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Abstract

Human pluripotent stem cells (hPSCs) have the potential to differentiate into all cell types, a
property known as pluripotency. A deeper understanding of how pluripotency is regulated is
required to assist in controlling pluripotency and differentiation trajectories experimentally.
Mathematical modelling provides a non-invasive tool through which to explore, characterise
and replicate the regulation of pluripotency and the consequences on cell fate. Here we use
experimental data of the expression of the pluripotency transcription factor OCT4 in a grow-
ing hPSC colony to develop and evaluate mathematical models for temporal pluripotency
regulation. We consider fractional Brownian motion and the stochastic logistic equation and
explore the effects of both additive and multiplicative noise. We illustrate the use of time-
dependent carrying capacities and the introduction of Allee effects to the stochastic logistic
equation to describe cell differentiation. We conclude both methods adequately capture the
decline in OCT4 upon differentiation, but the Allee effect model has the advantage of allow-
ing differentiation to occur stochastically in a sub-set of cells. This mathematical framework
for describing intra-cellular OCT4 regulation can be extended to other transcription factors
and developed into predictive models.

Introduction

Human pluripotent stemcells hPSCshavethe ability to self-renewthroughrepeatedivisions
andto differentiateinto awiderangeof celltypes apropertyknown aspluripotency.Theplur-
ipotencyof hPSCss their defining characteristicgentralto their applicationgegenerative
medicing[1, 2]. However hPSCsxhibitcomplexbehaviourandthe control of their
differentiationtrajectorieds challenging.

Pluripotencyis controlledby aninter-regulatorynetwork of pluripotencytransciptionfac-
tors, PTFsjncluding the geneDCT4,S0X2andNANOG [3£5]. Thedestabilisatiorof PTFs
andtheir interactionwith chemicakignallingpathwaysesultin differentiationawayfrom the
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pluripotentstateandinto aspecialisedell[3, 6, 7]. Thisdecisionof acellto eitherremainplu-
ripotent or to differentiateis known asits fatedecisionlt is unknown how muchcellfatedeci-
sionsareled by inheritedfactors,asopposedo environmentaffactorsandintra-cellular
signallingasevenclonal(geneticallyidentical)cellsunderapparentlyidenticalconditions
makedifferentfatedecisiond8]. In many experimentghe differentiationof hPSC
populationsisinducedandfacilitatedby a differentiationagentsuchasBMP4[9, 10].

A narrowrangeof PTFexpressioris necessarto maintain cellpluripotency,with both
high andlow expressionsausingashift from the pluripotent statg[11, 12] andevensmallfluc-
tuationscanbiascellfatedecisiong13]. Furthermore the PTFsareinheritedasymmetrically
asacelldivides biasingthe fateof the daughtercellsand contributing to colonyheterogeneity
[14+16]with the decisionto differentiatelargelydeterminedbeforeanydifferentiationstimu-
lusisintroduced[14]. Giventhe likely largenumberof factorsinvolvedin thefatedecisions
andour limited knowledgeof their nature,the probabilisticframeworkto modellingPTF
dynamicsappearso bethe mostsuitable However careful experiment-baseduantification
of the stochastictemporaldynamicsof PTFsis necessario examinethe resultingeffectson
cellfate.

Statisticahnalysisand mathematicamodellingaredeepeningur understandingpf hPSC
behavioursaandguidingthe developmenbf experimentaprotocols[17]. Recenmathematical
modelsof cellpluripotencyfocuson describingthe network of PTFsandtheresultingcellfate
decisiondo guidethe optimisationandcontrol of pluripotency [17+19].Thesemodels
areinformed by recentstudiesof fluctuationsof PTFsthroughoutcolonieq13,14,20]andthe
spatialpatterningof differentiation[21, 22]. Many modelsusecoupleddifferentialequations
basedn the Hill equationg23] describingchangedn concentrationof moleculego describe
PTFfluctuations[24+26].0thersusenetworkanalysigrameworkq27] or explorethe
mechanicahspect®f the cellbehaviourwhenboth the modeland dataarecomplex[28].
Thesemodelsoftenaim to describehe wholePTFregulatorynetworkandit canbedifficult to
estimatehe modelparametersaccuratelyfrom experimentallata[26].

Herewefocuson the methodologyof building suchmathematicaimodelsusingexperimen-
tal datafor thetranscriptionfactorOCT4.Althoughthe OCT4dynamicswill beaffectedoy
manyexternafactorsandtheremainderof the PTFnetwork,therearebenefitsto considering
eachPTFin isolationasthe crucialfirst stepffirstly, this simplifiesthe modeldevelopmenpro-
cessallowingeachelementio beexploredin asystematievayandsecondlythe resultspro-
videabasidor comparisornto the otherPTFs(e.g. NANOG and SOX2)from similar
experimentsSimilarly,althoughinterestingspatialpatterningeffectsaareseernin OCT4[29],
wewill consideronly the intra-cellularOCT4behaviourthroughtime. Thesesimplermodels
canbeusedto describehe stochastimatureof PTFregulationon shortertime scalesind
explorethe effectsof eachPTFon cellfate,beforetheir developmentinto coupledmodelsof
the entire pluripotencyregulatorynetwork.

Herewe systematicallgxplorevariousmathematicamodelsfor thetemporalregulationof
the PTFOCT4.We aim to identify the optimal setof mathematicatoolsrequiredto reproduce
thekeyquantitativefeatureof experimentabbservationgrom Ref.[14] andthe additional
guantitativeanalysi®f this datasefrom Ref.[29]. Theframeworkdiscussedanbeappliedin
future to otherexperimentatlatasetsSincePTFfluctuationis inherentlystochasti¢14, 20,30,
31],wefocuson differentforms of well-establishedtochastienodelsto describethe behav-
iour, namelyfractionalBrownianmotion andthe stochastidogisticequation.Theaimisto
describehe PTFsasmicrostatedeforeconsideringthe macrostatef cellularpluripotency.
Firstly,weintroducethe experimentatlataand outline the keyfeaturesof OCT4to be
describednathematicallyNext, weexplorefractionalBrownianmotion andthe stochastic
logisticequationfor simulatingtemporalOCT4beforeanycelldifferentiationoccurs We
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considerdifferenttypesof randomnoise(additiveand multiplicative[32,33]) andtheir effects.
Finally,weexaminethe useof shifting carryingcapacitiesand Alleeeffectso simulateareduc-
tion in OCT4towardsthe differentiatedstate.

Experimental OCT4 fluctuations

We useexperimentablataof OCT4expressiornn agrowinghESCcolonyfrom Ref.[14] and
our previousanalysiof this datain Ref.[29] to guidemodeldevelopmentAlthoughfocused
on oneexperimentthe mathematicaframeworkoutlined hereis easilyadaptableo other
experimentalesults We usethe experimentabnalysisn Ref.[14] andRef.[29] to illustrate
the applicabilityof suchmodelsto PTFregulation.Herewe summariseghe experimentand
main featuref the datato bedescribedy amathematicamodel.

