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The fractional Fourier transform (FRFT), which is a family of linear transformations generalizing the cl

assical Fourier

transform, has been used in the fields of filter design, signal processing, phase retrieval, and pattern recognition due to

its unique properties. The FRFT of a signal can be interpreted as a decomposition of the signal in terms of chirps.
-based orthogonal frequency division multiplexing (OFDM)

paper, for the first time we introduce an optical FRFT (OFRFT)
visible light communications (VLC) system and compare numeri

In this

cal results with a direct current -biased optical (DCO)-

OFDM system. Hrstly, the optimal fractional order is calculated to improve the performance of the proposed system by

minimizing the bit error rate (BER). The numerical results show

that, OFRFT -OFDM with the optimal fractional order

offers a significantly improved BER p erformance compared with DCO -OFDM under the same computational complexity

and spectral efficiency. In addition, the peak to average power ratio, which is an issue in light emitting diode

systems, is reduced by < 1 dB using OFRFTFOFDM for the same
© 202 1 Optical Society of America

-based VLC
BER compared with DCGOFDM.

1. Introduction

Future smart environments (i.e, networks concept) will build on
the required scientific and technological advances in the areas of
key enabling wireless technologies to provide a coherent
framework in supporting massive Internet of things (loT). The
availability of frequency spectrum isone of the main factors, which
will determine the system capacity. However, the radio frequency
(RF) spectrum is a scarce resource especially the lower frequency
bands whichare limited and tightly regulated. Therefore, new high
data rate multimedia senices and applications that are being
developed at a large scale are putting tremendous pressure on the
existing RFbased wireless technologies and have resulted in
spectral congestion (or bandwidth bottleneck). In addition, the RF
technologies have other cawbacks such as lower data rates, costly
spectrum licensing, low level of security and high installation cost
[1, 2]. The fifth generation (5G) and beyondireless network is
aiming to address these challenges, however there is still the need
for complementary technologieswhich can release the pressure on
the spectrum usage in RBystemsin certain applications. To satisfy
the high bandwidth demands of upcoming multiimedia type
services using wireless systems, there are number of options
including reutili zation of the existing spectrum resources, more
advanced modulation and multiplexing schemes, cell densification,
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parallel transmission, and higher carrier frequencies. The latter
includes millimeter wave (mmW), terahertz, and optical waves. The
5G wireless networks aim to use mmnVin mobile networks [3].
However, the RF part of the electromagnetic spectrum will not be
sufficient to support datadriven economies and societies. It is,
therefore, natural to move to the light carrier frequencies by using
the optical wireless communication (OWC) technoladgs, which
includes infrared, visible and ultraviolet spectrum bands. OWC
offers features, which are complementary to RF, including license
free, virtually unlimited bandwidth for providing near-optimal
capacity as in optical fiber communications, security and low
installation cost [1, 4]. In addition, the appealing advantage of
achieving high energy efficiency and higkpeed data
communications will become even more important in devicéo-
device communications. Tie visible band (376780 nm)in OWC is
best known as visible light communications (VLC), which has
attracted growing research interests in the last decade, that utilizes
the light emitting diodes (LEDs)based lighting fixtures in indoor
(and to some extentn outdoor) environments for illumination, data
communication, sensing and indoor positioning [58]. In recent
years, the major research efforts have been focused on enhancing
transmission data rates of intensity modulation/direct detection
(IM/DD) VLC systems, but over a very short transmission link spans
(e.g,less than one meter) [9].
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In VLC systems, the transmission data rate is mainly determined by
the modulation bandwidth of the LED, which can vary within the
range of a few MHz to ~ 100 MHz dependqon the type of the
device being used [9]. To address this issue, possible options have
been investigated including equalization, and mulievel and multi-
carrier (MC) modulation schemes. One attractive and resilient MC
scheme, which has been migrateddm the RF wireless systems
(4G/5G), is the orthogonal frequency division multiplexing (OFDM)
[0, 11]. Furthermore, in OFDMij equalization can be performed
using a singletap equalizer (EQ) in the frequency domain (FD),
which reduces the design complexjtand implementation cost; and
(ii) different frequency subcarriers (SCs) can be adaptively loaded
with the data based on the free space channel characteristics [12].
The conventional OFDM signals are both bipolar and complex
valued, which needs to be reahnd unipolar for IM/DD optical
systems. Hermitian symmetry on the SCs in the FD has been used to
achieve a realvalued OFDM signal. As for bipolarity of the OFDM
signal, a number of possible approaches have been proposed
including direct current-biased ogical OFDM (DCEDFDM),
asymmetrically clipped optical OFDM (ACO@FDM), pulse
amplitude-modulated discrete multitone modulation (PAMDMT),
and unipolar OFDM (JOFDM) [9, 12].

