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Abstract 
Additive manufacturing has been used to propose several designs of phononic crystals and 
metamaterials due to the low cost to produce complex geometrical features. However, like any other 
manufacturing process, it can introduce material and geometrical variability in the nominal design and 
therefore affect the structural dynamic performance. Locally resonant metamaterials are typically 
designed such that the distributed resonators have the same natural frequency or, in the case of rainbow 
metastructures, a well-defined spatial profile. In this work, the effects of the break of periodicity caused 
by additive manufacturing variability on the attenuation performance of a multi-frequency 
metastructure is investigated. First, an experimental investigation on the manufacturing tolerances of 
test samples produced from a Selective Laser Sintering process are assessed and variability levels are 
used to propose a random field model for the metastructure. Subsequently, the stochastic model is used 
to investigate the vibration suppression performance of broadband multi-frequency metastructures. An 
analytical model based on a transfer matrix approach is used to calculate transfer receptance due to a 
point time harmonic force in a finite length metastructure, which is composed of evenly spaced non-
symmetric resonators attached to a beam with Π-shaped cross-section. This design creates a multi-
frequency metastructure, i.e. band gaps in more than one frequency band. Individual samples of the 
random fields are used to show that the mistuned resonators can change the vibration attenuation 
performance of the metastructure and that even small levels of variability, given by less than 1% for the 
masse and less than 3% for the Young’s modulus can have a significant effect on the overall vibration 
attenuation performance of the metastructure when considered together. It is also shown that different 
spatial profiles can have a significant effect on the vibration attenuation performance in both band gaps. 
Therefore, the modelling of the uncertainty metastructures has to take into account the spatial 
correlation of the properties of the metastructure resonators. The obtained results are expected to be 
useful for further robust design in mass produced industrial applications. 
 
Keywords: vibration attenuation, rainbow metamaterial, additive manufacturing, uncertainties 
 

1. Introduction 

Additive manufacturing (AM) has been used to propose several designs of phononic crystals and 
metamaterials due to the low cost to produce complex geometrical features and has the potential to 
make them feasible in several industrial applications [1] along with the use of smart structures (e.g. [2]). 
However, like any other manufacturing process, AM can introduce material and geometrical variability 
in the nominal design [3,4] and therefore affect the structural dynamic performance. Currently, there is 
few experimental work available in the literature investigating metamaterial performance for vibration 
attenuation applications (e.g. [5–10]) and most of them do not consider the effects of spatially correlated 
disorder on the band gap.  
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The use of resonators for vibration control has been successfully used for decades in engineering 
applications [11]. Interestingly, it can be shown that the actual working mechanism for vibration 
attenuation of metamaterials is related to the vibration absorber principle [12], known as Mie-type or 
Fabry-Perot-type resonances [13]. Although, the efficacy of a single resonator is typically restricted to  
very narrow frequency bands, with several developments in the last decades to widen it (e.g. [14]), the 
powerful concept introduced by locally resonant metamaterial is that is possible to significantly widen 
the attenuation band simply by adding more resonators while not necessarily increasing the mass ratio. 
Moreover, some of the well-established concepts from smart structures can also be applied to 
metastructures [2,15,16] for further improvement on its vibration attenuation performance. 
Metastructures can be particularly useful and has been recently explored in lightweight Noise, Vibration 
and Harshness (NVH) applications [17–19], for instance. Further widening on the attenuation band can 
also be achieved by multi-resonant metamaterials. In this context, mass-in-mass lattices have been 
proposed to in acoustic [20] and structural metamaterials [21]. Also, a similar effect can be achieved by 
using a two or multiple degree-of-freedom array of resonators [20–25] instead of a single resonator 
design. Multi-resonators design have also been explored in more complex structures with encouraging 
results for industrial applications [9,10]. 
It has been shown that the break of periodicity introduced by the spatial variability of material and 
geometrical properties of metastructures creates a resonator mistuning which can induce wave trapping 
and thus greatly affecting the vibration attenuation performance by either band gap annihilation or 
attenuation bandwidth widening, depending on the imposed spatial profile [6]. Overall, there is a need 
to investigate the effects of the manufacturing variability on the performance of metastructures [1,26–
29], which can also affect the coupling of the metastructures to the vibration source and receiver [30]. 
Near-periodic structures are referred herein as systems where material or geometric properties vary 
spatially following a deterministic function or a random field.  
In this work, the effects of the break of periodicity caused by additive manufacturing variability on the 
attenuation performance of a multi-frequency metastructure is investigated. Section 2 presents an 
analytical model for a metastructure with two non-symmetric resonators, evenly spaced and attached to 
a beam with Π -shaped cross-section. Section 0 presents an investigation of the manufacturing 
variability introduced by the available 3D printed. A random field model is proposed based on the 
experimental results to represent the effects of the resonators mistuning and near-periodicity. In Section 
4, numerical results are presented for some highlighted individual samples numerically generated from 
the proposed random field model and also from a second random field model, considering only 
randomness on the resonators tip masses. First, the effects of individual samples of the metastructures 
are analysed and the main physical consequences of the break in the periodicity are discussed. Then, 
the response statistics are analysed using Monte Carlo sampling as a stochastic solver. Finally, Section 
5 presents some concluding remarks.  

2. Metamaterial beam with non-symmetric resonators 

In this section, the proposed metastructure and an analytical model for beam with two non-symmetric 
resonators, shown in Figure 1, is briefly presented, such that the frequency response function can be 
efficiently predicted. The metastructure is composed of a total of 17 unit cells with two non-symmetric 
cantilever-mass attached and acting like local resonators. In the proposed design, each resonator can act 
independently such that it is possible to create two separate band gap regions, thus broadening the total 
attenuation band. 
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Figure 1: Schematic representations of the metamaterial beam at each unit cell and a diagram 

of the unit cell of Π-shaped beam with non-symmetric resonators. 

