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Mode sorting is an essential function for optical multiplexing systems that exploit the orthogo-
nality of the orbital angular momentum mode space. The familiar log-polar optical transformation
provides an efficient yet simple approach, whose resolution is however restricted by a considerable
overlap between adjacent modes resulting from the limited excursion of the phase along a complete
circle around the optical vortex axis. We propose and experimentally verify a new optical transfor-
mation that maps spirals (instead of concentric circles) to parallel lines. As the phase excursion
along a spiral in the wavefront of an optical vortex is theoretically unlimited, this new optical trans-
formation can separate orbital angular momentum modes with superior resolution while maintaining

unity efficiency.

Light waves carrying orbital angular momentum
(OAM), also known as optical vortices, possess a spi-
ral phase structure in the form of exp(iff), where 0 is
the azimuthal angle around the beam axis and integer £
is the topological charge which translates to OAM of /A
per photon [I]. Either in the form of free space vortex
beams or optical fiber modes, OAM states of light with
different topological charges are mutually orthogonal and
thus constitute a high-dimensional state space that can
be exploited to boost the information capacity in both
classical [2H5] and quantum communication systems [0~
g].

OAM states of light can be generated by a variety of
techniques, such as spiral phase plates [9], spiral holo-
grams [10], integrated microring resonators with embed-
ded gratings [I1] or by spin to OAM conversion [12].
Besides generation, a critical component of every OAM-
based optical communication system is a mode sorter ca-
pable of efficiently separating ditferent OAM modes in
terms of power loss and intermodal crosstalk. A number
of relevant methods have appeared in the literature. Sort-
ing schemes based on Mach-Zehnder interferometers [13]
(and Ref. [14] for radial modes) can theoretically achieve
unit power efficiency but require multiple cascaded sort-
ing stages and a complexity that increases with the num-
ber of sorted OAM modes. Similar complexity issues are
presented by spatial mode multiplexers that require mul-
tiple successive phase modulations and Fourier transfor-
mations [I5]. Another sorting method utilizes complex
vortex gratings that impart different topological charges
to beams of different diffraction orders [16, [17]. The effi-
ciency of this approach is however inherently limited to
1/N, N being the dimension of the underlying OAM state
space. Efficiency and fabrication difficulties also exist
with integrated devices that sample a limited wavefront
area of the OAM modes and require careful engineering of

the involved optical waveguides [18]. Mode sorting based
on the spin-to-OAM coupling in birefrigent liquid crys-
tals (g-plates) has also been demonstrated, however with
the requirement to discriminate between the overlapping
radial distributions of the different modes [19].

A sorting method that is both efficient and simple is
based on ray-optics transformation of coordinates [20].
Only two phase masks are required, the first for imple-
menting the geometrical transformation and the second
for collimating the output beam. The scheme is based
on the familiar log-polar transformation with which log-
polar coordinates in the input plane are conformally
mapped to Cartesian coordinates in the output plane
[21]. In this way, an input OAM mode with a spiral
wavefront exp(iff) is transformed to a tilted plane wave-
front exp(ifx/B), where x is a Cartesian coordinate and
(B is a scaling parameter. OAM modes with different ¢
are hence transformed to plane wavefronts with different
tilt angles which can subsequently be focused to distinct
positions in the focal plane of a lens, allowing them to
be detected and processed as separate channels, as illus-
trated in Fig. The experimental implementation of
this scheme has been continuously improving from using
spatial light modulators (SLMs) [20] to custom refractive
elements [22] and recently to compact mode sorters fab-
ricated with electron beam-lithography [23] and 3D laser
printing [24].

The simplicity of OAM mode sorting based on the log-
polar transformation comes at the cost of an inherent
limitation in adequately separating adjacent OAM states,
which is due to a significant overlap between their distri-
butions in the output plane. The origin of this overlap is
in the mathematical transformation itself. For an input
OAM mode with topological charge ¢, the 27f¢ excur-
sion of the phase around a complete circle in the trans-
verse plane around the vortex axis is transformed to an



equal phase excursion along a line segment in the output
plane. After focusing, the cross-section of the field ampli-
tude profile in the Fourier plane resembles a sinc function
that is shifted from the center by a wave number propor-
tional to £. Fourier analysis shows that the position of the
sinc function equals ky = ¢/ while its width is 2/ (de-
fined as the distance between the two first zeros on either
side of the central maximum). The peaks of two adjacent
OAM modes with topological charges ¢, ¢ + 1, are there-
fore separated by ke11 — k¢ = 1/, which is only half the
width of the sinc functions, resulting in significant power
overlap between them and thus in limited discrimination
resolution giving rise to cross-talk between the separated
channels, as shown in Fig. a). To alleviate this prob-
lem, post-transformation processing was proposed that
artificially elongates the transformed output wavefront
by means of beam copying and stitching, however at the
cost of a more complex optical setup and additional nu-
merical effort for parametric optimization [25H27].

