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Abstract: Polyampholytes have been widely used to improve mechanical 

performance of double-network (DN) hydrogels, however, their complex mechanisms 

of electric charge reactions and chain catenations have not been well understood. In 

this study, a collective and cooperative model is developed to describe the dynamics 

and constitutive relationships of complexly mechanoresponsive 

chain-poly[n]-catenations in polyampholyte DN hydrogels. The freely jointed chain 

(FJC) model and Flory-Huggins theory are firstly employed to formulate 

mechanochemical behaviors of the DN hydrogels, in which the stretchable network 

undergoes a folding-to-unfolding transition and the brittle one undergoes a reversibly 

mechanochemical transition. The worm like chain (WLC) model is then introduced to 

describe the chain-poly[n]-catenations, of which the strong and weak ionic bonds 

have been modeled based on the entanglement and dangling effects, respectively. 

Finally, a free-energy equation is developed to describe their collective and 

cooperative dynamics. Effectiveness of the newly proposed model is verified by 
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applying it to predict the experimental results of the polyampholyte DN hydrogels 

reported in literature.  
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1. Introduction 

Hydrogel is one of the most popular responsive materials with capabilities of large 

and reversible deformations [1-3]. In terms of their thermodynamics of polymer 

solutions, hydrogels are normally regarded as rubbery-like soft matters, and thus 

respond to the external stress in an elastic manner [5-8]. Therefore, thermomechanical 

behaviors of the hydrogels have been generally described using the rubber elasticity 

theory and Flory-Huggins solution theory [9-14]. Significant progress has recently 

also been made to reproduce their constitutive relationships using free energy 

functions [16-20].  

However, hydrogels normally show low stiffness and strength [4], thus double 

networks (DN) hydrogels have been developed to improve their mechanical 

performance [6-13]. These DN hydrogels are incorporated of two distinctive types of 

polymeric network components, which are referred to the first brittle networks and the 

second ductile ones [14,15]. The presence of first brittle networks helps to resist the 

mechanical loading by means of mechanochemical kinetics of sacrificial covalent 

bonds [6-13]. The enhanced strength has been attributed to the fracture of these brittle 

networks, which are helpful to enhance both the elastic modulus and true stress of 

break [21,22]. Owing to the oppositely mechanical responses of these two networks, 



the DN hydrogel generally undergoes a cooperative and complex thermodynamics in 

response to an externally mechanical loading [23-26].  

Several other types of DN hydrogels have further been developed to improve the 

mechanical strength and toughness, e.g., replacing the covalent bonds (which have 

poor reversibility), using ionic bonds [27-30] or hydrogen bonds [31], and adding 

monomers in solvents [32,33]. It has been reported that polyampholyte DN hydrogel 

has a classical entanglement effect in its macromolecule chains due to the charge 

attractions of ionic bonds, thus enhancing the mechanical properties of the DN 

hydrogels [27,28]. However, due to their complex thermodynamics, few theoretical 

models have been developed to explore the toughening mechanisms of these 

polyampholyte DN hydrogels which show extremely high mechanical strengths [34].  

In this study, a collective and cooperative model is developed to describe the 

dynamics of mechanoresponsive chain-poly[n]-catenations and the constitutive 

relationships of polyampholyte DN hydrogels. The folding-to-unfolding transition of 

stretchable network [35-40], the reversibly mechanochemical transition of 

sacrificially brittle network and entanglement effect of polyampholyte macromolecule 

chains have been formulated using the freely jointed chain (FJC) model, 

Flory-Huggins theory and worm like chain (WLC) model [35-37], respectively. The 

chain-poly[n]-catenations, including folding-to-unfolding transition, 

mechanochemical transition, entanglement of strong ionic bonding and dangling 

effect of weak ionic bonds, have been identified as the driving forces for 

polyampholyte DN hydrogels with extremely high mechanical strength. Finally, the 



analytical results obtained using the newly proposed models are verified using the 

experimental data reported in literature.  

2. Theoretical framework of DN hydrogel 

2.1 Folding-to-unfolding transition of stretchable network 

In the DN hydrogel, the brittle and stretchable networks undergo different 

mechanical deformation simultaneously, as revealed in Figure 1(a). Therefore, it is 

necessary to model the different mechanical behaviors of these two types of networks. 