2.1. Free wave propagation 

It is assumed a Euler-Bernoulli beam theory for both the baseline host structure and the cantilever-mass 
resonator. Each resonator is modelled as a beam point attached to the baseline structure at one end and 
a lumped mass with negligible inertia at the other. Displacements of the 𝑛-th and ሺ𝑛 ൅ 1ሻ-th segments 

of the Π-shaped beam as shown in Figure 1, can be written as  

𝑊௡,௟ ൌ 𝛼௡,௟𝑒ି௜௞ሺ௫ି௫೙ሻ ൅ 𝛽௡,௟𝑒ି௞ሺ௫ି௫೙ሻ ൅ 𝜒௡,௥𝑒௜௞ሺ௫ି௫೙ሻ ൅ 𝜀௡,௥𝑒௞ሺ௫ି௫೙ሻ, 

𝑊௡,௥ ൌ 𝛼௡,௥𝑒ି௜௞൫௫ିሺ௫೙ା௣೙௅೏ሻ൯ ൅ 𝛽௡,௥𝑒ି௞൫௫ିሺ௫೙ା௣೙௅೏ሻ൯ ൅ 𝜒௡,௥𝑒௜௞൫௫ିሺ௫೙ା௣೙௅೏ሻ൯ ൅
𝜀௡,௥𝑒௞൫௫ିሺ௫೙ା௣೙௅೏ሻ൯, 

𝑊௡ାଵ,௟ ൌ 𝛼௡ାଵ,௟𝑒ି௜௞ሺ௫ି௫೙శభሻ ൅ 𝛽௡ାଵ,௟𝑒ି௞ሺ௫ି௫೙శభሻ ൅ 𝜒௡ାଵ,௟𝑒௜௞ሺ௫ି௫೙శభሻ ൅ 𝜀௡ାଵ,௟𝑒௞ሺ௫ି௫೙శభሻ, 

𝑊௡ାଵ,௥ ൌ 𝛼௡ାଵ,௥𝑒ି௜௞൫௫ିሺ௫೙శభା௣೙శభ௅೏ሻ൯ ൅ 𝛽௡ାଵ,௥𝑒ି௞൫௫ିሺ௫೙శభା௣೙శభ௅೏ሻ൯

൅ 𝜒௡ାଵ,௥𝑒௜௞൫௫ିሺ௫೙శభା௣೙శభ௅೏ሻ൯ ൅ 𝜀௡ାଵ,௥𝑒௞൫௫ିሺ௫೙శభା௣೙శభ௅೏ሻ൯, 

(1)

where 𝑊௜,௟ and 𝑊௜,௟, 𝑖 ൌ 1,2, … are the displacements before and after the resonators of the 𝑖-th segment, 

respectively, 𝑥௜ is the position of the 𝑖-th plate insertion in 𝑥 direction, 𝑘 ൌ ሺ𝜌𝐴/𝐸𝐼௭ሻଵ/ସ√𝜔, 𝐴 and 𝐼௭ 

are the cross section area and moment of inertia of the Π-shaped beam, 𝜌 is the density of the rainbow 

metamaterial, 𝐿ௗ is the distance between periodic plate insertions, 𝑝௜𝐿ௗ represents the position of the 

resonators inside the 𝑖-th segment of the metamaterial beam.  

The resonators are modelled as point attachments displacements at the 𝑛 -th segment, where 

continuity of displacement, slope and equilibrium of bending moment and shearing force inside the 
segment are given as 
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𝑊௡,௟ห
௫ୀ௫೙ା௣೙௅೏

ൌ 𝑊௡,௥ห
௫ୀ௫೙ା௣೙௅೏

,

𝑊௡,௟
′ ห

௫ୀ௫೙ା௣೙௅೏
ൌ 𝑊௡,௥

′ ห
௫ୀ௫೙ା௣೙௅೏

,

𝑊௡,௟
″ ห

௫ୀ௫೙ା௣೙௅೏
ൌ 𝑊௡,௥

″ ห
௫ୀ௫೙ା௣೙௅೏

,

𝐸𝐼௭𝑊௡,௟
‴ ห

௫ୀ௫೙ା௣೙௅೏
൅ 𝐹௡ ൌ 𝐸𝐼௭𝑊௡,௥

‴ ห
௫ୀ௫೙ା௣೙௅೏

,

 (2)

where 𝐹௡ is the interaction force between the two resonators and the Π-shaped beam inside the 𝑛-th 

segment. From these relations, the displacement fields presented in Eq. (1) can be rewritten in a matrix 
form for the wave propagation in a single segment, or unit cell, such that  

𝐑௡𝚲௡,௟ ൣ𝛼௡,௟, 𝛽௡,௟, 𝜒௡,௟, 𝜀௡,௟൧
்

ൌ 𝐑ୡൣ𝛼௡,௥, 𝛽௡,௥, 𝜒௡,௥, 𝜀௡,௥൧
்

 (3)

where  

𝐑௖ ൌ ൦

1 1 1 1
െ𝑖 െ1 𝑖 1
െ1 1 െ1 1

𝑖𝐸𝐼௭𝑘ଷ െ𝐸𝐼௭𝑘ଷ െ𝑖𝐸𝐼௭𝑘ଷ 𝑖𝐸𝐼௭𝑘ଷ

൪, (4)

 
is due to displacement, rotation, shearing force and bending moment at the right end while 
 

𝐑௡ ൌ ൦

1 1 1 1
െ𝑖 െ1 𝑖 1
െ1 1 െ1 1

൫𝑖𝐸𝐼௭𝑘ଷ ൅ 𝑁௦,௡൯ ൫െ𝐸𝐼௭𝑘ଷ ൅ 𝑁௦,௡൯ ൫െ𝑖𝐸𝐼௭𝑘ଷ ൅ 𝑁௦,௡൯ ൫𝑖𝐸𝐼௭𝑘ଷ ൅ 𝑁௦,௡൯

൪, (5)

 

is given at the left end, where 𝑁௦,௡ is the force exerted on the Π-shaped beam by both resonators. A 

more detailed derivation of this interaction is given in further a paper from the authors. Moreover, 

𝚲௡,௟ ൌ diagሾexpሺെ𝑖𝑝௡ାଵ𝐿ௗሻ , expሺെ𝑝௡ାଵ𝐿ௗሻ , expሺ𝑖𝑝௡ାଵ𝐿ௗሻ , expሺ𝑝௡ାଵ𝐿ௗሻሿ  is the propagation 

matrix, where diagሾ∙ሿ stands for diagonal matrix, which relates the wave amplitudes at both left and 

right ends. 

