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ABSTRACT
Metamaterials with multiple resonators have been widely investigated for the purpose of generating multiple stop bands or broadening
the attenuation bandwidth. The multiple resonators could be connected end to end in a line, namely, in-series connection, or connected
individually to the host structures, namely, in-parallel connection. This paper investigates the influence of the resonator connection
methodology on the frequency response functions of metamaterial beams with multiple resonators and exhibits an approach for optimizing their resonator distribution over the structure. The receptance functions of metamaterial beams with various resonator connection
architectures are calculated by a transfer matrix model, which is verified through finite element model results. It is demonstrated that resonator interconnection architectures have a great impact on the global dynamic properties of metamaterials. An optimization strategy is
subsequently proposed to find out the optimal resonator connection architectures and mass distributions that could minimize the
maximal receptance functions in targeted single and multiple frequency ranges. The objective functions within single targeted frequency
ranges are solved by the adoption of the genetic algorithm method. The weighted sum method is used to gain an optimal solution for
multi-frequency range optimization. The metamaterial beams with optimal resonator connection methods and mass distributions demonstrate greatly enhanced vibration attenuation at frequencies of interest compared with other beams. The work is expected to provide
the necessary theoretical basis and incentive for future researchers working on the design of metamaterials with extended, tuned, and
optimized stop bands.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0047391

I. INTRODUCTION
Metamaterials are artificially designed materials with
unique properties that cannot be achieved by natural bulk materials. Metamaterials have attracted much attention in the past
decades with original reports about them being related to electromagnetic and optical metamaterials.1–3 Elastoacoustic metamaterials are the mechanical counterpart of electromagnetic and
optical ones. Composed of base components and mechanical
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oscillators, elastoacoustic metamaterials possess unique properties such as negative mass and dynamic stiffness, negative bulk
modulus, and spectral gaps, within which the propagation of
waves is inhibited, also known as bandgaps or stop bands. Stop
bands are of critical importance for vibration suppression of
structures. Stop bands are mainly generated by two mechanisms,
Bragg scattering and local resonance. Bragg scattering is caused
by the interference of incident and reflected waves in periodic
lattice structures (i.e., phononic crystals), hence start occurring

129, 165101-1

Journal of
Applied Physics

when the wavelengths are twice as long as the lattice dimensions.
By contrast, local resonances are due to oscillating inclusions in
the metamaterials and can take place at frequency ranges lower
than that of Bragg scattering.
The first research using elastoacoustic metamaterials was
put forward by Liu et al.;4 they fabricated sonic crystals with
periodic hard cores and soft coatings. The sonic crystal exhibited
stop bands, where the lattice dimensions were two orders of
magnitude smaller than the wavelengths. After that, a great
number of elastoacoustic metamaterials were designed with a
range of resonators. For instance, studies (e.g., Yang et al.,5,8
Huang et al.,6 Zhang et al.,7,10 Wang et al.9) focused on metamaterials with a negative mass/density, which were composed of
membranes with attached masses. Researchers also (e.g., Fang
et al.,11 Mahesh and Mini,12 Casarini et al.,13 Gebrekidan
et al.,14 Liu et al.,15 Yamamoto,16 Tang et al.17) proposed metamaterials with Helmholtz resonators, which showed negative
elastic modulus. A few others (e.g., Maurya et al.18 and Liang
et al.19) proposed metamaterials by coiling up space to obtain
double negativity.
Elastoacoustic metamaterials were initially created with a
single resonator in each unit, and metamaterials with multiple
resonators were subsequently developed to obtain multifrequency stop bands and extend their bandwidths. Peng et al.,20
Wang et al.,21 Zhu et al.,22 Pai et al.,23 and Xiao et al.24 investigated engineering structures containing multiple mass-spring
subsystems. Huang and Sun,25 Chen et al.,26 and Li et al.27–29
proposed metamaterial lattices composed of multiple resonating
mass-in-mass systems. Meng et al.30–33 developed and optimized
beams with multiple rainbow shaped cantilever-mass resonators,
while Liu et al.14–16 proposed acoustic metamaterial panels incorporating an array of Helmholtz resonators with different resonance frequencies.
The resonators and host components of these metamaterials
can come in different architectures as mentioned above, the multiple resonators are, however, typically linked by standard connection methods, i.e., in-parallel and in-series connections or
combinations of these. With analogy to electrical circuits,
in-series connected resonators are linked end to end along a
single path. Typical instances of in-series connections could be
seen by metamaterial rods, beams, and plates incorporating multistage mass-spring oscillators.20,24,34–37 It is noted that only one of
the mass-spring resonators was attached directly to the base structures, others were linked in a sequence. By contrast, resonators by
in-parallel connection are connected individually to the host
structures. For instance, Shuguang et al.,38 Xiao et al.,39 and Zhu
et al.22 presented metamaterial beams with arrays of oscillators in
the units; each oscillator was attached to the beam and separated
from others.
Although the in-parallel and in-series methods are widely
adopted in the design and construction of multi-resonator metamaterials, the impact of the resonator connection architectures on
vibration attenuation within the stop bands and the resulting frequency response function (FRF) has not been investigated,
let alone the optimization of resonator connection methods and
mass distributions. We hereby report an investigation into how
the connection architectures and mass distributions of multiple
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FIG. 1. Schematic diagram of a metamaterial beam with multiple resonators of
different resonator connection architectures.