In this Letter, we take a fundamentally different ap-
proach to overcome the limitations of the log-polar OAM
mode sorting scheme. We propose that spiral transfor-
mations, mapping spirals (instead of circles) to parallel
lines, can be exploited toward OAM mode sorting with
significantly higher resolution. As illustrated in Fig. b),
compared to the log-polar method, the proposed spiral
transformation scheme provides a natural n-fold increase
of the phase excursion along the output wavefront, where
the number n of the spiral turns being imaged is limited
only by the beamwidth of the input OAM mode. The ex-
tended output wavefront is then mapped in the Fourier
plane to a sinc function with the same shift k, = ¢/
but with a width that is inversely proportional to the
number of turns, 2/(nB), which translates to a signifi-
cantly reduced overlap between adjacent OAM modes.
Starting from first principles, we derive the condition for
the existence of such spiral transformations. We specifi-
cally demonstrate the simplest analytical transformation
of this kind that conformally maps logarithmic spirals
to parallel lines, which is interestingly found to general-
ize the standard log-polar transformation. The theoreti-
cal predictions are verified through numerical simulations
and experiment.

To obtain the spiral coordinate transformation, we
consider paraxial propagation of a light wave between
an input plane (z,y) and an output plane (u,v) that is
parallel to the input plane and located at a distance d.
The mapping of point (z,y) to point (u,v) is given in the
context of ray optics by the equations

u—x

Qz:k d

where Q(z,y) is the phase distribution in the input plane
(imposed in practice by a phase mask), @, and Q, are
its partial derivatives with respect to the corresponding
variables and k is the free-space wavenumber. We now
introduce the new coordinates (s,#) in the (z,y) plane
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FIG. 1. Principle of the (a) log-polar transformation scheme,
and (b) the introduced spiral transformation scheme for OAM
mode sorting.

according to the equations

x=r(s,0)cosd, y=r(s0)sind, (2)
where (r,0) are the polar coordinates of the point (z,y).
The new coordinates (s, ) can be considered as spiral-
polar coordinates, where the parameter s indicates the
particular spiral that the point (z,y) belongs to and the
polar angle 6 determines the position of the point on that
spiral. Playing the role of a position parameter along a
spiral of infinite length, the angle 6 varies without restric-
tion in [0, 00), which is already the first difference with
the standard log-polar transformation where the angle is
limited in the interval [0,27). The shape of the spiral
is determined by the function r (s,6). For example, an
Archimedean spiral can be expressed as r (s,0) = s + af
and a logarithmic spiral as r (s,0) = s - exp(a#), a > 0.

Now consider the mapping of an input spiral r(s, ) to
an output straight line, which can be expressed as

v=u0(s). (3)

These equations imply that the spiral labeled by the vari-
able s can be mapped to a horizontal line in the output
plane (parallel to the u axis) with the position u along
that line generally depending on both s and 6. Spirals
with different parameter s are therefore mapped to par-
allel horizontal lines displaced in the vertical direction
(parallel to the v axis) according to the function v(s).

If the input phase distribution Q(z,y) is to be a twice
continuously differentiable function, we must have 0z, =

u=u(s,6),



Qye- From Eq. 7 we have u, = v, and due to Eq.
UsSy + uply = V' () S, (4)
which can be further rewritten in polar coordinates as

[usrg — ugrs +v' (s) 1] cosf + [v' (s) g — usr]sinf = 0.