Experimentsummary

This experimentwascarriedout by PurvisLab (Universityof North Carolina,Schoolof Medi-
cine),andis publishedin Ref.[14]. TheOCT4level{meanOCT4-mCherryfluorescence
intensity)in ahumanembryonicstemcellcolonyweredeterminedand cellswerelive-imaged
for 68hours.Thecolonybeginsfrom 30cellsandgrowsover68hours(817time frames)o
463cellswith 1274cellcycleslapsingwithin thistime. After 43hours,the hESCaveretreated
with (100ng/ml) bone-morphogenét protein 4 (BMP4)to inducetheir differentiation
towardsdistinct cellfates The cellIDs andancestriesvereextractedalongwith their OCT4
immuno-fluorescencéntensityvalueqreportedin arbitraryfluorescencanits,a.f.u.).The
measurementef the OCT4signalat5 minute intervalsresultsin asetof evenlysampledis-
creteobservationgor eachcell, OCT4( o), OCT4( ), ..., OCT4( ), where gisthetime of cell
“birth'and thetime of celldivision. Thevaluesof rangefrom 0.25+3Mhoursacrosghe
population,with amean standarddeviationof 10.3 4hours.

To classifithe cellsaseitherself-renewingpluripotent) or differentiated the mean
nuclearOCT4and CDX2werequantifiedat 68 hours.A two-componenimixed Gaussiardis-
tribution representingluripotent (OCT4+/CDX2 ) anddifferentiated OCT4 /CDX2+) cat-
egorieswvasfit to the data,with hESCsassignedo eachgroupif >99% confidencevasmet.
Cellsnot reachingthe confidencethresholdwereallocatedhe “unknown'categoryFurther
detailsarepresentedn Ref.[14]. Usingthesefatesthe cellpopulationwastracedbackin time,
spanningmultiple celldivisions,with eachearliercelllabelledaccordingto this pro-fate.The
colonybeginsfrom 14 pluripotent, 2 differentiatedand 14 “unknown'categorycells.In this
paperwe consideronly the pluripotentanddifferentiatedfategroups.Notethatfor timespre-
BMP4(before43hours),thefateclassifications a pro-fatebasedn the fateof the cells
descendants.

Temporal OCT4 features

The OCT4expressiorf (pro-)pluripotentand (pro-)differentiatedcellsfor the wholeexperi-
mentaltime (68hours)is shownin Fig 1(a).At 43hoursthedifferentiationagentBMP4is
added afterwhichthereis adeclinein OCT4expressiornin the (pro-)differentiatedcells. The
(pro-)pluripotent cellsretaintheir OCT4 expressiotevelsThedistribution of all OCT4
expressionpre-differentiationis shownin Fig 1(b), with temporaldistributionsin Fig 1(c)
and1(d)for pluripotentanddifferentiatedpro-fatecellsrespectivelyA detailedanalysiof the
experimentabatais providedin Ref.[29]. For simplicity,anddueto thedistinct behavioural
differencesdentified pre- and post-differentiationwefirst considermodellingthe temporal
behavioumpre-BMP4beforemovingon to the effectof cell differentiation.From the
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Fig 1. Experimentd OCT4 properties. (a) ThetemporalOCT4expres®n for all (pro-)pluripotent (purple) and (pro-)
differertiated (green)cellsup to 68hours.At 43hours(verticaldashedine) the differentiaton agentBMP4wasadded.
Pre-diffeentiation:(b) Thedistribution of all OCT4expressiosfor all (orangecircles),pro-pluripotent (purplesquares)
andpro-differentiated greendiamonds)cells.Thedistribution of OCT4expressiofior binnedtime intervalsbetween
zeroand43hoursfor (c) pro-pluripotent and (d) pro-differentiateccells.The colour bar showshetime of thebin centre.
Thenumbersof cellsincludedin eachbin areindicatedby to theright of thecolourbar.

https://abi.org/10.137/Aournal.pon®254991.g001

experimentabataandanalysisn Ref.[29], weidentify severakeyfeatureqlabelledr1+6with
F1+4pre-differentiationfeaturesand F5t6post-differentiationfeatures}o capturein model
developmentasfollows:

Pre-differentiation.

F1.Thetime seriesexhibitstochastimoise shownin Fig 1(a),with ameanHurst exponentof
0.38 0.09in both (pro-)pluripotentand (pro-)differentiatedcells calculatedn Ref.[29]. A
Hurst exponen0.5 indicatesanti-persistencén thetime serieswith increasein OCT4
morelikely to befollowedby decreasesndviceversaFurtherdetailson the Hurst expo-
nentaregivenin the (S1File),alongwith thedistribution of all calculatedHurst exponents
for everycell(with >50 time framesavailableandthe distribution of their standarddevia-
tionsin S1Figin S1File.

F2.Pro-differentiateccellsshowreducedOCT4expressiohroughout,shownin Fig 1(a)and
1(b).

F3.Thedistribution of all OCT4expressionfrom (pro-)pluripotent cellsis positivelyskewed,
resultingfrom areductionin expressioratlatertimes,shownin Fig 1(b)and1(c).

F4.Thedistribution of all OCT4expressionfrom (pro-)pluripotent cellsshowatemporal
shiftin the mode,with areductionin expressiomwith time, shownin Fig 1(c).The
distributionsarestatisticallydifferent,confirmedby the Kolmogorov-Smirna testatthe
95%level.
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Post-differentiation.

F5.At the endof the experimentdifferentiatedcellsareclassifiedaccordingto their OCT4and
CDX2 expressionslhesdifferentiatedcellsshowa pronouncedreductionin OCT4upon
BMP4addition (43hours),asshownin Fig 1(a).

F6.Thereis aclearandnaturalseparatiorbetweerthe two classifiedyroupspost-BMP4based
on their OCT4levelswith differentiatedcellsshowingreducedOCT4and pluripotentcells
retainingOCT4expressionasshownin Fig1(a).

In the nextsectionwe exploremathematicamodelsto identify which cancaptureone,some,
or all, of thesekeybehaviourafeaturesWe aim to descriptivelyreproducethe featuredor this
particularexperimentput notethat future work will focuson which of thesepropertiesare
inherentfor allhPSCsand modellingthe behaviourapropertiesof OCT4moreglobally.

Results
Modelling OCT4 pre-differentiation

In thefollowing sectionave systematicallgxplorethe useof differentstochastianodelsasa
frameworkfor temporalOCT4regulation,aimingto capturethe experimentabehaviour
describedn featured=1+6aboveandshownin Fig 1. Themodeldevelopmenprocesallows
theidentification of the keymathematicatoolsandimportant biologicalparametersequired
to descriptivelyreproducethe data.All the modelsdiscussedh thefollowing sectionshavethe
samebasiswith theinitial conditionsandcellulardivisionincorporatedusingthe algorithmic
basemodeldetailedbelow.

Basemodel.

1. Webeginwith achosennitial numberofcells, = ,, to matchthe experimental
conditions.

2. Eachofthe cellsareallocatedaninitial OCT4value.Thisis extractedorobabilistically
from the kerneldensityfitting to the experimentatistribution of initial OCT4,0CT4
( =0),shownin Fig2(a)andS2(a)Figin S1File.

3. Eachofthe cellsareallocatedacellcycleduration. Thisis extractedprobabilisticallyfrom
thekerneldensityfitting to the experimentabistribution of cellcycletimesfor all pre-
BMP4cells shownin Fig 2(b)and S2(b)Figin S1File.Eachcell'sstartingpositionin its cell
cycleis choseruniformly.

4. Foreachofthe cellsthe OCT4valuedor theduration of their cellcyclearesimulated
usingoneof the stochastianodels.

5. Eachofthe cellsdivideinto two cellsatthe endof their cellcycle For eachof the two
daughtercells their initial OCT4valueis setto the pre-divisionOCT4valueof the mother
cell.