The stretchable network generally shows a linearly elastic behavior. Therefore, the 

freely jointed chain (FJC) model [41-43] can be used to characterize the 

folding-to-unfolding transition of stretchable network. In Figure 1(b), the FJC model, 

freely rotating chain (FRC) model and worm like chain (WLC) model [35-37] have 

been illustrated for comparisons. In this figure, 
bl  is the length of the rotating unit, 

and pl  is the persistence length. 
kl  is the length of Kuhn segment.  

 

Figure 1. (a) Illustration of the folding-to-unfolding transition in DN hydrogels. (b) 

Illustration of flexibility of macromolecule chain using the FRC, WLC and FJC 

models. 

These statistical rubber elastic models, including WLC model [44] and FJC model 

[45], have been investigated extensively and verified experimentally [44-47].  They 



can provide the foundations for the establishment of hydrogel models. All these three 

models can explain the distribution and flexibility of macromolecule chains within the 

DN hydrogels. However, the FJC model is helpful to characterize the stretchable 

folding-to-unfolding behavior. Based on the previous studies [41-43], conformation 

number of the FJC model ( FJ ) can be written as, 
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where FJk  is the constant, 
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h I   = = + +  is the mean square end 

distance. 1 , 2  and 3  represent the stretching ratios of the cubic hydrogels in 

three directions, respectively. N is the number of Kuhn segments, ( )L x  is the contour 

length, and kl  is the length of Kuhn segment.  

According to the equation (1), the stress ( FJ ) obtained from the FJC model can be 

written as follows [41-43], 
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where FJN  is the number of chains of stretchable network.  

As there is a folding-to-unfolding transition in the stretchable network, the 

probabilities of folding (
1 ) and unfolding (

1 ) are presented as [35], 
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where fG  and uG  are activation energies of folding and unfolding chains, 

respectively. fl  and 
ul  are the widths of the activation barrier in folding and 

unfolding states, respectively.   is the normalized parameter, f  is the force on a 

single chain, 
Bk  is the Boltzmann constant and T  is temperature. During the 

folding-to-unfolding transition, the total number of chains ( N ) in the stretchable 

network is kept a constant, e.g., f uN N N= + . According to equations (4) and (5), the 

number of folding chains ( fN ) can be expressed as, 
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where u fG G G =  −  and u fl l l = − .  

Based on the rubber elasticity theory [38-40], the stress of a single chain is 

determined by the mean square end distance ( h ), e.g., 
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where n  is the number of monomer and bl  is the monomer length.  

Substituting equation (7) into (6), we can obtain:  
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where 1 =  and 
1/2

2 3  −= =  in the uniaxial tensile test [38-40], according to 

assumption of volume invariance of isotropic materials, i.e., 1 2 3 =1   .  

The total length of the chains (
tl ) can be incorporated with the lengths of folding 



and unfolding chains, thus it can be expressed as,  

2

2

3 2
exp( ) 1

t f f u u u

B b

lN
l N l N l Nl

G l

k T nl





= + = −

− 
+ + +

          (9) 

According to the scaling theory ( h l ) [40] and rubber elasticity theory [38-40], 

the constitutive stress-strain relationship of the stretchable network can be written as, 
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2.2 Mechanochemical transition of brittle network 

For the brittle network in the DN hydrogel, there is a linear deformation behavior in 

response to external stress, thus the mechanical energy ( cmH ) can be written using a 

format of Hooke’s Law,  
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where cmE  is the Young's modulus of hydrogel, hG  is the bond energy of brittle 

network and cmN  is the number of macromolecule chains undergoing 

mechanochemical transition in the brittle network. Under a uniaxial stretching, the 

stress of brittle network can be obtained in combination of equations (3) and (11),  
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On the other hand, the mixing entropy has also been changed due to the 



mechanochemical transition according to the Flory-Huggins solution theory [38-40]. 

