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Abstract

In the outer radiation belt, the acceleration and loss of high-energy electrons is largely
controlled by wave-particle interactions. Quasilinear diffusion coefficients are an efficient way to capture
the small-scale physics of wave-particle interactions due to magnetospheric wave modes such as
plasmaspheric hiss. The strength of quasilinear diffusion coefficients as a function of energy and pitch
angle depends on both wave parameters and plasma parameters such as ambient magnetic field strength,
plasma number density, and composition. For plasmaspheric hiss in the magnetosphere, observations
indicate large variations in the wave intensity and wave normal angle, but less is known about the
simultaneous variability of the magnetic field and number density. We use in situ measurements from the
Van Allen Probe mission to demonstrate the variability of selected factors that control the size and shape of
pitch angle diffusion coefficients: wave intensity, magnetic field strength, and electron number density. We
then compare with the variability of diffusion coefficients calculated individually from colocated and
simultaneous groups of measurements. We show that the distribution of the plasmaspheric hiss diffusion
coefficients is highly non-Gaussian with large variance and that the distributions themselves vary strongly
across the three phase space bins studied. In most bins studied, the plasmaspheric hiss diffusion
coefficients tend to increase with geomagnetic activity, but our results indicate that new approaches that
include natural variability may yield improved parameterizations. We suggest methods like stochastic
parameterization of wave-particle interactions could use variability information to improve modeling of
the outer radiation belt.

Plain Language Summary

The electrons in Earth's radiation belts exist in a highly rarefied
part of space where collisions between particles is very rare. The only way in which the energy or
direction of the trapped high-energy electrons can be changed is through interactions with electromagnetic
waves. The efficacy of the interaction is a function of the energy and direction of travel of the electrons.
In physics-based models of the radiation belts, the efficacy of the wave-particle interactions is captured in
diffusion coefficients. These functions are constructed from information about the amplitude and
frequency properties of the waves in the interaction, the magnetic field strength, ion composition, and
density of the local plasma. We build up collections of observations of these properties from multiple passes
of one of the NASA Van Allen probes through the same three small regions of space. The observations
display significant temporal variability. We report on the statistical distributions of wave intensity,
magnetic field strength and plasma number density and investigate the statistical distribution of the
resulting diffusion coefficient. We find that the diffusion coefficients are highly variable and suggest that,
by borrowing methods from other branches of geophysics such as numerical weather prediction, we may
be able to include this variability in our models and improve the performance of radiation belt simulations.

1. Introduction

©2019. American Geophysical Union.
All Rights Reserved.
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The radiation belts in the terrestrial magnetosphere are regions of high-energy trapped particles in
near-Earth space. The inner belt is relatively stable and dominated by high-energy protons. The outer radiation belt exhibits strong variations in both the flux of high-energy electrons and in the extent of the region
they inhabit (e.g., Miyoshi et al., 2005). A large contributor to the existence of the slot region between the
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belts (e.g., Kim et al., 2011; Meredith et al., 2007) and the rapid variations in the outer belt is wave-particle
interactions across a wide range of frequencies (e.g., Horne et al., 2016; Thorne, 2010). The challenge for
modeling wave-particle interactions is that we would like to construct a model of electron behavior over
hours, days, and months when the underlying wave-particle interactions occur on timescales of microseconds to minutes. A powerful method of describing wave-particle interactions over long timescales is the use
of quasilinear theory to construct diffusion coefficients to encapsulate the microscale physics (e.g., Horne,
Thorne, Glauert, et al., 2005), before using these diffusion coefficients in macroscale models (e.g., Albert
et al., 2016; Glauert et al., 2014a; Horne, Thorne, Shprits, et al., 2005; Ma et al., 2015; Reeves et al., 2012;
Subbotin & Shprits, 2009; Varotsou et al., 2008). In these types of models, the diffusion coefficients can be
considered to be descriptions of “subgrid scale physics” and contain information regarding the strength of
the wave-particle interaction as a function of energy E and pitch angle 𝛼 .
Diffusion coefficients Dij can be constructed for interactions between electrons and waves across a wide
range of frequencies important in the magnetosphere, from large-scale ultralow frequency (ULF) waves (e.g.,
Fei et al., 2006; Lejosne et al., 2012; Ozeke et al., 2014) to higher-frequency waves such as electromagnetic ion
cyclotron waves (e.g., Drozdov et al., 2017; Kersten et al., 2014) and whistler mode waves (e.g., Albert et al.,
2009; Glauert et al., 2013; Horne et al., 2013; Ni et al., 2008; Ripoll et al., 2016). The diffusion coefficients
depend strongly upon wave intensity and also on parameters that can affect the efficiency and location in
(E, 𝛼) space of the wave-particle interaction, such as frequency, wave normal angle, local number density,
composition, and ambient magnetic field strength.
Wave characteristics in the magnetosphere are highly variable across a wide range of different wave modes
important for the radiation belts. The amplitude of whistler mode waves (Agapitov et al., 2013; Malaspina
et al., 2017; Spasojevic et al., 2015; Watt et al., 2017) and the amplitude of ULF waves (Bentley, Watt, Owens,
et al., 2018) demonstrate significant variability, even when binned by geomagnetic activity or other driving
parameter. The wave normal angle (Agapitov et al., 2013; Hartley et al., 2018) of whistler mode waves and
the azimuthal wave number of ULF waves (Murphy et al., 2018) are also highly variable. Finally, the wave
frequency range of whistler mode waves has demonstrated variability (Horne et al., 2013; Li et al., 2015;
Meredith et al., 2007). Additionally, it is important to remember that it is not only the wave characteristics
that determine the strength of the wave-particle interaction (Horne et al., 2003b). For example, there is
observational evidence that the efficacy of the electromagnetic ion-cyclotron wave-particle interaction can
vary with time due to the variation in cold plasma number density, in addition to the variation in the wave
properties (Blum et al., 2015).
Typically, diffusion coefficient models use average values of the wave characteristics and augment these
with models of the ambient magnetic field, plasma composition, and number density (e.g., Fok et al., 2011;
Glauert et al., 2013; Horne et al., 2013; Subbotin & Shprits, 2009; Tu et al., 2013). Models are constructed
in phase space, where a convenient coordinate system is based upon the adiabatic invariants 𝜇, J, and L* .
Diffusion coefficients are constructed by obtaining bounce- and drift-averaged models of the wave-particle
interaction that are constrained by observations. While parameterized diffusion coefficients are generally
adequate for understanding the overall dynamics of the radiation belts (e.g., Glauert et al., 2018), recent
work has shown that event-specific diffusion coefficients can be used to examine specific intervals with
greater success (Mann et al., 2016; Ma et al., 2018; Ripoll et al., 2016, 2017; Tu et al., 2014). It is important to note that the success of event-specific diffusion coefficient models highlights the large variability of
wave-particle interactions possible in the radiation belts and motivates our attempt to capture, describe, and
use this variability in future diffusion-based models.
The creation of event-specific diffusion models can capture extreme values and rapid variations that are not
reproduced by the averaged parameterized models; however, there are some caveats to their use. Diffusion
of drifting electrons in the radiation belts is a global phenomenon, and information regarding wave-particle
interactions is required at all magnetic local times (MLT) in order to estimate the drift-averaged diffusion
coefficient. If one uses a small number of spacecraft to construct an event-specific diffusion model, then that
model will not capture all of the variability in MLT and may result in underestimating or overestimating
the diffusion that results. More pressing is the knowledge that the NASA Van Allen Probes and JAXA Arase
spacecraft are missions with finite lifetimes, and so event-specific information will not always be available in
future, or for studying historical events prior to their launch. A parameterized model of diffusion coefficients
therefore remains a valid goal.
WATT ET AL.
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We suggest that given the inherent variability of wave-particle interactions in the radiation belts, a modeling
strategy such as stochastic parameterization (e.g., Berner et al., 2017) is worth consideration. In these types
of models, the parameterization of the diffusion coefficients is not deterministic, but probabilistic, and the
variability of the wave-particle interactions is rigorously included. To apply a stochastic parameterization
to wave-particle interactions in the radiation belts, we first need to characterize all aspects of variability of
the diffusion coefficients for each wave mode: the underlying distribution of the variability, the size of the
variance, the characteristic scales of temporal and spatial variability, and the existence of any caps or upper
limits to diffusion. In this paper, we use observations from Van Allen probes to investigate the variability
of diffusion due to plasmaspheric hiss. We will demonstrate the variability of the input parameters for the
calculation of the diffusion coefficient and discuss the variability of a set of diffusion coefficients calculated
from colocated and simultaneous measurements in small phase space bins in the inner magnetosphere.
We attempt to broadly identify the underlying distribution of each of the quantities we study and estimate
the size of the variability. Note that probabilistic models can be created quite efficiently if the underlying
distribution is well defined (e.g., normal or log-normal), since a small number of parameters (e.g., mean and
standard deviation or their equivalent) can be used to characterize the entire distribution.
We focus on plasmaspheric hiss as it is a wave mode ubiquitous to the high-density regions of the plasmasphere. It is straightforwardly identified in spacecraft observations of electromagnetic wave spectra, with
frequencies from tens of hertz to a few kilohertz (Li et al., 2015) that does not tend to feature rapid temporal
structures in frequency spectra (e.g., Li et al., 2012). Plasmaspheric hiss is important for losses of high-energy
electrons in the inner magnetosphere through pitch angle scattering (Lam et al., 2007; Meredith et al., 2006)
and particularly for loss in the slot region (Meredith et al., 2007, 2009). Velocity-space diffusion due to plasmaspheric hiss is dominated by pitch angle diffusion (Lyons et al., 1972), and so we study the variability of
the pitch angle diffusion coefficient D𝛼𝛼 in this paper.
In this work, we use data from multiple instruments on board the National Aeronautics and Space Administration (NASA) Van Allen Probes mission to quantify the range of pitch angle diffusion coefficients active
in the inner magnetosphere due to plasmaspheric hiss and relate them to diffusion coefficient values calculated from the means or medians of the input parameters, such as plasma to gyrofrequency ratio and wave
intensity. We examine the underlying distributions of each input parameter, as well as the distribution of
the resulting pitch angle diffusion coefficients, and determine how varying each input parameter varies the
diffusion coefficient. We will also determine how the probability distribution of hiss-mediated pitch angle
diffusion coefficients varies with increasing geomagnetic activity, since activity is often used to parameterize wave-particle interactions in the radiation belts (e.g., Horne et al., 2013). In section 2 we discuss the data
sources and methods we will use to characterize the variability of inputs to and outputs of the diffusion
coefficient calculation using the British Antarctic Survey PADIE code (Glauert & Horne, 2005). Section 3
demonstrates the variability of the inputs independently before we show the variability of the resulting diffusion coefficients in section 4. We discuss the implications of results for modeling wave-particle interactions
in the radiation belts in section 5, and conclude in section 6.