6. Repeastepst and5 for aspecifiechumberof division (mitosis)eventsNote thataseach
OCT4serieds generatedor awholecelllife time, the numberof division eventssetshe
endpoint for themodel,ratherthantimestepsWe usethe numberof divisionevents
requiredto ensureall divisionsoccurringprior to thetime point of interesthaveoccurred,
e.g.600eventdor pluripotentcellsand 200for differentiatecellscomfortablyexceedshe
68hour full experimentatime. For ashortertime window of interest,the numberof
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Fig 2. Theinitial conditions usedin the commonbasemodel. (a) The cumulaive densityfunction of the experimenalinitial OCT4valuegblue),
OCT4( = 0),with kerneldensityfitting (orange dashed)(b) The cumulativedensityfunction of the experimenal cellcycledurationtimes(blue)for all
cellspre-BMP4addition with kerneldensityfitting (orangedashegl

https://abi.org/10.1371durnal.por.0254991.902

division eventsanbereducedor wecanretainexcesslivision eventsandremovetime
framesoutsidethe window of interestpost-simulation.

Whenthe cellcycletimesaregeneratedn step3it is necessarto specifyhow much of the cell
cyclehasalreadyelapsedlf all cellsbeginatthe startof their cellcycleatthe startof the simula-
tion thendivisionswill besynchronisedshownin S2(c)Figin S1File. Thissynchronisation
canbeavoidedby startingcellsat differentpointsin their cellcyclesasshownin S2(d)Figin
S1File.Wedo not know exactlyhowthe cellcyclesarealignedin the cellsin this experiment
andsotheresultingcolonygrowth couldlie betweerthe synchronisecandasynchronous
examplesHerewechooseo continuewith theasynchronousellcyclesNotethatthecell
cycledistribution post-BMP4shownin S2(b)Figin S1File,showsadecreasé cellcycle
times,but for simplicity,andsincethe colonygrowth doesnot affectthe methodof OCT4gen-
eration,wekeepthe samedistribution throughout.

Although herewehaveusedthe analysiof the experimentabatato inform theinitial con-
ditions andthe cellcyclesimulation,thisis flexibleand caneasilybeadaptedo otherexperi-
mentalresults The OCT4regulationitselfis capturedin step4 andis opento many
mathematicamodellingtechniqueslin the nextsectionweusethe experimentatesultsfrom
Ref.[14,29]to systematicallyuild astochastienodelusingfractionalBrownianmotion and
the stochastidogisticequation.

Anti-persistent OCT4 fluctuations. Onepossibilityfor asimplemodelof OCT4fluctua-
tion isto assumehatthe expressiorluctuatessymmetricallywith no preferredtrendsor cor-
relations Mathematicallythis would bedescriedoy a Wiener processanalogouso the
physicapbhenomenorof Brownianmotion in onedimensionandthe startingpoint for many
randomwalk models However the analysiof experimentalDCT4expressiomescribed
aboveandin Ref.[29] hasshownthatthe OCT4evolutionis anti-persistentwith anaverage
Hurstexponentof = 0.38(featureF1). Thissignifiesthatincreasein OCT4aremorelikely
to befollowedby decreasesndviceversaTheHurstexponent 6°0.5indicateshatthefluc-
tuationsin OCT4cannotbecapturedby simpleBrownianmotion.

Insteadwe considerthe generalisationfractionalBrownianmotion (fBm). Unlike Brown-
ian motion, fBm allowsfor non-independenincrementsand hencepersistencer anti-persis-
tence An fBM randomfunctionoftime , (), with aninitial value (0) andtime
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where istheHurst exponentand 1 isthe gammafunction [34]. Thereareseveralvaysto
simulatefBm, eitherexactor approximatg35+37].Herewe usethe Matlabfunction [38]
whichuseghe circulantembeddingechniquefor < 0.5[39] andLowen'smethod[40] for

> 0.5(both exactmethods)to simulatethe fractionalBrowniannoise.Thereis alsoan
inbuilt Matlabfunction (availablen the Wavelettoolbox)which usesawavelebased
approximatesimulationmethod[41].

We canusefBmto simulateOCT4overtime (step4 of the basemodel)with ascaling
parameter whichcontrolsthelevelof noise,.e., .Exampleealisation®f thefractional
noise correspondingBm functions,andsimulatedOCT4for varying areshownin S3
Figin S1Fileto illustratethe effectof the Hurst exponentThe parameter is estimated
from the experimentatlata(for all pre-BMP4cells)asthe standarddeviationof
IOCT4=0CT4() OCT4( 1),leadingto 90.Eachtime seriefor OCT4canthenbe
generatesOCT4( = 0)+

For simplicity, wefirst considerboth cellfatestogethemwith = 16cellsmadeup of 14
pro-pluripotentandtwo pro-differentiatedcellsto correspondo the experimentatlata[14].
For cellsin theexperimentatolony =0.38[29]. A comparablesimulationusingfBm with
16initial cells, =0.38,and =90isshownin S4(ajandS4(b)in S1File.Notethatalthough
wesimulatefrom alimited numberof startingcells the numberof OCT4valueggenerated
over40hoursdueto the 5 minute incrementsandcellulardivisionis approximately300001t
is clearfrom S4(a)and S4(b)in S1Filethatthis levelof anti-persistentegulationfrom the
Hurst exponents not sufficientto keepthe OCT4 expressiotwithin therangeseenin the
experiment.

A commonmathematicamethodof limiting variabless to imposeboundaryconditions,
eitherabsorbingor reflecting.In this caseabsorbingooundaryconditionssuggesthat once
the OCT4levelreacheitherthe upperor lowerboundary the cellis theoreticallyremovedin
somewayfrom the experimentandits OCT4time seriesloesnot continue.Thereisnoindica-
tion or biologicalevidenceof particularlyhigh or low OCT4expressiongesultingin celldeath
experimentallyf14,29]. However high or low OCT4expressiondo accompanyelldifferenti-
ation[13], sothe removalof cellsviathe boundarycondition could correspondo the differen-
tiation of cellsif wewereto considermodellingpluripotent cellsonly. We canestimatethe
lowerboundaryto beequalto zeroto correspondo the positivenatureof the OCT4measure-
ments.Theupperboundaryis more difficult to define;herewetake2500(as99.9%of the data
pointsfall belowthis value)for illustrativepurposesThe OCT4simulationfor fBm with
absorbingooundaryconditionsis shownin S4(c)and S4(d)in S1File.

Theintroduction of reflectingboundaryconditionsresultsin the OCT4expressionbeing
reflectedbackin the oppositedirection uponreachingthe setboundary Biologicallythis cor-
respondgo anadditionalregulatoryeffectwhich couldbeinternalto the cell,i.e.,if the OCT4
levelin acellbecomegoo low, thereis systematicegulationto increaset (andviceversa).
ThesimulationusingfBm with reflectingboundaryconditions(againat 0 and 2500)is shown
in S4(e)and S4(f)in S1File.Reflectingpoundaryconditionsproducearesultmoresimilarto
the experimenthanabsorbingboundaryconditionssincecellsarenot artificially removed,
but it still createsasharperdistribution boundarythan seerexperimentallyAdditionally,
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althoughthe boundaryconditionssomewhaartificially forcethe OCT4into the desired
range the spreadof the overallexpressionss not well captured.

Thisillustratesthat the anti-persistencérom the Hurst exponentaloneis not sufficientto
capturethe OCT4regulationseenin the experimentevenwith boundaryconditions.The
imposition of anyboundaryconditionswould alsorequirefurther investigatiorto elucidate
their natureandthe biologicalimplications.Particularlyfor the upperboundary further work
would beneededo constrainits value.Forthis reasonwenextchooseo investigatether
methodsof introducing regulatoryeffectsWe canstill incorporatefBm noiseinto othermod-
elsto generatéhe anti-persistenceeerexperimentallyand capturefeatureF1.In the nextsec-
tion weconsiderdescribinggemporalOCT4with the stochastidogisticequationand explore
theregulatoryeffectof alimiting carryingcapacity.

