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The new type of large-scale vortex structures of dispersionless Alfvén waves in collisionless
plasma is investigated. It is shown that Alfvén waves can propagate in the form of Alfvén vortices
of finite characteristic radius and characterised by magnetic flux ropes carrying orbital angular
momentum. The structure of the toroidal and radial velocity, fluid and magnetic field vorticity, the
longitudinal electric current in the plane orthogonal to the external magnetic field are discussed.
© 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4936978]

I. INTRODUCTION

Three-dimensional nonlinear structures of Alfvén waves
in the form of vortices extended along the external magnetic
field were substantially investigated between the 1970s and
1990s.'~® In these vortices, the dispersion effects play a key
role. The condition of the existence of these quasi-stationary
structures was compensation of the dispersion and “vector”
nonlinearity effects. The dispersion effects of shear Alfvén
waves depend on values of plasma f3, namely f8, = unT,/B3
and B; = puonT;/B}, where po is the permeability of free
space, n is the plasma number density, 7, and 7T; are the elec-
tron and ion temperature, respectively, and B is the modulus
of the external magnetic field By. The dispersion relation for
shear Alfvén waves in low-f§ plasma, f, < m./m;, where m,
and m; are the electron and ion masses, respectively, takes the
form

o =Koy /(1 + K 2), )

where o is the wave frequency, k. and &, are longitudinal and
transverse wave numbers, respectively, vy = B/ (yom,-n)l/ 2is
the Alfvén velocity, 4, =c/w,, is the electron collisionless skin
depth, ¢ is the speed of light, and w,, is the electron plasma
frequency. These types of waves are usually called inertial
Alfvén waves. The dispersion relation of the shear Alfvén
wave of intermediate-f; plasma, m,/m; < f5, < 1, has the form

o = k2vi[1+ K p + (3/4)k3 7], )

where pi:(Tf/mi)l/ %Jw; is the ion Larmor radius, Ps

=(T./ m,-)l/ ? Jw; is the ion acoustic radius or the ion Larmor
radius calculated at the electron temperature, w.; = gBo/m; is
the ion cyclotron frequency, and ¢ is the magnitude of the
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electron charge. These types of waves refer to the so-called
kinetic Alfvén waves. Dispersion relation of the shear
Alfvén wave in high-f plasma, f8; > 1, has the form*

o = kvy[1 + k1 p7 + (3/4)k p7), 3)

where p? = p?/(1 + T, /T).

It was shown (e.g., reviews 3, 5, and 6 and Ref. 4) that
nonlinear Alfvén wave structures can exist in the form of
dipole vortices. The characteristic transverse scales of these
vortices are comparable with the dispersion scales 4., p;, ps,
or p«. The nonlinear Alfvén waves play an important role in
the coupling between the ionosphere and magnetosphere.
They may even determine the fine structure of many auroral
forms. This was clearly demonstrated by observations on
board Intercosmos-Bulgaria-1300” satellite. Several new non-
linear Alfvén wave structures, such as vortex streets, have
also been found. However, for a number of problems of solar
physics, space physics, geophysics, and astrophysics, Refs.
8—11 are of interest to the study large-scale vortex structures
with characteristic transverse scale which by many orders
greater than the ion Larmor radius (or collisionless electron
skin-depth) when dispersion effects can be neglected. In what
follows, in contrast to the previous studies,14 we will investi-
gate the nonlinear structures of dispersionless Alfvén waves.

The paper is structured as follows: In Sec. II, we derive
the reduced magnetohydrodynamic (MHD) equations for shear
dispersionless Alfvén waves in a plasma of arbitrary f3. Sec. III
presents the solutions in the form of Alfvén vortices with finite
radius. Our discussion and conclusions are found in Sec. IV. It
will be shown that large-scale three-dimensional Alfvén waves
can propagate as a twisted vortex beam or in the form of a
magnetic field whirl that can transport magneto-convective
energy in magnetized plasmas from one region to another.

Il. REDUCED MHD EQUATIONS

In order to describe the vortex motion in Alfvén waves,
we make use of a cylindrical coordinate system (r, ¢, z). The

© 2015 AIP Publishing LLC
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magnetic field is considered as B=By+B,, where
By =e.B, is the external magnetic field which, for simplicity,
is assumed to be uniform and B, = (B,, By, 0) is the perpen-
dicular part of the wave magnetic field. The field-aligned
magnetic field perturbation B, in Alfvén waves is assumed to
be negligibly small. Furthermore, e, is the unit vector along
the z-axis. The electric field is given as E=E, +e.E,
= (E;,E4,E.). For convenience we introduce the scalar
potential ¢ and the z-component of the vector potential A, so
that £, = —0,A— 0.0, E; = -V _ ¢, and B, = VA X e,.
Here, 0, = 0/0t and 0, = 0/0z; the subscripts z and | denote
the components along and perpendicular to By, respectively.