Additionally, the periodic plate insertions are modelled as added masses to the Π-shaped beam at the 
ends of each segment. Thus, considering the continuities of displacement, slope and equilibrium 
conditions of the plate insertions, the displacement relationship between the 𝑛 -th and ሺ𝑛 ൅ 1ሻ-th 
segments can be written as  

𝑊௡,௥ห
௫ୀ௫೙శభ

ൌ 𝑊௡ାଵ,௟ห
௫ୀ௫೙ାଵ

,

𝑊௡,௥
′ ห

௫ୀ௫೙ାଵ
ൌ 𝑊௡ାଵ,௟

′ ห
௫ୀ௫೙ାଵ

,

𝐸𝐼௭𝑊௡,௥
″ ห

௫ୀ௫೙శభ
െ 𝐽௙𝜔ଶ𝑊௡,௥

′ ห
௫ୀ௫೙ାଵ

ൌ 𝐸𝐼௭𝑊௡ାଵ,௟
″ ห

௫ୀ௫೙శభ
,

𝐸𝐼௭𝑊௡,௥
‴ ห

௫ୀ௫೙ାଵ
൅ 𝑚௙𝜔ଶ𝑊௡,௥ห

௫ୀ௫೙శభ
ൌ 𝐸𝐼௭𝑊௡,௟

‴ ห
௫ୀ௫೙ାଵ

,

, (6)

where 𝑚௙ and 𝐽௙ are the mass and moment of inertia of the plate insertions. From these relations, the 
displacement fields presented in Eq. (1) can be rewritten in a matrix and the wave amplitudes are related 
by 

𝐑ൣ𝛼௡ାଵ,௟, 𝛽௡ାଵ,௟, 𝜒௡ାଵ,௟, 𝜀௡ାଵ,௟൧
்

ൌ 𝐔𝚲௡,௥ ൣ𝛼௡,௥, 𝛽௡,௥, 𝜒௡,௥, 𝜀௡,௥൧
்

, (7)

where  
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𝐑 ൌ ൦

1 1 1 1
െ𝑖 െ1 𝑖 1

െ𝐸𝐼௭𝑘ଶ 𝐸𝐼௭𝑘ଶ െ𝐸𝐼௭𝑘ଶ 𝐸𝐼௭𝑘ଶ

𝑖𝐸𝐼௭𝑘ଷ െ𝐸𝐼௭𝑘ଷ െ𝑖𝐸𝐼௭𝑘ଷ 𝑖𝐸𝐼௭𝑘ଷ

൪, (8)

𝐔 ൌ

⎣
⎢
⎢
⎡

1 1 1 1
െ𝑖 െ1 𝑖 1

െ൫𝑖𝐸𝐼௭𝑘ଶ ൅ 𝑖𝐽௙𝜔ଶ𝑘൯ ൫𝑖𝐸𝐼௭𝑘ଶ ൅ 𝑖𝐽௙𝜔ଶ𝑘൯ െ൫𝑖𝐸𝐼௭𝑘ଶ ൅ 𝑖𝐽௙𝜔ଶ𝑘൯ ൫𝑖𝐸𝐼௭𝑘ଶ ൅ 𝑖𝐽௙𝜔ଶ𝑘൯

൫𝑖𝐸𝐼௭𝑘ଷ ൅ 𝑚௙𝜔ଶ൯ ൫െ𝐸𝐼௭𝑘ଷ ൅ 𝑚௙𝜔ଶ൯ ൫െ𝑖𝐸𝐼௭𝑘ଷ ൅ 𝑚௙𝜔ଶ൯ ൫𝑖𝐸𝐼௭𝑘ଷ ൅ 𝑚௙𝜔ଶ൯ ⎦
⎥
⎥
⎤
, 

(9)

 
express the continuity and equilibrium conditions and the wave propagation is given by the matrix 

𝚲௡,௟ ൌ diagሾexpሺെ𝑖𝑘ሺ1 െ 𝑝௡ሻ𝐿ௗሻ , expሺെ𝑘ሺ1 െ 𝑝௡ሻ𝐿ௗሻ , expሺ𝑖𝑘ሺ1 െ 𝑝௡ሻ𝐿ௗሻ , expሺ𝑘ሺ1 െ 𝑝௡ሻ𝐿ௗሻሿ.  
The obtained wave amplitudes from the continuity and equilibrium conditions at the resonators point 
attachments, Eq. (3) and added plate insertions, Eq. (7) are then combined to obtain a the displacement 

transfer matrix between the 𝑛-th and the ሺ𝑛 ൅ 1ሻ-th segment, i.e.  

 

ൣ𝛼௡ାଵ,௟, 𝛽௡ାଵ,௟, 𝜒௡ାଵ,௟, 𝜀௡ାଵ,௟൧
்

ൌ 𝐓௡ ൣ𝛼௡,௟, 𝛽௡,௟, 𝜒௡,௟, 𝜀௡,௟൧
்

, (10)

 

where 𝐓௡ ൌ 𝐑ିଵ𝐔𝚲௡,௥𝐑௖
ିଵ𝐑௡𝚲௡,௟. Subsequently, the transfer matrix approach can be used to relate the 

first to the ሺ𝑛 ൅ 1ሻ-th segment as  
 

ൣ𝛼௡ାଵ,௟, 𝛽௡ାଵ,௟, 𝜒௡ାଵ,௟, 𝜀௡ାଵ,௟൧
்

ൌ 𝚵 ൣ𝛼ଵ,௟, 𝛽ଵ,௟, 𝜒ଵ,௟, 𝜀ଵ,௟൧
்

, (11)

 

where 𝚵 ൌ 𝐓௡𝐓௡ିଵ. . . 𝐓ଵ. For a periodic structure, the transfer matrix 𝐓௡ is identical for every segment. 

