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Abstract We present results from the closed magnetosphere (5.9 ≤ L < 9.5 over all magnetic local
times) to demonstrate and assess the variations in ﬁeld line eigenfrequency with geomagnetic activity.
Using the time-of-ﬂight technique with realistic magnetic ﬁeld and mass density models, the spatial
distributions of ﬁeld line eigenfrequencies are determined for a range of diﬀerent geomagnetic activity
levels, as deﬁned by the Dst index. The results indicate that during geomagnetically active conditions, the
eigenfrequency of a given ﬁeld line is generally decreased compared to quiet times, in addition to variations
in local asymmetries. By comparing the dependence to changes in the magnetic ﬁeld and mass density
distribution, it is established that the inﬂation and weakening of the geomagnetic ﬁeld outweighs
decreased plasma mass density and is the sole contributor to decreased eigenfrequencies with increased
geomagnetic activity. We highlight the importance of considering the magnetic ﬁeld, mass density,
and average ion mass contributions when using observed eigenfrequencies to probe magnetospheric
conditions. Furthermore, the estimates signiﬁcantly improve upon existing time-of-ﬂight results, through
a consideration of mass density changes with geomagnetic activity. We also provide estimates of
eigenfrequencies for a comparatively extended spatial region than available from prior direct observations
of ﬁeld line resonances. The results have clear implications for furthering our understanding of how wave
energy propagates throughout the magnetosphere during geomagnetic storms.
Plain Language Summary

The Earth’s magnetic ﬁeld experiences resonant oscillations of
individual magnetic ﬁeld lines at discrete frequencies, known as eigenfrequencies, which play an important
role in transporting energy throughout the Earth’s space environment. The frequencies of these oscillations
can be highly variable, and a key factor in this variability is the strength of the geomagnetic ring current.
In this study, we employ realistic models describing the magnetic ﬁeld conﬁguration and the spatial
distribution of the plasma mass density, which also account for variations with ring current intensity. This
allows us to estimate how the eigenfrequencies vary for diﬀerent levels of ring current strength. We explore
changes in the magnitude as well as the spatial distribution. A key result is an observed decrease in the
magnitude of the eigenfrequency with increased ring current strength. This result has important
implications for understanding how energy can access regions closer to the Earth and consequently
act to signiﬁcantly energize the plasma.

1. Introduction

©2018. The Authors.
This is an open access article under the
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medium, provided the original work is
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Shear Alfvén waves are deﬁned as transverse oscillations of magnetic ﬁeld lines occurring in a plasma. In
the terrestrial magnetosphere, for the case when the wavelength of an Alfvén wave is comparable to the
length of a closed geomagnetic ﬁeld line, a standing Alfvén wave can occur. The standing Alfvén waves,
commonly termed FLRs (ﬁeld line resonances), occur at resonant frequencies, or eigenfrequencies, that are
controlled by the magnetic ﬁeld and plasma properties (Dungey, 1954a; 1954b; Southwood, 1974). FLRs and
their eigenfrequencies play a key role in magnetospheric physics through the transfer of energy and momentum throughout the magnetospheric system (e.g., Elkington et al., 1999; Goertz & Smith, 1989; Hartinger et al.,
2011; Rae et al., 2007).
In the terrestrial magnetosphere, the magnetic ﬁeld and plasma properties are highly variable, both in L
shell, MLT (magnetic local time), and for diﬀerent levels of geomagnetic activity. Consequently, the eigenfrequencies of ﬁeld lines vary too. For example, work by Sandhu, Yeoman, et al. (2018) explored ﬁeld line
9325
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eigenfrequencies for typical magnetospheric conditions and demonstrated strong spatial dependences, in
terms of both L shell and local time. It is known that the magnetic ﬁeld and plasma experience dramatic
changes with geomagnetic activity, particularly during geomagnetic storms (Akasofu & Chapman, 1961; Akasofu et al., 1963; Chapman, 1918; Chapman & Bartels, 1940; Gonzalez et al., 1994). Therefore, it is important to
understand how the eigenfrequencies of ﬁeld lines respond to diﬀerent levels of geomagnetic activity. The
response of the eigenfrequencies and properties of FLRs has important implications for understanding how
wave energy propagates throughout the magnetosphere during storm and substorm processes. In particular,
it has been demonstrated that FLRs play a key role in the energization of the radiation belts during geomagnetic storms (Baker, Pulkkinen, Li, Kanekal, Ogilvie, et al., 1998; Baker, Pulkkinen, Li, Kanekal, Blake, et al., 1998;
Green & Kivelson, 2001; Mathie & Mann, 2000; Nakamura et al., 2002; O’Brien & Moldwin, 2003; Rostoker et al.,
1998), and establishing how the spatial distribution of eigenfrequencies varies with geomagnetic activity will
provide further insight into the energization interaction.
Previous work has provided an insight into the average variations of ﬁeld line eigenfrequencies with geomagnetic activity, although there is limited analysis of the general trends. Takahashi et al. (2002) explored the
dependence of observed toroidal FLRs on Kp index for ﬁeld lines with L values spanning from 6 to 10. The
results showed clear dependences on the level of geomagnetic activity. However, the spatial coverage of the
analysis was restricted to cover only the dawn sector (04–06 MLT). Here we aim to assess changes in the ﬁeld
line eigenfrequencies with geomagnetic activity with increased spatial coverage and provide a more global
understanding.