If one neglects the electron density compressibility and
the inertial effects in the electron motion along the total mag-
netic field the field-aligned electric field vanishes, i.e.,
E” :EZ-I-BalBL -E;, =0, o0r

0A

where the operator V| is given by

1 0A 0

B-V 0 1 0A O
VI= By "8 "Byopdr Boordg O

The second equation connecting ¢ and A is the current
closure equation

Vi-j +Vy: =0, (6)

where j, and j, are the perpendicular and parallel compo-
nents of the plasma current density, respectively. If the finite
ion Larmor radius effects are neglected the perpendicular
current is determined by the inertial (polarisational) part of
the ion velocity

j.=qnV,. (7
Here,
1 dy
V, = — —V 8
! Bow,; dt L9 ®)
and
dy 0 1
E &+VE'V_E+B_0(VQXV)Z’ )

where v = Bj'e. x V¢ is the E x B drift velocity. From
the z-component of the Ampere’s law, we have

J:=—(1/uy)ALA. (10)
Here, the operator A | is denoted by

10 0 1

A =20 2T
+ r8r18r+r28¢2

(11)
Making use of (7)—(11), Eq. (6) reduces to

d
d—(;AL(p + 3V ALA = 0. (12)
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The set of Equations (4) and (12) coincides with known'*!#
equations for dispersionless shear Alfvén waves. The set of
these equations possesses the integral of energy conservation

W= J[(mo)z + 03 (V1 A) dr, (13)

with OW/0t =0 that can be considered as the wave energy
per unit length in the z-direction. It should be noted that in
Ref. 12 an interesting generalization of Egs. (4) and (12) (or
Egs. (30) and (31) in terms of numeration of this paper) has
been suggested by including the gravitational force into
consideration.

Il. LARGE-SCALE ALFVEN VORTICES

For the case of steady-state waves travelling along the
external magnetic field with velocity v, according to Refs. 1
and 2, we introduce the standard automodel variable =z
—uwyt. In this case, the set (4) and (12) reduces to

0 0
on LA+ L oA ) = 14
oAt 5@ J(A, ) =0, (14)
and
B 1 , 0
—UA a—nAL(P +B—OJ((P7AL<P) + UAG_HALA
2
_ %A yA,AA) =0, (15)
By
where
Sy 22100100

T Orrdp  Orrod

is the Jacobian. One can see that this system satisfies the
solution

@ = U4A. (16)

In this case in the waves, not only E|= 0, but also E.=0.
We consider that the scalar potential ¢ can be repre-
sented in the form

@ =F(r,¢)®(n). 17)

As a function ®(77), one can choose the periodic function
exp(in/L;), where L, is the characteristic longitudinal wave
scale. The function F describes the wave structure in the
(r, ¢) plane in the moving coordinate system with constant
n. Therefore, it is convenient to find self-similar solution,
i.e., below we investigate the structures in the moving coor-
dinate system. The wave structure with such a function F
should satisfy the necessary conditions: the limited energy
W, see Eq. (13), and the condition of electroneutrality
[(V-E)dr =0, o0r

JAl(pdr =0. (18)

Furthermore, we assume that F' is a periodic function of the
angle ¢. These conditions are satisfied if it has the form



122901-3 Onishchenko et al.

r2n ’.2 )
EF(r,¢) =F, ZOCBOUAWCXP<—2ill</)>. (19)
o o

Here, 0 < || <1 is the constant value and / is integer.
Taking into account that the integral of energy W reaches a
minimum value when n =1, we accept

20 rO

2 r?
F(r,¢) = aByva 5. CXP <_ 2 iild)) : (20)

Making use of (16) and (20) from (13), we obtain that

o nriv? B? 2
W = 07470 (1 _>_ 21
4 +> (21)

Using (20), one can find

Vg 1 Oo r 2 2
o oo =0 1-— - ! 22
vy vaBo Or (xro < ,(2)> exp< }’8 COS( $), (22

and

vy 1 Jo r 7\ .
—=————=ol— ——= [P). 23
VA vaBor 8(15 * 2rg °xp < r%) SlIl( d)) 23)
From the expression B, = VA X e,, we have
10A v,
B, =——=—-By—, 24
- 90 0o (24)
and
8 1.7¢
By=——A=—-By—. 25
¢ o 0% (25)

The vertical fluid vorticity w. = (V x v), = A F, the nor-
malised magnetic field vorticity Q = (v4a/Bo)(V xB_.)_,
and normalised longitudinal electric current J, = (uqj,va/Bo)
are related to each other as

wZ:—Q:—JZ:Zali—A

2
1 2 2P
o r(% rg 4

2
X exp <— ;—2> cos(l¢). (26)
0

When r =r( and [ =0, the vertical vorticity is @, = —2av4/ry.
For /=0, such structures correspond to axially symmetric
vortices with v, =0 and B,.=0. Note that for these cases, the
nonlinear term in Eq. (14) and both nonlinear terms in Eq.
(15) are equal to zero. When /=1, [ =2, the Alfvén vortices
have a dipole, quadrupole, or multipole structures.