In OFDM, the equally spaced and overlapping SCs are orthogonal
and thus free fromthe intersymbol interference (ISI). However, the
performance of conventional OFDM will be degraded due the
carrier frequency offset (CFO), Doppler shift, phase noise, nonlinear
effects, and chromatic dispersions (CDs). Alternatively, OFDM
based on orthogoral chirped SCs, namely the fractional Fourier
transform (FRFT), has been reported in the literature [13L6],
which is a generalization of Fourier transform (FT) for filling the gap
between the time and frequency domains.The FT can be
interpreted as the projection of a given signal on the frequency axis,

i.e., arotation of S 2 with respect to the time axis, while FRFT can

be defined as the projection of the signal on an axis that forms an
angle p 2 with 0 |p| 2,li.e.arotation inthe timefrequency

plane. Note that, FRFT can be electronically implemented with a
complexity equivalent to the traditional fast FT (FFT) [1517].

In [15], it was shown that the computational complexity, optical
implementation, and the spectral efficiency [& of FRFFbased
OFDM are almost identical to the conventional FT. In addition, it was
stated that the chirped SC decomposition is a powerful tool to
compensate for the CD and to reduce the peak to average power
ratio (PAPR) requirement. In [18], FRFT was introduced for the first
time followed by the investigation of FRFT in its timdrequency
domain [19]. FRFT was first applied in MC systems in [20]. In [21],
a method of measuring the CD in an optical fiber link sad on the
optimal fractional order and using FRFT was proposed, where
coherent demodulation was used to obtain the complex field of the
optical pulse signal followed by FRFT on the complex field based on
the energy focusing effect of the chirp signal inhe fractional
spectrum. The authors in [22] demonstrated a blind CD estimation
method based on the FRFT with lower computational complexity
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and improved robustness to transmission impairments compared
with other CD estimation schemes. Through numerical sialations,
their proposed CD estimation method showed a robust
performance against amplified spontaneous emission noise and
fiber nonlinearity. Authors in [23] introduced a novel in-band
optical signal to noise ratio monitoring technique in a digital
coherent receiver (Rx) based on FRFT, where the power
aggregation property of linear frequency modulation signal was
used in the fractional domain.

FRFFbased OFDM systems have been adopted in RF [24, 25],
optical fiber [15, 22, 26], and underwater acoustic comrmication
systems [16, 27].LEDs are the most critical component in VLC
systems due to their limited modulation bandwidth and nonlinear
power-current characteristic. The FRFIOFDM system has been
reported in the literature, which offers improved performane in
nonlinear or frequency-selective systems. Thus, the use of FRFT
OFDM in place of FFODFDM in LEEbased VLC systems can be
effective to improve the performance. However, to the best of the
authors' knowledge, FRFIOFDM has not yet been investigated in
OWC systems and particularly in VL@ this paper, we propose an
optical FRFFbased OFDM (OFRFOFDM) system and evaluate
and compare its performance with the conventional DGOFDM.
The results show that OFRFDFDM with the optimal fractional
order offers a significantly improved bit error rate (BER)
performance compared with DC@DFDM with the same
computational complexity and [ OFRFIOFDM also offers lower
PAPR, which is a crucial issue in LEiased VLC systems, compared
with DCGOFDM.

