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Abstract

Human pluripotent stem cells (hPSCs) have the potential to differentiate into all cell types, a

property known as pluripotency. A deeper understanding of how pluripotency is regulated is

required to assist in controlling pluripotency and differentiation trajectories experimentally.

Mathematical modelling provides a non-invasive tool through which to explore, characterise

and replicate the regulation of pluripotency and the consequences on cell fate. Here we use

experimental data of the expression of the pluripotency transcription factor OCT4 in a grow-

ing hPSC colony to develop and evaluate mathematical models for temporal pluripotency

regulation. We consider fractional Brownian motion and the stochastic logistic equation and

explore the effects of both additive and multiplicative noise. We illustrate the use of time-

dependent carrying capacities and the introduction of Allee effects to the stochastic logistic

equation to describe cell differentiation. We conclude both methods adequately capture the

decline in OCT4 upon differentiation, but the Allee effect model has the advantage of allow-

ing differentiation to occur stochastically in a sub-set of cells. This mathematical framework

for describing intra-cellular OCT4 regulation can be extended to other transcription factors

and developed into predictive models.

Introduction
Humanpluripotentstemcells,hPSCs,havetheability to self-renewthroughrepeateddivisions
andto differentiateinto awiderangeof celltypes,apropertyknownaspluripotency.Theplur-
ipotencyof hPSCsis their definingcharacteristic,centralto their applicationsregenerative
medicine[1, 2]. However,hPSCsexhibitcomplexbehaviourandthe�������� control of their
differentiationtrajectoriesischallenging.

Pluripotencyiscontrolledbyaninter-regulatorynetworkof pluripotencytransciptionfac-
tors,PTFs,including thegenesOCT4,SOX2andNANOG [3±5].Thedestabilisationof PTFs
andtheir interactionwith chemicalsignallingpathwaysresultin differentiationawayfrom the
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pluripotentstateandinto aspecialisedcell[3, 6,7]. Thisdecisionof acellto eitherremainplu-
ripotent or to differentiateisknownasits fatedecision.It isunknownhowmuchcellfatedeci-
sionsareledby inheritedfactors,asopposedto environmentalfactorsandintra-cellular
signallingasevenclonal(geneticallyidentical)cellsunderapparentlyidenticalconditions
makedifferentfatedecisions[8]. In many�������� experimentsthedifferentiationof hPSC
populationsis inducedandfacilitatedbyadifferentiationagent,suchasBMP4[9, 10].

A narrowrangeof PTFexpressionisnecessaryto maintaincellpluripotency,with both
highandlow expressionscausingashift from thepluripotentstate[11,12]andevensmallfluc-
tuationscanbiascellfatedecisions[13]. Furthermore,thePTFsareinheritedasymmetrically
asacelldivides,biasingthefateof thedaughtercellsandcontributing to colonyheterogeneity
[14±16]with thedecisionto differentiatelargelydeterminedbeforeanydifferentiationstimu-
lusis introduced[14]. Giventhelikely largenumberof factorsinvolvedin thefatedecisions
andour limited knowledgeof their nature,theprobabilisticframeworkto modellingPTF
dynamicsappearsto bethemostsuitable.However,careful,experiment-basedquantification
of thestochastic,temporaldynamicsof PTFsisnecessaryto examinetheresultingeffectson
cellfate.

Statisticalanalysisandmathematicalmodellingaredeepeningour understandingof hPSC
behavioursandguidingthedevelopmentof experimentalprotocols[17]. Recentmathematical
modelsof cellpluripotencyfocuson describingthenetworkof PTFsandtheresultingcellfate
decisionsto guidetheoptimisationandcontrol of pluripotency�������� [17±19].Thesemodels
areinformedby recentstudiesof fluctuationsof PTFsthroughoutcolonies[13,14,20]andthe
spatialpatterningof differentiation[21,22].Manymodelsusecoupleddifferentialequations
basedon theHill equations[23] describingchangesin concentrationsof moleculesto describe
PTFfluctuations[24±26].Othersusenetworkanalysisframeworks[27] or explorethe
mechanicalaspectsof thecellbehaviourwhenboth themodelanddataarecomplex[28].
Thesemodelsoftenaim to describethewholePTFregulatorynetworkandit canbedifficult to
estimatethemodelparametersaccuratelyfrom experimentaldata[26].

Herewefocuson themethodologyof building suchmathematicalmodelsusingexperimen-
tal datafor thetranscriptionfactorOCT4.AlthoughtheOCT4dynamicswill beaffectedby
manyexternalfactorsandtheremainderof thePTFnetwork,therearebenefitsto considering
eachPTFin isolationasthecrucialfirst step;firstly, thissimplifiesthemodeldevelopmentpro-
cess,allowingeachelementto beexploredin asystematicwayandsecondly,theresultspro-
videabasisfor comparisonto theotherPTFs(e.g.,NANOG andSOX2)from similar
experiments.Similarly,althoughinterestingspatialpatterningeffectsareseenin OCT4[29],
wewill consideronly theintra-cellularOCT4behaviourthroughtime.Thesesimplermodels
canbeusedto describethestochasticnatureof PTFregulationon shortertime scalesand
exploretheeffectsof eachPTFon cellfate,beforetheir developmentinto coupledmodelsof
theentirepluripotencyregulatorynetwork.