During this transition, the mixture of brittle network and water has been changed into 

the mixture of broken macromolecule chains and water, thus resulting in the changes 

of mixing entropy. These changes in mixing entropy ( MS ) and mixing enthalpy 

(
'

MH ) can be obtained using the following equations, 

   1 1lnMS Rn  = −                              (13) 
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where R  is the gas constant ( R = B Ak N , AN  is the Avogadro constant), MH  is 

the mixing enthalpy,   is the interaction parameter. Based on the equations (13) and 

(14), the mixing free energy ( MW ) can be further written as, 
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where 1n  and 1  represent the molar and volume fractions of the hydrogel, 

respectively, 2  represent the volume fraction of water. It is assumed that the water 

molecules are incompressible, and increases of their volume fractions can increase 

volume of the hydrogel, thus, we can obtain 
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Based on the equation (15), the stress can be expressed by,  
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2.3 Mechanical behavior of DN hydrogel  

According to the equations (10), (12) and (16), the constitutive relationship of 

stress as a function of stretching ratio for the DN hydrogel can therefore be obtained,  
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where p is the hydrostatic pressure. 

Using the above proposed model, the analytical results for the DN hydrogel have 

been plotted in Figure 2. All the parameters used in equation (17) are listed in Table 1. 

Here  p=0 is hydrostatic pressure, and it is obtained from boundary condition when 

the initial stress is 0. As shown in Figure 2(a), the model can describe the overall 

mechanical process of the DN hydrogel, which undergoes three steps of deformation 

stages, e.g., linear elastic deformation, non-linear large deformation and 

mechanochemical transition. The stretchable network undergoes a non-linear and 

large deformation, which is governed by the folding-to-unfolding transition. 

Meanwhile, the pre-stretched brittle network undergoes a linear elastic deformation, 

followed by a mechanochemical transition, which are governed by the Hooke’s Law 

and Flory-Huggins theory, respectively. Analytical results of the stress values as a 

function of elongation ratio are plotted in Figure 2(b), at a given length in change 

( l ). The ultimate stress is gradually decreased from 1.05 MPa to 0.85 MPa, with an 

increase of the value of l  from 1.5×10-3 to 3.9×10-3. With a lower value of l , 

more mechanical energy is necessary to stretch the DN hydrogel at a constant 

elongation ratio. The length in change ( l ) of folding-to-unfolding transition plays a 

critical role to determine the mechanical behavior the DN hydrogel. 



Table 1. Values of parameters used in equation (17), where the hydrostatic pressure 

p=0.  
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Figure 2. (a) Illustration of folding-to-unfolding and mechanochemical transitions. (b) 

Analytical results of stress vs. elongation ratio of DN hydrogel at given constants of 

l =1.5×10-3, 2.1×10-3, 2.7×10-3, 3.3×10-3 and 3.9×10-3.  

2.4 Experimental verification  

To verify the proposed model, two groups of experimental data reported in Refs. 

[25,48] for the DN hydrogels of PAMPS/PAAM (PAMPS: 

poly(2-Acrylamido-2-methylpropanesulfonic acid; PAAM: poly(Acrylamide)) and 

SF/SA-AMx (SF is silk fibroin, SA: stearyl acrylate, AM: acrylamide and x is the 

concentration of sodium dodecyl sulfate) have been employed to compare with the 

analytical results. Figure 3(a) plots the constitutive stress-elongation ratio relationship 



of PAMPS/PAAM DN hydrogels with various concentrations of PAAM (
WC ), e.g., 

1.1M, 1.3M, 1.5M and 1.7 M (M: mole) [25], where the hydrostatic pressure p=0.076, 

0.068, 0.052 and 0.056, respectively. All the parameters used in the calculation using 

the equation (17) are listed in Table 2, at given constants of 1.2
B

G

k T

−
= − , 

2

3
0.05

bnl
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and 3 = . It is found that the analytical results fit well with the experimental data. 

With the values of 
WC  increased from 1.1M, 1.3M, 1.5M to 1.7M, both the stress 

and mechanical energy are increased at the same elongation ratio. Furthermore, the 

obtained yield strengths are 0.21 MPa, 0.19 MPa, 0.14 MPa and 0.17 MPa. The 

similarities between the analytical and experimental results have been compared using 

the correlation index ( 2R ), and their values for the PAMPS/PAAM DN hydrogels 

with ( )WC M  of 1.1M, 1.3M, 1.5M and 1.7 M are 89.68%, 80.35%, 93.01% and 

97.97%, respectively. 