2. Time-of-Flight Calculations
In order to assess changes in ﬁeld line eigenfrequency, we employ the time-of-ﬂight technique, which allows
us to estimate the eigenfrequency of a given ﬁeld line under deﬁned conditions (Sandhu, Yeoman, et al., 2018;
Warner & Orr, 1979; Wild et al., 2005). The time-of-ﬂight method is now brieﬂy summarized here. By considering the propagation of an Alfvén wave along a closed geomagnetic ﬁeld line, the resonant eigenfrequency of
the ﬁeld line is determined by the ﬁeld line length and the Alfvén speed. The Alfvén speed, vA , is deﬁned as
vA = √

B
𝜇0 𝜌

(1)

where B is the magnetic ﬁeld strength, 𝜌 is the plasma mass density, and 𝜇0 (= 4𝜋×10−7 ) H m−1 is the permeability constant. Equation (1) shows that the Alfvén velocity is dependent on the magnetic ﬁeld strength and
the plasma mass density.
Considering the FLR simply as a standing Alfvén wave on a closed geomagnetic ﬁeld line, the time-of-ﬂight
technique involves calculating the time taken for an Alfvén perturbation to traverse the full ﬁeld line length.
The inverse of this time provides the frequency of the ﬁeld line oscillation. Therefore, the eigenfrequency, f ,
can be expressed as
1
ds
=2
(2)
∫ vA
f
where the integral is over the full ﬁeld line length, s. The time-of-ﬂight technique requires an assumption of
the magnetic ﬁeld line length, s, as well as how the ﬁeld strength, B, and plasma mass density, 𝜌, vary along
the ﬁeld line. Although this technique is relatively simplistic, it has been established to provide reasonably
valid estimates of the ﬁeld line eigenfrequencies in the region considered here (Sandhu, Yeoman, et al., 2018),
as well as good agreement compared to the Singer et al. (1981) approach (Wild et al., 2005). Wild et al. (2005)
demonstrated that equatorward of approximately 70∘ magnetic latitude, the numerically calculated eigenfrequency using the (Singer et al., 1981) estimation is approximately 75% of the equivalent time-of-ﬂight
calculated eigenfrequency.
2.1. Mass Density Model
As shown by equations (2) and (1), the time-of-ﬂight techniques require an assumed magnetic ﬁeld and
distribution of total plasma mass density along a given ﬁeld line in order to estimate the eigenfrequency.
Previous work employing the time-of-ﬂight technique to estimate ﬁeld line eigenfrequencies have incorporated increasingly realistic magnetic ﬁeld conﬁgurations, although relatively simplistic mass density models
were assumed (Lee & Lysak, 1990; Warner & Orr, 1979; Wild et al., 2005). In contrast, a study conducted by
Sandhu, Yeoman, et al. (2018) explored using the time-of-ﬂight technique with both a realistic magnetic ﬁeld
SANDHU ET AL.
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model and a realistic mass density model. Speciﬁcally, the T96 magnetic ﬁeld model (Tsyganenko, 1995; 1996)
and an empirically derived mass density model based on Cluster observations (Sandhu et al., 2016a; 2016b)
were assumed. The choice of mass density model accounts for several features neglected by previous mass
density models, such as the inclusion of an equatorial enhancement in mass density and the inclusion of
the ion composition contribution, and therefore represents a signiﬁcant improvement compared to previous
models (Sandhu et al., 2016a, 2016b). Furthermore, the model is based on a relatively substantial data set of
observations spanning several years (2001–2012), with good spatial coverage over all local times between
5.9 ≤ L < 9.5.
This model was extended by Sandhu et al. (2017) to include dependences of the plasma mass density distribution on geomagnetic activity. Sandhu et al. (2017) parameterized the spatial mass density distribution
with Dst index, considering Dst index values ranging from −100 to 10 nT. The Dst index describes the global
magnetic ﬁeld perturbation measured by a range of ground magnetometer stations, whose locations map
to the ring current region (Iyemori, 1990; Sugiura & Kamei, 1991; Sugiura & Poros, 1964). Consequently, it is
commonly used as a proxy for the ring current intensity, where large negative perturbations correspond to
an enhanced ring current (Chapman, 1918; Dessler & Parker, 1959; Sckopke, 1966). Therefore, the model presented by Sandhu et al. (2017) provides a description of how the spatial distribution of total plasma mass
density varies with the ring current strength. Analysis of the mass density dependence on the level of geomagnetic activity showed that the number density of magnetospheric plasma was observed to decrease with
increasing activity, which was expected to result from the increased magnetospheric convection during active
times. In contrast, the average ion mass of the plasma was observed to increase, as increased heavy ion outﬂows at high latitudes are convected into the inner magnetosphere. During active conditions, the decreased
number density dominates over the competing average ion mass. This results in a general decrease in the
total plasma mass density for 5.9 ≤ L < 9.5. Overall, the model showed that the total plasma mass density
distribution possesses signiﬁcant dependences on geomagnetic activity.
In this study, we utilize Dst index dependent mass density and magnetic ﬁeld models in the time-of-ﬂight
technique to explore how ﬁeld line eigenfrequencies change with the level of geomagnetic activity. The T96
magnetic ﬁeld model is used, which is a semiempirical model parameterized by the solar wind dynamic pressure, Pdyn , the IMF (interplanetary magnetic ﬁeld) By and Bz components, and the Dst index. The time-of-ﬂight
analysis provides insight into how the large-scale spatial distributions of ﬁeld line eigenfrequencies respond
to enhanced ring current conditions and how they are determined through the combination of the magnetic
ﬁeld and mass density contributions.