Figs. 1 and 2 illustrate the behaviour of the normalised
values of the toroidal speed vy and vertical vorticity w. or
the longitudinal electric current j, in an axially symmetrical
vortex as a function on the normalised radius r/ry. Fig. 1
shows that the toroidal speed v, changes sign when r=rg
and reaches a maximum and minimum value when r ~ 0.5r,
and r ~ 1.5r¢, respectively. From Fig. 2 follows that the

Phys. Plasmas 22, 122901 (2015)

—02 1 1 1 1 1 L
0 0.5 1 1.5 2 25 3 35 4

r/r0

FIG. 1. The normalised value of the toroidal speed vy as a function of dis-
tance from the centre of vortex r/rq.

longitudinal current j, and vorticity w, change the sign when
r ~ 0.6rq¢ and attain the maximum value at the center of the
vortex and for r ~ 1.6r(. Finally, in Fig. 3, we have shown
the normalised vortex velocity field for axially symmetric
(I=0), dipole (/ =1), and quadrupole (/=2) cases from top
to bottom, correspondingly. Accordingly to Egs. (24) and
(25), these plots can also represent the magnetic field distri-
bution, but vector field direction will be opposite.

IV. CONCLUSIONS

The properties of nonlinear long-wavelength dispersion-
less Alfvén waves in a homogeneous plasma are investigated.
As the initial equations describing nonlinear dispersionless
Alfvén waves, we use the set (4) and (12) for scalar potential
¢ and the z-component of the vector potential A. It possesses
a solution in the form of the product of two functions. One of
these functions describes the wave propagation along the
external magnetic field with velocity v4 whereas another one
describes the spatial structure in perpendicular plane (r, ¢). It
was shown that nonlinear Alfvén waves can propagate in a
homogeneous magneto-plasma in the form of the magnetic
flux ropes with finite vorticity of the fluid motion or the mag-
netic field perturbations and can be termed as the large-scale
Alfvén vortices. The characteristic radial size of these struc-
tures ry can be many orders of magnitude larger than the ion
Larmor radius or the electron collisionless skin depth. Note
that the scalar potential ¢ of small-scale Alfvén vortices was
previously investigated in Refs. 3—6 decreasing in the exter-
nal vortex region as ¢(r) o< 1/r so that the energy of such

1

08

0.5 1 15 2 25 3 35 4
r/r0

FIG. 2. The normalised value of the vertical vorticity . as a function of
distance from the centre of vortex r/r.
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vortices possesses logarithmic divergence while the energy of
discussed here large-scale vortices is limited, see Eq. (21).
Understanding the scalable nature of vortex motions in
space plasmas will provide unique insights into the associa-
tion of large- and small-scale structures in the atmosphere of
the Sun. Giant tornadoes,' the observed analogue to large-
scale vortex motions in the solar atmosphere, are recently
observed as the rotating legs of large-scale prominence struc-
tures. They are thought to be formed in a similar way as with
vortex-driven, small-scale magnetic tornadoes'' and they are
often associated with triggering the eruption of prominences
into the heliosphere. Large-scale vortex motions could play
an important role in the dynamics of the solar transition
region.'®!” Similarities with small-scale vortex motions are
present in their measured Doppler velocities (i.e., =6 km/s)
within the adjacent legs of a quiescent hedgerow promi-
nence.'® Co-ordinated ground and space-based observations
of another giant tornado also exhibited similar opposing

Phys. Plasmas 22, 122901 (2015)

0.08

0.06

0.10
_ 0.08 FIG. 3. The horizontal structure of the
= three different vortex velocity field pat-
0.06 terns calculated for /=0, 1, and 2 (from

the top to the bottom, correspondingly).

Doppler velocity signatures (indicative of rotation of the
structure) within the legs of a prominence,'® although with
on-average larger Doppler velocities of =25 km/s. However,
it is not yet clear whether giant tornadoes actually rotate as a
vortex with a central axis or whether this motion is a repre-
sentation of flows along a stable helical magnetic structure.””
As future work, it should be possible to spatially identify dif-
ferent oscillatory modes within giant tornadoes in sufficient
detail, using current and future solar observational imaging
capabilities, in order to confirm the presence of dispersion-
less Alfvén waves in large-scale vortex structures, as derived
here.

Summarising we conclude the following. It was shown
that 3D Alfvén waves in a homogeneous plasma can arise in
the form of magnetic flux ropes carrying the orbital angular
momentum. They can be identified in observations as signa-
tures of rapidly rotating magnetic field structures and swirl
motions observed in the solar atmosphere. This can provide
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an alternative mechanism for channeling the heat fluxes and
vorticity from one region to another. The present investiga-
tion is thus useful for understanding nonlinear vortex
motions observed in space plasmas.
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