Consequently, according to the Bloch theorem [31,32], a wavenumber 𝑘௡  can be defined from the 

propagation constant 𝜇௡ ൌ expሺെ𝑖𝑘௡𝐿ௗሻ , which is given from the transfer matrix of the periodic 

metamaterial such that 
 

|𝐓௡ െ 𝜇௡𝐈| ൌ 0. (12)

 
However, this assumption does not hold when variability effects are taken into account thus breaking 

the periodicity of the metastructure. In this sense, an equivalent wavenumber 𝑘் is also defined from 

the propagation constant 𝜇் ൌ expሺെ𝑖𝑘்𝐿ሻ of the finite length metamaterial with spatially varying 

properties, i.e. near-periodic, as 
 

|𝚵 െ 𝜇்𝐈| ൌ 0, (13)

 

The equivalent wavenumber 𝑘் can be also interpreted as the wavenumber when the finite rainbow 

metamaterial is a periodic unit of an infinite complex beam and it represents the total phase change and 

attenuation of a travelling wave over 𝑚 unit cells. It is used as a tool to understand the wave-like 

behaviour of non-periodic structures. Note that the total phase and attenuation change 𝑘்𝐿, which is a 
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complex number for the case of metastructure, is not generally equal to the contribution of the phase 

and attenuation change at each segment in the near periodic metastructure, i.e., 𝑘்𝐿 ് ∑ 𝑘௡𝐿ௗ
௠
௡ୀଵ . This 

is because of the additional scattering created due to the differences in neighbouring segments. However, 

it can be shown that 𝑘்𝐿 ൎ ∑ 𝑘௡𝐿ௗ
௠
௡ୀଵ  for the case of slowly varying properties in which this internal 

scattering is negligible [33]. 

2.2. Forced response of a finite length metastructure 

The forced response is given assuming a finite length near-periodic metastructure excited at one 
end by a point harmonic force of amplitude 𝐹. Equilibrium of force and momentum at both ends, 𝑥 ൌ 0 

and 𝑥 ൌ 𝐿, of the rainbow metamaterial are given as  

𝐹 ൅ 𝑚௙𝜔ଶ 𝑊ଵ,௟ห
௫ୀ଴

ൌ 𝐸𝐼௭𝑊ଵ,௟
′′′ ห

௫ୀ଴
,

െ𝐽௙𝜔ଶ𝑊ଵ,௟
′ ห

௫ୀ଴
ൌ 𝐸𝐼௭𝑊ଵ,௟

′′ ห
௫ୀ଴

,

𝐸𝐼௭𝑊௤,௥
″ ห

௫ୀ௅
൅ 𝑚௙𝜔ଶ𝑊௠,௥ห

௫ୀ௅
ൌ 0,

𝐸𝐼௭𝑊௠,௥
‴ ห

௫ୀ௅
൅ 𝐽௙𝜔ଶ𝑊௠,௥

′ ห
௫ୀ௅

ൌ 0,

, (14)

where 𝑚 is the number of segments of the Π-shaped beam, 𝐿 ൌ 𝑚𝐿ௗ is the length of the metastructure. 

According to Eq. (7), Eq. (11) and Eq. (14), the displacement at the right end 𝑥 ൌ 𝐿 of the metamaterial 

beam can be expressed as 

𝑊௠,௥ห
௫ୀ௅

ൌ 𝛼௠,௥𝑒ି௜௞ሺଵି௣ೞሻ௅೏ ൅ 𝛽௠,௥𝑒ି௞ሺଵି௣ೞሻ௅೏ ൅ 𝜒௠,௥𝑒௜௞ሺଵି௣ೞሻ௅೏ ൅ 𝜀௠,௥𝑒௞ሺଵି௣ೞሻ௅೏ (15)

where ൣ𝛼௠,௥, 𝛽௠,௥, 𝜒௠,௥, 𝜀௠,௥൧
்

ൌ 𝚷𝚿ିଵ ሾ0, 𝐹, 0,0ሿ் , with 𝚷 ൌ 𝐑𝐜
ି𝟏𝐑୫𝚲𝐦,𝐥𝐓୫ି𝟏𝐓୫ି𝟐 … 𝐓𝟏 , and a 

4 ൈ 4 matrix 𝚿 ൌ ሾ𝚿ଵ 𝚿ଶ ሿ், in which 

𝚿ଵ

ൌ ቈ
൫െ𝐸𝐼௭𝑘ଶ ൅ 𝑖𝑘𝐽௙𝜔ଶ൯ ൫𝐸𝐼௭𝑘ଶ െ 𝑘𝐽௙𝜔ଶ൯ ൫െ𝐸𝐼௭𝑘ଶ ൅ 𝑖𝑘𝐽௙𝜔ଶ൯ ൫𝐸𝐼௭𝑘ଶ ൅ 𝑘𝐽௙𝜔ଶ൯

൫𝑖𝐸𝐼௭𝑘ଷ ൅ 𝑚௙𝜔ଶ൯ ൫െ𝐸𝐼௭𝑘ଷ െ 𝑚௙𝜔ଶ൯ ൫െ𝑖𝐸𝐼௭𝑘ଷ െ 𝑚௙𝜔ଶ൯ ൫𝐸𝐼௭𝑘ଷ ൅ 𝑚௙𝜔ଶ൯
቉, 

(16)

and 

𝚿𝟐

ൌ ቈ
൫െ𝐸𝐼௭𝑘ଶ ൅ 𝑖𝑘𝐽௙𝜔ଶ൯ ൫𝐸𝐼௭𝑘ଶ ൅ 𝑘𝐽௙𝜔ଶ൯ ൫െ𝐸𝐼௭𝑘ଶ െ 𝑖𝑘𝐽௙𝜔ଶ൯ ൫𝐸𝐼௭𝑘ଶ െ 𝑘𝐽௙𝜔ଶ൯

൫𝑖𝐸𝐼௭𝑘ଷ ൅ 𝑚௙𝜔ଶ൯ ൫െ𝐸𝐼௭𝑘ଷ ൅ 𝑚௙𝜔ଶ൯ ൫െ𝑖𝐸𝐼௭𝑘ଷ ൅ 𝑚௙𝜔ଶ൯ ൫𝐸𝐼௭𝑘ଷ ൅ 𝑚௙𝜔ଶ൯
቉ 𝚲௤,௥𝚷. 

(17)

Finally, the receptance function of the metastructure, i.e. the displacement per unit force, is then 
given by 

𝑅௘௖ ൌ 20 logଵ଴ อ
𝑊௠,௥ห

௫ୀ௅

𝐹
อ . (18)

A similar expression can be found for the receptance at others positions inside the metastructure. 