3. Estimates of Field Line Eigenfrequencies
The time-of-ﬂight technique is used to estimate the ﬁeld line eigenfrequencies for a range of ﬁeld lines at
diﬀerent levels of Dst index using equation (2). The T96 magnetic ﬁeld model and the Sandhu et al. (2017) mass
density model are assumed. Figure 1 shows the estimated frequencies for a range of ﬁeld lines covering all
MLTs and 5.9 ≤ L < 9.5. Note that this spatial region is constrained by the L-MLT coverage of the Sandhu et al.
(2017) mass density model, rather than the magnetic ﬁeld model. Each row corresponds to a diﬀerent value of
Dst index, where values from −100 nT (active conditions) to 0 nT (quiet conditions) have been considered. The
magnetic ﬁeld model and plasma mass density model were parameterized by the Dst index. The remaining
parameters required for the T96 magnetic ﬁeld model (Pdyn , IMF By , and IMF Bz ) were set to their averages for
each value of the Dst index, over a time period spanning 2001–2012. This time period is consistent with the
Sandhu et al. (2017) mass density model. Table 1 shows the average parameter values for each Dst index value
considered here. As expected, Table 1 demonstrates that during active geomagnetic conditions the solar wind
typically exhibits higher solar wind dynamic pressure, larger magnitude of magnetic ﬁeld components, and
stronger southward component of the IMF (e.g., Dungey, 1961; Snyder et al., 1963; Wilcox et al., 1967; Zhang
et al., 2006). The values shown in Table 1 are used in the T96 magnetic ﬁeld model for the corresponding Dst
index value in the following time-of-ﬂight calculations.
The left panels of Figure 1 show the eigenfrequencies plotted at the ﬁeld lines’ position in the magnetic equatorial plane, and the right panels show the eigenfrequencies plotted at the ﬁeld lines’ ionospheric footprint
in the Northern Hemisphere. Note that the footprint latitude coverage shown in the right panels of Figure 1
varies with Dst index due to the mapping of ﬁeld lines, as the inner magnetospheric ﬁeld lines expand during
times of enhanced ring current.
SANDHU ET AL.
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Figure 1. Field line eigenfrequency calculated using the time-of-ﬂight approximation. (a–d) The eigenfrequencies
mapped to the ﬁeld lines’ position in the magnetic equatorial plane. (e–h) The eigenfrequencies mapped to the
altitude-adjusted corrected geomagnetic latitude and magnetic local time of the ﬁeld line footprints in the Northern
Hemisphere. Each row corresponds to frequencies calculated for diﬀerent values of the Dst index, as labeled on the right
of the panels.
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Table 1
The Average Solar Wind and IMF Parameters for Each Value of Dst Index During
2001–2012
Dst index (nT)

Pdyn (nPa)

By (nT)

Bz (nT)

0

1.8

−0.2

0.6

−33

2.3

−0.1

−1.0

−66

3.3

0.3

−2.4

−100

3.3

1.3

−5.1

Note. IMF = interplanetary magnetic ﬁeld.

Figure 1 shows signiﬁcant changes in the spatial distribution with Dst index, both in terms of magnitude and
local time asymmetries. Examining variations in eigenfrequency at the equatorial plane, Figures 1a–1d shows
an apparent increase in eigenfrequency with increasingly negative Dst index values. However, comparing the
changes to the corresponding distributions mapped to the ﬁeld line footprint positions (Figures 1e–1h, we
can determine that the ﬁeld line conﬁguration has changed signiﬁcantly. Field lines with L values spanning
from 5.9 to 9.5 map to lower-latitude regions with increasingly disturbed conditions. This expected feature
is due to an inﬂation of the magnetic ﬁeld lines by the enhanced ring current (Cahill, 1970; Ganushkina et
al., 2010; Parker & Stewart, 1967; Tsyganenko & Mukai, 2003), such that the radial distance at which a ﬁeld
line crosses the magnetic equatorial plane moves outwards away from the Earth. Therefore, the L value of a
given ﬁeld line changes with Dst index. In order to ensure we compare changes in eigenfrequency with Dst
index for the same ﬁeld line, Figures 1e– 1h show the changes for ﬁeld lines at their footprint location. We
can observe changes in the eigenfrequencies, although due to the changes in where the ﬁeld lines map to it
is diﬃcult to compare the eigenfrequencies for a given footprint latitude. Variations in the MLT asymmetries
are apparent from Figure 1. The MLT asymmetry is such that during quiet conditions (Dst index = 0 nT) the
peak frequencies are observed in the morning sector. In contrast, moving toward disturbed conditions, the
MLT location of peak frequencies shifts westward to the premidnight sector at Dst index value of −100 nT.
Figure 1 demonstrates that the mapping of ﬁeld lines between the magnetic equatorial plane and the ionospheric footprint plays a signiﬁcant role in shaping how the spatial distributions of eigenfrequency vary
with geomagnetic activity. Whereas ﬁeld lines mapped to the magnetic equatorial plane appear to exhibit
clear global increases in ﬁeld line eigenfrequency with increased geomagnetic activity (Figures 1a–1d), the
distribution mapped to the ionospheric footprints of the ﬁeld lines (Figures 1e–1h) show diﬀerent trends.
Furthermore, existing reports and investigations of how eigenfrequencies vary with geomagnetic activity
consist of both ground-based and spacecraft observations. In order to examine the estimated eigenfrequencies shown in Figure 1 in the context of the existing observations, we consider the spatial distributions under
both mapping regimes separately and compare to the relevant previous work. This approach should account
for any complexities that the ﬁeld line mapping introduces.
3.1. Variations at the Magnetic Equatorial Plane
First, the spatial distributions mapped to the magnetic equatorial plane, as shown in Figures 1a–1d, are
assessed. To allow for comparisons of eigenfrequency variations with Dst index more quantitatively, L proﬁles
and MLT proﬁles are shown in Figures 2 and 3. The colored proﬁles correspond to the use of the mass density
model and the magnetic ﬁeld model at diﬀerent values of Dst index, as labeled.
The L proﬁles of the eigenfrequency are shown in Figure 2 for a range of diﬀerent Dst index values, and it can
be seen that the values increase with increased geomagnetic activity. This is consistent across all MLTs. The
magnitude of the increase is most signiﬁcant at lower L values. For example, Figure 2a shows that at 00 MLT
the increase in eigenfrequency between 0 and −100 nT is ∼ 4 mHz at L ∼ 5, compared to an increase of ∼ 0.5
mHz at L ∼ 9. The physical processes that are expected to shape the dependences apparent in the estimated
eigenfrequencies will be discussed further in section 4.
Figure 3 shows how the estimated eigenfrequencies vary with MLT in the magnetic equatorial plane, and how
the MLT proﬁle changes with Dst index. It can be seen that, for all L values, the MLT proﬁle demonstrates significant dependences on the Dst index. Similarly to Figure 2, a general increase in eigenfrequency with increased
geomagnetic activity is observed, most signiﬁcantly at lower L values (Figure 3a). Figure 3 also indicates that
the magnitude of the eigenfrequency change has local time variations. During quiet times (red proﬁles) the
SANDHU ET AL.
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Figure 2. Field line eigenfrequency as a function of L. Each color proﬁle shows eigenfrequencies calculated for various
Dst index values, where the legend above the panels indicates the color coding of the proﬁles. Each panel corresponds
to ﬁeld lines at (a–d) diﬀerent magnetic local times (MLTs), as labeled.

