xz—plane alongy = 0

We now look at the behaviour and evolution of the fast wave
solution in the neighbourhood of our two dipoles. The WKB

810 1 solution permits us two approaches to investigating theewav
behaviour: we can visualise the particle paths or ray paths o
os \ ] individual wave elements generated at specific start p¢tinits
i can be seen in Figure 3) or we can plot surfaces of congtaint
& various times which can be thought of as defining the location
0.0 ‘ ‘ ‘ of the wavefront (this can be seen in Figure 4).
-1.0 -05 0.0 0.5 1.0

z Figure 3 plots the particle paths of individual elementsftbe
initially planar wave. To best illustrate the behaviour, plet
Fig. 3. Particle paths for starting points efl. < x, < 0 set atintervals the particle paths for starting points efl < x, < 0 set at in-
of 0.01. The coloured lines represents the particle paths for starti@fvals of 001. The system is symmetric and so the behaviour
points ofxy = —0.3 (blue) andx, = —0.298 (red) respectively. for 0 < xg < 1 can also be understood under the transformation
—-X — X. We see that the lines fop < —0.5 do not appear
to be influenced greatly by the X-point and simply propagate
in the direction of increasingat varying angles. However, the
particle paths for starting points e0.5 < xg < —0.3 are influ-
enced heavily by the X-point, but only in so much as to deflect
[ the ray path. The blue line represents the particle path for a
1.51 ] starting point ofxg = —0.3 and again, though the ray path is
I influenced significantly by the topology, namely refracted t
wards the X-point, i.e. a region of lower Albn speed, and then
refracted away from the dipole loci closexo= 0.5, i.e. a re-
gion of high Alfvén speed, this individual element still even-
] tually escapes the magnetic field configuration. We call this
starting pointxgiicas = —0.3. For starting points greater than
Xcritical = —0.3, the particle paths spiral towards the X-point
and are ultimately trapped there. The red line represemts th
particle path for a starting point ofy = —0.298 and clearly
shows this spiralling féect, i.e. the particle is refracted into
Fig. 5. Particle paths for starting points of = 0, -1 < yo < O the regi(_)n of low Alf\en speed around the X-po_int ano_l wraps
andz, = 0.2. The X-line is indicated in blue. The lines ferl < around it. Thus, there are two types of behaviour: either the
yo < —0.6782 have been coloured green to distinguish them from thay paths are trapped by the X-point or ultimately escape, an
lines —0.6782 < y, < 0 which are black. The orange and red linethere is a critical starting point that divides these twoetypf

207

represents the particle paths for a starting poinyot —0.85 and behaviour. For the system studied here, and due to symmetry,
Xo = —0.848, respectively. this iSXg = Xeritical = +0.3.

Let us now consider the propagation of a wavefront as opposed
to the particle paths of individual elements. Figure 4 shesys

eral plots of constans at various times, which can be thought
of as defining the position of the wavefront. Sirice ws, each
time also corresponds to afiirent value of the parameter
which quantifies the distance travelled along the charizeter
tic curve. Each individual element is thus fully described b
its initial starting position Xo, Yo, Z0), wherez, is fixed, and its
Note that our choice of a magnetic dipole configuration fer trevolution according ta. In Figure 4, we have plotted each indi-
equilibrium magnetic field has two singularities in the fiald vidual element as a cross to better illustrate the wavecstirey
(%¥,2 = (¥a,0,0) and hencery, — oo at these points. Thus, and splitting &ects that occur. The evolution of the wavefront
if we were to start our planar wave at= 0 in the xy—plane, is shown for 0< t < 3. Displayed times have been chosen to
it would encounter this extreme speedfeiiential. Thus, we best illustrate the evolution, e.g. more subfigures aregpitesl
generate our waves notat 0 but atz = zy, wherez, is small. to detail the splitting between ¥ t < 1.1 and so the time
This choice still starts the waves in a region of stronglyirag  between frames is not uniform. We present the results for a
Alfvén speed, and so this choice results in very little loss whvefront generated oAl < xy < 0 so as to best illustrate the
insight into the system. In this paper, we choase 0.2. subsequent behaviour.