()
This is the general condition imposed on the spiral trans-
formation, which leads to a number of solutions r(s,0)
corresponding to different types of spirals. For reasons of
simplicity and demonstration, in the following we pursue
the simplest case, which follows from Eq. by setting
both factors of the trigonometric functions equal to zero
and leads to
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v'(s) = up (6)

For a given spiral shape r(s, 0), Egs. @ relate the func-
tions v’ (s), us and uy which have to be solved in order
to yield the image (u,v) of the spiral in the output plane.
However, since there are only two equations, one of the
three unknown functions has to be determined by a sep-
arate requirement. For the OAM mode sorting purpose,
it is desired to map the constant phase gradient along
the azimuth of an input OAM mode, namely exp(iff),
to a constant phase gradient along the u direction of the
output mode, namely exp(ifu/3). Hence a linear rela-
tionship between 6 and wu is assumed, or ug = (3, where
constant [ is the scaling parameter mentioned before.
Under this assumption, the fraction about r in the right-
hand side of the second of Egs. should be indepen-
dent of 6, which leads to the solution of a logarithmic
spiral 7 (s,0) = s - exp(af). Equations @ can then be in-
tegrated to yield

B
v = () v =7 ().
7)

where we have arbitrarily chosen that the point 8 = 0 of
the spiral with s = ro (an arbitrary positive constant) is
mapped to (0,0). The transformation can be rewritten
in the form of polar coordinates (r,8) in the input plane

15} r
T+ a2 [aln (E) + 0]
v (r, ) = % [m (%) - aﬂ]

where the relation between the polar angle 6 € [0, o) as
a position parameter along a spiral and the Cartesian
coordinates (z,y) is given in the Supplemental Material
(SM) [28].

Equation describes the simplest spiral transforma-
tion to be specifically demonstrated in this Letter. From
a mathematical viewpoint, it is also interesting to find
that this spiral transformation actually generalizes the
standard log-polar mapping. Indeed, by introducing the

u(r,0) =
(8)

FIG. 2. Phase masks used for implementing the (a) log-polar
and (b) spiral transformations. (¢) Schematic of the experi-
mental setup. BS: Beam splitter.

complex variables W = v+iu and Z = z+1y, Eq. can
be written compactly as the conformal mapping between
the Z (input) and W (output) complex planes

_ B e (Z)
W= =t In ) 9)

where ¢ = tan™! (a). By setting a = 0, we have ¢ = 0
and Eq. @[) reduces to the log-polar transformation. For
some further analysis and visualisation of this new trans-
formation the reader is referred to the SM[28].

Having derived the analytical form of the spiral trans-
formation (Egs. (8)), the input phase distribution Q(z, y)
is obtained by integrating the ray Eqgs. and reads

kB

B (axz +y)In % + _ R
Q_d(a2+1) (x—ay)ﬁ—((a20+y) - (10

This is the input phase required to map spirals of the
input plane to parallel lines in the output plane after
propagation by a distance d. The corresponding distribu-
tion P(u,v) of the second, phase-correction element that
is required to compensate the phase acquired by the wave
during propagation is given in the SM [28]. A typical ex-
ample of these phase distributions is shown in Fig. b)
and compared to the log-polar case (Fig. a)). It is noted
that phase modulation with higher spatial resolution is
generally required to implement the spiral transformation
compared with the log-polar transformation, and the res-
olution requirement is approximately proportional to the
number of the spiral turns, which however can still be



FIG. 3. Numerical (a, ¢) and experimental (b, d) inten-
sity distributions of vortex beams with topological charges
—2 <[ <2 transformed by the log-polar (a, b) and the spi-
ral (c, d) transformation scheme. All images refer to the
plane just after (or just before) the phase corrector (SLM3
in Fig. c) and have the same spatial scale.

easily fulfilled by commercially available SLMs or other
custom phase elements in practice.

Our theoretical predictions for the performance of the
spiral transformation in sorting OAM modes have been
verified by numerical simulations and experiment and
compared with the standard log-polar transformation.
The numerical simulations are based on the angular
spectral decomposition of the diffracted waves using La-
guerre-Gaussian beams as input OAM modes, while the
corresponding experimental setup is shown in Fig. (c)
The first SLM (SLM1) serves to generate the OAM
modes from an initial Gaussian beam, while SLM2 (the
unwrapper) and SLM3 (the phase corrector) implement
the phase distributions Q(x,y) and P(u,v) respectively.
The geometrical parameters of the transformation are
chosen to ensure diffraction in the paraxial regime, with
typical values used d=134 mm, 278=2 mm, rp=1.1 mm
and 2ma=In(1.6), at a telecommunication wavelength
A=1550 nm.