resonators can affect the vibration performance of metamaterial
beams. We also present an optimization scheme to search for
optimal architectures that are able to maximize structural performance within specified frequency bands, given a finite amount of
added mass and resonator numbers. It should be noted that different from the optimization of metamaterials in the previous literature that focused on the optimization of resonator mass
distributions,33 the optimization in the present paper aims at optimizing the resonator connection architectures as well as the mass
distributions.
The present paper is structured as: metamaterial beams with
various resonator connection methods are modeled by a transfer
matrix method in Sec. II, which is subsequently validated by
finite element (FE) models in Sec. III. Beams with different
resonator architectures are compared with the analytical model
in Sec. IV. The optimization methods and cases are elaborated
in Sec. V.
II. ANALYTICAL MODEL
In order to perform the optimization of the metamaterial
beam, an analytical model is proposed in this section to calculate
the FRFs of beams with multiple resonators as shown in Fig. 1.
The resonators propose different connection architectures,
including single, in-series where the resonators are connected
end-to-end to form a chain, and in-parallel where the resonators
or resonator chains are connected individually to the panels. The
transfer matrix method that has been widely used to model the
wave propagation in periodic structures40–44 is used to set up the
analytical model.
Each unit cell of the beam is divided into multiple segments
by the attached resonators/resonator chains as shown in Fig. 2, the
displacement of each segment can be written according to the
Euler Bernoulli beam theory, as
wn,j (x) ¼ αn,j eik0 (x(xn1 þp j1 Ld )) þ β n,j ek0 (x(xn1 þp j1 Ld ))
þ χ n,j eik0 (x(xn1 þp j1 Ld )) þ εn,j ek0 (x(xn1 þp j1 Ld )) ,

(1)

where j ¼ 1, 2, 3, . . . , q þ 1, q is the number of resonators/
resonator chains attached to a unit cell of the beam, pj Ld are the
locations of resonators/resonator chains at each unit cell, Ld is the
unit cell length of the beam. The flexural wavenumber value is
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FIG. 2. A unit cell of the metamaterial beam with multiple resonators. q represents the number of in-parallel connected resonators/resonator chains in the
unit cell, wn,j ( j ¼ 1, 2, . . . , q þ 1) is the displacement of the jth segment of
the beam, xn1 and xn are the locations of the two ends of the nth unit cell in
the beam, n1 , . . . , nq represents the numbers of in-series connected resonators in each resonator chain. mij ( j ¼ 1, 2, . . . , q, i ¼ 1, 2, . . . , nj ) is the
mass of the ith resonator in the jth resonator chain.

expressed as k0 ¼

 1/4 pﬃﬃﬃ
ρA
ω, with ρ being the density of the
EIz

beam, and A and Iz being the cross-sectional area and second
moment of area of the beam, respectively.
Each attached resonator/or resonator chain could be treated as
exerted forces on the beam. For single resonators as shown in
Fig. 3(a), the equilibrium equations of the single spring-mass
system at the nth unit cell could be described by

mr €z  k(wn  z)  c(w_ n  z_ ) ¼ 0,

(2)

where z is the displacement of the mass, wn is the displacement of
the beam at the interface between the beam and resonators; k, c,
and mr are the stiffness, damping ratio, and the mass of the oscillator, respectively.
The interaction force between the host beam and the resonator
is thus obtained as