The rest of the paper is organized as follows. Sectio2
comprehensively describes the foundations of the proposed
OFRFTOFDM system and provides its mathematical analysis.
Significant results and discussion are presented in Section 3.
Eventually, Section 4 is assigned to conclude the paper.

2. System Model

In this section, we first formulate the OFRFbased OFDM system
and then explain its functionality. The goal is to compare its
performance with DCGOFDM system under the same conditions.

A. Fractional Fourier Transform

FRFT can be considered as generalizéd'. If conventional FT is
considered as a5 2 rotation from the time axis to the frequency
axis, then FRFT can be considered as rotation with any angle
from the time domain (TD) to the FD [15, 16]. FRFTf the order

is defined as:

X, {FDOMCH 3 € Kty dt ®
where the kernel of FRFT is given as:
zrD
D2n S, @
D(2n 1)



where @ /2 is the angle of rotation andF " is the symbol of
the p™ order FRFT operator. Note, fop 1, FRFT becomes as FT.
The inverse FRFT (IFRFT) of the ordep is equal to the FRFT of

order P ,which is expressedas[16]:

X (t) :{ X, (WK ,(t u)du @)

For numerical analysis, numerous algorithms for discrete FRFT
have been reported in literature. In [28], it was shown that it is
possible to determine the digital FRFT with a complexity order of

O(N logN), where N is the data size. In this work, we have
adopted FRFT in the matrix form from [16] and references within,
which is given as:

XID pr,
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where F, is the N-dimensional discrete FRFT matrix with
components given by:

At e P z2k
F,(m,n) 0® [ p 4k , ®)
- Jyws p 4k 2
where A, J(sin jco® )N ,
! . exp( 0.5cotbu’m?® , W, exp(j2%n/N),
I, exp( 0.5cotDtn? , M,N 0,1,...N 1, kis an

integer, 't is the time interval, and ‘U is the interval between
samples in the p" order FRFT.I,, and J,, are the N-

dimensional identity and exchange matrices, respectivelyNote

that, there is a constraint between 't and 'U to ensure a
reversible condition, which is expressed as

U 2 |sis |. ©)
N 't

The discrete IFRFT is given as:

x F X, @)
where F > |:pH is defined as:
1ot mzA’;, p z2k
F,(n,m ® [ p 4k , )]
- Iy p 4k 2

where ()" indicates Hermitian transpose of matrix.

B. Reality Preserving FRFT

FRFT with the realvalued data results in complexvalued outputs.

In IM/DD VLC systems, OFDM signal needs to be real and unipolar,
where the latter is achieved using D®iasing. To ensure that the
output of FRFT is real, a new form of FRFT is needed, whieim map
areal set to another real set. In [29], a methodology for obtaining the
variants of discrete fractional cosine (sine) transform was
proposed, which shared realaluedness, decentralization, and
most of the properties required in a fractional trarsform matrix. In

this work, we have adopted the techniques introduced in [29, 30] to
construct the reality-preserving FRFT (RPFRFT).

I
Let X /3(1, X, X3, Xy be areal signal of lengtiN, which is an
even number, andF | be the omplexvalued discrete FRFT matrix

N /2 ) In

. . . A\l
X ’3(1 Xy 10 Xa 1 X2y 2 Xy 2 1 % Of length

of size addition, let

N /2be a complex vector constructed fromx . Forx applied to the
FRFT matrix we have:

[Re,) iImF ,)l[Ref ) i Img )]
[Re(F,).Rek ) ImE ).mg )]
i[Ref,)Imk) ImE,)Ref )]

y F,x
©)

Then, the real and imaginary parts of can be separated as:
Ref,).Rex ) ImE ).In¥ "Z
Re(Fp ).mk ) Ime).Ra( &

Ref,) ImE,} Reix]
Im(F,) ReF,)S im(x)

(10)
R e

where the RPFRFT matrix is given by:

ReF,) ImE,¥

P Im(F,) Ref,)S
It should be noted that, {) R, contains the most basic properties of
F_ such as orthogonality, additivity, periodicity,

p
commutativity; and (ii) the inverse of RPFRFT given bir .