eigenfrequency maximizes in the morning sector. With an increased level of geomagnetic activity, the eigenfrequency exhibits the largest increase in the dusk sector, which acts to shift the MLT asymmetry such that
the eigenfrequencies maximize in the evening sector (purple proﬁles).
3.2. Variations at the Ionosphere
As previously discussed, the large changes in the magnetic ﬁeld conﬁguration with increasing geomagnetic
activity have signiﬁcant consequences in how the estimated eigenfrequencies are mapped to the ionospheric footprints of the ﬁeld lines. Consequently, we consider the spatial distributions mapped to the ionosphere
independently. Latitudinal and MLT proﬁles of the eigenfrequency are
taken from the distributions shown in Figure 1 and are shown in Figures 4
and 5. The colored proﬁles correspond to the use of the mass density
model at diﬀerent values of Dst index, as labeled.
In order to examine changes in the eigenfrequency magnitude and latitude dependence with geomagnetic activity, Figure 4 shows the estimated
eigenfrequency as a function of footprint latitude, where each color proﬁle corresponds to a diﬀerent level of Dst index. Furthermore, each panel
shows calculated eigenfrequencies for a diﬀerent MLT meridian. The latitude extent of the proﬁles shown in Figure 4 is observed to change
signiﬁcantly with Dst index, which is a result of the change in ﬁeld line
conﬁguration and mapping as previously discussed. Given that both the
magnetic ﬁeld and mass density are required for the time-of-ﬂight calculations, only ﬁeld lines that map to L values within 5.9 to 9.5, corresponding
to the coverage of the empirical mass density model (Sandhu et al., 2017),
can be shown. Regardless, Figure 4 shows that at latitudes where the proﬁles overlap, particularly apparent in Figure 4c, it is demonstrated that the
eigenfrequency of a given ﬁeld line tends to be reduced for more negative
Dst index values. For example, at a footprint latitude of ∼ 67∘ at 12 MLT,
the eigenfrequency decreases from ∼ 3 mHz at Dst = 0 nT to ∼ 2 mHz at
Dst = −100 nT. However, the observed magnitudes of the eigenfrequency
variations with Dst index are relatively small compared to the latitudinal
variations. Furthermore, due to the lack of overlapping coverage at some
MLTs (e.g., Figure 4a), it is diﬃcult to assess global changes.

Figure 3. Field line eigenfrequency as a function of magnetic local time
(MLT), where each color proﬁle corresponds to calculated eigenfrequencies
at diﬀerent values of the Dst index. The same color coding is used as in
Figure 4. Each panel corresponds to ﬁeld lines with (a–c) diﬀerent L values,
as indicated.

SANDHU ET AL.

Figure 5 shows the eigenfrequency proﬁles with MLT, where each color corresponds to a diﬀerent Dst index value following the same color coding as
Figure 4, and each panel shows ﬁeld lines at a given footprint latitude. It
is noted that at higher latitudes (Figure 5c), not all Dst index proﬁles are
shown. This is a consequence of the previously discussed changes in the
magnetic ﬁeld conﬁguration. Field lines at the considered latitude map
to L values outside of the mass density model coverage (5.9 ≤ L < 9.5)
9330
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Figure 4. Field line eigenfrequency as a function of altitude-adjusted corrected geomagnetic (AACGM) latitude. Each
color proﬁle shows eigenfrequencies calculated for various Dst index values, where the legend above the panels
indicates the color coding of the proﬁles. Each panel corresponds to ﬁeld lines at (a–d) diﬀerent magnetic local times
(MLTs), as labeled.