Experimental data of SF/SA-AMx DN hydrogels with a variety of concentrations 

of sodium dodecyl sulfate [48] have also been employed to compare with the 

analytical results based on the proposed model. From the results shown in Figure 3(b), 

the theoretical model can well predict the constitutive relationship of stress with 

respect to elongation ratio for the SF/SA-AMx DN hydrogels. All the parameters used 

in calculations based on the equation (17) are listed in Table 2, at given constants of

1.2
B

G

k T

−
= − , 

2

3
0.05

bnl
=  and 1 = . Furthermore, the yield strengths were also 

calculated and they are 0.093 MPa, 0.141 MPa and 0.112 MPa for the DN hydrogels 

with concentrations of sodium dodecyl sulfate of 1/8, 1/16 and 1/20, respectively. The 



similarities between the analytical and experimental results have been obtained, and 

the correlation index ( 2R ) are 98.47%, 98.85% and 98.66%, for the SF/SA-AMx DN 

hydrogels with concentrations of sodium dodecyl sulfate of 1/8, 1/16 and 1/20, 

respectively. 

Table 2. Values of parameters used in equation (17) for PAMPS/PAAM and 

SF/SA-AMx DN hydrogels. 
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Figure 3. (a) Comparisons of analytical results and experimental data [25] for the 

PAMPS/PAAM DN hydrogels with various concentrations of PAAM. (b) 

Comparisons of analytical results and experimental data [48] for the SF/SA-AMx DN 

hydrogels with various concentrations of sodium dodecyl sulfate. 

3. Modelling of polyampholyte DN hydrogel 

3.1 Modeling of entanglement and dangling effects  

For the DN hydrogel, the stretchable network undergoes a folding-to-unfolding 

transition in response to an external force [35-37]. While the brittle network 

undergoes a mechanochemical transition to resist the external force. If these two 

networks have the opposite electrical charges, they could form either strong or weak 

bonds among the macromolecule chains [27-30], in which the strong bonds are due to 

the crosslinks by means of chain-poly[n]-entanglements [27,28], whereas the weak 

bonds are due to the broken dangling chains with the opposite charges, as shown in 

Figure 4(a). In comparison with the conventional DN hydrogels, polyampholyte ones 

present a unique enhancement effect due to the charge attraction between these two 

different networks [27-30]. However, there are two types of charge attractions based 

on the bonding strengths, i.e. a strong bonding associated to the entanglement effect 

and a weak bonding associated to the dangling effect, as shown in Figure 4(b).  



 

 

Figure 4. (a) Schematic illustration of mechanoresponsive behaviors of networks in 

the polyampholyte DN hydrogel. (b) Schematic illustration of the stress-induced 

entanglement and dangling effects in polyampholyte DN hydrogel. 

Here the WLC model is applied to characterize the free energy ( wlF ) and stress 

( wl ) functions of entanglement effect in the polyampholyte DN hydrogel [37],  
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where wlN  is the number of chains involved into entanglement effect, wlk  is a 

constant, wlh  is the mean square end distance, wlL  is the contour length and pl  is 

the persistence length.  



Furthermore, the dangling effect can be described using the tube model [40], thus, 

tube mobility ( tu ) and diffusion coefficient ( tuD ) can be written as, 
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where tuv  is the relaxation velocity of chain, tuf  is the equivalent friction, tuN  is 

the number of chains and 1  is a constant. According to the tube model [40], the 

relaxation time ( tu ) can be expressed as,  
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where tuk  is the scaling parameter [40].  

Based on the equations (19) and (20), two different networks are considered to 

become mutual if there is neither externally mechanical loading nor charge attraction 

during their entanglements, thus, it has an relaxation velocity of 1wl B
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Here the force ( wlf ) caused by entanglement effect can be expressed by,  
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A correction of stress-strain relationship caused by the strong entanglement is 

introduced as [35,36],  

2

2

2

21 1
     

4 3
4(1 )

1 1 1
( )            1

4 2
4(1 )

p p p

wl

B wl wl

wl

wl wl wl

wl

l l lh
f h

hk T L L

L

h h h
o

h L L L

L

  
= = + −  =     −




   
 + +     −



             (22) 



where h  is the mean square end distance of strong bond.  