The stochasticlogistic equation. In this sectionweexplorethe applicationof the stochas-
tic logisticequation(SLE)to simulatingtemporalOCT4regulation.Thelogisticequationis a
widelyusedmodelof populationdynamicscharacterizedby the growth rate of the population,
encapsulatetly the parameter, andits optimal sizecalledthe carryingcapacitydenoted .
We adaptthelogisticequationto the experimentalataavailableusingthe modelfor OCT4
variation,ratherthanthetraditional populationsize SincefBm alonedoesnot fully capture
theregulatorybehaviourof OCT4,someadditionaleffectsareclearlyimportant. We consider
the SLEwith additivenoise multiplicativenoise,andthe effectof atime-dependentarrying
capacity For simplicity, weagainconsiderthe two cellfatestogetherinitially.

Thereareseveraaysstochasticitycanbeintroducedinto thelogisticequation.e.g. addi-
tive noise multiplicative noise,anoisyparameter or carryingcapacity. Bothadditiveand
multiplicativenoisecanbeusedto regulategeneexpressiori32]. The moststraightforwardof
thesds additivenoisewhich canbeintroducedby addinganoisetermto the netrateof change
in the PTF.Thisnoisedoesnot dependon the systenmdynamicsof OCT4andthereforecan
representonstantsource®f externalnoise,or constantnoisewithin measurementg\dditive
noisecanalsoresultfrom molecularfluctuationswithin chemicakeactiond33,42]. TheSLE
with additiverandomscatterto describeDCT4, , overtime, , isthen

— 1 — fsx .21

where isthestochasticoise(e.g. Wiener/Browniannoise,or fBM noise)and , isascaling
parameteicontrolling the magnitudeof the scatter.

We canusethe experimentatiata(pre-BMP4)to estimateand constrainsomeof the
parametershatappeain Eq(2).In keepingwith the anti-persistencahenoise corresponds
to fBm noisewith the Hurst exponent = 0.38andthescalingparameteis againthe standard
deviationof 1OCT4, A =90.We canalsoestimatehe carryingcapacityasthe medianof all
theexperimentalDCT4values, = 1290.Thisleaveshe parameter, which controlsthe
growthrateof OCT4from theinitial conditionsto the carryingcapacityOnceOCT4is fluctu-
atingaroundthe carryingcapacity, hasthe effectof controlling the strengthof the regulation
to the carryingcapacityvalue,in oppositionwith the stochastidluctuations.Throughoutour
modelsweestimate to giveanappropriatequalitativefit to the experimentatlata. TheOCT4
dynamicssimulatedusingEq (2) with = 0.02isillustratedin Fig 3(a)and3(b).Althoughthe
regulatoryeffectof the carryingcapacityworkswellto capturethe upperboundof OCT4
expressionanadditionalboundarycondition at smallvaluesof OCT4is still required(if the
stochasticitygivesriseto < Othen / < Oresultingin ! 1). Adistinguishingfeature
not capturedby the modelis the positiveskewin the distribution of all occurringOCT4values,
shownin Fig 1(b) andoverlaidin Fig 3(b). Themodelpromotestighter regulationabovethe

PLOS ONE | https://doi.org/10.1371/journal.pone.0254991  August 4, 2021 8/22



PLOS ONE Mathematical modelling of OCT4 in pluripotent stem cells

Fig 3. Comparison of experimertal and simulated OCT4 usingthe SLEwith either additive or multipli cative
noise.(a) SimulatedOCT4expressiorforange)usingthe SLEwith additivenoise Eq (2), with 16initial cells, =0.02,

=1290, 5 =90andfBM noisewith = 0.38with anabsorbingooundarycondition atzero.Theexperimatal OCT4
is shownin purpleandgreenfor pluripotert anddifferentiatedcellsrespectively(b) The correspondinghistogramof
simulatedOCT4expressiomsingEq (2) with the experimetal distribution and estimatedtarryingcapacity(vertical
line, =1290)in black.(c) SimulatedOCT4expressiomusingthe SLEwith multiplicative noise Eq (3), with 16initial
cells, =0.005, =1290, y =0.0045ndfBM noisewith =0.38.(d) Thecorresponéhg histogramof simulated
OCT4expressiomwith the experimenéal distribution in black.

https://doiorg/10.1371§urnal.pon®254991.g003

carryingcapacitythanbelowit, resultingin few OCT4expressionabovethe carryingcapacity.
However in the experimentaDCT4,wedo sedargefluctuationsathigh OCT4valuedqcorre-
spondingto valuesabovethe carryingcapacity) This suggestthat the stochasticitythe mag-
nitude of thefluctuations)hassomedependencen the currentstateof the systenithe
currentvalueof OCT4).

Whereaghe additivenoisein Eq(2) hasno dependencen the stateof the systermand cor-
respondgo making /  symmetricallynoisy,multiplicativenoisechangeslependingon the
currentconditions,i.e.,the currentvalueof OCT4,andoriginatesfrom fluctuationsin cellular
componentghatindirectly causevariationin transcriptionfactordynamicq33,42].In the
caseof our temporalOCT4 simulation,multiplicativenoisecanbeusedto generatea scatteiin
the simulateddatawhich hasagreateragnitudewhenthe systenis closeto the carrying
capacity(thusresultingin more stochasticallyigh OCT4expressionsandareducedmagni-
tudewhenfar awayfrom the carryingcapacityHints of this behaviourcanbeseernin Fig1(a),
with largerfluctuationsapparentn the cellsexhibitingaboveaverag®CT4expressionkor
simulatingthe SLEwith multiplicativenoisewefirst considerthe rearrangemenof thelogistic
equation,

I

PLOS ONE | https://doi.org/10.1371/journal.pone.0254991  August 4, 2021 9/22



PLOS ONE Mathematical modelling of OCT4 in pluripotent stem cells

Applyingthe substitution =In() andaddingstochasticity with noisescalingparameter
gives

—" 1 — fsx 3T

which canthenbeusedto simulate =In(), with thedynamicsof OCT4recoveredrom =

. Examplerealisation®of Eq(3) for both and areshownin S5andin S1Fileto illustrate
the effectof multiplicativenoisein atypicallogisticgrowth scenaridor varying . Theresultis
amplifiednoisefor stochasticityoccurringabovethe carryingcapacity.

ThetemporalOCT4dynamicssimulatedusingthe SLEwith multiplicativenoise,Eq (3),
with fBM noisewith =0.38, =1290andfreeparameters =0.005and ,, = 0.0045chosen
for illustrativepurposesjor 16initial cellsareshownin Fig 3(c). Themultiplicativenoise
resultsin cellswith expressionabovethe carryingcapacityexhibitingincreasedtochasticity,
with lower expressiortcellsshowingtighter regulation.The simulateddistribution hasaslight
positiveskewandis qualitativelysimilar to the experimentatistribution, asshownin Fig 3(d).

Thismodelprovidesagoodbasidor capturingthe experimentatesultsacrosgshewhole
time periodandis animprovementon the SLEwith additivenoise.However it doesnot take
into accounthedifferentcellfates(featureF2),andthe evolvingtemporalpositiveskew(fea-
ture F3)in the pluripotent cellgroup,shownin Fig1(c).In thefollowing sectionsve consider
thetwo cellfatesseparatelanddiscusdwo methodsof including the temporalskewin the
pluripotentcellgroup:the SLEwith atransition betweerdominantadditiveanddominant
multiplicativenoise andthe SLEwith atime-dependentarryingcapacity.

