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ABSTRACT

Context. We study the propagation of a fast magnetoacoustic wave in a 3D magnetic �eld created from two magnetic dipoles. The magnetic
topology contains an X-line.
Aims. We aim to contribute to the overall understanding of MHD wave propagation within inhomogeneous media, speci�cally around X-lines.
Methods. We investigate the linearised, 3D MHD equations under the assumptions of ideal and cold plasma. We utilise the WKB approximation
and Charpit's method during our investigation.
Results. It is found that the behaviour of the fast magnetoacoustic wave is entirelydictated by the local, inhomogeneous, equilibrium Alfvén
speed pro�le. All parts of the wave experience refraction during propagation, where the magnitude of the refraction e� ect depends on the
location of an individual wave element within the inhomogeneous magnetic �eld. The X-line, along which the Alfv́en speed is identically zero,
acts as a focus for the refraction e� ect. There are two main types of wave behaviour: part of the wave is either trapped by the X-line or escapes
the system, and there exists a critical starting region around the X-line that divides these two types of behaviour. For the set-up investigated, it
is found that 15:5% of the fast wave energy is trapped by the X-line.
Conclusions. We conclude that linear,� = 0 fast magnetoacoustic waves can accumulate along X-lines and thus these will be speci�c locations
of fast wave energy deposition and thus preferential heating. The work here highlights the importance of understanding the magnetic topology
of a system. We also demonstrate how the 3D WKB technique described in thispaper can be applied to other magnetic con�gurations.

Key words. Magnetohydrodynamics (MHD); Magnetic �elds; Waves; Sun: corona; Sun: magnetic �elds; Sun: oscillations

1. Introduction

It is now clear that magnetohydrodynamic (MHD) wave mo-
tions (e.g. Roberts 2004; Nakariakov & Verwichte 2005; De
Moortel 2005) are ubiquitous throughout the solar atmo-
sphere (Tomczyk et al. 2007). Several di� erent types of MHD
wave motions have been observed by various solar instru-
ments: longitudinal propagating disturbances have been seen
in SOHO data (e.g. Berghmans & Clette 1999; Kliem et al.
2002; Wang et al. 2002) and TRACE data (De Moortel et
al. 2000) and these have been interpreted as slow magnetoa-
coustic waves. Transverse waves have been observed in the
corona and chromosphere with TRACE (Aschwanden et al.
1999, 2002; Nakariakov et al. 1999; Wang & Solanki 2004),
Hinode (Okamoto et al. 2007; De Pontieu et al. 2007; Ofman
& Wang 2008), SDO data (e.g. McIntosh et al. 2011; Morton et
al. 2012, 2015; Morton & McLaughlin 2013, 2014; Thurgood
et al. 2014) and these have been interpreted as fast magnetoa-
coustic waves, speci�cally kink waves. These transverse mo-
tions have also been interpreted as Alfvénic waves, although
this interpretation is subject to discussion, e.g. see Erdélyi &
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Fedun (2007), Van Doorsselaere et al. (2008) and Goossens et
al. (2009). Non-thermal line broadening due to torsional Alfvén
waves has been reported by Erdélyi et al. (1998), Harrison et al.
(2002), O'Shea et al. (2003) and Jess et al. (2009).

It is also clear that the coronal magnetic �eld plays a funda-
mental role in the propagation and properties of MHD waves,
and to begin to understand this inhomogeneous magnetised en-
vironment it is useful to look at the topology (structure) of
the magnetic �eld itself. Potential-�eld extrapolations of the
coronal magnetic �eld can be made from photospheric magne-
tograms (e.g. see Régnier 2013) and such extrapolations show
the existence of important features of the topology:null points
- speci�c points where the magnetic �eld is zero,separatrices-
topological features that separate regions of di� erent magnetic
�ux connectivity, andX-linesor null lines- extended locations
where the magnetic �eld, and thus the Alfvén speed, is zero.
Investigations of the coronal magnetic �eld using such poten-
tial �eld calculations can be found in, e.g., Brown & Priest
(2001), Beveridge et al. (2002), Régnier et al. (2008) and in
a comprehensive review by Longcope (2005).