2. Data and Methods
2.1. Input Parameters
We use simultaneous and colocated data from different instruments on the NASA Van Allen Probes mission
to study the distribution of quasilinear diffusion coefficients. Our intention here is to illustrate, using a
few examples, the variability that may be present in diffusion coefficients due to plasmaspheric hiss and to
evaluate whether our analysis should be extended in future work. It is important to note that the calculation
of diffusion coefficients is computationally expensive, and so we choose a small number of example bins in
this illustrative study. We select three small bins in the inner magnetosphere that are predominantly inside
the plasmasphere and in the morning sector, where hiss has been shown to be present (Meredith et al.,
2004, 2018). It is equally important to note that the extent of the phase space bin used to collate observations
when constructing a diffusion model is a source of potential variability; too large a bin, and we run the risk
of conflating wave activity and plasma properties from different regions of the magnetosphere, whereas too
small a bin can lead to small numbers of observations and a statistically poor sample. Thanks to the excellent
coverage of the Van Allen probes over the >3-year period used, we have >1,500 data points in each of the
relatively small bins used (see description below). We hope to minimize any potential variations due to radial
WATT ET AL.
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and azimuthal location, and note that future, more comprehensive, models can help determine the most
appropriate resolution, or indeed coordinate system, to use when building an observationally constrained
diffusion coefficient model.
We choose a phase space coordinate system that is tied to electron adiabatic behavior in the magnetosphere;
that is, we bin our observations in L* where it has been calculated using the Olson-Pfitzer quiet-time model
(Olson & Pfizer, 1977) with the International Geomagnetic Reference Field for the middle of the appropriate
year. Since L* is defined for particles, but we here use it for waves, we assume a local pitch angle of 𝛼 = 90◦
for this calculation. We also restrict our observations to those that are in a small section of MLT and magnetic latitude 𝜆m (where 𝜆m = 0 at the magnetic equator). We focus on plasmaspheric hiss and so choose
three L* ranges that are predominantly inside the plasmasphere: 2.45 < L* < 2.55, 2.95 < L* < 3.05, and
3.45 < L* < 3.55 (these bins will be referred to as the L* = 2.5 bin, the L* = 3.0 bin, and the L* = 3.5
bin, respectively). Narrow bin sizes are chosen in an attempt to minimize any variation of diffusion coefficient with L* . Similarly, we choose a narrow range of 0900–1000 MLT for all three regions and a narrow
range of magnetic latitude 0 < 𝜆m < 6◦ , as wave and plasma parameters are known to be MLT- and
latitude-dependent (Meredith et al., 2004, 2018).
Our aim is to use colocated and simultaneous measurements of key inputs for the diffusion coefficient calculation in order to determine the variability of diffusion in each chosen plasmaspheric bin. Ripoll et al.
(2017) have recently demonstrated the importance of using such simultaneous observations of multiple
input parameters in order to more accurately determine the quasilinear diffusion coefficients during specific
events. Coefficients for the interaction between plasmaspheric hiss and electrons (e.g., equations (11)–(13)
in Glauert & Horne, 2005) depend upon the local magnetic field strength |B| (through the electron gyrofrequency Ωe = |qe ||B|∕me ) and the local electron number density ne (through the electron plasma frequency
𝜔pe = (ne q2e ∕𝜖0 me )1∕2 ). Here, qe and me are the electron charge and mass, respectively, and 𝜖 0 is the electric
permittivity of free space. They also depend upon the intensity of the waves 𝛿 B2 and the dependence of the
intensity on frequency 𝜔 and wave normal angle 𝜓 . In order to simplify our analysis for our initial study of
the variability of quasilinear diffusion coefficients, we will focus on the impact of variability in two important input parameters: wave intensity 𝛿 B2 and the ratio of plasma to gyrofrequency 𝜔pe ∕Ωe = fpe ∕fce , where
fpe = 𝜔pe ∕(2𝜋) and fce = Ωe ∕(2𝜋). We therefore fix the shape of the input wave spectra, and vary only the
wave intensity at f = 252 Hz. This frequency is chosen as it is close to the peak of the statistical average wave
spectra as determined by Li et al. (2015). We stress that it is very important to use colocated and simultaneous measurements of input parameters in order to capture the true variability of diffusion coefficients (cf.
Ripoll et al., 2017). Future work will consider the effects of variability in the observed dependence of 𝛿 B2 on
𝜔 and 𝜓 , the local ion composition, and the dependence of input wave parameters on magnetic latitude.
For this study we used data from the Van Allen probe A. The Van Allen probes were launched on 30 August
2012 into highly elliptical orbits with a perigee of 618 km, an apogee of 30,414 km, and an inclination of
10.2◦ . The orbital period is 537.1 min. The satellites sweep through the plasmasphere ∼5 times per day,
making them excellent probes of this important region.
We use data from the Electric and Magnetic Field Instrument Suite and Integrated Science (EMFISIS;
Kletzing et al., 2013) on board Van Allen probe A. We use the Waveform Receiver for measurements of
the wave magnetic field. This instrument provides measurements of all three components of the wave electric and magnetic fields in 65 frequency channels in the frequency range from 10 Hz to ∼12 kHz every 6 s.
Specifically, we use the wave normalanalysis survey data product for the sum of the three components of
the wave magnetic field and the ellipticity. Concomitant measurements of the electron gyrofrequency fce are
determined from the 1-s fluxgate magnetometer data. The colocated measurements of the electron plasma
frequency are determined from the High Frequency Receiver. This instrument provides measurements of
one component of the electric field in the plane perpendicular to the spin axis in 82 logarithmically spaced
frequency bins in the frequency range 10–400 kHz every 6 s. The electron plasma frequency fpe , which is
provided as a L4 density product, is derived from the lower hybrid resonance frequency when visible, or the
lower-frequency limit of the continuum radiation (Kurth et al., 2015).
Many wave parameters are required as input for the diffusion coefficient (see, e.g., Glauert & Horne, 2005).
However, we model the variability of the waves using only one variable—the intensity of emission at
WATT ET AL.
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Figure 1. Occurrence of observations of plasma frequency and plasma gyrofrequency in different regions of the inner magnetosphere. Color indicates number
of observations, horizontal dashed line indicates a condition on the number density for measurements inside (above) and outside (below) the plasmapause.
(a) L* = 2.5 bin, (b) L* = 3.0 bin, and (c) L* = 3.5 bin.