Fa ¼ k(wn  z)  c(w_ n  z_ ) ¼ Qa wn ,

(3)

ω mr (kþiωc)
where Qa ¼ (ω
2 m þkþiωc).
r
With regard to the in-series resonator chain as shown in
Fig. 3(b), the equilibrium equations of the resonators could be

FIG. 3. Schematic diagram of (a) single resonator, (b) in-series resonator chain.

described by
m1€z 1 þk2 (z1 z2 )þc2 (_z 1  z_ 2 )k1 (wn z1 )c1 (w_ n  z_ 1 ) ¼ 0,
mi€z i þkiþ1 (zi ziþ1 )þciþ1 (_z i  z_ iþ1 )ki (zi1 zi )ci (_z i1  z_ i ) ¼ 0,
mt €zt ct (_z t1  z_ t )kt (zt1 zt ) ¼ 0,
(4)
where t ¼ 1, 2, 3, . . . is the number of in-series connected resonators in the resonator chain. Furthermore, zi (i ¼ 1, 2, 3, . . . t)
is the displacement of the ith mass, ki , ci , and mi are the stiffness,
damping ratio, and mass of the ith oscillator, respectively.
The interaction force between the resonator chain and the
beam can be expressed as
Fa ¼ k1 (wn  z1 )  c1 (w_ n  z_ 1 ) ¼ Qa wn ,

2
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where
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2
6
6
6
T¼6
6
6
4

Qa ¼ d1 (1 þ T in (1))wn , di ¼ ki þ jωci
ω2 m1 þ d1 þ d2 d2

3
7
7
7
7:
7
7
5

...
di

b ¼ ½ d1

ω2 mi þ di þ diþ1
...

0 ...

diþ1

dt
T
1
0  , T in ¼ T b

scitation.org/journal/jap

(6)

ω2 mt þ dt

According to the continuity of displacement, slope, equilibrium equations for the bending moment and shearing force at the resonator–beam interface, the displacements of the jth and ( j þ 1)th segments are related as
wn,j jx¼xn1 þpj Ld ¼ wn,jþ1 jx¼xn1 þpj Ld ,
w0 n,j jx¼xn1 þpj Ld ¼ w0 n,jþ1 jx¼xn1 þpj Ld ,
w00 n,j jx¼xn1 þpj Ld ¼ w00 n,jþ1 jx¼xn1 þpj Ld ,

(7)

EIz w00 n,j jx¼xn1 þpj Ld þ Fa,j ¼ EIz w00 n,jþ1 jx¼xn1 þpj Ld ,
where Fa,j ( j ¼ 1, 2, . . . , q) is the interaction force between the jth resonators/resonator chains and the beam calculated by Eqs. (3)
and (5).
Substitution of Eq. (1) into Eq. (7) yields
[αn,jþ1 , β n,jþ1 , χn,jþ1 , εn,jþ1 ]T ¼ T nj [αn,j , β n,j , χ n,j , εn,j ]T ,

(8)

where
T nj ¼ T 1
B T fj Dj
2
1
6
ik0
6
T fj ¼ 6
4
k20
(EIz ik30 þ Qa,j )

3
1
1
1
7
k0
ik0
k0
7
7,
2
2
2
5
k0
k0
k0
(EIz k30 þ Qa,j ) (EIz ik30 þ Qa,j ) (EIz k30 þ Qa,j )

Dj ¼ diag(eik0 ( pj p j1 )Ld , ek0 ( pj p j1 )Ld , eik0 ( pj p j1 )Ld , ek0 ( pj p j1 )Ld ),
3
2
1
1
1
1
6 ik
k0
ik0
k0 7
0
7
6
TB ¼ 6
7:
4 k20
k20
k20
k20 5
EIz ik30 EIz k30 EIz ik30 EIz k30

(9)

Displacement transfer matrix T n between the nth and (n þ 1)th unit cells can hence be derived by
[αnþ1,1 , β nþ1,1 , χ nþ1,1 , εnþ1,1 ]T ¼ T n [αn,1 , β n,1 , χ n,1 , εn,1 ]T ,