These two areas of scienti�c study, namely ubiquitous MHD
waves and magnetic topology, will naturally encounter each
other in the solar atmosphere, e.g. MHD waves will propa-
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gate into the neighbourhood of coronal null points, X-linesand
separatrices. Thus, the study of MHD waves within inhomoge-
neous magnetic media is itself a fundamental physical process.
Previous works, detailed below, have focused on MHD wave
behaviour in the neighbourhood of null points and separatrices
(see review by McLaughlin et al. 2011). However, less attention
has been given to the transient behaviour of MHD waves in the
vicinity of X-lines in the solar atmosphere. The motivationfor
this paper is to address this, i.e. this paper aims to investigate
the behaviour of fast MHD waves around an X-line in order to
contribute to the overall understanding of MHD wave propa-
gation within inhomogeneous media. Note that an X-line is a
degenerate structure and its existence requires a special sym-
metry of the magnetic �eld. Thus, given the inherent lack of
symmetry in solar magnetic observations, their existence in the
solar atmosphere is unlikely. However, X-lines are well stud-
ied in other areas, such as in the Earth's magnetosphere, e.g.
Runov et al. (2003) and Phan et al. (2006).
The propagation of fast magnetoacoustic waves in an inhomo-
geneous coronal plasma has been investigated by Nakariakov
& Roberts (1995), who showed that the waves are refracted into
regions of low Alfv́en speed (see also Thurgood & McLaughlin
2013). In the case of X-lines, the Alfvén speed actually drops
to zero.
MHD waves in the neighbourhood of a single 2D X-point have
been investigated by various authors. Bulanov & Syrovatskii
(1980) provided a detailed discussion of the propagation offast
and Alfvén waves using cylindrical symmetry. Craig & Watson
(1992) mainly considered the radial propagation of them = 0
mode (wherem is the azimuthal wavenumber) using a mix-
ture of analytical and numerical solutions. They showed that
the propagation of them = 0 wave towards the null point
generates an exponentially large increase in the current den-
sity. Craig & McClymont (1991, 1993), Hassam (1992) and
Ofman et al. (1993) investigated the normal mode solutions
for both m = 0 andm , 0 modes with resistivity included.
They emphasise that the current builds as the inverse square
of the radial distance from the X-point. All these investiga-
tions were carried out using cylindrical models in which the
generated waves encircled the X-point and so the cylindrical
symmetry meant that the disturbances can only propagate ei-
ther towards or away from the X-point. The behaviour of MHD
waves around two-dimensional X-points in a Cartesian geome-
try has been investigated by McLaughlin & Hood (2004, 2005,
2006b), McLaughlin et al. (2009) and more recently by Kuźma
et al. (2015). Of note is also McLaughlin & Hood (2006a) who
investigated fast MHD wave propagation in the neighbourhood
of two dipoles. These authors solved the linearised,� = 0 MHD
equations and found that the propagation of the linear fast wave
is dictated by the Alfv́en speed pro�le and that close to the
X-point, the wave is attracted to the X-point by a refraction
e� ect. It was also found that in this magnetic con�guration a
proportion of the wave can escape the refraction e� ect and that
the split occurs near the regions of very high Alfvén speed.
However, this study was limited to 2D. The current paper ex-
tends this work to 3D.
MHD waves in the vicinity of a 3D null point (e.g. Parnell et
al. 1996; Priest & Forbes 2000) have also been investigated.

Galsgaard et al. (2003) performed numerical experiments on
the e� ect of twisting the spine of a 3D null point, and described
the resultant wave propagation towards the null. They found
that when the �eldlines around the spine are perturbed in a rota-
tionally symmetric manner, a twist wave (essentially an Alfvén
wave) propagates towards the null along the �eldlines. Whilst
this Alfvén wave spreads out as the null is approached, a fast-
mode wave focuses on the null point and wraps around it. In
addition, Pontin & Galsgaard (2007) and Pontin et al. (2007)
performed numerical simulations in which the spine and fan of
a 3D null point are subject to rotational and shear perturbations.
They found that rotations of the fan plane lead to current sheets
in the location of the spine and rotations about the spine lead to
current sheets in the fan.

The WKB approximation is an asymptotic approximation tech-
nique which can be used when a system contains a large param-
eter (see e.g. Bender & Orszag 1978). Hence, the WKB method
can be used in a system where a wave propagates through a
background medium which varies on some spatial scale which
is much longer than the wavelength of the wave. There are sev-
eral examples of authors utilising the WKB approximation to
compare with numerical results, e.g. Khomenko & Collados
(2006) and Afanasyev & Uralov (2011, 2012). Galsgaard et al.
(2003) compared their numerical results with a WKB approx-
imation and �nd that, for the� = 0 fast wave, the wavefront
wraps around the null point as it contracts towards it. They per-
form their WKB approximation in cylindrical polar coordinates
and thus their resultant equations are two-dimensional, since a
simple 3D null point is essentially 2D in cylindrical coordi-
nates. In contrast, this paper will solve the WKB equations for
three Cartesian components, and thus we can solve for more
general disturbances and more general boundary conditions.
McLaughlin et al. (2008) utilised the WKB approximation to
investigate MHD wave behaviour in the neighbourhood of a
fully 3D null point. The authors utilised the WKB approxima-
tion to determine the transient properties of the fast and Alfvén
modes in a linear,� = 0 plasma regime. From these works, it
has been demonstrated that the WKB approximation can pro-
vide a vital link between analytical and numerical work, and
often provides the critical insight into understanding thephys-
ical results. This paper demonstrates the methodology of how
to apply the WKB approximation to a general 3D magnetic
�eld con�guration. We believe that with the vast amount of
3D modelling currently being undertaken, applying this WKB
technique in 3D will be very useful and bene�cial to the MHD
modelling community.

This paper describes an investigation into the behaviour offast
MHD waves around an X-line using the WKB approximation.
The paper has the following outline: Inx2, the basic equations,
linearisation and assumptions are described, including details
of our equilibrium magnetic �eld.x3 details the WKB tech-
nique utilised in this paper as well as its application to thefast
wave. The results are given inx4 and the conclusions and dis-
cussion are presented inx5. There are multiple appendices (A,
B, C) which complement the work in the core text.
