SLEwith noisetransition. Firstly,to capturethe changingtemporalskewfor pluripotent
cells(featureF3),wecouldincludeboth additiveand multiplicative noisebecausélifferent
noisetypesreflectdifferentaspectin the cellbehaviou32,33] and both appearto be
involvedin the experimentallyobservecavolutionof OCTA4.If additivenoiseis dominantat
earlytimes,and multiplicative noiseat latertimes,the resultingOCT4distribution will be
symmetricat earlytimesand skewedht latertimes.Theincreasingdominanceof intrinsic
transcriptionnoisewould requirefurther investigationasto its biologicalimplications.We
canconsiderthe following rearrangemenof the stochastidogisticequationwith additive
noise

.ot 1 _ is—xl;

makethesubstitution =In() andintroducethe multiplicativenoiseterm , »,

—" 1 — is—xlis Xyt .41

Asbefore wecansimulatethedynamicsfor andrecoverthedynamicsfor =

For simplicity, we canconsiderthe changebetweeradditiveand multiplicativenoiseasa
switchfor pluripotent cellswith additivenoiseonly for 0< < 20handmultiplicativenoise
onlyfor  20h.Theswitchtimeis choserasthetime atwhichthedistribution of OCT4
becomepositivelyskewedn the experimentallata,shownin Fig 1(c). The parameterare
specifiedn Tablel. SincedifferentiatedcellsshowreducedOCT4expressiorthroughout(fea-
ture F2),theyaregivenalower carryingcapacity Theresultsfor the OCT4dynamicswithin
thisregimeareshownin Fig 4. Thereducedcarryingcapacityfor differentiatedcellsresultsin
their lowerexpressiorthroughout,shownin Fig4(a).The overallOCT4expressiomistribu-
tionsin Fig4(b)arewell describedThetemporaldistributionsin Fig 4(c)illustratethe effect
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Tablel. Fitting parameersfor the OCT4 expres#on for pluripotent and differentiatedcellsusingthe SLEwith both multiplica tive and additive noise,Eq (4). At 20
hoursthe noiseswitchefrom additiveto multiplicativenoisein the pluripotert cells. indicatesafreeparameterwith theremainingparametergonstrainedoy the exper-
imentaldata.

Parameter < 20h 20h
Pluripotert ,(5min)* 0.01
, a.f.u. 1290
A 90 0
M 0 0.05
Differentiated ,(5min) * 0.01
, afu. 1000
A 90
M 0

https://da.org/10.1371durnal.pon®254991.t001

of the noiseswitchin the pluripotent cells with the appearancef apositiveskewat later
times,while the expressiorof differentiatedcellsin Fig 4(d) remainssymmetricaht later
times,descriptivelycapturingfeatured=1,F2andF3.6.

Althoughthis modelcaptureghe overalldistribution and providesthe desiredtemporal
changen skew(which could befurther smoothedwith amore sophisticatedime-dependent
noisefunction, featureF3),it doesnot resultin ashiftin the modeexpressiorasdrasticasthe
oneapparentn Fig 1(c) (featureF4).Forthis weconsiderimplementingatime-dependent
carryingcapacityin the nextsection.

Fig 4. The dynamicsof OCT4 simulated usingthe SLEwith a switch betweenadditive and multiplicat ive noise.(a)
The OCT4dynamicsbetweerzeroand40hoursfor 14 pro-pluripotent (purple) andtwo pro-differentiated(green)
initial cellsfollowing the SLEwith both additiveand multiplicativenoise Eq (4), with the parameterspecifiedn
Tablel. For pro-pluripotent cellsthe noisechangefrom additiveto multiplicative at 20hours.(b) Thedistribution of
all simulatel OCT4valuedor pro-pluripotent (purple) and pro-differentiated(green)cellswith the corresponéhg
experimatal distributionsoverlaid. Thetemporaldistributionsfor (c) pro-pluripotentand(d) pro-differentiatedcells
splitbytimeintervals.

https://dbi.org/10.1371durnal.por.0254991.d4
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Table?2. Fitting parameersfor generating OCT4 expressia for pro-plurip otent and pro-differ entiated cellsusingthe SLEwith additive and multiplicative noise,

and atime-deperdent carrying capacity,Eq (5).

Pluripotert

Differentiated

https://da.org/10.137 1§urnal.pon®254991.t002

indicatesafreeparameteryith theremainingparameersconstraine by the experimatal data.

Parameter < 25h 25h
,(5min) * 0.015
, afu. 1500 1000
A 30
M 0.035
,(5min)* 0.015
, afu. 1100 1000
20
M 0.03

SLEwith time-dependentcarrying capacity. To reproducethe significantshiftin the
modefor the pluripotentcells,shownin Fig 1(c) (featureF4),wecanemployatime-dependent
carryingcapacityWe usethe stochastidogisticequationfor all cells with both multiplicative
andadditivenoise,asin Eq(4),andacarryingcapacitywhich varieswith time,

—" 1 3 is—xlis Xyt .57

For simplicity, wewill consideronechangeof carryingcapacityat 25hours,asatthistime
thereductionin the averag®©CT4beginsWe canestimatehe carryingcapacityasthe
medianOCT4betweerzeroand25hoursresultingin -,  1500and , 1100for pluripo-
tentanddifferentiatedcells respectivelyPost-25hours,the carryingcapacitiesanbeesti-
matedas p o 1000.Thisreductionin thecarryingcapacitywill initiate the
correspondingeductionin the modeof thedistribution overtime we seeexperimentallyThe
OCT4dynamicsusingtime-dependentarryingcapacities$n Eq (5) for 14 pro-pluripotent
andtwo pro-differentiatedcells with the modelparametersummarisedn Table2,areshown
in Fig 5.

Thelowercarryingcapacityresultsin consistentijfower OCT4expressiorior the differen-
tiatedcells(featureF2),asshownin Fig5(a)and5(b). The overalldistribution of OCT4
expressiongs welldescribedshownin Fig5(b). Themodelcaptureghe shiftto lowerOCT4
valuesn pluripotent cells(featureF4),shownin thetemporaldistribution in Fig5(c). The
time-dependentarryingcapacityfunction () couldbefurther developedo represena
smoothtemporaltransition and canbeadaptedo captureothersignificantincreasesnd
decreases expressionThenoiseparameterchoicesouldalsoberefinedto additionallycap-
ture the changen the temporalskewusingtime-dependenmultiplicativenoise.