(10)

where T n ¼ DnR T nU T n(U1) . . . T n1 , DnR ¼ diag(eik0 (1pU )Ld , ek0 (1pU )Ld , eik0 (1pU )Ld , ek0 (1pU )Ld ).
Assuming that the metamaterial beam is composed of m unit cells, the beam is excited by a force F at one end and the other end is
free, it is then derived that
EIz w000 1,1 jx¼0 ¼ F,
EIz w00 1,1 jx¼0 ¼ 0,
EIz w000 M,Uþ1 jx¼MLd ¼ 0,
EIz w00 M,Uþ1 jx¼MLd ¼ 0:

J. Appl. Phys. 129, 165101 (2021); doi: 10.1063/5.0047391
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(11)

129, 165101-4

Journal of
Applied Physics

ARTICLE

scitation.org/journal/jap

The relationship between the two ends of the beam could be
obtained on the basis of the transfer matrix given by Eq. (10), as
T

[αMþ1,1 , β Mþ1,1 , χMþ1,1 , εMþ1,1 ]TS [α1,1 ,β1,1 ,χ1,1 ,ε1,1 ] ,

(12)

where T S ¼ T m T m1 T m2    T 1 .
Combing Eqs. (11) and (12) yields
2

3
2 3
F
αMþ1,1
6 β Mþ1,1 7
6 7
6
7 ¼ T S T 1 6 0 7,
A 405
4 χ Mþ1,1 5
0
εMþ1,1

(13)

where
M d1

T
T
d1 , M d2 , M d3 , M d4 ] ,
 A ¼ [M

3
3
3
¼ EIz ik0 EIz k0 EIz ik0  EIz k30 ,
M d2 ¼ k20 k20 k20 k20 ,
M d3 ¼ ik30 k30 ik30 k30  T s ,
M d4 ¼ k20 k20 k20 k20 T s :

(14)

The receptance function of the metamaterial beam can be calculated by the above equations as


αMþ1,l þ β Mþ1,l þ χMþ1,l þ εMþ1,l 
:
Rec ¼ 20 log10 

F

(15)

III. VALIDATION OF THE ANALYTICAL MODEL
The analytical model is validated in this section. Receptance
functions estimated by the exhibited analytical model are compared
with that derived through FE calculations. The FE method has
been widely used and verified by experiments to model elastoacoustic metamaterials.34,40,45–50
The FE models are built with the use of the solid mechanics
module of Comsol Multiphysics. The metamaterial structures were
treated as linear elastic materials. Unit cells of FE models of the
beams with in-series and in-parallel resonators are shown in Figs. 4
(a) and 4(b). The length of each beam unit is 100 mm, and the
width and thickness are 20 and 2 mm, respectively. The host beam
is made of aluminum with a density of 2700 kg/m3 and a Young’s
modulus of 70 GPa. Each unit contains eight resonators. The
masses and stiffnesses of the resonators are

0:9 0:8 0:7 0:6 0:3 0:2 0:25 0:25
,
,
,
,
,
,
,
Ma ,
8
8
8
8
8
8
8
8

1602 m1 , 1802 m2 , 2002 m3 , 2252 m4 ,
,
[k1 , k2 , . . . , k8 ] ¼ 4π 2
2502 m5 , 2752 m6 , 4752 m7 , 5002 m8

[m1 , m2 , . . . , m8 ] ¼

(16)
where Ma is the mass of the unit cell of the host beam.
The receptance functions estimated by the analytical model
and FE models are compared in Figs. 5(a) and 5(b). It can be seen
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FIG. 4. Unit cells of the FE models of metamaterial beams with in-series (a)
and in-parallel (b) resonators. Eight mass blocks (in green) are connected to the
host aluminum beam (in gray) by springs (in red).