Z = 7y and propagating in the direction of increasindg-rom a
modelling viewpoint, this choice of initial condition istended
to mimic a disturbance initiated at the ‘photospherez ef z,.
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Fig. 4. Solution of constant values gffor WKB approximation of a fast wave generated on lower boundary-1o< x5 < 0,yo = 0,2 = 0.2

and its resultant propagation in the—plane at various times. Displayed times have been chosen to best illuswhtgam so time between
frames is not necessarily uniform. The wavefront consists of eeoBesm the WKB wave solution, to better illustrate the evolution. The red
separatrices in thez—plane are also shown to provide context.

We find that the fast wave wavefront starting betwedn< and part being deformed by the varying Adfv speed but, ulti-
Xo < 0 propagates upwards (in the direction of increasing mately, escaping and propagating in the direction of irgirep
from the lower boundaryy, but not all parts rise at the samez. Thus, there is a critical starting point that divides these
speed. The central part of the wave rises much faster, wéth tipes of behaviour;iticar, in agreement with Figure 3.

maximum occurring ovex = —0.5. This is due to the high | et ys first consider the part of the wave captured by the X-
Alfv én speed localised in that area as seen in Figure 2b. Tﬁ@ﬁnt, i.e. the part of wave generated betwegfca < X < O
inhomogeneous Alfen speed profile deforms the wave fron&ty = 0 andz = z. This part of the wave propagates upwards
its original planar form, since each individual part of thave- g q begins to wrap around the X-point, due to the variation in
front propagates with its own local (Alén) speed. Part of the o|fy &n speed as seen in Figure 2b. Ultimately, the wave wraps
wave pulse also approaches the X-point, i.e. the part of wWaue|f around the X-point. As seen in Figure 2d, the Atfv
betweenxgiica < X < 0, and this part gets caught aroundpeed is zero at the X-point and so the fast wave cannot cross

the X-point. The subsequent evolution now takes twidedi this point. Consequently the X-point acts as a focus for éhe r
ent forms: with part of the wave being trapped by the X-poigtaction efect.
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Fig. 6. Solution of constant values gffor WKB approximation of a fast wave generated on lower boundaryfe= 0, -1 <y, < 0,2 = 0.2

and its resultant propagation in tie-plane at various times. Displayed times have been chosen to best illustvhtBom so time between
frames is not necessarily uniform. The wavefront consists of esosem the WKB wave solution, to better illustrate the evolution. The blue
line indicates the location of the X-line.

Let us now consider the part of the wave that escapes anstretched between these two destinations. Part of the Jiawe t
timate fate of ending up at the X-point, i.e. the wave genauttimately wraps around the X-point and the other part propa
ated between-1 < X < Xqiticat @ty = 0 andz = z. This gates away from the dipole region. This gives the appearance
part of the wave continues to propagate upwards and spreddhe wave splitting, however this is only due to our (discre
out. This part of the wave propagates at a slower speed thatissd) plotting of the wavefront as individual crosses. Whest
earlier times, again due to the change in the strength ofothe &ctually occurred is extreme stretching of the wavefrohie T
cal Alfvén speed. Once above the magnetic skeleton, the waxéreme stretching occurs when the wave enters the rigid-ha
continues to rise and spread out: the wave is no longer infhegion of high Alfen speed, i.e. large, aroundx = 0.5.

enced by the X-point and it has escaped the refractitet® \when this extreme stretching occurs, the length scales scros
Ultimately this part of the wave leaves the presented domgfserpendicular) to the stretching will rapidly decrease an
completely. the local gradients will increase. Hence, if even a smallamo

However, since part of the wave is Wrapping around the ﬂ.f reSiStiVity was included in our system, ohmic heatingl wil
point and a second part is rising away, the wavefront is be|ﬁgt to extract the energy from this location. This would l&ad
pulled in two diferent directions. This can be seen in Figurd genuine splitting of the wavefront.