Herewehaveoutlined somepossibleechniquedor simulatingtemporalOCT4 usingthe
SLEwith differentmodesof fBm stochasticityandatime-dependentarryingcapacity The
fBm stochasticityallowsthe recoveryof the Hurst exponentin all models(featureF1),with
two separateellpopulationsallowingfor flexibility in capturingthe systematidower OCT4in
the pro-differentiatedcells(featureF2). Multiplicative noisecanintroduceaskewin the over-
all distribution of OCT4valuegasweseen pro-pluripotentcells featureF3)andatime-
dependentarryingcapacitycanreproducereductionsin OCT4with time (asweseéan pro-
pluripotentcellspre-BMP4 featureF4).Notethatweaimto illustratethe applicationof sucha
modelanddescribeaframeworkwhich couldbeusedto capturesomeof the globalproperties
of experimentatatasets Furtherwork is now requiredto elucidatehe appropriateparameter
choiceswith further experimentsaandexploretheir biologicalimplications.
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Fig 5. The dynamicsof OCT4 simulated usingthe SLEwith atime-deperdent carrying capacity.(a) TheOCT4
dynamicsbetweerzeroand40hoursfor 14 pro-pluripotent (purple) andtwo pro-differentiated(green)initial cells
following the SLEwith both additiveand multiplicativenoiseand atime-dependentcarryingcapacity £q (5), with the
paraméersspecifiedn Table2. For pro-pluripotent cellsthereis alargereductionin carryingcapacityat 25hours,
causingavisibledeclinein OCT4afterthistime. (b) Thedistribution of all simulatel OCT4valuedor pro-pluripotent
(purple)and pro-differentiated(green)cellswith the corresponihg experimatal distributionsoverlaid. Thetemporal
distributionsfor (c) pro-pluripotentand (d) pro-differentiatedcellssplit by time intervals.

https://i.org/10.1371durnal.por.0254991.906

Simulating cell differentiation

In the previoussectionwe considerednodellingtemporalOCT4regulationbeforeanydiffer-
entiationstimulus(BMP4)is added correspondingo thetime intervalO< < 43hin the
experimentatolony[14,29]. Theaddition of BMP4causes significantreductionin OCT4
expressionn thedifferentiatedcells(featureF5)shownin Fig 1(a). ThemeanOCT4,shown
in Fig 6(a)alsoshowshe clearreductionin differentiatedcells For completenesshe median
andmodeexperimentaDCT4areshownin S6(ajand S6(b)in S1File.We exploretwo meth-
odsof modellingthis reductionin OCT4asdifferentiationisinduced.Firstly,weapplythe
SLEwith atime-dependentarryingcapacityasdiscussegreviously andsecondlywecon-
siderthe useof the SLEwith an Alleeeffect. Althoughnot seenin this experimentjt shouldbe
notedthat high OCT4valuescanalsocorrespondo celldifferentiation[13].

Differentiation with atime-dependentcarrying capacity. We previouslyemployedhe
SLEwith atime-dependentarryingcapacity Eq (5), to simulateamoderatereductionin the
averag@®CT4expressiompost-25hours,asshownin Fig 5. We could extendthis techniqueto
simulatethe more drasticreductionin OCT4seenwhenthe differentiationstimulusis added.

Asin the previoussectionwecanestimatethe carryingcapacitiegor < 25has , 1500
and , 1100for pluripotentanddifferentiatedcells respectivelyFor > 25hwecansimu-
latethereductionin OCT4 (particularlypronouncedin the pluripotent cells)with areduction
ofthecarryingcapacityfo ,= 4 1000Forthedifferentiatedcellsareductionto 4 300
in thetime interval > 43hcorresponddo celldifferentiation. Theseshifting carryingcapaci-
ties,alongwith the othermodelparameteraregivenin Table3. Thedynamicsunderthis
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Fig 6. The experimentl and simulateddynamicsof OCT4 upon differentiation at 43hours. The(a) experimetal
(i) OCT4and(ii) meanOCT4with time. The(b) simulated(i) OCT4and (i) meanOCT4with time with
differentation inducedat43hoursusingatime-depemnientcarryingcapacity £q (5), with the parameterspecifiedn
Table3.The(c) simulated(i) OCT4and(ii) meanOCT4wth time with differentiaton inducedat43hoursby
introducing an Alleeeffecttermto the SLEEq(7),with =0.025, =1290, o =35, o=0.035and =1000.

https://abi.org/10.1371durnal.por.0254991.406

Table3. Fitting parameersfor the OCT4 expres#on of pluripot ent and differentiated cellsusingthe SLEwith additive and multiplicat ive noise,and atime-depen

dent carrying capacity,Eq (5), to captureinduceddifferentiation.

indicatesafreeparameterwith the remainingparameersconstrainedy the experimatal data.

Parameter 0 < 25h 25 < 43h 43 < 68h
Pluripotert ,(5min)* 1500 0.015 1000
, a.fu. 1000
A 30
M 0.035
Differentiated ,(5min) * 0.015 0.015 0.008
, a.fu. 1100 1000 300
20
M 0.03

https://da.org/10.137 1§urnal.pon®254991.t003
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regimeareshownin Fig 6(b) and S6(c)and S6(d)in S1File.Thetime-dependentarrying
capacityleadso thereductionof OCT4in the differentiatedcellgroup,well capturingthe
dynamicsof (featured=4andF5).

Thismodelcouldbefurther refinedby the useof amore sophisticatedunction for the
time-dependentarryingcapacitywhich couldbeestimatedrom experimentatlatasuchas
thatin Ref.[13, 14]. Themodelcouldalsoeasilybeadaptedo includeapopulationof cells
exhibitinghigh OCT4valuegre-differentiation,with acorrespondingncreasen their carry-
ing capacityHowever the modelwould remainpurelydescriptivewith pro-pluripotentand
pro-differentiatedcellsdefinedfrom the outsetwith differentbehaviouratules.Nextwecon-
siderusingthe SLEwith an Alleeeffectto simulatedifferentiationandidentify the different
cellfatetypes.

Differentiation with an Allee effect. Another possiblenethodof modellinginduceddif-
ferentiationis the SLEwith ademographiclleeeffect Alleeeffectsaretraditionally usedfor
modellingpopulationnumberswith the effectinhibiting populationgrowth atlow densities
asobservedn both animalandcellpopulationg43+45].The deterministiclogisticequation
for OCT4expression with this effectincorporatedhastheform

—" 1 - — .6t

where iscritical point atwhichthe Alleeeffectoccurs Notethatthereareothermethodsof
simulatingAlleeeffectghroughe.g. differenceequation§46, 47] and Lotka-Volteramodels
[48,49].Hereweusethelogisticequationfor consistencyvith our previousmodellingresults.

Theeffectof the Alleetermin Eq(6)onboth /  andthe OCT4expression for an
examplesystenisillustratedin S7Figin S1File.ForaweakAlleeeffect, < ( =0),therate
ofchange/  remainspositivefor < butissignificantlysuppressed-or astongerAllee
effect, > ( =0), / isnegativdor < andresultsin the OCT4expressiomeclining
to zero.lt isthis decliningeffectwe canemployto simulatethe reductionin OCT4expression
for the differentiatedcells.The Alleeeffectcanbeintroducedat a certaintime point resulting
in eithercontinuedsuppressedrowth or adeclineto zero.Example®f “switchingon' both
weakandstrongAlleeeffectduring logisticgrowth areshownin S8Figin S1File.

For simulatingOCT4expressionthroughthe differentiationprocessvith the SLE wecan
switchon the Alleeeffectterm atthetime the differentiationagentis added(43h). If the
OCT4expressionisbelow , thenthe Alleeeffectwill bestrongandthe OCT4will declineto
zero.Thestochasticityin the systemwill meanthat only someof the cellswill meetthis condi-
tion, with othershavingan OCT4expressiomgreaterthan , andthereforecontinuingwith
(suppressedpgisticgrowth. The stochasticitywill alsoresultin this effecttaking placeatall
timespast43h,sothedifferentiationprocesill happenatdifferenttimesfor differentcells.
TheSLEfor =In() with additivefBm noise ; andmultiplicativefBm noise ,is

-1 - — T.S—xlis Xy; Tt

where isthe Alleeeffectcritical point.