that the analytical results agree well with that calculated by FE
models for both beams. Minor differences might be introduced by
the assumptions and simplifications in the analytical model.
Ap , Bp , . . . , Hp and As , Bs , Cs are the resonance frequencies of the
beams with in-parallel and in-series resonators within their bandgaps, respectively. The modal shapes of the metamaterial beams
with in-parallel and in-series resonators at these resonance frequencies are also solved out by the numerical models as shown in
Figs. 5(c) and 5(d), respectively. It should be noted that the mesh
convergence study of FE models is given out in Appendix A. It can
be seen from Fig. 5(c) that, for the beam with in-parallel resonators,
one resonator dominates at each resonance frequency, which
means that the bandgaps of the beam with in-parallel resonators
are determined by the resonance of each individual resonator. On
the contrary, regarding the metamaterial beam with in-series resonators, the bandgaps are attributed to the resonances of the
in-series resonator chain instead of each individual resonator as
can be seen in Fig. 5(d).
IV. COMPARISON OF BEAMS WITH DIFFERENT
RESONATOR CONNECTION ARCHITECTURES
The FRFs of beams with single, in-parallel, and in-series resonators are discussed in this section with the use of the abovementioned analytical model. Influences of resonator mass distributions
on the stop bands of the metamaterial beams are explored.
Receptance functions of the beam with single resonators are
illustrated by the contour map shown in Fig. 6. The aluminum host
beam contains 10 units with a height, width, and unit length of 2.5,
10, and 30 mm, respectively. The stiffness of the resonators is
500 N/m. The stop band within which the receptance functions are
greatly reduced can also be seen in Fig. 6. It can be seen that, with
the increase in the resonator mass, the bandwidth of the stop band
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FIG. 5. Receptance function comparisons between analytical (solid line) and FE (dashed line) models of metamaterial beams with (a) in-parallel resonators and (b)
in-series resonators. Ap , Bp , . . . , Hp and As , Bs , Cs are the natural frequencies of the beams with in-parallel and in-series resonators within their bandgaps, respectively.
The modal shapes of the two beams at Ap , Bp , . . . , Hp and As , Bs , Cs are shown in (c) and (d).

J. Appl. Phys. 129, 165101 (2021); doi: 10.1063/5.0047391
Published under an exclusive license by AIP Publishing.

129, 165101-6

Journal of
Applied Physics

ARTICLE

scitation.org/journal/jap

FIG. 6. Contour map of transmittance for beams with single resonators. The
stop band region is marked by the white and black dashed lines. mr and Ma are
the masses of the resonator and the host beam unit, respectively.

where the receptance functions are greatly reduced increases and
frequencies of the stop band decrease conversely, which is favorable
for the application of metamaterials. Nonetheless, resonators with
large masses could impose an excessive burden to the structures in
applications. Enlarging the mass of resonators is hence not an ideal
strategy to obtain broad stop bands.
Next, the FRFs of beams with in-parallel and in-series resonators are discussed. We consider beams with dual resonators in each
unit for simplification. The influences of mass distributions on the
receptance functions of beams with in-series and in-parallel resonators are shown in Figs. 7(a) and 7(b), respectively. The host beams
have the same physical and geometric parameters as those with
single resonator. The total mass of the two resonators in each unit
cell are set as 0:3 Ma . It can be seen that, different from single resonator in each unit cell, multiple resonators lead to multiple bandgaps. The FRFs of the beams also vary dramatically with the
resonator connection methods. As shown in Fig. 7(a), the in-series
resonators result in two separate stop bands, the bandgap frequency
of the second stop band is larger, while the bandwidth much
smaller than that of the first stop band. By contrast, the in-parallel
resonators generate two bandgaps that overlap when the two resonators have close masses as shown in Fig. 7(b).

V. OPTIMIZATION OF RESONATOR CONNECTION
ARCHITECTURE AND MASS DISTRIBUTIONS
As mentioned above, the resonator connection architectures
and mass distributions play an important role in the FRFs of metamaterial beams, hence an optimization strategy is hence developed
in this section to explore the resonator connection methods and
mass distributions that maximize the vibration attenuation within
targeted frequency ranges.

J. Appl. Phys. 129, 165101 (2021); doi: 10.1063/5.0047391
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FIG. 7. Contour map of receptance values for beams with (a) in-series (b)
in-parallel dual resonators. The total masses of two resonators are set as
0:3Ma . The stop band regions are marked by the white and black dashed lines.
m1 and m2 are the masses of the two resonators in each unit cell of the metamaterial beam.