f = 252 Hz, which is used to constrain the peak of the frequency distribution in the diffusion coefficient calculation (see section 2.2). Li et al. (2015) demonstrate that the statistical hiss frequency spectrum peaks at
this frequency for low L.
To compile the subset of data required in our study, we sequentially analyzed each day of Van Allen probe A
data from 15 September 2012 to 12 February 2016. We stored colocated measurements of plasmaspheric hiss
wave power spectral density at f = 252 Hz, fce , fpe , UT date and time, magnetic latitude, magnetic local time,
and geomagnetic activity as monitored by the AE index as a function of half orbit, L* , in steps of 0.1L* , and
observation number in that bin. For our chosen location bins we then extracted and stored each colocated
measurement of the wave power spectral density at f = 252 Hz, fpe , fce , and the corresponding AE index.
These measurements are used to first construct probability density functions of the input parameters for the
diffusion coefficient calculation fpe ∕fce and wave intensity, and the probability distributions of the underlying
physical parameters like magnetic field and number density that feed into the input fpe ∕fce ratio (see section
3). Diffusion coefficients are then calculated using the method described in section 2.2 and their probability
distributions displayed in section 4.
Note that plasmaspheric hiss can overlap in frequency with magnetosonic waves (Russell et al., 1970;
Santolík et al., 2004) and whistler mode chorus (Koons & Roeder, 1990; Tsurutani & Smith, 1977). We
excluded periods of magnetosonic waves, which typically have large wave normal angles and hence low
ellipticity values, by excluding waves with ellipticity less than 0.7. Plasmaspheric hiss tends to be confined to
high-density regions associated with the plasmasphere (e.g., Thorne et al., 1973) and plasmaspheric plumes
(e.g., Summers et al., 2008), whereas whistler mode chorus waves are largely confined to the low-density
region of the plasma trough (Meredith et al., 2001; Tsurutani & Smith, 1977). We further excluded probable
observations of whistler mode chorus by restricting the colocated measurements to those observed inside
the plasmapause. We applied the number density threshold adopted by Sheeley et al. (2001) to separate
measurements likely made inside the plasmasphere and those likely made outside. Figure 1 shows the distribution of observations in fpe and fce for each of the three volume bins studied. The solid line indicates the
number density threshold used by Sheeley et al. (2001). In Figure 1, observations that lie above each modeled
line are deemed to be inside the plasmasphere and are used in the subsequent analysis. Over the ∼3.5 years
of Van Allen Probes coverage used in this study from 15 September 2012 to 12 February 2016, this provides
us with 1,570 points in the L* = 2.5 bin, 2,377 in the L* = 3.0 bin, and 3,272 in the L* = 3.5 bin.
2.2. Diffusion Coefficient Calculation
We use the Pitch Angle and Energy Diffusion of Ions and Electrons (PADIE) code (Glauert & Horne, 2005)
in order to calculate bounce-averaged pitch angle scattering diffusion coefficients D𝛼𝛼 for each of our pairs
of colocated measurements. PADIE calculates relativistic quasilinear pitch angle and energy diffusion coefficients for resonant wave-particle interactions in a magnetized plasma. The method requires multiple
inputs that can be obtained from observations—the plasma number density and ion composition, magnetic field strength, an estimate of wave intensity dependence on frequency, and wave normal angle, upperand lower-frequency cutoffs, upper and lower cutoffs of wave normal angle, the latitudinal extent of the
waves, and finally, the wave intensity. As mentioned above, we will restrict our analysis in this paper to
WATT ET AL.
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the variability of D𝛼𝛼 in response to natural variability in just two of those inputs—the plasma frequency to
gyrofrequency ratio fpe ∕fce and the intensity of the waves. In this way we hope to show an illustration of the
variability of the estimated diffusion coefficients when two of the input parameters are varied in a realistic
way. The remaining inputs to the PADIE calculations are fixed as follows. We endeavor to use realistic values for the low-L region of the inner magnetosphere in this study, but note that simplifying choices have
often been made to illustrate our point.
For the dependence of the hiss waves on frequency we fit a single Gaussian to the function given by Li et al.
(2015) for L = 3 to obtain an estimate of a reasonable plasmaspheric hiss spectra. The peak frequency of
this spectrum is fpeak = 252 Hz and the width fw = 194 Hz. Note that this is a simplification of the function
given by Li et al. (2015) for ease of use in the PADIE method but is a reasonable estimate of the statistical
hiss spectrum found therein. This information is then used to construct power spectral density
( (
))
⎧
( 𝑓 −𝑓peak ) 2
2
⎪
exp
−
, for 𝑓lc ≤ 𝑓 ≤ 𝑓uc
A
𝑓w
B2 ( 𝑓 ) = ⎨
⎪ 0,
otherwise
⎩