The OCT4dynamicsfor 16cellssimulatedwith the SLEEq(4),for < 43handtheSLE
with anAlleeeffectEq(7),for  43hwith =0.025, =1290, o =35, y» =0.035%nd

= 1000areshownin Fig6(c)andS6(eland S6(f)Figin S1File.Herethefatesof eachcellare
identified atthe end of the simulation,with the cellswhoseOCT4 hasreducedasaresultof
the Alleeeffectclassedsdifferentiated andthe cellswhoseOCT4 hasremainedconstantas
pluripotent. The modelcaptureghereductionof OCT4in the differentiatedsubsebf cells
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whilstkeepingaremainingpluripotent cellpopulation(features=4and F5). However the
OCT4in the pro-differentiatedgroup pre-Alleeeffectis no lowerthanfor the pro-pluripotent
cellgroup,unlike in the experimentatesults(featureF2). Furthermore anadditionalmodel
would berequiredto introducedifferentiatedcellswith high OCT4values.

Discussion

We haveexploreddifferentmodellingtechniquegor describinggemporalOCT4regulation,
guidedby previousanalysiof experimentalDCT4expressiornin agrowinghESCcolony[14,
29], particularlyfractionalBrownianmotion andthe stochastidogisticequation A differentia-
tion agentBMP4,wasaddedto the cellsat43hoursandresultsin thereductionof OCT4
expressionn the differentiatedcells. Althoughnot seerhere,it is alsopossibldor high OCT4
expressiorio accompanyelldifferentiation[13]. Pre-BMP4weidentified the keyfeatures
(F1+4)including ananti-persistenstochasticityandfor pluripotent cellsatemporalskewand
shiftingmodein thedistribution of all OCT4expressiondAll the modelsdiscussedollow a
commonbasanodelwhich setsup theinitial conditionsanddescribegellproliferation.We
thenfocuson differentmathematicamethodsof generatinghetemporalOCT4expressions
for the cellpopulationwithin this basemodel. The simulatedpopulationsconsistof 16cells
(with 14 pro-pluripotentandtwo pro-differentiated)resultingin approximately\30000simu-
latedOCT4expressiondlVe havetakena systemati@pproachgraduallybuilding complexity
to illustratethe methodologyof developingstochastieanodelsfor biologicalsystems.

Firstly, weconsidemodellingthe OCT4dynamicspre-BMP4j.e..for < 43hoursThe
analysisn Ref.[29] revealedhat OCT4valuedluctuatestochasticallyvith anti-persistence
andaHurst exponent,, of 0.38(featureF1),suggestinghe useof fractionalBrownian
motion (fBm) [34]. Thereis alsofurther experimentakvidencehat geneexpressionandtran-
scriptionfactordynamicsdisplayfractalcharacteristic§50]. The Hurst exponentor genetic
expressiorin hasbeenfoundto be 0.8, showinglong-rangememorywith persistence
[50]. It isthoughtthat thesestochastidractaldynamicscanleadto phenotypicdiversity[50,
51].Another studyin avarietyof bacterisfoundrangesf betweerD.3+0.8or different
genesshowinganegativecorrelationwith the genelength[52]. Theuseof fBm is particularly
commonin financialmodelling[53+55],but it hasalsobeenusedto describaliffusionwithin
crowdedfluids (suchasthe cytoplasnof cells)[56] andthe kineticsof transcriptionfactors
[57]. Thestochasticityfrom fBm resultsin awider rangeof OCT4valuesat latertimesthan
seerexperimentally(an effectwhichis exacerbatedith time).

Therangeof OCT4canbecontrolledartificially with boundaryconditions(eitherabsorb-
ing or reflecting),but the overalldistribution of all OCT4valuess not well capturedlt isalso
unclearwhethertheseboundaryconditionsarebiologicallyappropriateasOCT4expressioris
regulatedoy acomplexrangeof factorsacrosghetranscriptional post-transcriptionabndepi-
genetiaegulationleveld3, 7,58,59]. Interestingly mechanicalimits to transcriptionhave
beenshownto naturallygeneratéoundsto transcriptionalnoise[60]. A boundarycondition
atzerocorrespondgo thefactthat OCT4expressiomeverbecomesegativewith the upper
boundaryrepresentinga maximumpossiblevalueof arbitrary fluorescencintensity. Thisalso
raiseghe questionof the biologicalimplicationsof the removalof cellsthroughabsorbing
boundariesor therecoveryof expressiorthroughreflectingboundaries®nepossibilityfor
absorbingooundariedor pro-pluripotentcellsis to representifferentiationhappeningat
boththe upperandlowerboundary[13]. AlthoughfBm aloneis not sufficientto capturethe
experimentabehaviourjt does(by design)capturethe anti-persistencé = 0.38)andsoin
all latermodeliterationswe usefBm noiseto generateahe stochasticity.
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A somewhatessartificial methodof keepingthe OCT4valueswithin rangeisto usethe sto-
chastidogisticequation(SLE) which hasaregulatingparameteof the carryingcapacity,,
whichrepresentshe maximumamountof OCT4that canbeexpresseithin eachindividual
cell.Notethatthis could bedueto limits on the expressiorof OCT4dueto othermembersof
theregulatorynetworkwhich causdts down-regulationIn our model,the stochasticityallows
for somefluctuationsabove. Similarlyto the boundaryconditionsthis maximumvalue
dependsn the complexinter-regulatorynetwork of OCT4,howeverwe estimatethe valueof
the carryingcapacityfrom the experimentatesultsasthe medianof all OCT4valuegqtaking
into accountthe stochasticityallowingfor > ).

Therearemanypossiblesource®f noisewithin the systemandvariouswaysto simulate
stochastiserieg61]. Noiseinherentin molecularfluctuationsresultsfrom stochastichemical
reactionge.g.hoisein therateconstantsandemergessadditivenoiseasit isindependent
of thevariablef the systen{33,42]. Thereis alsomultiplicativenoiseoriginating from fluc-
tuationsin othercellularcomponentghatindirectly causevariationin transcriptionfactor
dynamicq33,42]. We considerboth additiveand multiplicativenoise,shownin Fig 3. The
introduction of multiplicativenoisecreatedargerfluctuationsabovethe carryingcapacity,
qualitativelysimilar to thoseseerin the experimentThisresultsin adistribution of all OCT4
valuesvell matchedto the experimentwith the slightpositiveskewbeingcaptured Both addi-
tive andmultiplicativenoisecanbeusedto regulategeneexpressionwith multiplicativenoise
allowingsmalldeviationsn transcriptionratesto leadto largefluctuationsin protein produc-
tions[32]. Futurework could comparetheseresultsto simulationwith aGillespiealgorithmto
drawlinks with theratesof reactiongnvolvedin the OCT4regulationfor intrinsic noise[62],
with further extensiongor externalnoise[63].

A propertynot capturedby the SLEwith eitheradditiveor multiplicativenoiseis thetime-
dependencyf this positiveskew(featureF3).1t occursonly atlatertimes,andonly in pluripo-
tentcells shownin thetime-discretisedlistributionsof OCT4in Fig 1(c). Thistemporalskew
canbecapturedby the SLEwith both additiveand multiplicativenoise with the typeof noise
time-dependentadditivenoiseat earlytimesproducessymmetricadistributionsof OCT4,
with multiplicativenoiseat latertimesproducingskewedlistributions,shownin Fig4.Here
we changedhe noisefunction stepwisebut this could befurther smoothedusingamore
sophisticatedime-dependennhoisefunction. Thebiologicalimplicationsof achangdn domi-
nancein noisetypeswould beaninterestingavenuefor future work. This couldbelinked to
experimentatesultswhich showthatwhenOCT4 productionis high (at earlystagesn the cell
cycle[13]) the systendoesnot takeinto accountthe currentlevelsof OCT4in the cell[64],
leadingto additivenoisemore predominantlyin the earlierstage®f the cellcycle.