(1)

and

C. The Proposed System

Fig. 1 shows the schematic diagram of the proposed system. As can
be seen, the serial input bit seams {I .} are converted into the
phase shift keying (PSK) formaS[u] , and the real and imaginary
components of the modulated symbols applied to the serial to
parallel (S/P) converters with the concatenated vetor signal of
S.[u] [Re(S[ul),Im( §u)]" applied to RPIFRFT followed by

the parallel to serial (P/S) converter the output of which is a bipolar
and realvalued vector as given by:

sInl R,S[u
ReF ,) ImF ,} ReSulp
Im(F ) ReF ,)&" Im(S[u])$ 12)

ReF ,).Re$ {i]) ImF ,).ImE [}
Im(F ,).Re€ 1]) RefF ,).ImE bi]f

Next, zero padding (ZP) is applied tos[n] by including
N N /8 zeros at the start of each OFRFOFDM symbol

[¢]
because of its lower power by afactor o , / N (i.e., 12.5% inthis

work) compared with the cyclic prefix as explained in [31].
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Fig. 1. The schematic block diagram of the proposed RPFRBHDM system

Following scaling of the zero padded signas, [n] due to the
limited dynamic range of the LED, we have:

where |, () is the continuous form of, [n] and .. indicates
the TD convolution.

1Ll 5,01, (13) The free space channel is composed of line of sight (LOS) and diffuse
" z or non-LOS (NLOS) paths as given [87]:
where zis defined as [32]: hee® hos®  hyodd)

* (7 Dmax{ls, nl}}’

so that | 0.8 , is the maximum value ofl [n] ,

I DC
| 5 isthe DGbias current, |, is the peakto-peak current, and /

is the modulaion index, which is defined as

] Imax IDC

IDC

(15)

Several methods have been reported ithe literature to model the
LED nonlinear characteristic including Volterra series [33],
memory polynomial [34], Wiener [35], Hammerstein [36], etc. In
this work we have adopted the most widely used Hammerstein
model, which comprises a nonlinear functiorfollowed by a linear
component, see Fig. 2(a). The LED nonlinearity and its impulse
response are modeled as a third order polynomial, which is adopted
from experimental measurements in [12], and a first order low
pass filter [9], respectively as given by § (16), where B, is the
modulating bandwidth. The powercurrent characteristic and
frequency response of the LED used in this paper adepicted in
Figs. 2(b) and (c), respectively. The output power of the intensity
modulated LED is given by:

T()Scosn € &) 1 nt e,

where / and are the radiant angle of the transmitter (Tx) and the

incident angle of the Rx, respectivelyA ,d and ¢ are the surface

area of the photodiode (PD), the LOS path length and the speed of
light, respectively.T ( /) is the luminous intensity, which is given by:

T() mz—slcoé“( )

19)
where m is Lambertian order, which depends on the serangle
at half power /,, of the LED as defined by:

In(2)

In(cos(4,, ) 0

In this paper, for NLOS paths we have adopted the iteratigite-

based method as in [37]. Firstly, the surfaces of all the walls are
divided into L, small areas, which are assumed to be Lambertian
reflectors with a specific reflectivity, and therefore can be viewed as

both the Rx and the TxThe impulse response of the rays between
the Tx and the Rx undergoind-order reflection is given by Eq.