(1)

where A2 is the peak wave spectral intensity, and flc = 100 Hz, fuc = 2 kHz are the lower and upper frequency cutoffs, respectively. Cutoff values are chosen in reference to previous work on diffusion caused by
plasmaspheric hiss (e.g., Meredith et al., 2009, Ni et al., 2013, 2014). We experimented with a lower value
for flc = 20 Hz, since Li et al. (2015) indicate that wave spectral intensity can extend well below 100 Hz,
especially on the dayside. However, changing the lower cutoff frequency made little difference to the values
obtained here for D𝛼𝛼 , similar to results shown by Li et al. (2015). Peak wave spectral intensity A2 is supplied
by each observation of the wave spectral intensity at f = 252 Hz.
The wave normal angle dependence of the plasmaspheric hiss is also simplified for this analysis. Near the
geomagnetic equator, plasmaspheric hiss has been reported to propagate predominately parallel to the geomagnetic field, while at higher latitudes more oblique propagation is observed (Chen et al., 2012; Ni et al.,
2014). In addition, Hartley et al. (2018) demonstrate that the distribution of wave normal angles for plasmaspheric hiss is sometimes bimodal. We choose to use a Gaussian function in tan 𝜙, where 𝜙 is the wave
normal angle, similarly to Ni et al. (2014). As mentioned above, we restrict our analysis to a small range of
magnetic latitude, and so we use the wave normal angle distribution provided by Ni et al. (2014) for waves
observed from 0–5◦ magnetic latitude (i.e., 𝜙lc = 0◦ and 𝜙uc = 20◦ ). The wave normal angle distribution
peak is set 𝜙peak = 0◦ , and the width 𝜙w = 15◦ . The wave vector magnitude |k| is then calculated internally
by PADIE using the magnetized cold plasma dispersion relation as discussed by Glauert and Horne (2005).
An example of the refractive index 𝜇 = c|k|∕𝜔 calculated during a single diffusion coefficient calculation,
where c is the speed of light in a vacuum and 𝜔 = 2𝜋 f, is shown in Figure S1 of the supporting information.
The choices above motivate the latitudinal extent of waves used in the bounce-averaged calculations of
PADIE, and so we restrict the latitudinal extent of the waves to 𝜆max = 5◦ . Finally, the plasma composition
is chosen and fixed to be an electron-proton plasma (i.e., in this analysis we ignore any heavier ion populations), and we restrict the number of resonances included in the calculations to the range −10 < n < 10. The
relatively large number of resonances used in our calculation ensures that we capture the variability in D𝛼𝛼
due to variability of input parameters and not because we have inadvertently omitted small but important
contributions from higher n resonances.
2.3. Measures of Variability
The focus of this paper is to compare the variability in the input parameters for the diffusion coefficient calculation and in the resulting diffusion coefficients themselves, so we choose the coefficient of variation c as
our metric of variability. This standard statistical device is a normalized measure of the variability in different data sets. It is important to note that c takes different forms depending on the underlying distribution of
the data. For normally distributed data, the coefficient of variation is
c=

𝜎
,
𝜇

(2)

where 𝜎 is the standard deviation of the data, and 𝜇 is the mean, and for log-normally distributed data
√
c=

WATT ET AL.
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Table 1
Number of Observations Used to Estimate Probability Densities for Each Activity Level
L*

AE < 50 nT

50 < AE < 100 nT

100 < AE < 150 nT

2.5

800

381

239

AE > 150 nT
150

3.0

1055

534

349

439

3.5

1387

695

801

389

where 𝜎 ln is the standard deviation of the natural logarithm of the data. Of course, magnetospheric data
are rarely normally, or log-normally distributed, but a visual inspection of the data in each volume bin
indicates that they resemble one or other of those forms sufficiently that the coefficient of variation is a reasonable measure of the variability and a good way to compare the variability of parameters with different
units. Hence, we will use the above definitions of c as required. Interpretation of the values of c is relatively
straightforward; if c < 1, then the data exhibits low variance, but if c > 1, then the data are highly variable.

3. Variability of Observed Input Parameters
In all the analysis that follows, we present the variability of all the input data used to calculate the quasilinear
diffusion coefficients and analyze the variability for increasing geomagnetic activity. The temporal variability of diffusion coefficients is often captured using some measure of geomagnetic activity (e.g., Meredith
et al., 2018; Spasojevic et al., 2015). We use AE so that results may be compared with previous work (e.g.,
Meredith et al., 2018). The activity bins used are AE < 50 nT, 50 < AE < 100 nT, 100 < AE < 150 nT,
and AE > 150 nT. Because the occurrence of high values of activity is low, the highest activity bin includes
a much wider range of activity than the other three. However, the ranges chosen should be sufficient to
show any trends if they exist in the data. Table 1 shows the number of data points in each activity bin in our
analysis. We have chosen to ensure that we have sufficient data coverage in each activity bin, rather than
isolate the small number of very high values of geomagnetic activity. This compromise is necessary due to
the small volume bins that we have chosen to minimize any variations due to radial locations. Future analyses may utilize larger-volume bins as appropriate in order to get better resolution in geomagnetic activity
parameter space.
The variability in magnetic field strength for all of the data in our study is indicated in Figure 2. The top row
of the figure indicates a histogram of all the magnetic field strength data used in the study. The variability
of magnetic field strength as a function of geomagnetic activity can be seen in the second row of Figure 2.
Here we have used a kernel density estimate to provide an estimate of the probability distribution function
for different values of activity. The solid black line indicates the lowest activity bin AE < 50 nT, the dotted
blue line indicates 50 < AE < 100 nT, short dashed orange lines indicate 100 < AE < 150 nT, and long
dashed pink lines indicate AE > 150 nT. There is not much variation in the distributions of magnetic field
strength for increasing geomagnetic activity except at L* = 3.5, where the highest range of AE corresponds
to a slight shift in the probability density estimate toward lower values. As a “sanity check,” we see that the
average value of the magnetic field strength decreases with L* .
For L* = 3.0 and L* = 3.5, the distribution appears fairly normal when inspected by eye. For L* = 2.5, the
distribution is more negatively skewed, yet the mean and standard deviation are still reasonable statistical
measures of the distribution. As a result, we will use equation (2) to calculate the coefficient of variation
for the magnetic field strength. We discover that c ∼ 0.04 at all locations and for all values of geomagnetic
activity studied here, which means that the standard deviation of the magnetic field strength measurements
is less than 5% of the observed mean values.
Figure 3 indicates the variability of number density, in the same format as Figure 2. As described in section
2.1, the number density is estimated from the value of the upper hybrid frequency as detected by the Van
Allen probe EMFISIS instrument. The data are unavoidably discretized due to the size of the finite frequency
bins employed by EMFISIS. Nonetheless, the histogram and kernel density estimates of probability density
give us a good indication of the underlying distribution of the measurements. A brief sanity check indicates
that the mean observed number density decreases with L* . The distributions do not have a simple form, but
they appear normal enough that the mean and standard deviation are useful statistical characterizations
of these data. Hence, we use equation (2) to calculate the coefficient of variation for number density and
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Figure 2. (a–c) Normalized histograms showing probability density of magnetic field strength measurements in each of the three volumes studied.
(d–f) Estimate of the probability density using a kernel density estimate for different ranges of AE (see legend).