The mean square end distances of entanglement ( ( )wl wlh h h+  ) and 

macromolecule chain ( 2 2 ( )wl p wl ph l L l= −  [36,38,39]) can be further expressed, 

respectively, as,  

2
1

3 21
1

3 | |
1

wl

p pwl

wl wl pwl

p

L

l lh h

h L lL

l

− +
+ 

= = +
−

−

               (23a) 

( )2 2 21
1 1 2 3

1
  

321
1

3 | |

wl

p

wl p

I
h I

l

L l

  = = + +

+
−

             (23b) 

On the other hand, effect of weak bonding on mechanical behavior is governed by 

the dangling chain theory [40]. The relaxation behavior of dangling chain is governed 

by the rubber elasticity theory and can be written as [38-40], 

1 ln( )d d

d

t
N k


                               (24a) 

1 2 2

1 1
[ ln( ) ln( )]( )d B d d

d

k T k k


  
 

−
= − − −               (24b) 

where dN  is the number of dangling chains, d  is relaxation time of a dangling 

chain, 1dk  and 2dk  are normalized parameters associated to the numbers of 

dangling chains [40].  

According to equations (18), (20) and (24), the constitutive stress-elongation ratio 

relationship can be written using the extended Maxwell model [34], 

1
[1 exp( )]tu B tu tu

tu

k N T


  
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−
= − −                  (25a) 
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where   is the loading rate. Under the uniaxial tension loading ( 1 =

1/2

2 3  −= = 2 1

1 2I  −= + ) and shearing loading ( 1 = 2 1 = 1

3 −=

2 2

1 1I  −= + + ), the constitutive relationship of stresses can be written as follows, 
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For the unloading process, the weak bonds take a certain relaxation time to regain 

their original state, thus, the constitutive stress relationship shows a time-dependent 

behavior, 
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where   is the stretching rate and r  is the residual elongation ratio in the 

cyclically process. 

To verify the model of entanglement and dangling effects in polyampholyte DN 

hydrogels, the constitutive stress-elongation ratio relationship was further investigated 

to explore their working mechanisms of mechanical behaviors. Based on the proposed 

model of equation (26), the analytical results of polyampholyte DN hydrogel were 

obtained, and the results are plotted in Figure 5. All the parameters used in the 

calculation using the equation (26) are listed in Table 3. In comparison with those of 

the conventional DN hydrogels, both yield strength and elongation ratio of the 

polyampholyte DN hydrogels have been significantly increased due to the 

entanglement and dangling effects, as shown in Figure 5(a). Due to the charge 

attraction, a high mechanical energy is needed for the polyampholyte DN hydrogel to 

resist the entanglement and dangling effects, which are originated from the strong and 

weak bonds of polyampholyte networks, respectively.  

Table 3. Values of parameters used in equation (26).  

pl  
wlL  ( )wl BN k T MPa  4 ( )B tu tuk N k MPa s  

1

3
( )

tu tu

T
s

N k

−  

1 12 0.8 4 0.02 

( )d s  1 ( )d Bk k T MPa  2 ( )d Bk k T MPa  1( )s −
 

7.39 0.1 0.1 1 

Furthermore, the analytical results also indicate that the entanglement effect plays a 

more significant role to enhance the mechanical strength of the polyampholyte DN 



hydrogel, in comparison with that of the dangling effect. Figure 5(b) is plotted to 

illustrate the entanglement effect as a function of flexibility (
p

wl

l

L
) of macromolecule 

chain. The entanglement effect reaches its maximum value with an increase in 

flexibility from 
p

wl

l

L
=0 to 

p

wl

l

L
=1. However, it is then gradually decreased with a 

further increase in flexibility.  

 

Figure 5. Analytical results of equations (23) and (26). (a) Stress-elongation ratio 

behavior of polyampholyte and conventional DN hydrogels. (b) The mean square end 

distance of entanglement effect ( wl

wl

h h

h

+ 
) with respect to flexibility (

p

wl

l

L
) of 

macromolecule chain.  

Analytical results of the stress values as a function of elongation ratio at different 

relaxation times ( d ) of 3.669 s, 4.482 s, 5.474 s, 6.686 s and 8.166 s are plotted in 

Figure 6. These analytical results can be explained by the tube model [40]. Figure 6(a) 

shows the effect of diameter of tube on the stress and dangling relaxation of DN 

hydrogel. With a larger diameter of the tube, the dangling chains are more difficult to 



relax, thus resulting in a higher mechanical energy and stress to resist the externally 

mechanical loading. That is to say, all the functions that determine the diameter of 

tube will therefore influence the dangling relaxation and mechanical behavior of the 

polyampholyte DN hydrogels.  