P Fra (@) hieo(t), @ (21
- 0.1947, x 0.1
fo(x) ©285%° 1.0888° 2.0566 0.0003, @k 1, )
= 1.2531, xt1 (9

hLED t ( )e 2 Pnt

(b)



@

(b)

©

Fig. 2. LED light source: (@lammerstein model, (b) powercurrent characteristic with the quiescent point of 0.5 A, and (c) frequency response with adB
bandwidth of 4.5 MHz.

hOETX R | BT ¥ (28, Ry, @D

where ¢/ is the reflectivity of element 7. 7 and ; represent the
nh element, acting as a Rx or a Tx, respectively. Furthermore, the
LOS impulse response between and the Rxish@(t, 7, Rx) . Eq.
(21) can be computed iteratively for allk reflections. Nevertheless,

only one reflection from the walls, i.e.k 1, is considered in this
study. Fig.3 shows the most important parameters used for
generating the VLC channel.

Following propagation through the channel, the received optical
signal is converted back into the electrical format using an optical
Rx, which is a PD and a trarimmpedance amplifier (TIA), ie., NP, L
)xmB1r<lnsiP T D pgP E J:P=where n(t) is the additive

white Gaussian noise (AWGNY is the responsivity ofthe PD,
and ) x vis the TIA gain. Nexty (t ) is applied to analogto-digital

(A/D) converter, the output of which is given by:

rinl ¥, {n 4,...1n L 1]@ (22)

where L, is the EQ filter length.To reduce the LED bandwidth
induced ISI on the received signal, [n] is applied to a linear TBEQ
with the output given as:

Foalll W MM 1, (23)
en dn ] (24)
Wn 1 W[ A[q¢h (25)

LED

we

NLO S ?

A

(5]
3

A

Fig.3.The VLC link with LOS and NLOS paths.

where e[n] ,d[n] andW [n] are the error, expected and weight
vectors, respectively.(.)” denotes the transpose of a vector andis
the step size. Following removal of ZP, the resultant signal is applied
to RPFRFT to obtain the fractional domain. Next, tiedimensional

Cc
output of RPFRFTS [U] is rearranged as:

S[u]

S9d isQIu SR §,Plu, SL1E fslcu
(26)

S[u] is then applied to the PSK demodulator to regenerate the
estimated version of the input bit streamThe resultant bit stream



| r‘C is compared bitby-bit with the original data stream | ,, and

the BER is the total number of errors divided by the number of
transmitted bits (i.e., OFRFIOFDM symbols).

3. Results and Discussions

In the previous section, we outlinel the proposed system and
showed the mathematical formulation. In this section, we present
results for the OFRFIOFDM system and compare its performance
with conventional DCGOFDM. It is worth noting that, in both
systems only half of the SCs are utilizefbr data transmission
because of Hermitian symmetry and RP, therefore the sar, is

achieved for both schemes. In the following, computer simulation
results are presented for both systems using Matlab and the real
world parameters 2, 9], see Table 1.

First, we determine the optimal order of FRFTL,, ,by means of
simulations for several FRFT orders within the range of
0.01 pd 1.9¢using binary PSK (BPSK) with no EQs at both the

Tx and the Rx. Note that, 16000 OFREIFDM symbols are
transmitted in this case, each carrying 64 bits, and therefore
1,024,000 bits are sent for each. After acquiring the optimal order,
channel EQ and higher orders of modulation are examined by use
of this predesignated L, ., Fig. 4llustrates the BER performance as
a function of fractional order ) for a fixed E, / N, of 20 dB. As

shown, the highest and lowest BER values of 0.015 and“1ére
observed for ) of 1 and 0.94 corresponding to the conventional FFT

and OFRFIOFDM, respectively. Also shown is the 7% forward
error correction (FEC) limit of 3.8x108. As previously mentioned,
the computational complexity of digital FRFT and FFT algorithms
are the sameHence, the fractional order belonging to the lowest
BER is considered as the default value, which is,, L r & vor

equivalently U, L ae;,- N zw

Table 1. System parameters [2, 9]

Symbol | Parameter Value
- Room size 5x5x3 md
d Distance between theTx 215m
and the Rx
0Os ¢ Semiangle at half power | yrl
% PD field of view xrl
#s PD surface area 1cn?
4e Responsivity of PD 0.54 A/W
$y Modulating bandwidth of | 4.5 MHz
LED
$ Total bandwidth of OFDM | 5 MHz
)iAo TIA gain 50 dB
- Modulation type PSK
- Tx position (2.5,25,3) m
- Rx position (2.5,2.5,0.85) m
N Total number of SCs 128
Nad Number of data SCs 64
Ng Number of ZP samples 16

104 E Gfiuiniion M
T X 0.94 i :
R : £Y:0.0001031 L
107 : :
0 0.5 15 2

Fig. 4 The BER performance against the fractional ordpiof OFRFTOFDM.