Figure 3. (a–c) Normalized histograms showing probability density of number density estimates in each of the three volumes studied. (d–f) Estimate of the
probability density using a kernel density estimate for different ranges of AE (see legend).
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Figure 4. (a–c) Normalized histograms showing probability density of fpe ∕fce in each of the three volumes studied. (d–f) Estimate of the probability density
using a kernel density estimate for different ranges of AE (see legend).

discover that the variability is larger than that for the magnetic field strength, with c = 0.31 at L* = 2.5,
c = 0.35 at L* = 3.0, and c = 0.39 at L* = 3.5. As geomagnetic activity increases, there are no systematic
changes in number density observations. At L* = 2.5, the shape of the distribution changes markedly (but
not systematically) with increasing geomagnetic activity, and the variability decreases markedly for 50 <
AE < 100 nT. It is interesting that the overall range of measurements is largely unchanged with increasing
activity levels. At L* = 3.0, the measured number density exhibits very little change with increasing magnetic
activity until the highest levels are reached. At high levels of activity, the variability dramatically decreases,
while the mean remains similar. Finally, there is little change in the distribution of number density values at
L* = 3.5 with increasing activity until the highest levels are reached; then the distribution of number density
observations is much more skewed toward lower values. In summary, for all L* , there are no systematic
changes in the distribution shape or range for number density at these selected locations.
We combine colocated and simultaneous measurements of magnetic field strength and electron number
density into the ratio fpe ∕fce for use as an input to the PADIE calculations. The variability of this input parameter is shown in Figure 4 in the same format as for the magnetic field strength and number density analyses.
The histograms indicate that the values of fpe ∕fce at all locations studied are relatively normally distributed
with well-defined means and standard deviations. The mean value of fpe ∕fce increases with L* . The variation of this parameter with increasing geomagnetic activity mirrors the patterns seen in Figure 3 for number
density. Since fpe varies with the square root of electron number density, the coefficient of variation for this
PADIE input parameter is reduced from the variability seen for electron number density itself: c = 0.16 at
L* = 2.5, c = 0.19 at L* = 3.0, and c = 0.21 at L* = 3.5, all calculated using equation (2).
The second input for the PADIE calculations is the intensity of plasmaspheric hiss 𝛿 B2 at f = 252 Hz (see
section 2.2). Figure 5 shows the variability of this input parameter in the same format as above. In this
instance, wave intensities are presented on a logarithmic scale, and the probability density estimates are calculated for log10 (𝛿 B2 ). The wave intensity data is presented in this form to highlight the logarithmic nature of
the distribution, although it is important to note that the input parameter we use in the diffusion coefficient
calculation in section 4 is 𝛿 B2 as required (Glauert & Horne, 2005). For all data (Figures 5a–5c), the distribution of wave intensities does not have a simple form, but it is fair to say that they are highly non-Gaussian.
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Figure 5. (a–c) Normalized histograms showing probability density of wave intensity at f = 252 Hz in each of the three volumes studied. (d–f) Estimate of the
probability density using a kernel density estimate for different ranges of AE (see legend).

At first glance, the distribution is closest to log-skew-normal with negative skew, and there is some evidence
of multimodal structure at L* = 2.5 and L* = 3.0. We should note here that there are somewhere between
1,500 and 2,500 data points in each location bin. Given the size of the variability in this parameter, and the
non-Gaussian nature of the distribution, it may be unwise to read too much into the details of the histograms.
Once we split the data by activity level, we observe that the strength of the waves tends to increase with geomagnetic activity. This is unsurprising, as the arithmetical average of the wave intensity in similar location
bins increases with increasing activity (e.g., Meredith et al., 2004, 2018). Note, however, that there is significant overlap between the probability density estimates. At L* = 3.0 and L* = 3.5 there does appear to be a
thresholding effect during increasing geomagnetic activity, rather than a gradual increase in wave intensity
as the geomagnetic activity increases. At both locations, the probability density estimates for AE < 50 nT
and 50 < AE < 100 nT are very similar, and the probability density estimates for 100 < AE < 150 nT and
AE > 150 nT are also very similar. Between the two lower activity levels and the two higher ones, there is
a marked shift to the right in the distributions. Due to the logarithmic nature of the distributions, we use
equation (3) to calculate the coefficient of variation here, with c = 5.8 at L* = 2.5, c = 9.7 at L* = 3.0, and
c = 5.8 at L* = 3.5. The amount of variance is much larger for the wave intensities than it is for the plasma
or ambient magnetic field inputs.
It is important to discuss whether the two chosen inputs are independent. We construct a probability distribution function of the measured wave intensity at f = 252 Hz as a function of fpe ∕fce . In Figure 6, every
column in each of the three panels integrates to 1 (cf. Figure 3 of Kellerman & Shprits, 2012 and Figure 5 of
Murphy et al., 2018). There are no strong patterns in the dependence of wave intensity on frequency ratio
at L* = 3.0 or L* = 3.5. There is a slight upward trend for L* = 2.5, although in all cases, the spread of measurements is large. The knowledge that the two inputs we propose to study in the calculation of diffusion
coefficients are effectively independent will aid our interpretation of the results.
Recent investigations of hiss amplitude across a range of radial locations in the magnetosphere indicates
that in some places, hiss amplitude varies more strongly with local number density than with radial location
(Malaspina et al., 2018). For small L, these recent findings indicate that the variation of plasmaspheric hiss
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Figure 6. One-dimensional probability functions of the wave intensity at f = 252 Hz as a function of fpe ∕fce . The integral of each column in each panel is 1.
(left) L* = 2.5 bin, (middle) L* = 3.0 bin, and (right) L* = 3.5 bin.

with number density is quite flat, and it is only at lower density (larger radial distance) that the variation
becomes large. This echoes what we see in Figure 6, where there seems little dependence of wave amplitudes
on the plasma frequency to gyrofrequency ratio. However, the results of Malaspina et al. (2018) indicate that
input parameters for diffusion coefficient calculations may be interdependent in other parts of the inner
magnetosphere.