Figure [3| summarizes the numerical and experimen-
tal results for vortex beams with ditferent topological
charges (—2 < £ < 2) being transformed according to the
log-polar (Fig. (3 I ) and b)) and the spiral (Fig. c)
and I(d ) transformation principle. In the log-polar
scheme, the input OAM modes are transformed to rect-
angular stripes of limited length 27w 5=2mm, while in the
spiral scheme the OAM modes are mapped, as expected,
to significantly longer lines, which reflects the number
of the spiral turns (about three turns on average in this
case) being mapped within the beamwidth of the input
vortex mode. The agreement of the experimental results
with the simulations, regarding the shape and the length
of the transformed images, is quite satisfactory.

Figure [4 shows the numerical and experimental results
of the eventually separated OAM modes (—2 < ¢ < 2) for
the two transformation schemes. Figure depicts the

I=-2 =1

(d) nnnnn

FIG. 4.
distributions of sorted vortex beams with topologlcal charges
—2 <1 < 2 in the focal (Fourier) plane of the lens, based
on the log-polar (a, b) and the spiral (¢, d) transformation
scheme. All images have the same spatial scale.

Numerical (a, ¢) and experimental (b, d) intensity

average intensity profiles of these modes along the hori-
zontal direction, which are obtained by averaging power
within a certain range along the vertical direction cen-
tered around the dashed middle lines shown in Fig.
As expected for both schemes, OAM modes with differ-
ent topological charges are horizontally displaced from
the center by a shift proportional to their topological
charge. The shift is the same in both schemes for modes
with the same topological charge, because both schemes
employ the same scaling parameter 5. For a focal dis-
tance f=0.5 m, the theoretical spacing between adjacent
OAM modes is A\f/(273)=387.5 pum which is very close
to the experimentally measured value in Fig.

What is, however, most important about the results
is the significant improvement in the separation of the
OAM modes by the spiral transformation compared to
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FIG. 5. Intensity profiles along the dashed middle lines in the
images of Fig. [4] for different OAM modes. Numerical (a, c)
and experimental (b, d) results for the log-polar (a, b) and
the spiral (c, d) transformation scheme.



the log-polar one. This is obvious either by comparing
the numerical results of Fig.[5a) and [5|c) or by compar-
ing the experimental results of Fig. [5{b) and [f|d), where
the sinc? profiles of the separated OAM modes in the spi-
ral scheme are clearly narrower and less overlapping than
the corresponding profiles of the log-polar scheme. The
improvement can be quantified by using the concept of
optical finesse which is defined as the ratio of the spac-
ing between adjacent OAM states over their average full
width half maximum (FWHM) [27]. In our case, this
indicator is approximately tripled, from 1.13 for the log-
polar scheme to 3.48 for the spiral scheme in simulation
and from 0.95 to 2.60 in experiment. The slight differ-
ence between the numerical and experimental values re-
sults from beam broadening in the experiment. It is also
noted that experimental results seem to be affected from
some stray light in the background, which is attributed
to small errors in the 3D alignment of the SLMs, such as
transverse displacement, rotation and distance between
them, leading to imperfect phase correction in the output
plane. Such problems can be overcome if the entire sort-
ing scheme is arranged in a single device that comprises
both the unwrapper and the phase corrector [23] [24].

In summary, we have proposed a novel spiral transfor-
mation scheme for high-resolution OAM mode sorting.
Starting from first principles, we derived a general ex-
istence condition for such a transformation. Among the

various possible types, we have specifically demonstrated
the transformation which conformally maps logarithmic
spirals to parallel lines and which was also found to gener-
alize the well-known log-polar transformation. The theo-
retical predictions were verified through numerical simu-
lations and experiment, particularly the expected reduc-
tion in the overlap between adjacent sorted OAM modes
compared to the log-polar scheme.

The new optical transformation scheme demonstrated
in this work widens our views of the mathematical tools
and concepts available toward efficient OAM mode sort-
ing. Further possibilities and more sophisticated trans-
formation schemes might emerge if similar concepts are
sought beyond the regimes of ray optics and paraxial
propagation, as for example in the context of wave optics,
optical transformation media and metamaterials.
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