4 at times 1< t < 1.1. Turning our attention to the behaviouiThus, a fast wave generated betwedn< x < 0 alongy = 0

to the right of the X-point, we see that the wave continues émdz = z, propagates into the magnetic region unevenly due to
spread out: part of it propagates towards the top right corrthe inhomogeneity in Alfén speed profile. Part of the wave ex-
and part of it is hooked around the X-point. We see the waveisriences a refractiortfect, of various magnitudes, due to the
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Fig. 7. Particle paths for individual elements generated al@)g{ < Xo < 1,¥p = 0,7 = 0.2 and f) alongxy = 0,-1 <y, < 1,7 = 0.2. The
blue line indicates the location of the X-line.

non-uniform local Alf\en speed, but ultimately spreads out angaves accumulate along X-lines, is a new phenomenon which
propagates away from the dipolar regions. However, patief thas not been reported in previous papers.

wave is caught by the X-point, refractgd into_it'and accyrlrgs;la For -1 < yo < —0.6782, the (green) ray paths are deflected
eventually at the X-point. Thus, there is a critical stggfioint  y the varying Alfien speed profile and we observe two types
that divides these two types of behaviour and investigation ot hehaviour. In Figure 5, the orange and red lines represent
the particle paths shows that for the system studied hese thjs particle paths from a starting point @§ = —0.85 and
0CCUrs alo = Xeritical = +0.3. yo = —0.848, respectively. Foy, < —0.85, we see that the
We can also use the WKB approximation to plot a solution fé@y paths are influenced heavily by the inhomogeneouséAlfv
awave generated atl < Xg < 1,Yyo = 0,z = 0.2. This can be speed profile but ultimately escape the system. However, for
seen in Figure C.1 in Appendix C. As before, each wavefroyit > —0.85 the ray paths refract towards the X-line and termi-
consists of many tiny crosses. Of course, the system is smniite there. Thus, as .1, there is a critical starting point that
ric acrossx = 0 and so the explanation of the behaviour is théivides these two types of behaviour. For the system studied
same as that above. here, and due to symmetry, thiss= Yeritical = +0.85.

Figure 6 shows plots of constapfat various times. The evolu-
tion of the wavefront is shown for & t < 3. Displayed times
4.2. Wave behaviour in the yz—plane along X = 0 have been chosen to best illustrate the evolution, e.g. sulre
] - figures are presented to detail the splitting betweentx 2.5
We now look at the behaviour of the fast wave solution in thg,g so the time between frames is not uniform. We present the

x = 0,yz-plane, i.e. the plane that contains our X-line. This cagyits for a wavefront generated oft < yo < 0 50 as to best
be seen in Figure 5 which depicts the particle paths foristart jjstrate the subsequent behaviour.

points of -1 < yp < 0 set at intervals of 01. Here,xg = 0 . . . e
andz; = 0.2. The system is symmetric and so the behaviowe find th?t the fast wave splut|on starting betw 82<
(R 0.0, i.e. under the X-line, propagates upwards from the

for 0 < yp < 1 can also be understood under the transformati :
y _)_yyo - %g)wer boundary, and accumulates along the X-line. Note that

_ _ elements generated at the X-line itself, kg = 0, yp = 0.6782,
For a wave generated a = 0.2, the straight line seg- z, = 0.2, have zero local Alfén speed and so remain stationary.

ment under the X-line is bounded by = +,/2a? -z = Forthe fast wave solution starting betweeh< y, < —0.6782,