4. Variability of D𝜶𝜶
First, we study the variability of the pitch angle diffusion coefficient D𝛼𝛼 at a single energy and pitch angle,
E = 0.5 MeV and 𝛼 = 30◦ , chosen because D𝛼𝛼 is shown to be strong at this energy and pitch angle in
previous analyses (e.g., Glauert et al., 2014a). For each pair of colocated and contemporaneous observations
of 𝛿 B2 (f = 252Hz) and fpe ∕fce , we calculate the value of D𝛼𝛼 (E = 0.5Mev, 𝛼 = 30◦ . Figure 7 shows the
variability of the resulting D𝛼𝛼 . The histograms of D𝛼𝛼 are displayed on a logarithmic scale to demonstrate the
nature of the variability. The median, upper, and lower quartiles are also indicated with vertical lines. Like
the distributions of 𝛿 B, the distribution of D𝛼𝛼 appears closest to a log-skew-normal with negative skew. The
median is always less than the mode, which often coincides with the upper quartile. However, the variability
changes dramatically between the three chosen location bins. At L* = 2.5, the variability is very large, with
a long tail of very small values. The variability is less at higher L* , although the distributions do exhibit the
same underlying log-skew-normal pattern. The distributions of D𝛼𝛼 at L* = 3.0 and L* = 3.5 are very similar
in shape, although the median is much higher at L* = 3.0 than it is at L* = 3.5.
Once we divide the distributions of D𝛼𝛼 by activity level, there is no clear trend for the distributions at
L* = 2.5 with increasing geomagnetic activity. The distributions remain negatively skewed, but the median
of the distribution is highest for the second highest activity level bin and lowest for the second lowest activity level bin. At L* = 3.0, the values of D𝛼𝛼 are more ordered; D𝛼𝛼 is likely to be higher as activity increases.
At this location, the distribution is not skewed at the lowest activity level, becoming much more negatively
skewed as the activity increases. At L* = 3.5, the distributions of D𝛼𝛼 are very similar for all three geomagnetic activity bins where AE < 150 nT. The low geomagnetic activity distributions are negatively skewed.
For AE > 150 nT, the distribution is positively skewed and the median is much higher than for the other
activity bins. Note that all the different distributions of D𝛼𝛼 for different values of geomagnetic activity overlap considerably and that the difference between their medians is small in comparison to their width. We
will investigate this further in section 5.
The difference in variability between inputs to D𝛼𝛼 and the diffusion coefficient itself is summarized in
Figure 8. The stars indicate values of c calculated using equation (2) for normally distributed variables, and
circles indicate values of c calculated using equation (3) for log-normally distributed variables. The value
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Figure 7. (a–c) Normalized histograms showing probability density of D𝛼𝛼 for E = 0.5 MeV and 𝛼 = 30◦ in each of the three volumes studied. (d–f) Estimate of
the probability density using a kernel density estimate for different ranges of AE (see legend).

of c for D𝛼𝛼 at L* = 2.5 is very large and is not shown on the plot. It can be argued that equation (3) is
an inappropriate description of variance when the underlying distribution is so skewed. The variability in
all the inputs combines to yield an even larger variability in D𝛼𝛼 at energy E = 0.5 MeV and 𝛼 = 30◦ . To
understand the source of this variability at a single pitch angle, we now consider D𝛼𝛼 (𝛼).
Figures 9a–9c show all the values of D𝛼𝛼 calculated using PADIE from colocated and simultaneous observations of fpe ∕fce and 𝛿 B2 , this time demonstrating the dependence of D𝛼𝛼 on 𝛼 . It is clear that the value of D𝛼𝛼
not only changes with the different inputs but the functional form also
varies. Horne et al. (2003b) demonstrate that the shape of D𝛼𝛼 (𝛼) depends
on the ratio of plasma frequency to gyrofrequency, and our results echo
those earlier findings. The apparent independence of the two input
parameters (see Figure 6) makes it feasible to investigate the variability of
D𝛼𝛼 when holding one of the inputs constant, to demonstrate the different
ways in which the two input parameters influence the value of D𝛼𝛼 .

Figure 8. Coefficient of variation c for all input quantities and D𝛼𝛼 for
E = 0.5 MeV and 𝛼 = 30◦ . From top to bottom, c values for D𝛼𝛼 , 𝛿 B2 , ne ,
fpe ∕fce , and B0 . Stars indicate where c has been calculated using
equation (2), and circles indicate where c has been calculated using
equation (3).

WATT ET AL.

Figures 9d–9f show the variability in D𝛼𝛼 when fpe ∕fce is kept fixed at its
mean observed value, and Figures 9g–9i demonstrate the variability when
𝛿 B2 is kept at its mean observed value. Panels (d)–(f) emphasize that the
intensity of the waves changes the size of D𝛼𝛼 but not the shape. The variation in the wave intensity therefore affects electrons at all pitch angles
equally, behaving like a scaling parameter on the rate of pitch angle diffusion. On the other hand, the number density and magnetic field strength
significantly change the shape and size of D𝛼𝛼 , as shown by panels (g)–(i)
(note that in Figure 9, the vertical axes span many orders of magnitude).
The observed variability in fpe ∕fce can result in large changes in the range
of resonant pitch angles for the plasmaspheric hiss. For example, the
range of cyclotron resonance at low pitch angles at L* = 2.5 is significantly
altered due to the observed variability in fpe ∕fce . The range of variability
of fpe ∕fce likely explains the long negative tail of the distribution of D𝛼𝛼
in Figure 7a as the resonant energies are controlled by the ratio. Hence,
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Figure 9. All the D𝛼𝛼 (𝛼) for E = 0.5 MeV calculated in this study from colocated and simultaneous values of fpe ∕fce and 𝛿 B for (a) L* = 3.5, (b) L* = 3.0, and
(c) L* = 2.5. In panels (d)–(f), the plasma to gyrofrequency ratio is kept fixed at the average value, and the wave intensity is varied according to the observations.
In panels (g)–(i), the wave intensity is fixed to the average value and the plasma to gyrofrequency ratio is varied according to the observations.