and cannot have their eigenfrequency calculated. Figure 5 shows a general decrease in eigenfrequency with
increasingly negative Dst index, where this feature was also highlighted from Figures 1e–1h and 4. In addition, a comparison of the panels shown in Figure 5 indicates that the variations in eigenfrequency are larger
at lower latitudes. In terms of MLT dependent variations, Figure 5 shows that the decrease in eigenfrequency
is most apparent for the morning MLT sectors, whereas in the afternoon the magnitude of the variation is
signiﬁcantly smaller. In the following section we discuss how variations in the magnetic ﬁeld conﬁguration
and mass density distribution with geomagnetic activity may result in the observed changes in ﬁeld line
eigenfrequencies.
To provide an illustrative example of how the eigenfrequency of a given ﬁeld line can decrease during periods of enhanced geomagnetic activity, we include observations taken from the Canadian Array for Realtime
Investigations of Magnetic Activity (CARISMA) ground magnetometer array (Mann et al., 2008). Figure 6 shows
results of cross-phase analysis of magnetometer data from the ISLL (Island Lake) and GILL (Gillam) magnetometer stations for (a) 17 March 2013 and (b) 21 March 2013. The Bx component of the ground magnetometer
observations are used to compute the cross-phase spectra (Waters et al., 1991). From the cross-phase spectra shown in Figure 6, resonant toroidal oscillations at the ﬁeld line located at the midpoint of ISLL and GILL
(∼ 63∘ ) can be identiﬁed as enhancements in the cross-phase value. Figure 6a shows broad enhancements
occurring at a frequency of approximately 4 mHz, whereas Figure 6b shows a stable enhancement at ∼ 9 mHz.
These correspond to the observed eigenfrequency of the ﬁeld line. The time period considered in Figure 6a is
during the main phase of a geomagnetic storm, known as the St. Patrick’s Day 2013 storm, where the Dst index
reached −132 nT. Figure 6 is during the subsequent late recovery phase. Therefore, we can see that the ﬁeld
line eigenfrequency is signiﬁcantly depressed during this geomagnetic disturbance, with the general trend in
agreement with the estimates presented here. It is noted that during the main phase of the storm (Figure 6a)
the observed eigenfrequency of ∼ 4 mHz is in good agreement with the time-of-ﬂight values (purple proﬁle
at a latitude of ∼ 63∘ in Figure 4c). However, due to the lack of coverage in our estimates, we cannot assess
the magnitude of observed eigenfrequency during the late recovery phase.

4. Discussion
By implementing the time-of-ﬂight technique, utilizing a magnetic ﬁeld and mass density model with Dst
index dependences, the variations of ﬁeld line eigenfrequencies with geomagnetic activity have been estimated. The changes in eigenfrequency are now assessed to explore how the magnetic ﬁeld and mass
density contributions vary with geomagnetic activity levels, and what physical processes are important for
determining ﬁeld line eigenfrequencies.
As illustrated by the time-of-ﬂight technique, there are two key contributors to determining the eigenfrequency of a given ﬁeld line: the magnetic ﬁeld conﬁguration and the plasma mass density distribution. Both
are known to vary signiﬁcantly with the level of geomagnetic activity, but how they combine to decide the
eigenfrequency of a given ﬁeld line has been previously unclear.
SANDHU ET AL.
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A study by Wild et al. (2005) revealed how variations in the magnetic
ﬁeld drive changes in the eigenfrequency. Using the time-of-ﬂight technique, with the T96 magnetic ﬁeld model and a radial power law mass
density model (Chappell, 1972; Warner & Orr, 1979), the results showed
that with increasingly negative Dst index values the eigenfrequencies are
decreased. It is known that during geomagnetically disturbed times, an
increase in the ring current energy density results in an increase in the
associated magnetic ﬁeld perturbation. As this perturbation opposes the
background geomagnetic ﬁeld, it acts the expand and weaken the inner
magnetosphere (Cahill, 1966, 1970; Ganushkina et al., 2010; Parker & Stewart, 1967; Tsyganenko & Mukai, 2003). Consequently, for a given ﬁeld line,
the ﬁeld line length is increased for an enhanced ring current, which would
act to decrease the ﬁeld line eigenfrequency (equation (2)). Furthermore,
the ﬁeld strength is reduced, thus decreasing the Alfvén velocity and
decreasing the eigenfrequency (equations (1) and (2)). Wild et al. (2005)
showed that the overall eﬀect of the magnetic ﬁeld variations with Dst
index results in decreased eigenfrequencies with increasingly negative Dst
index, which is due to the weakened and inﬂated magnetic ﬁeld.

Figure 5. Field line eigenfrequency as a function of magnetic local time
(MLT), where each color proﬁle corresponds to calculated eigenfrequencies
at diﬀerent values of the Dst index. The same color coding is used as in
Figure 4. Each panel corresponds to ﬁeld lines at (a–c) diﬀerent
altitude-adjusted corrected geomagnetic latitudes, as indicated.

To expand upon the work presented by Wild et al. (2005), we use a
new mass density model that includes dependences on Dst index in
the time-of-ﬂight calculations to establish more realistic estimates of the
ﬁeld line eigenfrequencies. In particular, we employ the Sandhu et al.
(2017) empirical mass density model. Sandhu et al. (2017) showed that
for increasing levels of geomagnetic activity, enhanced O+ -rich outﬂows
are convected from high latitudes to the inner magnetosphere, raising the
average ion mass of the plasma. However, enhanced magnetospheric convection of ﬁeld lines depletes the inner magnetosphere of plasma and
dramatically reduces the number density of the plasma. The overall result
is a general decrease in the total plasma mass density for active conditions compared to the quiet magnetosphere. Based on the deﬁnition of
the Alfvén velocity (equation (1)), the change in the mass density would
act to increase the eigenfrequency of a given ﬁeld line, as the Alfvén
perturbation can travel more rapidly along the ﬁeld line length.