+V05-0.22 = +0.6782. The rays from1 < yo < —-0.6782 We find that elements of the wgvefront generated—0|85 <
have been coloured green to distinguish them from the lings < —0.6782 are refracted into the X-line, whereas ele-
~0.6782 < Yo < 0 which are coloured black. We see that fof’€nts generated1 < y, < —0.85 ultimately escape the X-
-0.6782 < yp < 0 the (black) generated ray paths propagai'é'& althoggh their prop_agatlon is modlfled py the inhomoge
upwards from the lower boundagg and all terminate at the N€0US Alf\en speed profile. From Figure 5, this corresponds to
X-line. Here, the individual elements of the wave cannossroYeritical = -0.85.

the X-line due to the zero Alén speed along those location$Ve can also use the WKB approximation to plot a solution for
and thus this is where the wave accumulates. This propagatiowave generated & = 0, -1 < yp < 1 andz, = 0.2. This can
can be understood by looking at the Adfv speed profile in be seenin Figure C.2 in Appendix C. As before, each wavefront
Figure 2d, which shows that the magnitude of the wave spemahsists of many tiny crosses. Of course, the system is syimme
decreases as an individual element approaches the X-fide, &c acrossy = 0 and so the explanation of the behaviour is the
is equal to zero at = V0.5 = 0.707. This result, i.e. that fastsame as that above.
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Fig. 8. Particle paths for individual elements that start alosgyf = —Xo. (b) Yo = Xo. (C) Yo = X looking down on thexy—plane, i.e. there is a

line-of-sight dfect along the—direction and X-line is viewed from abovel)(y, = X, looking down on thexz—plane, i.e. there is a line-of-sight
effect along they—direction and X-line is viewed end-on. Blue line denotes the X-line. Ray daths,| < 0.252 are coloured red and are
trapped by the X-line.

4.3. Three-dimensional particle paths launched from the X-line. Elements generated ¢ > 0.252 are coloured

Zp=0.2 black and ultimately escape the X-line. Figure 8c and Figure

8d show the same particle paths and colouring as Figure 8b,

We can also use our WKB solution to plot the threg:e. for individual elements that start along the line= xo, but
dimensional particle paths of individual fluid elements -gefvith a rotated perspective. Figure 8c shows the same particl
erated at Xo,Yo,20 = 0.2). In Figure 7a, we see the particlepaths looking down on they—plane, i.e. there is a line-of-sight
paths for individual elements that begin at starting pofts effect along the—direction and one is looking upon the X-line
-1 < X < 1setatintervals of 01 alongyo = 0 andz = 0.2. from above. Figure 8d shows the same particle paths looking
Thus, this is a comparison figure for Figure 3 and Figure Cdeross thez—plane, i.e. there is a line-of-sightfect along the
Figure 7b depicts the particle paths for individual elersgh&t y_direction and one is looking at the X-line end-on. We see
begin at starting points of1 < yo < 1 set at intervals of 01 that it is the proximity to the X-line that entirely dictatése
alongxo = 0 andz = 0.2, i.e. a comparison figure for Figure Shehaviour, in this case the critical value bejrg = 0.252.

and Figure C.2. In both, the blue line indicates the locatibn Finally, we can consider the propagation of an entire wavefr
the X-line. The results above have shown that it is the X-line Y: propag

that plays a key role, rather than the separatrices. Hereedpw a5 opposed to |nd|V|du§1I ray paths. Flgur_e 9 shows sur_fa‘ces 0
. . . constantp at three particular times, showing the behaviour of
not plot the separatrices in our 3D figures.