3. Manufacturing variability on the periodic design 

Recently, research effort is being directed to uncertainty quantification and stochastic modelling 
(UQSM) of mechanical, geometrical and dimensional properties of structures produced from additive 
manufacturing [34–36]. Typically, trial-and-error is employed to get high quality products, which 
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constitutes a major hurdle for this kind of manufacturing process [37]. Several processing 
considerations have to be taken in to account, like heat distribution, laser parameters and so on [4,38,39] 
For comprehensive UQSM on structural dynamics applications, focus should be given in macro or meso 
scale mechanical parameters rather than on variability from process parameters [40]. In this sense, 
Machado et al. [41] estimated spatially correlated variability of the Young’s modulus, modelled a 
Gaussian random field, using a model updating approach. Beli et al. [6] has proposed a random field 
identification approach based on sides blocks printed along the metastructure and has shown that this 
kind of uncertainty can play a major role on the performance of locally resonating metastructures. Both 
works have shown that some analytical model of spatial correlation function can accurately represent 
the spatial uncertainty of polyamide beams produced by Selective Laser Sintering (SLS).  
In this section, the material and geometrical variability introduced by the additive manufacturing 
process in the nominal design is discussed. An experimental investigation is carried out with a total of 
15 test samples produced by SLS. The test samples are beams with prismatic cross-section with 10 mm 
ൈ 4 mm ൈ 80 mm. The mass and dimensions of each sample were measured by a precision scale and a 
digital caliper, while the Young’s modulus was measured by a universal test machine, shown in Figure 
2. The obatined mean value, standard deviation and coefficient of variation COV, i.e., the standard 
deviation over mean value, are presented in Table 1 for the mass density and Young’s modulus. The 
measured dimensions of the test samples presented negligible variability, which shows that the SLS is 
much more accurate for geometric than for material properties. This result is similar to the obtained by 
Beli et al. [6]. The considered metastructure is 490 mm length with 17 unit cells, therefore the test 
samples are approximately 2.5 larger than the unity cell. It means that the Young’s modulus and mass 
density spatial variability of the test sample is averaged out more significantly than for the unit cell, 
thus reducing the overall dispersion. This effect is similar to the local average process as described by 
Vanmarke [42], which does not affect the mean value but can reduce the estimated variance. 
 

Table 1: The mean value, standard deviation and coefficient of variation COV of the Young’s 
modulus, density and mass of the 15 test samples. 

 𝐸, MPa 𝜌, kg/mଷ m, g 

Mean 1621.7 948.9 3.16 

Standard deviation 49.9 7.4 0.03 

COV, % 3.07 0.78 0.95 
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(a) (b) 
Figure 2: (a) Universal test machine with test sample produced by Selective Laser Sintering 

and (b) detailed visualization of the test setup. 

 
Figure 3 presents the scatter plot of the mass density and Young’s modulus of the 15 test samples. It 
can be clearly noticed that both Young’s modulus and mass are correlated, most likely due to the 
porosity of the samples. Although the obtained results are very specific to the printer and the printing 
process used to manufacture the metastructure, the analytical model presented in the previous section 
requires the characterization of a few parameters, such as the Young’s modulus and mass density. 
Typically, this information be made available from the printer’s manufacturer or other reliable source. 
In addition to the dispersion and correlation between the Young’s modulus and mass density, a random 
field model has to be introduced to properly represent the mistuning of the resonators in the 
metastructure, i.e., the spatial changes also introduced by manufacturing variability. 
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Figure 3: Scatter plot of the mass and Young’s modulus of the 15 test samples. 

3.1. Resonators mistuning and near-periodicity 

One of the most important effects for the vibration attenuation performance is the mistuning of the 
resonators [5,6], which is caused by the spatial profile on the material properties created due to the 
manufacturing variability. In this section, the effects of the mistuning of resonators are modelled. It is 
assumed that the material variability can be represented by a change on the resonators mass, given by a 
lumped parameter in the analytical model, and by the Young’s modulus, assumed constant within each 
unity cell. 
To include the random spatial variability on the analytical model, a random field model is assumed 
based on available experimental results in 3D printed structures [6]. Random fields are 
multidimensional random processes and can be used to model spatially distributed variability using a 
probability measure [42]. The random field is Gaussian if its random variables are Gaussian and it can 
be completely defined by its mean value, standard deviation and correlation function 𝐶ሺ𝜏ሻ, where 𝜏 is 
the lag, i.e. the distance between any two points in the homogeneous random field. The manufacturing 
variability is assumed to be given by a Gaussian Homogeneous random field 𝐻ଵሺ𝑥ሻ for each mass, i.e. 

the both masses at each unity cell have the same statistical properties, and 𝐻ଶሺ𝑥ሻ for the Young’s 
modulus, both with same correlation function 𝐶ሺ𝜏ሻ ൌ expሺെ𝜏/𝑐௟ሻ, where 𝑐௟ is the correlation length, 
i.e., the level of statistical fluctuation of the spatial variability. In other words, this parameter controls 
the smoothness of the spatial variation, given the spatial profile of the tip masses of the resonators along 
the beam.  
Due to the discrete nature of the resonators tip mass, the random fields 𝐻ଵ,ଶሺ𝑥ሻ are discretized over the 

metamaterial length such that it is approximated by the random vector 𝛏୫. The discretization process 
also results in a correlation matrix 𝐂 from 𝐶ሺ𝜏ሻ [43]. Similarly, the Young’s modulus that is assumed 
constant within each unit cell can be represented by a random vector 𝛏୉. This approach is known as the 
midpoint method, first introduced by Der Kiureguian [44] for random field discretization. Moreover, 
results shown in Figure 3 suggests that both random fields are correlated, with correlation coefficient 
𝜌ா,௠ ൌ 0.6359. 