Figures 1, 2, and 4 indicate a general decrease in eigenfrequency with L
(or equivalently with increasing footprint latitude), consistent for all values
of Dst index considered here. This feature is in agreement with multiple previous observations of FLRs and
previous time-of-ﬂight analyses (Engebretson et al., 1986; Glassmeier et al., 1984; Liu et al., 2009; Mathie et al.,
1999; Obayashi & Jacobs, 1958; Orr & Matthew, 1971; Plaschke et al., 2008; Poulter et al., 1984; Samson et al.,
1971; Samson & Rostoker, 1972; Sandhu, Yeoman, et al., 2018; Takahashi et al., 2002, 2004, 2015; Yumoto et al.,
1983; Wild et al., 2005). The trend is attributed to decreased magnetic ﬁeld strength and increased ﬁeld line
length for ﬁeld lines that extend to increased radial distances, which acts to increase the eigenfrequencies

Figure 6. Cross-phase spectra during the (a) main phase and (b) late recovery phase of the St. Patrick’s Day 2013 storm
from ISLL and GILL Bx ground magnetometer observations.
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(equations (1) and (2)). Although the mass density is decreased for ﬁeld lines extending to increased radial
distances, which would correspondingly act to increase the ﬁeld line eigenfrequencies, the magnetic ﬁeld
variations are dominant and outweigh the mass density contribution (Sandhu, Yeoman, et al., 2018).
The results of the eigenfrequency calculations, shown in Figure 1, demonstrate clear dependences of how
the spatial eigenfrequency distribution varies with geomagnetic activity on where the eigenfrequencies are
mapped to along the ﬁeld lines. Consequently, it is appropriate to consider spatial distribution mapped to
the magnetic equatorial plane and the ionosphere independently. Figure 2 shows the eigenfrequencies as
a function of the ﬁeld line L value, corresponding to radial variations in the magnetic equatorial plane, and
the corresponding local time variations are shown in Figure 3. The results showed that at a given L value, the
eigenfrequency increases signiﬁcantly by up to ∼ 5 mHz for Dst values between 0 and −100 nT. The magnitude
of the increase in eigenfrequency is largest at low L values in the nightside MLT sector. As previously discussed,
the variations in the mass density with geomagnetic activity act to increase the eigenfrequency, whereas the
magnetic ﬁeld variations act to decrease the eigenfrequency. Therefore, the results shown in Figures 2 and 3
suggest that the mass density variations are dominating over the magnetic ﬁeld variations and act to increase
the eigenfrequency. Therefore, this implies that the magnetic ﬁeld lines at a given L experience relatively small
changes in the ﬁeld line length and the proﬁle of magnetic ﬁeld strength along the ﬁeld line with geomagnetic
activity (Du et al., 2005). In particular, it is somewhat expected that ﬁeld lines with a given L value will have
similar ﬁeld line lengths. In terms of the mass density variations, Sandhu et al. (2017) identiﬁed that the largest
variations in the mass density with geomagnetic activity are observed at low L values in the nightside MLT
sector, which is consistent with the eigenfrequency variations and demonstrates how changes in the mass
density impart increases in the ﬁeld line eigenfrequencies.
Existing literature providing spacecraft observations of ﬁeld line eigenfrequency L proﬁles for diﬀerent levels
of geomagnetic activity is relatively limited, with inconsistent results. A case study by Engebretson and Cahill
(1981) details Explorer 45 observations of resonant pulsations during a geomagnetic storm and observed that
the eigenfrequencies in the afternoon MLT sector near L = 5 were decreased during the main phase. This contradicts the trends in estimated eigenfrequencies shown in Figures 1–3. A key factor to highlight here is that
the time-of-ﬂight calculations are based on the average mass density distributions and the average magnetic
ﬁeld conﬁguration during the time period spanning 2001–2012. Therefore, these estimated eigenfrequencies
represent the average trends with geomagnetic activity. On a case by case basis, it is anticipated that there will
be variability from the average trends, and so the results of case studies such as Engebretson and Cahill (1981)
and Du et al. (2005) diﬀer from the average statistical dependences. In terms of statistical studies, Takahashi et
al. (2002) examined Charge Composition Explorer observations in the dawn sector. It was identiﬁed that the
change in eigenfrequency was L dependent, with both relatively small increases and decreases with Kp index
observed. It is noted here that the Kp index and the Dst index contain diﬀerent contributions from the magnetospheric current systems due to the latitudinal location of the ground magnetometer stations (Bartels et
al., 1939; Baumjohann & Treumann, 1996; Sugiura & Kamei, 1991; Sugiura & Poros, 1964; Thomsen, 2004), and
as such may incur some diﬀerences with the parameterization. In order to allow for a clear and accurate comparison and validation of the time-of-ﬂight calculations presented in this paper, we require a statistical survey
of how the spatial distributions vary with Dst index based on spacecraft observations.
In contrast to the spatial distributions of ﬁeld line eigenfrequency observed in the magnetic equatorial plane,
the distribution mapped to the ionospheric footprints of the ﬁeld lines exhibit diﬀering trends. However, it is
noted that a detailed comparison is restricted by the limited latitudinal ranges where the eigenfrequency proﬁles overlap, Figures 1, 4, and 5 show that for increasingly negative values of the Dst index the eigenfrequency
of a given ﬁeld line is generally reduced, and the change in eigenfrequency is up to ∼ 3 mHz. Considering the
contribution from the magnetic ﬁeld that acts to decrease the eigenfrequency and the competing mass density that acts to increase the eigenfrequency, the results demonstrate that magnetic ﬁeld variations dominate
over changes in the mass density, resulting in decreased frequencies for increasing ring current strength. This
is not an unexpected result. Equation (1) indicates the smaller contribution of the mass density compared
to the magnetic ﬁeld strength in determining the Alfvén speed. Furthermore, Sandhu, Yeoman, et al. (2018)
showed the dominance of the magnetic ﬁeld conﬁguration over the mass density distribution in shaping the
spatial variations of eigenfrequencies. Figures 4 and 5 also show that the change in eigenfrequency with geomagnetic activity is greater for ﬁeld lines at lower footprint latitudes. As the ring current strength peaks at
L ∼ 4 during quiet times and moves inward during enhanced storm times (Jorgensen et al., 2004; Sandhu,
Rae, et al., 2018; Zhao et al., 2015), it is expected that the magnetic ﬁeld perturbation will be greater for the
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ﬁeld lines at the lower footprint latitudes of the range considered in the time-of-ﬂight calculations. Therefore,
the ﬁeld lines at lower footprint latitudes will have a greater sensitivity to changes in the ring current intensity,
as represented by the Dst index.
In addition to the ring current related magnetic ﬁeld perturbations, which act to weaken and expand the
background magnetic ﬁeld, the ﬁeld conﬁguration also experiences contributions from the solar wind. As
shown in Table 1, during active conditions the solar wind pressure is also enhanced, which acts the compress the magnetosphere and strengthen the magnetic ﬁeld. This contribution would act to increase the ﬁeld
line eigenfrequency. However, for the L range considered in this study and the range of solar wind pressures
applied (Table 1), the ring current perturbation is dominant and outweighs any contribution from solar wind
compression of the magnetic ﬁeld.
Direct ground-based measurements of FLR frequencies support the time-of-ﬂight calculations presented
here, where decreased frequencies are observed during disturbed conditions (Du et al., 2005; Gupta, 1974;
Warner & Orr, 1979). Some previous observations have been used to infer changes in the mass density distribution. Based on the observed decrease in eigenfrequency and the relation between the Alfvén speed and the