the initially-planar wavefront that is generated-eh< xg < 1,
Figure 8a and Figure 8b show the particle paths for indiidua; < y, < 1, z, = 0.2. We have coloured1 < X, < O red
elements that start along the liyg = —xo andyo = Xo r'e-  and 0< x, < 1 black to aid the reader in tracking the wave be-
spectively. We see that, as detailed§th1 and§4.2, there are nayiour. Figure 9a, 9b and 9¢ show the wavefront at tites,

two types of ray behaviour: rays can be trapped by the X-liRe- 0.1 andt = 0.3 respectively. We see that the initially-planar
and ultimately terminate there, or can eventually esca@&th \yavefront propagates away from = 0.2 in the direction of
line, where the closer a ray gets to the X-line the stronger jhcreasingz. The wavefront is distorted due to the inhomoge-
deflectioimodification by the local Alfén speed profile. neous Alf\én speed profile. From the results detailed above,
Along the lineyp = +Xp, elements that are generated figt < we know that the behaviour aftér= 0.3 involves wrapping
0.252 are coloured red and we see that these are all trappedimund the X-line and so the surfaces of constatecome
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@ (b)

Fig. 9. Surfaces of constagtat times &) t = 0, (b) t = 0.1 and €) t = 0.3 for initially-planar wavefront generated er < o < 1,-1 <yp < 1,
Zo=0.2.-1< % < 0is coloured red and 8 X, < 1 black to aid the reader in tracking the evolutiad). $ame asd) but only for 0< x < 1,
-1<yp<1,7 =0.2in order to highlight the behaviour alomg= 0.

significantly distorted, i.e. wrapping back on themsehas®] a deviation towards regions of lower ABn speed, and that the
thus there is little extra information to be gained from logk magnitude of the refraction isfiiérent depending upon where
at such figures for > 0.3. Hence, we only present the surfaces fluid element is in the magnetic field configuration. We find
of constany at these early times. that there are two main types of wave behaviour:

Figure 9d shows the same surface as Figure 9c=a0.3 but
only for the wavefront generated on<0xy < 1,-1<yp < 1,
Zp = 0.2 (black). This removes the red surface and allows us to
see and highlight the behaviour alorg- 0. As expected, the

wavefront cannot cross the X-line and so it trapped there: on decrea.se.s as an element approgches the X—I|ne and the
can clearly see the outline of the X-line alorg: 0 in Figure speed is identically zero at the X-line. Hence, it cannot be
od crossed.

— Individual fluid elements can escape the system, where el-
ements closer to the X-line have their ray paths modified to
5. Conclusion a greater extent that those farther away.

— Individual fluid elements can be trapped by the X-line, spi-
ralling into the X-line due to the refractiorfect. These in-
dividual elements terminate at the X-line. The wave speed

This paper describes an investigation into the behaviotastf Thus,there is a critical starting point that divides these two
magnetoacoustic waves in the neighbourhood of two magnetipes of behaviour. We find that in thexz—plane alongy = 0,
dipoles, under the assumptions of ideal and cold plasma. Wies critical starting point is<g = Xeiticar = *0.3, and in the
have demonstrated how the WKB approximation can be usedie yz—plane alongx = 0, this critical starting point iy =
help solve the linearised MHD equations and we have utilisggiica = +£0.85. For starting positions along the lings= +xo,
Charpit’s method and a Runge-Kutta numerical scheme duriibgvas found that the critical starting point wig| = 0.252.

our investigation. We can also estimate the amount of wave energy trapped by the
For the fast magnetoacoustic wave, we find that the wave sp&eline. For the system studied here, the fraction captuyettie

is entirely dictated by the local equilibrium Alén speed pro- X-line will depend upon the critical starting point that ities
file. For individual elements generated on a lower plane revhehe particle paths into those that spiral into the X-line trate
here a wavefront was generated ontiieplane atzp = 0.2, we that escape, as well as the overall length of the domain.i$n th
find that all parts of the wave experience a refractifiact, i.e. paper we have setL < x < L,-L <y < Landz= 1z =
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0.2L, wherelL is the length of our lower boundary ahd= 1 identically zero at the X-line, mathematically the wave erev
under our non-dimensionalisation. Thus along the #ine 0, reaches there, but physically the length scales (i.e. stamte
Yeritical = +£0.85 and so 85% of the wave energy is trapped byetween, say, the leading edge and trailing edge of a wage pul
the X-line, whereas along = 0, Xiticat = 0.3 and so 30% andor wave train) will rapidly decrease, indicating that akhgr