variations in the plasma to gyrofrequency ratio alter the pitch angle range over which plasmaspheric hiss
can scatter electrons via cyclotron resonances. As such, the pitch angle range that hiss waves can scatter into
the loss cone is largely dependent on the value of fpe ∕fce , particularly for the L* = 2.5 and L* = 3.0 bins. At
L* = 2.5, for some values of fpe ∕fce , D𝛼𝛼 can be less than 10−14 for all 𝛼 < 80◦ , suggesting that under these
conditions, hiss waves are not an effective loss mechanism for E = 500 keV electrons, regardless of the wave
intensity. At the lowest range of pitch angles, the variability in the diffusion coefficients is maximized, which
means that the potential loss of electrons into the loss cone by pitch angle scattering is also highly variable.
At higher pitch angles (>80◦ ), where hiss waves scatter electrons via the Landau resonance, variations in
fpe ∕fce have little effect on the rate of scattering.
In addition to influencing the electron pitch angle range, which can be lost from the radiation belt region
due to scattering from plasmaspheric hiss, variations in the fpe ∕fce ratio will affect electron pitch angle distributions. Cap top pitch angle distributions (Allison et al., 2018; Zhao et al., 2018) are formed from hiss
wave scattering due to the gap in D𝛼𝛼 that arises between the cyclotron and Landau resonances (Lyons et al.,
1972; Meredith et al., 2009). Figures 9g–9i shows that variations in the plasma to gyrofrequency ratio alter
the pitch angle range of this D𝛼𝛼 gap and, as such, will influence the width of the resulting cap top of pitch
angle distributions. Note that panels (d) and (e) show minimal variation in the size of the D𝛼𝛼 gap, indicating
that varying 𝛿 B power will have little influence on the form of cap top pitch angle distributions, but instead
govern the rate at which this form is reached.
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Figure 10. A demonstration of the variability in D𝛼𝛼 (E = 0.5MeV, 𝛼 = 30◦ ) for different methods of calculation: (i)
values calculated using the method detailed in section 7, (ii) a value calculated separately for the mean 𝛿 B2 and mean
fpe ∕fce in each location bin (asterisk), and a value calculated for the median 𝛿 B2 and median fpe ∕fce (circle), (iii) values
calculated using the mean fpe ∕fce and all 𝛿 B2 values shown in Figure 5, (iv) values calculated using the mean 𝛿 B2 and
all fpe ∕fce values shown in Figure 4. For each of the cases (i), (iii), and (iv) the median is shown with a circle, and
upper/lower quartiles are indicated with the bar. Means are indicated with an asterisk.

5. Discussion
Most empirical parameterized models of diffusion coefficients (e.g., Fok et al., 2011; Glauert et al., 2013;
Horne et al., 2013; Subbotin & Shprits, 2009; Tu et al., 2013) use independent models of magnetic field
and number density and average values of observed wave parameters such as intensity along with an averaged functional dependence of intensity on frequency and wave normal angle as inputs. In this work, we
have instead investigated the range of possible diffusion coefficients obtained when using a large number
of colocated and simultaneous measurements of input parameters. The two inputs we have chosen for our
demonstration do not have any obvious relationships (see Figure 6), and so it is reasonable to study the
variability of D𝛼𝛼 in response to each of the inputs independently.
The variability of D𝛼𝛼 when calculated in different ways is summarized in Figure 10. For each location bin,
we show the mean, median, and interquartile range when D𝛼𝛼 is calculated using the full distribution of
contemporaneous measurements (black), the full distribution of 𝛿 B2 and the mean value of fpe ∕fce (red) and
the full distribution of fpe ∕fce , but the mean value of 𝛿 B2 (magenta). The value of D𝛼𝛼 calculated using the
mean values of fpe ∕fce and 𝛿 B2 is shown with a blue asterisk, and the value of D𝛼𝛼 calculated using the median
values of fpe ∕fce and 𝛿 B2 is shown with a blue circle. At all locations studied, the interquartile range is largest
when the full variability of fpe ∕fce and 𝛿 B2 is included. At L* = 2.5, the plasma to gyrofrequency ratio is
responsible for most of the variability, whereas at the other locations, the wave intensity variability plays
a larger role. Interestingly, for L* = 3.5, changing fpe ∕fce leads to a small number of very large D𝛼𝛼 values
which skew the mean of the full sample (see the final column of the lowest panel in Figure 10).
While the median values of D𝛼𝛼 do not seem very sensitive to the method of combining the measurements, the mean values of D𝛼𝛼 are very sensitive. The underlying distributions of D𝛼𝛼 shown in Figure 7 are
log-skew-normal, and so the mean value of the distribution will be large for such large variances. Hence, the
mean value of D𝛼𝛼 is largest for the calculation of D𝛼𝛼 that yields the largest variance, that is, when the variability of both inputs is incorporated. The median value, on the other hand, is affected much less by changes
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in the size of the variance of the distributions of D𝛼𝛼 . For all three L* bins, the value of D𝛼𝛼 calculated from
the means of the input values is much less than the mean value of D𝛼𝛼 calculated from all contemporaneous
measurements (i.e., the asterisk in the first column of Figure 10 is always much larger than the asterisk in
the second column). This suggests that using mean input values to calculate D𝛼𝛼 does not capture the highest values of D𝛼𝛼 at that location and may indicate why event-specific diffusion coefficients (e.g., those used
by ; Ma et al., 2018; Ripoll et al., 2016) may yield quite different diffusion coefficients to the parameterized
models. We note also that at L* = 2.5, the variability of the ratio fpe ∕fce appears to be responsible for most of
the variability in D𝛼𝛼 (see Figure 10), and yet the variability of fpe ∕fce at L* = 2.5 as measured by the coefficient of variation (Figure 8) is similar to that at all location bins studied in this analysis. The sensitivity of
the diffusion coefficient to different input parameters also appears to vary from one location to another.
The results shown in the paper indicate that effects of combining colocated and simultaneous measurements
of the inputs for the diffusion coefficient calculation is to increase the variability of the resulting diffusion
coefficients above the variability of the independent inputs (see Figure 10). Note that in this analysis, there is
no obvious relationship between the variability, or underlying distribution, of the inputs and the variability
and underlying distribution of the diffusion coefficients, just that the variability increases when the inputs
are combined. The effects of variability in other inputs, such as wave normal angle (Hartley et al., 2018) and
wave frequency range (Li et al., 2015), should also be included in a future analysis. Indeed, the variability of
plasma composition (Jahn et al., 2017) may also play a major role.
It is important to reiterate that the large values of variance in our diffusion coefficients result not just from
the variability of the inputs (i.e., from the variability in plasma conditions and wave characteristics) but
from the sensitivity of the calculation of the diffusion coefficients to those inputs. It is also important to note
that the diffusion coefficients presented in this paper are for a single value of energy. When the plasma to
gyrofrequency ratio is changed, the wave-particle resonance tends to move in energy space; effectively, if
diffusion is decreased at one energy due to changes in fpe ∕fce , then it can be increased at another. Hence, the
variability in the diffusion coefficients at a single energy is not the full picture of phase space diffusion due
to waves at a particular location, and the effects of the variability in D𝛼𝛼 (E, 𝛼) across all energies and pitch
angles should be investigated using numerical experiments. That is the natural next step for this work.
We do not yet know how the variability of diffusion coefficients presented here affects the modeling of diffusion processes in the outer radiation belt. The large values of variance in our diffusion coefficients indicate
that a probabilistic model is worth pursuing to capture the physics of wave-particle interactions in the radiation belts. A stochastic parameterization is ideal to capture variable processes in physics-based models that
incorporate empirical parameterization. The use of stochastic parameterizations in other branches of Earth
Science (e.g., Berner et al., 2017; Pulido et al., 2018) demonstrates significant improvement over deterministic parameterizations for a range of different processes. The results presented in this paper provide the
underlying distribution of the diffusion coefficients, and the size of the variance, for three different locations and provide some of the necessary information to test differences between deterministic and stochastic
parameterization. A natural next step for this research is to perform the numerical experiments necessary
to investigate whether descriptions that capture the variability of the diffusion coefficients provide different
diffusion model evolution than their deterministic counterparts.
Until now, models of diffusion coefficients used in radiation belts models have incorporated temporal variability in drift- and bounce-averaged D𝛼𝛼 by parameterizing the inputs for the diffusion coefficients (largely
the wave parameters) by geomagnetic activity indices such as AE (e.g., Horne et al., 2013; Meredith et al.,
2018) or Kp (e.g., Albert et al., 2009; Glauert et al., 2018; Ozeke et al., 2014). Here we discuss how well AE
parameterizes the D𝛼𝛼 by using a quantitative measure otherwise known as the separation proxy (Bentley,
Watt, Rae, et el., 2018). There are a number of ways to describe the overlap between different bins of observations, but we will use this simple metric because the standard deviation of log(D𝛼𝛼 ) is relatively constant
over all the geomagnetic activity bins shown in Figures 7d–7f. We use the signed ratio of the difference
in mean values between adjacent geomagnetic activity bins to the standard deviation. Specifically, for two
neighboring bins bi ; bi+1 , we define
𝜒S =
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Table 2
Signed Separation Proxy 𝜒 S for Distributions of D𝛼𝛼 for E = 0.5 MeV and 𝛼 = 30◦
Binned by Geomagnetic Activity in Each Location Bin
L* = 2.5
AE < 50 nT and 50 < AE < 100 nT
50 < AE < 100 nT and 100 < AE < 150 nT
100 < AE < 150 nT and AE > 150 nT