A. Optimization objective functions

1. Single frequency range optimization
The vibration attenuation could be regarded as maximal when
the maximal value of receptance functions is minimized at frequencies of interest. The objective function is thus defined as
min

f ¼ max [Rec (q, n1 , . . . , nq , [mij ], Φ)],
s:t:
mmin  mij  mmax ,

(17)

where q represents the number of in-parallel connected resonators/
resonator chains in each unit cell, n1 , . . . , nq represents the
numbers of in-series connected resonators in each resonator chain,
and mij ( j ¼ 1, 2, . . . , q, i ¼ 1, 2, . . . , nj ) is the mass of the ith
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resonator in the jth resonator chain as shown in Fig. 2. Φ is the targeted frequency range for optimization. The receptance functions
can be predicted by Eq. (15).

2. Multi-frequency range optimization
The optimization of vibration attenuation within multiple frequency ranges can be performed by
f ¼ [max ( f1 ), max ( f2 ), . . .]
f1 ¼ Rec (q, n1 , . . . , nq , [mij ], Φ1 ),
f2 ¼ Rec (q, n1 , . . . , nq , [mij ], Φ2 ), . . .
s:t:
mmin  mij  mmax ,

min

(18)

where Φ1 , Φ2 , . . . are the multiple targeted frequency ranges. The
above function is composed of multiple objective functions, no resonator connection architectures and distributions exist that can
simultaneously minimize the maximal receptance functions within
all frequency ranges. The constituting objective functions thus are
conflicting and competing since none of the objective functions
would be achieved without being prejudicial to the other objective
value. A Pareto optimal solution instead of a “real” optimization
solution is explored to find out a trade-off design among all
involved objective functions. The weighted sum method that can
combine all the multi-objective functions with weight factors is
adopted to develop a new single objective function, as
min

f ¼ max [κ 1 Rec (Φ1 ) þ κ2 Rec (Φ2 ) þ   ],

scitation.org/journal/jap

1. Single frequency range optimization case
Two single frequency optimization cases are carried out
within the frequency ranges of Φ ¼ 120  160 Hz and
Φ ¼ 380  420 Hz, respectively, which are in the proximity of the
two resonance frequencies of the host beam without resonators.
The parameters of the optimized resonator architectures and mass
distributions for the two optimization cases are obtained as
q ¼ 6,
[n1 , . . . , nq ] ¼ [1, 1, 1, 1, 2, 4],
2
3
0:0059 0:0072 0:0039 0:0060 0:0020 0:014
6
0:17 0:0026 7
7M ,
[mij ] ¼ 6
4
0:042 5 a
0:043
(20)

(19)

where κ 1 , κ2 , . . . are the weight factors of the frequency ranges,
whose values of weight factors could be adjusted according to
requirements in applications.
B. Optimization case studies
To display the feasibility of the optimization strategy, we
conduct optimization studies in this section. The host beam and
stiffness of resonators are the same as that used in the last section.
The total mass of the resonators in each unit cell is set less than
0:3 Ma , and a maximal of 10 resonators are attached to each unit
cell of the beam.
The objective functions are solved by the use of the genetic
algorithm (GA) method in Matlab. GA is an evolutionary algorithm inspired by the process of natural selection. The GA optimization technique has been widely used due to its ability to find out
“global” optimal values for complex problems quickly. GA is also
popular for the optimization of metamaterials.51–53 The GA optimization starts with a random initial population, whose fitness
values of individuals in the population are estimated based on the
fitness functions. If the predefined stopping criterion is satisfied,
the optimization progress ends, otherwise, offspring will be generated by virtue of biological operators such as mutation, selection,
and crossover. The fitness values of the new generation will also be
estimated and compared with the stopping criterion. The loop
repeats until the stopping criterion is reached.
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FIG. 8. The evolution of fitness values with the generation for the single frequency range optimizations in (a) Φ ¼ 120  160 Hz, (b) Φ ¼ 380  420 Hz.
The change in receptance functions with generation are plotted in the subfigures.
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[mij ] ¼

0:043

q ¼ 9,
[n1 , . . . , nq ] ¼ [1, 1, 1, 1, 1, 1, 1, 1, 2],
0:0018 0:044 0:039 0:0010 0:040 0:037 0:043

The evolution of the fitness value with the generation is plotted
in Figs. 8(a) and 8(b). It can be seen that the maximal receptance
functions within the targeted frequency ranges decrease dramatically
with the increase in the generation. Receptance functions of the bare
beam and the two metamaterial beams with optimal resonator connections and mass distributions are compared in Figs. 9(a) and 9(b),
respectively. The optimal resonator connection architectures are also
plotted in these two figures. It can be seen from Figs. 9(a) and 9(b)

scitation.org/journal/jap

0:040
Ma :
0:0035

(21)

that the maximal receptance functions are greatly reduced by the
optimization within the targeted frequency ranges, which will result
in enhanced vibration attenuation.