Let 𝛇 be a vector of uncorrelated Gaussian random zero mean and unit variance variables and with 𝐂 ൌ
〈𝛏𝛏்〉  the correlation matrix, where 〈 ሶ〉  represents the mathematical expectation and 𝑇  stands for 
transpose. This matrix is symmetric and positive-definite, so it is possible to apply a Cholesky 

decomposition of the kind 𝐂 ൌ 𝚺𝚺୘, where 𝚺 is a lower triangular matrix. A realization of the random 
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field can be given by 𝛏 ൌ  𝚺 𝛇 [45], and the both tip masses and Young’s modulus at each unit cell are 
respectively given by 

𝐦ଵ,ଶ ൌ 𝑚଴ଵ,ଶሺ𝟏 ൅ 𝜎௠𝛏୫ሻ, 𝐄 ൌ 𝐸଴ሺ𝟏 ൅ 𝜎ா𝛏୉ሻ, (19)

where 𝑚଴ଵ,ଶ and 𝐸଴ are the nominal values of the resonators tip masses and Young’s modulus in the 

periodic design, 𝟏  is a vector 𝑚 ൈ 1  vector filled with 1 and 𝜎ா,௠  controls the level of statistical 

dispersion of the random vector. From this expression, both random fields are subsequently correlated 
using the estimated correlation coefficient 𝜌ா,௠. 

4. Numerical results 

In this section, a numerical analysis is carried out considering the mean value of density and Young’s 
modulus given in Table 1, Poisson ratio 𝜈 ൌ 0.3 and structural damping 𝜂 ൌ 0.02. Each cantilever 
beam or resonator, named 1 and 2, presented height ℎ௦ଵ ൌ 1.4 mm, ℎ௦ଶ ൌ 2.3 mm , width 𝑏௦ଵ ൌ
1.9 mm, 𝑏௦ଶ ൌ 2.3 mm and length 𝑙௦ଵ ൌ 𝑙௦ଶ ൌ 21.2 mm, as described in Figure 1. The baseline or host 

beam presents a Π-shaped cross-section with height 𝐻ௗ ൌ 10 mm and width 𝑤ௗ ൌ 51 mm, side wall 

thickness 𝑡ௗ ൌ 2 mm , bottom plate thickness 𝑏ௗ ൌ 5 mm  and lateral plate thickness 𝑡௪ ൌ 2 mm 

distanced by 𝐿ௗ ൌ 15 mm, with a total of 17 unit cells and total beam length 𝐿் ൌ 257 mm. The tip 
mass in both resonators at each unit cell is assumed to have a mean value of 1 g. Note that, in this case, 
the difference in length of the beams produces the differences in the resonance frequencies and therefore 
in the band gaps.  
Figure 4(a) presents the amplitude of the transfer receptance of proposed metastructure considering the 
nominal periodic design from 0 Hz to 350 Hz at steps of 0.5 Hz and Figure 4(b) presents the real and 
imaginary parts of the normalized equivalent wavenumber from a unit cell, as described in Eq. (12). 
Note that |Reሼ𝑘௡𝐿ௗ/𝜋ሽ| ൑ 1 due to the periodic nature of the metastructure, where 𝐿ௗ is the length of 
periodic unit cell. For a lossless waveguide, real wavenumber indicates purely propagating waves, 
imaginary wavenumber indicates evanescent waves while complex wavenumber indicates oscillating 
and decaying waves. From Figure 4(a), it can be seen that each resonator acts independently and creates 
a respective locally resonant band gap, significantly improving the vibration attenuation at more than 
one frequency band. This is also seen by the complex nature of the equivalent wavenumber at the band 
gaps in Figure 4(b), indicating highly attenuating effects. Note that at the attenuation band, the vibration 
amplitude reaches – 128 dB, which effectively stands for almost no vibration. Bragg-scattering type of 
band gaps are not created in this case because of the level of structural damping 𝜂 of the metastructure, 
which is high enough to have the effect of annihilating them [46]. On the other hand, the added damping 
has the effect of broadening the band gap created due to the resonators but reducing amplitude of the 
attenuation [47]. It can also be noted that the produced stop band effect was created at very low 
frequency acting at the lowest modes of the structure. From the dispersion curve it can be seen that the 
group velocity 𝑐௚ ൌ 𝜕𝜔/𝜕𝑘 is zero at the resonators frequency and it is negative at the band gap, 

meaning that the velocity of energy transport is in the negative direction. Although it  can be interpreted 
as a negative-going wave, an equivalent positive going wave mode is present, ensuring the energy 
transport also in positive direction [48]. This effect has been misunderstood as causing the vibration 
attenuation rather than the presence of complex wavenumbers. Moreover, the attenuation performance 
of the band gaps can be given in terms of both the frequency band in which the attenuation occurs and 
in terms of the maximum attenuation at a specific frequency. This can be clearly seen when comparing 
both band gaps.  
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(a) 

 
(b) 

 
Figure 4: (a) Amplitude of the transfer receptance of proposed metastructure considering the 

nominal periodic design and (b) real (black) and imaginary (red) parts of the normalized 
equivalent wavenumber. 

4.1. Effects of the manufacturing variability  

In this section, the effects of manufacturing uncertainty are considered on the tip mass of both resonators 
and on the Young’s modulus of the metastructure, represented by 𝐦ଵ, 𝐦ଶ and 𝐄 as described in section 
3.1. It is considered that the tip masses of both resonators at each unit cell are identical, which is 
equivalent to assume that 𝐦ଵ ൌ 𝐦ଶ , and the dispersion parameters 𝜎௠ ൌ 0.01  and 𝜎ா ൌ 0.03  are 
assumed to be the same as presented by the COV values shown in Table 1. Note that these are very low 
COV values. Additionally, a correlation length is assumed 𝑐௟ ൌ 0.25𝐿 , which is similar to the 
correlation length found in samples produced from additive manufacturing available in the literature 
[6,41]. First, the effects of individual samples of the metastructures are analysed and the main physical 
consequences of the break in the periodicity are discussed. Then, the ensemble statistics are presented 
and results are discussed. Monte Carlo sampling is used as the stochastic solver with the number of 
samples necessary for adequate stochastic convergence. 
Figure 5 presents the spatial profile of the Young’s modulus of the metastructure and the tip masses of 
the resonators. Note that the Young’s modulus and tip masses distribution over the metastructure are 
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similar for both random samples due to the imposed correlation 𝜌ா,௠ between these parameters, as 