On the other hand, the analytical results of the stress as a function of relaxation 

time ( d ) are plotted in Figure 6(b). With an increase in the relaxation time ( d ) from 

3.669 s to 8.166 s, the stress is dramatically increased from 1.42 MPa to 2.22 MPa at 

the same elongation ratio of  =10. These analytical results can also be explained by 

the tube model [40]. With an increase in relaxation time, the diameter of the tube is 

therefore increased, thus causing the increased recovery ratio of dangling chains. 

Therefore, the relaxation motion of dangling chains is then significantly restricted, 

thus resulting in the enhanced mechanical energy and stress.  

 

Figure 6. Analytical results of equation (26) for dangling effect in polyampholyte DN 

hydrogel. (a) Effect of diameter of tube on constitutive stress-elongation ratio 

relationship. (b) Effect of relaxation time ( d ) on constitutive stress-elongation ratio 

relationship at d =3.669 s, 4.482 s, 5.474 s, 6.686 s and 8.166 s. 

 



3.2 Experimental verification 

To verify the proposed model based on equation (26a), the analytical results of 

effect of stretching rate on constitutive stress-elongation ratio relationship have been 

plotted in Figure 7, together with the experimental data of polyampholyte 

poly(NaSS-co-MPTC) (NaSS: sodium p-styrenesulfonate; MPTC: 

3-(methacryloylamino) propyltrimethylammonium chloride) DN hydrogel, reported in 

Ref. [29]. The parameters used in the equation (26a) are listed in Table 4.  

Table 4. Values of parameters used in equation (26a) for polyampholyte 

poly(NaSS-co-MPTC) DN hydrogel at a variety of stretch rate.  

1( )s −
 wlL

 pl  wl BN k T
 

4

B tu tuk N k  3

tu tu

T

N k
 

1d Bk k T
 2d Bk k T

 d  

0.01 8.6 

1.25 

7.532 330 

8.0×10-3 

1.321 

0.736 8.339 

0.02 8.0 6.641 291 1.785 

0.1 9.0 7.873 345 2.484 

0.2 9.0 7.873 345 2.484 

0.41 9.0 9.413 402 2.969 

It is clearly seen from Figure 7 that the analytical results are in good agreements 

with the experimental ones. The similarities between the analytical and experimental 

results are compared using correlation index ( 2R ), which are 96.25%, 97.78%, 

96.09%, 99.41% and 97.02% at the different stretching rates ( ) of 0.01 s-1, 0.02 s-1, 

0.1 s-1, 0.2 s-1 and 0.41 s-1, respectively. These analytical and experimental results 

reveal that the externally mechanical force is gradually increased with an increase in 



the stretching rate ( ) from 0.01 s-1, 0.02 s-1, 0.1 s-1, 0.2 s-1 to 0.41 s-1, at the same 

elongation ratio. The stretching rate plays a critical role to determine the 

rate-dependent mechanical behavior, which is resulted from the relaxation of dangling 

chains in the polyampholyte poly(NaSS-co-MPTC) DN hydrogel. Meanwhile, Figure 

7(b) shows the simulation result using one set of parameters listed in Table 4, where 

10.01s −= . 

  

Figure 7. Comparisons of analytical and experimental results [29] for the force as a 

function of displacement of polyampholyte poly(NaSS-co-MPTC) DN hydrogel. (a) 

Based on different parameters as shown in Table 4. (b) Based on one set of 

parameters in Table 4, where 10.01s −= . 

Meanwhile, effect of tearing rate on the mechanical behavior of the polyampholyte 

PNaSS-co-PMPTC DN hydrogel [30] was also investigated. The parameters used in 

the equation (26b) are listed in Table 5. Figure 8 plots the obtained constitutive 

stress-elongation ratio relationship of polyampholyte PNaSS-co-PMPTC DN 

hydrogel at various tearing rates. These analytical results fit well with the 

experimental data at the tearing rates ( ) of 1.7×10-4 m/s, 1.7×10-3 m/s and 8.5×10-3 

m/s [30]. With tearing rates increased from 1.7×10-4 m/s to 8.5×10-3 m/s, the tearing 
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force is significantly increased. Meanwhile, the similarities between the analytical and 

experimental results were calculated based on correlation index ( 2R ), which are 

82.91%, 92.49% and 79.35% at the tearing rates ( ) of 1.7×10-4 m/s, 1.7×10-3 m/s 

and 8.5×10-3 m/s, respectively. 