L* = 3.0

L* = 3.5

−0.5

0.1

0.4

0.6

0.5

0.1

−0.4

0.5

1.1

where 𝜇 is the mean and 𝜎 i the standard deviation of log(D𝛼𝛼 ). Note that in Bentley, Watt, Rae, et el. (2018),
the quantity 𝜒 S is unsigned; that is, 𝜒 S depends only on the absolute size of the difference between the
means of neighboring bins. However, for our purposes, we note that a signed quantity retains valuable
information, since an increase in geomagnetic activity does not necessarily guarantee an increase in the
mean of log(D𝛼𝛼 ). The quantity 𝜒 S is very similar to Cohen's d (Cohen, 1988), and much of the same interpretation can be used here (see Bentley, Watt, Rae, et el., 2018 for a discussion of why 𝜒 S is preferable in
our case). When 𝜒 S = 0, the two distributions completely overlap, and when 𝜒 S = 1, the point of overlap
between the two distributions is exactly 1 standard deviation from either mean; that is, if both distributions
were normal, then only 16% of data from each distribution would overlap when 𝜒 S = 1. Essentially, a larger
value of 𝜒 S indicates a “better” parameterization than a lower value, since highly overlapping distributions
would indicate that our chosen parameter did not describe the diffusion coefficients well.
Table 2 shows the values of 𝜒 S for the distributions of log(D𝛼𝛼 ) shown in Figures 7d–7f. At L* = 2.5, increasing geomagnetic activity does not correspond to an increase in the mean value of log(D𝛼𝛼 ); the distributions
jump around considerably as geomagnetic activity is increased. The expected increasing trends are seen at
L* = 3.0 and L* = 3.5, with positive 𝜒 S throughout, although there is significant overlap for some of the
lower activity bins. We conclude that although increasing geomagnetic activity describes increasing values
of D𝛼𝛼 in some locations, this is not universal. An interesting feature of the distributions shown in Figure 7
is that for L* = 3.0 and L* = 3.5 there is evidence of a thresholding effect, rather than a steady increase in
diffusion with geomagnetic activity. For L* = 3.0, there is a large shift in the distribution toward the right
between the 50 < AE < 100 nT bin and the 100 < AE < 150 nT bin. For L* = 3.5, this large shift toward
higher values of diffusion occurs between the 100 < AE < 150 nT bin and the 1AE > 150 nT bin. Of course,
our small location bins have necessitated coarse graining in geomagnetic activity space in order to preserve
sufficient data to study the distributions of D𝛼𝛼 . Future analyses will consider larger volume bins (perhaps by
including larger ranges in MLT or magnetic latitude) so that we have sufficient data coverage to study higher
geomagnetic activity conditions in more detail and investigate the dependence of the diffusion coefficients
on higher (and much rarer) values of geomagnetic activity.

6. Conclusions
In this study we determine the range of values of D𝛼𝛼 due to plasmaspheric hiss as a result of realistic variations in two key input parameters. We chose three locations in the magnetic equatorial plane in the inner
magnetosphere, all at 9 < MLT < 10: L* = 2.5, L* = 3.0, and L* = 3.5. The results from this study suggest
that the diffusion coefficients calculated from colocated and simultaneous observations of plasma and wave
properties exhibit large variability, and a highly non-Gaussian distribution. The input parameters to the diffusion coefficient calculation vary in different ways: The plasma frequency to gyrofrequency ratio is close to
normally distributed with a small variance, and the wave intensities are log-skew normally distributed with
a large variance. The extent of the variation in D𝛼𝛼 varies in each of the three different locations we studied.
As previous work suggests, variations in the wave intensity affects D𝛼𝛼 at all pitch angles, behaving like a
scaling parameter for the diffusion coefficients. Variations in the plasma to gyrofrequency ratio change how
effectively the plasmaspheric hiss interacts with electrons via cyclotron resonance and can radically alter the
D𝛼𝛼 (𝛼) profile at a constant energy. For L* = 2.5, the variations are largely due to changing plasma to gyrofrequency ratio, even though the variation in frequency ratio was very similar for the three locations studied.
We conclude that the sensitivity of D𝛼𝛼 can also be location-specific. For the L* = 3.0 and L* = 3.5 bins,
the variations in D𝛼𝛼 were primarily due to the wave intensity variations. However, for L* = 3.5, changing
frequency ratio leads to a small number of large D𝛼𝛼 values which skews the mean of the full sample.
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We suggest that it is important to capture the variability of the diffusion coefficients because these parameterizations are the key expression of subgrid physics used in large-scale radiation belt diffusion models. We
have seen that the variability of separate inputs combines to give increased variability in the calculated diffusion coefficients, not least because the quasilinear diffusion coefficients are not simple functions of the
inputs. Note that we do not consider all sources of variability in this work and that other important parameters, such as the variability of plasma composition and wave intensity as a function of frequency and wave
normal angle should also be investigated. The effect of the large variability in diffusion coefficients is currently unknown, and future work is planned to investigate the behavior of diffusion models that include
this variability. For example, knowledge of the variability of the diffusion coefficients can be used to great
advantage in a stochastic parameterization of diffusion and this investigation is the first step toward a model
that includes the full variability of wave-particle interactions possible in the radiation belts.
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