is trapped. Thus, more wave energy is trapped from the wadients, including current density, will increase at thisdtion.
along the X-line than across it. Similarly, it was found ttteg In other wordsthe fast wave, and thus all the fast wave energy,
critical starting point along the lingg = £Xo was|xg| = 0.252, accumulates along the X-line. If even a small amount of resis-
which corresponds to 18% of the wave energy being trappedivity was included in our system, ohmic heating will extrac
along a diagonal line of length/2L, or 252% being trapped the energy from this location. Thus, we deduce that X-lines
along a radial line oL = 1. Further investigation shows thatwill be specific locations of fast wave energy deposition and
there is a criticalrea surrounding the X-line, within which all preferential heating. This highlights the importance oflem
wave elements and thus wave energy is trapped. This critisednding the magnetic topology of a system and it is at these
area corresponds to@18L2 across-L < x < L, -L <y < L areas where preferential heating will occur. This papeci§pe
andz = z = 0.2L, which corresponds to 15% of the wave ically concerns itself with preferential heating at the iXel
energy generated across an ard# 4eing trapped by the X- However, it is important to note that these are not the orpp+o
line. This critical area is fixed for the magnetic topologylao logical locations at which heat deposition is expected.

the percentage trapped decreases as one increases thé arfeaally, we note that an X-line is a degenerate structure and
the initial wave considered. its existence requires a special symmetry of the field, ayd an
We have also limited our investigation to understandindgdlse arbitrarily small perturbation to this symmetric configiima
wave, but we could have also investigated the second rootwifl lead to a magnetic topology without a true X-line. The re
equation (13), i.e. the equations governing the Alfwave be- sulting new topology may exhibit a non-zero componenB of
haviour. To do so, we would assuna # |Bo|°[k|* and investi- all along the original X-line, which may manifest as a quasi-
gate the resultant equations. We have included such a tlerivaseparatrix layer, or as one or multiple null points. Shotle t
in Appendix A although a full investigation is outside th@pe symmetry be broken and the topology changed, we expect that
of this current paper. (i) should a quasi-separatrix layer manifest, then we wetild
The 3D WKB technique described in this paper can also et the extreme stretching described in this paper, sinee th
applied to other magnetic configurations and we hope that tQuasi-separatrix layer would be a location of rapidly chang
paper has illustrated the potential of exploiting the téghe. ing magnetic field connectivity, and hence all gradientsiLid-

In addition, it is possible to extend the work by dropping thiag current density, may increase at these locations. lipugi
cold plasma assumption. This will lead to a third root of equaull points appear, then we would expect to recover the tesul
tion (13) which will correspond to the behaviour of the slowf McLaughlin et al. (2008), who studied wave propagation
magnetoacoustic wave. When the cold plasma assumptiomisund 3D null points.

dropped the fast wave speed will no longer be zero along the
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dqg 9By 3By Forv, perpendicular t@o, i.e.vi-Bg = 0, which are transverse
S B B.r 1 Perp 0, 1.€.V1-Bo )
ds ( oy ey T 6 ( «P+ Byd+ By ) oscillations, we have:
dr 0B 0
ds ~ (p 6zx A% aiy > ) (Bp+B,a+Byr), (A2) oVi=ViBofvi = o’ =VvikP.

a¢ 50 This is the dispersion relation for a transverse and incesgpr
wherep = ﬁx, q= 73 =3, Bx ByandB; are the compo- ible Alfvénwave, i.ek || By L v, i.e. itis the same as equation

nents of our equmbnum fieldy is the angular frequency of our(A.1) under the assumptiddy || k. However, it is also the dis-
wave ands is the parameter along the characteristic. We nogrsion relation for the fast magnetoacoustic wave prajaga
that¢ = constant= ¢o andw = constant= wy, i.€. constant in the direction of the magnetic field. Thus, we cannot distin
angular frequency. Thus= ws+ to and so one can arbitrarily guish between these two wave types in this specific scenario.
setto = 0, which corresponds to the leading edge of the waygis also worth noting that even though the coordinate syste
starting at = 0 whens = 0. we considered i§3 is not linearly independent whéy, || k,