Fig. 5 depicts the BER againdt, . for DCOOFDM (i.e., FFT) and
OFRFTOFDM (with Ly, ,of 0.94) systems forE, / N, of 20 dBAs

can be seen, OFRFOFDM offers much improved BER
performance compared with the DCE&FDM particularly for r & O
1O r&A. The BER decreases by increasirlg,. reaching the

minimum values of ~ 0.01 and 1.1x10 for FFT and FRFT,
respectively, at 4, of 550 mA and afterward, the BER for both
systems increases.

In MC modulatiortbased VLC, the link performance will depend on
the PAPR due to limited linear dynamic range of the LED and any
other amplification devices. Fig. 6 illustrates th complementary
cumulative distribution function (CCDF) of the PAPR as a function
of the threshold PAPRfor both systems. Note that, CCDF of PAPR
is the probability that the PAPR of signal will be above the PARRs
can be seen, for the OFRFIFDM the RPR values are lower by <

1 dB for 5 < PAPKK 11 dB compared with DC&DFDM.

Search for optimal biasing, Eb/No =20dB
107! b ::5.? [ cobrrinn e e T ‘ e

BER

Fig. 5. The BER against Biiaxs for OFRFIOFDM with optimal order and
DCGOFDM.
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Fig. 6. CCDF of PAPR against the threshold PABROFRFTOFDM and
DCGOFDM systems. Fig. 7 The BER performance againg/N o with and without the EQ for
BPSK OFRFDFDM and DCOQFDM systems.
The BERperformance againstg, / N, for both systems with and
without the EQsis depicted in Fig. 7 Also shown is the theoretical
BER for BPSK over an AWGN channel for comparison. As can be
seen, OFRFDFDM with no EQ meets the 7% FECH}, / N, of ~

12.5 dB in contrast to DCE&FDM, which fails to do so. Note, for
OFRFTOFDM using te EQ, the requiredE,, / N, to achieve the

FEC limit is reduced to ~ 11 dB (a ~ 6 dB power penalty compared
with the reference plot) and there is no error floor. Also note, DGO
OFDM meets the FEC limit &, / N, of ~ 16.5 dB. Although, the

performance of both systems is improved when using EQ, OFRFT
OFDM still outperforms DC@DFDM. For instance, the BER
performances of OFRFDFDM with EQ, DGOFDM with EQ,
OFRFTFOFDM without EQ and DGOFDM without EQ at the
default E, / N, of 20 dB are 9.8x18, 2.1x1(?, 1.3x10*and ~ 0.0L,

respectively. Finally, Fig. 8lustrates the BER performance against

the E, / N, for quadrature PSK (QPSK) OFRFEIFDM and DCO

OFDM systems. Note that, 8000 OFRPFDM symbols are

transmitted in this case, each carrying 128 bits (64 symbols 2

bits/symbols), and therefore 1,024,000 bits are sent for each Fig. 8 The BER performance againBi/N o for QPSK OFRFDFDM and
E, /N, . As can be observed, foE, / N, < ~ 10 dB, the DCGOFDM systems.

performance of oth systems is almost the same. However, OFRFT
OFDM shows a significant improvement for higher values of
E, / N, compared with DCGOFDM. For example, OFRFJFDM

and DC@OFDM can meet the FEC limit &, / N, of ~ 13 ard 20 Acknowledgments . The authors would like to thank anonymous
. reviewers for their helpful comments.
dB, respectively.
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