described in Section 3.1. Figure 6(a) presents the amplitude of the transfer receptance of the 
metastructure for two random samples from which two cases are presented in yellow and red and have 
the corresponding tip masses and Young’s modulus spatial profile shown as well. It can be seen that 
the vibration amplitude also reaches very low levels at the second band gap, with effectively almost no 
vibration, similar to the periodic case. Figure 6(b) shows the corresponding imaginary part of the 
normalized equivalent wavenumber. The real part is omitted such that the attenuation effects of the 
imaginary part of the wavenumber can be highlighted. Overall, it can be noticed that the mistuned 
resonators changed the vibration attenuation performance of the metastructure. The two highlighted 
cases present a qualitative difference in terms of band gap widening and maximum attenuation. The 
yellow case presents a smoother spatial profile when compared to the red case, even though they present 
a very similar statistical dispersion and have been generated from the same random field family. The 
smoother spatial profile created band gaps with larger maximum attenuation in both band gaps, while 
the rougher spatial profile had a decreased maximum attenuation performance but a wider band gap. 
This can be confirmed by the imaginary part of the corresponding wavenumber shown in Figure 6(b).  
Finally, the mean value and 5th and 95th percentiles of the amplitude of the transfer receptance and the 
real and imaginary parts of the wavenumber of the metastructure is shown in Figure 7(a) and (b), 
respectively. Results are obtained with 1.000 Monte Carlo samples. Note that the 5th and 95th percentiles 
of the amplitude of the transfer receptance, Figure 7(a), show that vibration attenuation is likely to occur 
between 40 Hz and 200 Hz, where the spiky lower bound curve is given by the band gap shifting for 
the random samples. This result also show that the host structural behaviour is also affected, thus 
increasing the percentiles bounds for frequencies higher than the band gap. Note that the mean value 
(dashed line) is smoothed over the whole frequency range and therefore is not representative of the band 
gap performance. A similar behaviour is found on the real and imaginary parts of the wavenumber of 
the metastructure, Figure 7(b), i.e., a spiky upper and lower percentile bounds for both real and 
imaginary parts of the wavenumber, due to the band gap variability. For frequencies higher than the 
band gap, all of the variability on the receptance response can be attributed only to the real part of the 
wavenumber, which is related to the chances on the total mass and Young’s modulus of the host 
structure. 
It is remarkable that a coefficient of variability of less than 1% for 𝐦ଵ and 𝐦ଶ of 3% for 𝐄 causes a 
very wide percentile interval along the frequency band containing the band gaps. Monte Carlo sampling 
considering only 𝐦ଵ and 𝐦ଶ or only 𝐄 and not shown here, presented significantly smaller variability 
on the response. This is also confirmed by results further presented in Figure 7 of the next subsection, 
in which only 𝐦ଵ and 𝐦ଶ are considered to be random and the results do not present the same level of 
uncertainty even assuming a coefficient of variation of 10%. This result shown that even uncertain 
parameters with small levels of uncertainty can play an important role when combined with other 
parameters. In the next section, the effects of variability on the tip masses only is explored and discussed. 
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(a) 

 
(b) 

 
Figure 5: Two highlighted cases (yellow and red) of (a) the Young’s modulus 𝐄 and (b) the 
tip masses 𝐦ଵ and 𝐦ଶ spatial profile, considering 𝐦ଵ ൌ 𝐦ଶ and correlated to 𝐄 by 𝜌ா,௠. 

Both cases are normalized by the nominal values 𝐸଴ and 𝑚଴, respectively. 
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 (a) 

 
(b) 

 
Figure 6: (a) Amplitude of the transfer receptance of the metastructure for two highlighted 

cases (yellow and red) from the random samples and (b) the corresponding imaginary part of 
the normalized equivalent wavenumber considering 𝐦ଵ ൌ 𝐦ଶ e correlated to 𝐄 by 𝜌ா,௠ . 
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a) 

 
(b) 

 
 

Figure 7: (a) The mean value (dashed line) and 5th and 95th percentiles (full line) of (a) the 
amplitude of the transfer receptance and (b) the real (black) and imaginary (red) parts of the 
metastructure considering 𝐦ଵ ൌ 𝐦ଶ and correlated to 𝐄 with the manufacturing variability. 

4.2. Effects of uncertainty in the periodic design: random tip masses 

In this section, the effects of manufacturing variability are considered only on the tip masses of the 
resonators assuming 𝐦ଵ  and 𝐦ଶ  have the similar statistical properties as presented in the previous 
sections but are independent. It means that changes in 𝐦ଵ can only affect the lowest band gap while 

changes in 𝐦ଶ can only affect the highest band gap.  
Figure 8 shows the tip mass profile for 𝐦ଵ and 𝐦ଶ assuming the same correlation length, i.e. the same 

scale of spatial fluctuation, but with different levels of dispersion 𝜎௠ ൌ 0.15, 𝜎௠ ൌ 0.10, 𝜎௠ ൌ 0.05, 
and 𝜎௠ ൌ 0.01. Note that, although they are generated with the same statistical properties, i.e. with the 
same random field parameters, distinct spatial features can be seen on both cases, with a smoother 
profile for 𝐦ଵ when compared to 𝐦ଶ. Figure 9(a) presents the amplitude of the transfer receptance of 
the metastructure for each case and Figure 9(b) shows the corresponding imaginary part of the 
normalized equivalent wavenumber.  
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(a) 

 
(b) 

 
Figure 8: Highlighted case of independent realizations of the tip masses (a) 𝐦ଵ and (b) 𝐦ଶ 

assuming the same correlation length 𝑐௟ and with dispersion 𝜎௠ ൌ 0.15 (red line), 𝜎௠ ൌ 0.10 
(blue line), 𝜎௠ ൌ 0.05, (green line) and 𝜎௠ ൌ 0.01 (black line). Both masses are normalized 

by the nominal values 𝑚଴. 

 



17 

(a) 

 
(b) 

 
Figure 9: (a) Amplitude of the transfer receptance of the metastructure for the highlighted 
case and (b) the corresponding imaginary part of the normalized equivalent wavenumber. 

Independent realizations of 𝐦ଵ (dashed line with cross marker) and 𝐦ଶ (full line with square 
marker) are considered with the same correlation length 𝑐௟ and with dispersion 𝜎௠ ൌ 0.15 

(red line), 𝜎௠ ൌ 0.10 (blue line), 𝜎௠ ൌ 0.05, (green line) and 𝜎௠ ൌ 0.01 (black line). 