2. Multi-frequency range optimization case
The multiple optimization case is performed in both the abovementioned frequency ranges simultaneously, i.e., Φ ¼ 120  160 Hz
and Φ ¼ 380  420 Hz, the weight factors are set as κ 1 ¼ κ 2 ¼ 0:5.
The new optimization function is also solved by the GA method.
The optimal resonator connection methods and mass distributions are obtained as
q ¼ 5,
[n1 , . . . , nq ] ¼ [3, 1, 1, 1, 4],
2
3
0:0066 0:036 0:039 0:043 0:052
6 0:010
0:024 7
7M :
[mij ] ¼ 6
4 0:0076
0:014 5 a
0:059

(22)

Figure 10 shows the change in the best fitness value of each
generation during the optimization process. Figure 11 compares the
receptance functions of the host beam and optimized metamaterial
beam. It can be seen from both figures that maximal receptance
functions within the two targeted frequency ranges are reduced
simultaneously by the optimization progress, it thus can be

FIG. 9. Receptance comparison between the bare beam without resonators
(dashed line) and the beam with optimized resonators (solid line) for the frequency range (a) Φ ¼ 120  160 Hz, (b) Φ ¼ 380  420 Hz. The optimized
resonator connection architectures are also shown schematically in the figure.
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FIG. 10. The evolution of fitness values with the generation for the optimization
in multiple frequency ranges Φ ¼ 120  160 Hz and Φ ¼ 380  420 Hz. The
change of receptance functions with generation is plotted in the subfigures.
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FIG. 11. Receptance comparison between the bare beam without resonators
(dashed line) and the beam with optimized resonators for multiple frequency
ranges Φ ¼ 120  160 Hz and Φ ¼ 380  420 Hz (solid line). The optimized
resonator connection architecture is also shown schematically in the figure.

concluded that the proposed optimization method could lead to an
effective resonator design for multi-frequency ranges.
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were verified by FE models. The receptance functions of the locally
resonant beams with single, in-series, and in-parallel resonators with
various mass distributions were compared using the analytical model;
it was shown that the connection architecture and resonant mass distribution had a great effect on the stop bands of the beams.
An optimization strategy was later developed based on the analytical model to maximize the vibration attenuation of the metamaterial beams with the resonator connection methods and mass
distributions considered as design variables. The maximal receptance
functions were minimized through optimization, which could lead to
enhanced vibration attenuation. The optimization was conducted for
both single and multiple frequency ranges. The objective function
for optimization in a single frequency range could be solved by the
GA method. The multi-frequency range optimization contained
multiple objective functions for each individual frequency range,
hence, the weighted sum method was thus adopted to build a new
objective function with a Pareto optimal solution achieved. It was
shown through the optimization case studies that the optimization
strategy could dramatically reduce the maximal receptance function
values within single or multiple frequency ranges, hence the vibration attenuation could be improved accordingly. The presented
model and optimization strategy lay the first stone to develop metamaterials with enhanced stop bands with smart designed resonator
connection methods and is expected to inspire future researchers to
develop metamaterials with novel resonator connection architectures.

VI. CONCLUSIONS
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FIG. 13. Comparison of receptance function values of metamaterial beams with
in-parallel resonators of different damping ratios. The geometrical and physical
parameters of the beam and attached in-parallel resonators are the same as
that in Sec. III.

APPENDIX A: MESH CONVERGENCE
The convergence of the FE models was verified by a mesh
refinement study as shown in Figs. 12(a) and 12(b). The resonance
frequencies As and Ap are regarded as steady and accurate when
they are negligibly changed by the mesh refinement.
APPENDIX B: INFLUENCE OF SPRING DAMPING RATIO
The metamaterial beams with in-parallel resonators of the
same masses and stiffnesses but different damping ratios are compared in Fig. 13. It can be seen that the damping ratio could reduce
the peak and dip values on the FRF curves, i.e., flatten the curves.
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