Anotherinterestingpropertyof the experimentalDCT4is the declinein expressiorior plu-
ripotent cellspost-25hours(featureF4) shownin Fig 1(c).We considercapturingthis behav-
iour usingthe SLEwith atime-dependentarryingcapacity Sincethis parameteis likely to
dependon alargenumberof biologicalfactorsit is not unreasonabléo expecthatit may
changewith environmentalconditionsand experimentatime. We considerthe pluripotent
anddifferentiatedcellsseparatelyeachwith adifferentcarryingcapacitycorrespondingo the
suggestiothatthe decisionto differentiateis determinedpre-differentiationstimulus[14].
The carryingcapacityfor both cellgroupsis reducedat 25hours,resultingin adeclinein
OCT4expressionparticularlyfor the pluripotent cellgroupwith originally higherexpression.
Althoughthistechniquewell describeshe experimentatesults(shownin Fig 5), it requires
multiple parametersvhich needto beelucidatedrom further experimentatiata.

Wethenconsidemodellingthe OCT4regulationfor all times,including the declinein
expressiomueto the addition of the differentiationstimulus.We extendthe time-dependent
carryingcapacityapproachreducingthe carryingcapacityfurther for the differentiatedcell
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groupat43hours.Thiswell capturegshe declinein OCT4upondifferentiation(featureF5),
alongwith the more subtledeclinein pluripotent cells shownin Fig6(b). Herewehaveuseda
stepwisehangdn theparameter, butthisis easilyadjustabldo otherexperimentatesults
andmore sophisticatedunctionscould beusedto captureothertrends.Similarly,apopula-
tion of high OCT4differentiatedcellscould beintroducedwith acorrespondingncreasen
their carryingcapacityThe pro-differentiatel cellsareidentified from the outsetandalthough
thisis not biologicallyunreasonableyith evidencehat cellfateis determinedpre-differentia-
tion agenf14], the modelitselfdoesnot producethetwo fategroups(featureF6) which limits
its future capacityto developnto apredictivemodel.lt is alsoworth noting thatalthoughthe
time-dependencyf increaseshe modelflexibility to capturetrends,it alsoincreaseshe
numberof parametersequiredto beestimatedrom the experimentatiata.

A methodof inducing differentiationwhich naturallyproduceghe two fategroupsis the
SLEwith anAlleeeffect Alleeeffectsarewell usedacrossmathematicabiology[43+45],but
wearenot awareof their applicationto pluripotencytranscriptionfactorexpressionThe Allee
effectresultsin adeclineto zerofor cellswhoseOCT4expressiotiluctuatesdbelowthe critical
point . Thestochasticityn the systenmeanghat this condition is metfor only someof the
cells,causingheformation of adifferentiatedcellgroupwith reducingor zeroOCT4anda
pluripotentcellgroupwith stableOCT4expressioratthe carryingcapacityshownin Fig 6(c).
Thismodelis limited to describingow OCT4 differentiatedcellsasseenn this experiment
andhigh OCT4differentiationwould needto beincorporatedthroughanothertechnique.
Thismodelcouldbecombinedwith atime-dependentarryingcapacityto capturethe decline
in expressiorin pluripotentcells.

A summaryof whichmathematicamodelscanbeusedto captureeachof the keyexperi-
mentalfeatureds givenin Table4. Sincethetwo differentiationmodelshavedistinctadvan-
tagesdependingon whetherit is more appropriateto definedifferentiatedcellsfrom the
outset(shifting carryingcapacitymodel) or theyoccurstochasticallyAllee effectmodel),we
havenot quantitativelycomparedhetwo modelsIn thefuture developmenbf thesemodels
to predictivemodelsaformal comparison(suchasBayesiainformation Criterion) couldbe
appliedto aid modelselection.

Themodelsdiscussethereareof a purelydescriptivenature,but outline a possiblérame-
work for modellingthe regulationof OCT4.We haveexploredsystematicallawide rangeof
effectsghat might beableto reproduceratherfine detailsin the experimentallyobserved
dynamicsof the OCT4 expressiorandidentified an adequatend optimal combinationof
sucheffectsHowever the resultingmodelmaynot beuniqueandotherapproachesaybe

Table4. A summaryof the keyfeaturesidentified experimentally and the modelsusedto describeeachbehaviour.

Keyfeatures Model
Pre- F1.Stochast noisewith Hurst exponentof | Any modelusingfractionalBrownian noise,Eq(1).
differentiaton 0.38.
F2.Pro-differentiatedcellsshowreduced Incorporatedthroughinitial conditions by consideringwo populatiorsin anyversionofthe SLE.
OCT4throughout.
F3.Positiveskewof all pro-pluripotent SLEwith multiplicative noise Eqs3 and4.

OCT4expressions.
F4.Reductionin pro-pluripotentOCT4post | SLEwith time-depe@dentcarryingcapacity,(), Eq(5).

25hours.
Post- F5.Reductionin OCT4expressiorior some | SLEwith eithertime-depemlentcarryingcapacity() or Alleeeffect,Eq(5) or Eq(7).
differentiaion cells.
F6.Separationnto pluripotentand SLEwith time-depadentcarryingcapacity () or Alleeeffect,Eq(5) or Eq(7), but only with the
differentiged groups. Alleeeffectdoesthis happenstochasticlly.

https://da.org/10.1371durnal.pon®254991.t004
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viable.To justify anymodelof this kind andto developt into a prognostictool for
experimentationit shouldbeassesseahd comparedwith targetedexperimentsWith this
caveatywebelievehatthe modeldevelopedanbeusedasa provisionalprognostictool and
basidor further mathematicamodeldevelopment.

A keynextstepwould beto investigatehe effectf the currentfreeparametershrougha
parameteiscanandto further constrainthe freeparametershroughinferenceof otherexperi-
mentaldata,suchasthe studiesn Refg 13, 65+67] Anotherinterestingavenueof research
would beto comparethe modelsto stochastimetwork modelswhich considerthe wider PTF
network[24,68].In thesemodelsaglobaltrend of anti-persistencés inbuilt throughfeedback
regulationsHereweusethe carryingcapacityandthe persistennoisein thelogisticequation
to representheregulatorypropertyof OCT4,without specifyinghow this regulationoccurs.
Thus,this couldrepresennegative-feedbackystemsvith other PTFswith the advantagef
beingableto considerasinglePTFin isolationandencapsulatéhe regulationwith less
parameters.

Furthertime-lapseexperimentsnonitoring singlecell PTFexpressiorthrough colony
growthwill beusefulin confirming which of thesepropertiesareinherentto OCT4expression,
andhowtheyvarydependingon experimentatonditions,andto providemore extensive
benchmarkingor the modellingapproacheandassumptionslt will beinformativeto apply
the sameguantitativeframeworkto the other predominanttranscriptionfactors,SOX2and
NANOG. Theirindividual regulatorydynamicscouldthenbecomparedusingthe keydescrip-
tive parametersand any systematiclifferencesdentified. This information will helpbuild the
picture of thewider PTFsystenwith the dynamicsof the PTFsconsideredaspart of aninter-
linked network.In generalthis highlightsthe needfor further temporalexperimentatiataon
PTFregulationto build uponthis mathematicaframeworkand developmore sophisticated
predictivemodels.Theseanodelsof the microstateof PTFregulationwill helpinform longer
time-scalenodelsof the pluripotentmacrostate.
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