To generate a planar Alén wave launched from = 0.2, one  the result from equation (13) still holds. Under the assionpt
would then solve equations (A.2) subject to the followingiah k = AB,, equation (13) simplifies to:

conditions:

2
F (b %Y,z pqr) = (0-Valk[?) =

0, wo=2r, -1<x%<1, -1l<y<l, z=12, 6.%y.2p.01) = (&= VA k)

0. =0, ro=wo/|B, (X Y02 So we have a double root and the solution is degeneratd, i.e. i

b 0 o/ 1Bz (30, Yor 2) is impossible to distinguish the waves under these comditio

0. This i.e. this is the same as equation (A.1).

Zp and

®o
Po

where we have (arbitrarily) chosesy = 2r andgg
corresponds to a planar AEn wave initially atz
propagating in the direction of increasing

Appendix C: Fast wave behaviourinthe y=0,
xz—plane and x = 0, yz—plane

Appendix B: k parallel to Bo We can use the WKB approximation to plot a solution for a

In this appendix, we address the scend#rio 1B in which the wave generated atl < X < 1,¥o = 0,2 = 0.2. This can
vectors of our three-dimensional coordinate systBgkK, Box Pe seenin Figure C.1 which should be compared to Figure 4 in
k) are no longer linearly independent. To do this we considé-1. We can also use the WKB approximation to plot a solu-
equation (13): tion for a wave generated & = 0, -1 < yo < 1 andz, = 0.2.

This can be seen in Figure C.2 where this should be compared

i to Figure 6 in§4.2.

B
V1= (VX [V x (v x Bo)]} X —— ,
ot HMopo

where we have explicitly includedy, and pg. Now assuming
k = ABg and applying the WKB approximation from equation
12 gives:

WAr = (K x [K x (v1 x Bo)]} x —2

Hopo
Vv
= (k- 80)2 L (k- Bo)(va- Bo)—
HoPo .00

(k'BO)(k'Vl)_+(k'Vl)|BO| —
Hopo MoPo

»1Bol? 2, _ 2Bo’ ol?
/l,lT“SO' -4 Lop (V1 Bo) Bo

2
(B V1) Bo + 4% (Bo - v)ﬂB0
HoPo

12/Bol” |Bo|

PRV ||30|2 V1 — A%VA (V1 - Bo) Bo

wherev/z_\ = |Bol?/uopo. We have explicitly includegq andpqg
to make the construction tvﬁ clear.
Thus, forv; parallel toBy, i.e.vy; = aBg, we have:

w?aBg = A4 |Bol?aBo — A2V3a [Bol’By = w?=0.

So the longitudinal oscillations (sinee || By || k) do not prop-
agate, i.e. this is the dispersion relation for slow wavedeun
theB = 0 assumption.
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Fig. C.1.Solution of constant values @ffor WKB approximation of a fast wave generated on lower boundaryfo< xg < 1,y9 = 0,25 = 0.2

and its resultant propagation in the—plane at various times. Displayed times have been chosen to best illuswhtéan so time between
frames is not necessarily uniform. The wavefront consists of eeoBem the WKB wave solution, to better illustrate the evolution. The red
separatrices in thez—plane are also shown to provide context.
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Fig. C.2. Solution of constant values @ffor WKB approximation of a fast wave generated on lower boundaryde- 0,-1 <yp <1,z = 0.2

and its resultant propagation in tie-plane at various times. Displayed times have been chosen to best illustshtBom so time between
frames is not necessarily uniform. The wavefront consists of esosem the WKB wave solution, to better illustrate the evolution. The blue
line indicates the location of the X-line.