mass density, previous authors have attributed the change in eigenfrequency to an increased mass density
(e.g., Takahashi et al., 2002). The result was reasoned by an increased heavy ion concentration, known to occur
during enhanced levels of geomagnetic activity (Maeda et al., 2009; Maggiolo & Kistler, 2014; Mouikis et al.,
2010; Nosé et al., 2009; Ohtani et al., 2011; Sandhu et al., 2017; Takahashi et al., 2006; Young et al., 1982). However, subsequent work has established that due to a strong depletion of the inner magnetospheric plasma
population, the mass density in this region is decreased during geomagnetically active periods (Sandhu et
al., 2017). It is shown here that the decrease in eigenfrequency is solely due to magnetic ﬁeld variations,
which outweigh and mask the opposing contribution from the mass density. This should be expected from
the deﬁnition of the perturbation speed (equation 1), which shows that the sensitivity to the magnetic ﬁeld
is greater than to the mass density. Therefore, the results presented in this study highlight that the magnetic ﬁeld conﬁguration is an essential factor that should be accounted for when inferring the mass density
from eigenfrequencies, particularly for assessing variations with geomagnetic activity. Furthermore, the difference in proﬁles when mapping the magnetic equatorial plane and the ionospheric footprints of the ﬁeld
lines demonstrate the signiﬁcant role of the magnetic ﬁeld conﬁguration in shaping the observed changes in
ﬁeld line eigenfrequency.
Another notable feature of the time-of-ﬂight calculations is how the MLT location of minimum frequency values varies with Dst index, as apparent from Figures 1, 3, and 5. For quiet times, the time-of-ﬂight frequencies
approach a minimum in the evening MLT sector. This asymmetry agrees well with previous results (Junginger
& Baumjohann, 1984; Liu et al., 2009; Mathie et al., 1999; Plaschke et al., 2008; Poulter et al., 1984; Sandhu,
Yeoman, et al., 2018; Takahashi et al., 2015, 2016; Takahashi & McPherron, 1984; Takahashi et al., 1984; Yumoto
et al., 1983), where increased ﬁeld line length and decreased ﬁeld magnitude for the comparatively stretched
nightside ﬁeld lines act to decrease the ﬁeld line eigenfrequencies compared to the dayside. In addition,
the mass density distribution during quiet geomagnetic conditions maximizes in the evening sector due to
the shape of the plasmasphere and the enhancement of heavy ion concentration (Sandhu et al., 2017). This
reduces the Alfvén speed in the evening sector (equation (1)) and results in a shift in the eigenfrequency
MLT asymmetry, where the minimum eigenfrequency is located in the premidnight MLT sector (Sandhu,
Yeoman, et al., 2018). For increasing Dst index, representing increasing levels of geomagnetic activity, the MLT
location of the minimum eigenfrequency shifts to earlier MLT sectors, toward noon. Furthermore, Figure 3
shows signiﬁcant enhancements in eigenfrequency in the dusk sector. This dependence was not present in
the time-of-ﬂight calculations of Wild et al. (2005), where only magnetic ﬁeld variations were considered, and,
therefore, can be attributed solely to the mass density contributions. The Sandhu et al. (2017) mass density
model shows that due to the sunward rotation of the plasmaspheric bulge with increased magnetospheric
convection, the MLT location of peak mass density values moves from dusk to noon. As increased mass density
values correspond to decreased Alfvén speed (equation (1)), and therefore decreased time-of-ﬂight frequencies (equation (2)), the MLT dependence of the estimated frequencies is a direct consequence of the mass
density variations.
A key motivation of this study was related to understanding the storm time energization of the radiation belts
through wave-particle interactions. Magnetohydrodynamic waves that are generated at the dayside magnetopause (e.g., Chen & Hasegawa, 1974; Claudepierre et al., 2009; Glassmeier et al., 1984; Russell & Elphic, 1978)
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generally propagate throughout the magnetosphere in the antisunward direction (Allan & Poulter, 1992) and
result in the ﬂow of energy in the form of compressional waves (Kivelson & Southwood, 1988; Lysak & Lee,
1992). The compressional waves can couple with toroidal and poloidal FLRs in the inner magnetosphere where
the local ﬁeld line eigenfrequency matches the compressional wave frequency (Allan & Poulter, 1992; Elsden &
Wright, 2017; 2018; Mann et al., 1995; Rae et al., 2005; Walker, 2000). Therefore, the location at which the FLRs
are driven by the coupling is dependent on the spatial distribution of eigenfrequency. As previous work has
established, the occurrence of FLRs are known to be an important process in the energization of electron to
relativistic energies and the generation of the storm time radiation belts (Baker, Pulkkinen, Li, Kanekal, Blake,
et al., 1998, Baker, Pulkkinen, Li, Kanekal, Ogilvie, et al., 1998; Blake, Gussenhoven, et al. 1992; Blake, Kolasinski,
et al. 1992; Li et al., 1998; Green & Kivelson, 2001; Mathie & Mann, 2000; Nakamura et al., 2002; O’Brien &
Moldwin, 2003; Reeves et al., 2003; Rostoker et al., 1998). The results shown here demonstrate a decrease in
the eigenfrequency with increased levels of geomagnetic activity, which suggests that during storm times
the compressional waves can couple to ﬁeld lines with lower footprint latitudes values and excite higher
amplitudes (Degeling et al., 2018). Furthermore, the local time asymmetry in eigenfrequency and how this
asymmetry changes with ring current intensity has important implications on the polarization of the Alfvén
waves as well as the characteristics of FLRs (Elsden & Wright, 2018; Kabin et al., 2007; Wright et al., 2018). The
MLT asymmetries are further demonstrated in Figure S1 in the supporting information, where we reproduce
Figures 1a–1d with line contours as opposed to a color contour. Figure S1 illustrates how the resonant surface of ﬁeld lines forms asymmetric contours of frequency. Overall, the results presented in this study have
signiﬁcant implications for understanding how wave resonance structures vary with geomagnetic activity.
Although the time-of-ﬂight calculations shown here represent improved and more realistic estimates compared to previous work, it is important to note the restrictions of the results. The approach relies on the validity
of both the mass density and magnetic ﬁeld models. It has been established that the T96 magnetic ﬁeld model
can overestimate the ring current perturbation to the geomagnetic ﬁeld at times (Zhang et al., 2010), which
would act to underestimate the frequencies in the time-of-ﬂight calculations. In addition, the Sandhu et al.
(2017) mass density model is based on an average of multiple measurements at diﬀerent locations for a data
set spanning from 2001 to 2012. Therefore, it contains a large amount of variability due to solar cycle eﬀects
and solar wind conditions that are not incorporated into the model. Regardless of these limitations, both these
models provide a signiﬁcantly improved characterization of the magnetic ﬁeld and mass density distribution
for varying levels of geomagnetic activity. Through the time-of-ﬂight approach we have been able to provide
a more realistic distribution of ﬁeld line eigenfrequencies for all local times within 5.9 ≤ L < 9.5 and how they
vary with geomagnetic activity. In order to further establish the validity of these estimates, future work should
compare the results to a substantially large (both spatially and temporally) data set of direct FLR observations
(e.g., Sandhu, Yeoman, et al., 2018; Wharton et al., 2018).
This study also highlights that in order to have a more complete and global understanding of FLRs, the plasma
regimes outside of 5.9 ≤ L < 9.5 require consideration. For example, Vellante et al. (2007) show that at
lower L values, well within the plasmasphere, the eigenfrequencies exhibit signiﬁcantly diﬀerent dependences
and trends. Understanding how the magnetic ﬁeld and mass density contributions combine for diﬀerent
plasma regimes will provide a fuller understanding of how wave energy can propagate throughout the
magnetospheric system.