 
A similar behaviour to the previous case can be observed in terms of the smoother and rougher spatial 
profile changing band gap widening and maximum attenuation, however in this case each band gap is 
affected in an independent manner due to the independence of 𝐦ଵ and 𝐦ଶ. However, the highest band 
gap has a larger widening when compared to the lowest for increasing 𝜎௠, as shown in Table 2.  
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Table 2: Band gap widening due to increasing dispersion 𝜎௠ of the tip mass profiles 𝐦ଵ and 
𝐦ଶ. 

 Δ𝜔ଵ/𝜔଴ଵ Δ𝜔ଶ/𝜔଴ଶ

𝜎௠ ൌ 0.15 0.21 0.37 

𝜎௠ ൌ 0.10 0.20 0.32 

𝜎௠ ൌ 0.05 0.19 0.27 

𝜎௠ ൌ 0.01 0.18 0.26 

periodic 0.18 0.26 
 
Note that for 𝐦ଶ, masses from unity cell 8 to 17 vary smoothly but present a rapid change from cells 1 
to 7, while for 𝐦ଵ the masses vary smoothly from cell 1 to 17, overall. This difference caused qualitative 
changes on the band gaps created for each corresponding mass. Figure 10 presents the amplitude of the 
receptance along the metastructure for increasing dispersion values. Point harmonic excitation is given 
at position 𝑥 ൌ 0. The response at position 𝑥 ൌ 𝐿 is equivalent to the results shown in Figure 9(a). Note 
that for low dispersion levels, the band gap is created along the metastructure similarly to the periodic 
case, i.e. after a certain number of cells, no further widening is achieved [5]. However, for increasing 
𝜎௠, some increased vibration level is seen at the regions which were previously attenuated. This is 
created due to a transition from propagating to non-propagating waves, and vice-versa, along the 
metastructure at the same frequency. This transition is caused by differences of the locally defined 
wavenumber caused by the rapid 𝐦ଶ variation. Such transition causes wave reflection and it is known 
as a critical section sections [49] or as a turning point [50]. This transition can cause a significant wave 
reflection even though the metastructure properties vary slowly [49]. The spatial profile promotes a 
mistuning around the designed fundamental frequency of the resonators therefore creating an effect 
similar to a rainbow metamaterial [7,51,52].  
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(a) (b) 

(c) (d) 
Figure 10: Amplitude of the receptance along the metastructure and excitation at 𝑥 ൌ 0 for 
the highlighted case assuming dispersion (a) 𝜎௠ ൌ 0.15, (b) 𝜎௠ ൌ 0.10, (c) 𝜎௠ ൌ 0.05 and 
(d) 𝜎௠ ൌ 0.01. Red colours indicate low amplitude and blue colours indicate high amplitude 

levels. 

 
Finally, Figure 11 presents the mean value and 5th and 95th percentiles of the amplitude of the transfer 
receptance and the real and imaginary parts of the metastructure, assuming 𝜎௠ ൌ 0.1 and obtained with 
1.000 Monte Carlo samples. It can be seen that the variability presented in the band gaps is mostly 
related to the variability in the imaginary part of the wavenumber, as expected. Moreover, the variability 
in the resonance peak between both attenuation bands in mostly due to the changed in the real part of 
the wavenumber. Also, the percentile upper and lower bounds are much smaller when compared to the 
previous case, presented Section 4.1. , which assumes 𝜎௠ ൌ 0.01 and 𝜎ா ൌ 0.03. 
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(a) 

 
(b) 

 
 

Figure 11: (a) The mean value (dashed line) and 5th and 95th percentiles (full line) of (a) the 
amplitude of the transfer receptance and (b) the real (black) and imaginary (red) parts of the 
metastructure for random samples considering only independent realizations of 𝐦ଵ and 𝐦ଶ. 

5. Concluding remarks 

In this work, the effects of the manufacturing variability on the attenuation performance of a multi-
frequency metastructure from additive manufacturing is investigated. The manufacturing tolerances of 
specimens produced from a Selective Laser Sintering process are assessed and variability levels are 
used to propose a stochastic model of the metastructure. It is shown that the geometrical parameters 
present negligible variability while the Young’s modulus, total mass and consequently mass density 
have small variability. The experimental data has also shown a correlation between the Young’s 
modulus and total mass of the test samples, which could have been induced by the underlying porosity 
of the material. 
Moreover, an analytical model based on a transfer matrix approach is used to calculate transfer 
receptance due to a point time harmonic force of a metastructure designed with evenly spaced non-
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symmetric resonators attached to a beam with Π-shaped cross-section in each unit cell. This 
configuration generated multifrequency attenuation due to each independent cantilever beam. Based on 
the experimental data from the test samples, a random field model is proposed for the tip masses of the 
resonators and the Young’s modulus along the metastructure, using correlation models available in the 
literature for structures produced from additive manufacturing. The overall level of structural damping 
𝑛 ൌ 0.02 played an important role on the both locally resonant and Bragg-scattering band gaps. The 
former was broadened while the latter, created due to the periodic plate inclusions, was annihilated. 
Overall, it is shown that the mistuned resonators changed the vibration attenuation performance of the 
metastructure and that even small levels of variability, given by less than 1% for the mass and less than 
3% for the Young’s modulus can have a significant effect on the overall vibration attenuation 
performance of the metastructure when considered together. Smoother mass and Young’s modulus 
spatial profiles, generated from sample of the proposed random field models, created band gaps with 
larger maximum attenuation in both band gaps while rougher spatial profiles presented a smaller 
maximum attenuation performance but a wider band gap. The same effect can be seen on the imaginary 
part of the equivalent normalized wavenumber of the finite length metastructure, that is used as a 
measure of the total attenuation change.  
The case in which only the tip masses are considered to be random is also investigated. A similar 
behaviour to the previous case can be observed in terms of the smoother and rougher spatial profile 
changing band gap widening and maximum attenuation, however in this case each band gap is affected 
in an independent manner due to the independence on the tip masses values. Two statically identical 
profiles, i.e. same dispersion levels and correlation length, lead to qualitative changes on the band gaps 
created for each corresponding mass. Increasing values of dispersion eventually generated wave 
trapping in one of the band gaps while the had no such effect on the other. 
Most importantly, it is shown that the investigation of the uncertainty due to manufacturing has to take 
into account the spatial correlation of the properties of the metastructure resonators.  
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