Table 5. Values of parameters used in equation (26b) for polyampholyte 

PNaSS-co-PMPTC DN hydrogel at various tearing rates.  

( / )m s  wlL
 pl  wl BN k T

 
4

B tu tuk N k  3

tu tu

T

N k
 

1d Bk k T
 2d Bk k T

 d  

0.17×10-3 25 

2.5 

0.505 1788.23 

2.353 

1.6×10-3 

6×10-4 4.056 1.7×10-3 20 0.331 1095.29 6.9×10-2 

8.5×10-3 20 0.445 1475.29 1.7×10-1 

 

Figure 8. Comparisons of analytical results and experimental data [30] for the force as 

a function of displacement of polyampholyte DN hydrogels at a given tearing rate ( ) 

of 1.7×10-4 m/s, 1.7×10-3 m/s and 8.5×10-3 m/s.  

Finally, three groups of cyclic tensile experimental data [30] of polyampholyte 
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PNaSS-co-PMPTC DN hydrogel at different tensile strain rates have been employed 

to verify the analytical results using equations (26) and (27), which are plotted in 

Figure 9. All the parameters used in the equations (26) and (27) are listed in Table 6.  

Table 6. Values of parameters used in equations (26) and (27) for polyampholyte 

PNaSS-co-PMPTC DN hydrogel in the cyclically mechanical loading, at given 

constants of pl =1 and d =1.235.  

1( )s −
 wlL

 wl BN k T
 

4

B tu tuk N k  3

tu tu

T

N k
 

1d Bk k T
 2d Bk k T

 r  

0.014 5 0.0942 1.857/6.428 0.14/0.04 0.0309 1.03×10-2 2.01 

0.14 4 0.0843 1.783/0.736 0.14/0.29 0.1440 9.6×10-3 2.20 

0.69 4 0.1071 2.652/0.088 0.14/0.89 0.2806 9.6×10-3 2.25 

The stress is gradually increased with an increase in the elongation ratio. Both the 

analytical and experimental results show that the stress of polyampholyte 

PNaSS-co-PMPTC DN hydrogel is significantly increased from 0.178 MPa, 0.452 

MPa to 0.816 MPa, with an increase in the strain rate ( ) from 0.014 s-1, 0.14 s-1 to 

0.69 s-1. With a high strain rate, the relaxation time of dangling chain is reduced and 

the diameter of tube becomes enlarged, thus resulting in increased mechanical 

energies and stresses due to the relaxation of dangling chains. Meanwhile, the residual 

elongation ratio ( r ) is also increased from 2.01, 2.20 to 2.25 with an increase in the 

strain rate, thus resulting in increased relaxation time of dangling chains. Furthermore, 

according to the reversible mechanical behaviors of polyampholyte 

PNaSS-co-PMPTC DN hydrogel [30], the folding-to-unfolding transition of 

stretchable network, mechanochemical transition of brittle network, the entanglement 



and dangling effects of polyampholyte macromolecule chains all have good reversibly 

mechanoresponsive properties.  

 

Figure 9. Comparisons of analytical results and experimental data [30] for the stress 

as a function of elongation ratio of polyampholyte PNaSS-co-PMPTC DN hydrogel at 

strain rates ( ) of 014 s-1, 0.14 s-1 and 0.69 s-1.  

4. Conclusions  

In this study, we propose a collective and cooperative constitutive model to study 

the mechanical behavior of the polyampholyte DN hydrogels, which undergo 

folding-to-unfolding, mechanomechanical transitions, entanglement and dangling 

chain-poly[n]-catenations. The theoretical models have been developed to investigate 

and explain the working mechanisms of significantly improved mechanical behavior 

of polyampholyte DN hydrogels. It is demonstrated that the proposed framework is 

able to well predict constitutive stress-elongation ratio relationship, as functions of 

flexibility of macromolecule chain, diameter of dangling chain, stretching rate and 

tearing rate. Entanglement and dangling chain-poly[n]-catenations have been found to 

play an essential role to improve the mechanical properties of polyampholyte DN 



hydrogels in comparison with these conventional ones. Finally, the analytical results 

have been verified using the experimentally obtained results reported in literature. 

This study is expected to provide a fundamental approach to formulate the 

constitutive relationship in polyampholyte DN hydrogel with an extremely high 

mechanical strength. 
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