5. Summary and Conclusions
The time-of-ﬂight technique has been utilized with realistic descriptions of the geomagnetic ﬁeld and plasma
mass density distribution to explore how ﬁeld line eigenfrequencies vary with the ring current strength. We
considered ﬁeld lines spanning all local times within 5.9 ≤ L < 9.5, for Dst index values between −100 and
0 nT. The results indicate important dependences on the magnetic ﬁeld conﬁguration with varying geomagnetic activity and highlights the necessity to consider how the ﬁeld line mapping changes with ring current
intensity. By mapping observations to the ionospheric footprints, we are able to monitor changes in eigenfrequency for a given ﬁeld line with increasing geomagnetic activity. The results indicated a general decrease
in the ﬁeld line eigenfrequencies for increasingly active conditions, which agrees well with previous direct
observations of FLRs. The time-of-ﬂight approach allowed the magnetic ﬁeld and mass density contributions
to be isolated, and it was found that the magnetic ﬁeld contribution dominates and outweighs variations
in the mass density with geomagnetic activity. This has important implications for inferring mass density
changes from FLR observations, and emphasizes the need to account for magnetic ﬁeld variations. Overall,
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the time-of-ﬂight estimates shown here present a simple and quick means to estimate the eigenfrequency
for a ﬁeld line with a deﬁned location and level of geomagnetic activity.
The results presented in this study examine variations with the ring current strength. However, this represents only one aspect of magnetospheric variability. Other factors, such as substorms, are known to aﬀect
the eigenfrequency values through changes in the magnetic ﬁeld conﬁguration and mass density distribution. Future work could aim to assess dependences on diﬀerent aspects of magnetospheric variability, and
therefore provide a more valid estimation of eigenfrequencies for given conditions.
We emphasize the important applications of the eigenfrequency estimates in the inner magnetosphere for
varying levels of geomagnetic activity in further understanding storm time dynamics. By establishing how
the eigenfrequency varies with distance from the magnetopause allows insight into where wave energy can
couple to FLRs, which can then drive energization of electrons and contribute to the storm time radiation
belts. In this study we have supported the modeling results of Degeling et al. (2018) and the results suggest
that wave energy can penetrate to ﬁeld lines at higher invariant magnetic latitudes during storm times.
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