Herewesystematicallyexplorevariousmathematicalmodelsfor thetemporalregulationof
thePTFOCT4.Weaim to identify theoptimalsetof mathematicaltoolsrequiredto reproduce
thekeyquantitativefeaturesof experimentalobservationsfrom Ref.[14] andtheadditional
quantitativeanalysisof thisdatasetfrom Ref.[29]. Theframeworkdiscussedcanbeappliedin
future to otherexperimentaldatasets.SincePTFfluctuationis inherentlystochastic[14,20,30,
31],wefocuson differentformsof well-establishedstochasticmodelsto describethebehav-
iour, namely:fractionalBrownianmotion andthestochasticlogisticequation.Theaim is to
describethePTFsasmicrostatesbeforeconsideringthemacrostateof cellularpluripotency.
Firstly,weintroducetheexperimentaldataandoutline thekeyfeaturesof OCT4to be
describedmathematically.Next,weexplorefractionalBrownianmotion andthestochastic
logisticequationfor simulatingtemporalOCT4beforeanycelldifferentiationoccurs.We
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considerdifferenttypesof randomnoise(additiveandmultiplicative[32,33])andtheir effects.
Finally,weexaminetheuseof shiftingcarryingcapacitiesandAlleeeffectsto simulateareduc-
tion in OCT4towardsthedifferentiatedstate.

Experimental OCT4 fluctuations
Weuseexperimentaldataof OCT4expressionin agrowinghESCcolonyfrom Ref.[14] and
our previousanalysisof thisdatain Ref.[29] to guidemodeldevelopment.Althoughfocused
on oneexperiment,themathematicalframeworkoutlinedhereiseasilyadaptableto other
experimentalresults.Weusetheexperimentalanalysisin Ref.[14] andRef.[29] to illustrate
theapplicabilityof suchmodelsto PTFregulation.Herewesummarisetheexperimentand
main featuresof thedatato bedescribedbyamathematicalmodel.

Experimentsummary
Thisexperimentwascarriedout byPurvisLab(Universityof North Carolina,Schoolof Medi-
cine),andispublishedin Ref.[14]. TheOCT4levels(meanOCT4-mCherryfluorescence
intensity)in ahumanembryonicstemcellcolonyweredeterminedandcellswerelive-imaged
for 68hours.Thecolonybeginsfrom 30cellsandgrowsover68hours(817time frames)to
463cells,with 1274cellcycleselapsingwithin this time.After 43hours,thehESCsweretreated
with (100ng/ml) bone-morphogenetic protein4 (BMP4)to inducetheir differentiation
towardsdistinct cellfates.ThecellIDs andancestrieswereextractedalongwith their OCT4
immuno-fluorescenceintensityvalues(reportedin arbitraryfluorescenceunits,a.f.u.).The
measurementsof theOCT4signalat5minute intervals,resultsin asetof evenlysampleddis-
creteobservationsfor eachcell,OCT4(�0), OCT4(�1), . . ., OCT4(�� ), where�0 is thetime of cell
`birth' and�� thetime of celldivision.Thevaluesof �� rangefrom 0.25±30hoursacrossthe
population,with amean� standarddeviationof 10.3� 4hours.

To classifythecellsaseitherself-renewing(pluripotent) or differentiated,themean
nuclearOCT4andCDX2werequantifiedat68hours.A two-componentmixedGaussiandis-
tribution representingpluripotent (OCT4+/CDX2�) anddifferentiated(OCT4�/CDX2+) cat-
egorieswasfit to thedata,with hESCsassignedto eachgroupif >99%confidencewasmet.
Cellsnot reachingtheconfidencethresholdwereallocatedthe`unknown'category.Further
detailsarepresentedin Ref.[14]. Usingthesefates,thecellpopulationwastracedbackin time,
spanningmultiple celldivisions,with eachearliercelllabelledaccordingto thispro-fate.The
colonybeginsfrom 14pluripotent,2 differentiatedand14`unknown'categorycells.In this
paperweconsideronly thepluripotentanddifferentiatedfategroups.Notethat for timespre-
BMP4(before43hours),thefateclassificationisapro-fatebasedon thefateof thecells
descendants.

Temporal OCT4 features
TheOCT4expressionof (pro-)pluripotentand(pro-)differentiatedcellsfor thewholeexperi-
mentaltime (68hours)isshownin Fig1(a).At 43hoursthedifferentiationagentBMP4is
added,afterwhichthereisadeclinein OCT4expressionin the(pro-)differentiatedcells.The
(pro-)pluripotentcellsretaintheir OCT4expressionlevels.Thedistribution of all OCT4
expressionspre-differentiationisshownin Fig1(b),with temporaldistributionsin Fig1(c)
and1(d) for pluripotentanddifferentiatedpro-fatecellsrespectively.A detailedanalysisof the
experimentaldataisprovidedin Ref.[29]. Forsimplicity,anddueto thedistinctbehavioural
differencesidentifiedpre-andpost-differentiation,wefirst considermodellingthetemporal
behaviourpre-BMP4beforemovingon to theeffectof celldifferentiation.Fromthe
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experimentaldataandanalysisin Ref.[29], weidentify severalkeyfeatures(labelledF1±6with
F1±4pre-differentiationfeaturesandF5±6post-differentiationfeatures)to capturein model
development,asfollows:

Pre-differentiation.

F1.Thetime seriesexhibitstochasticnoise,shownin Fig1(a),with ameanHurst exponentof
0.38�0.09in both (pro-)pluripotentand(pro-)differentiatedcells,calculatedin Ref.[29]. A
Hurst exponent<0.5 indicatesanti-persistencein thetime series,with increasesin OCT4
morelikely to befollowedbydecreases,andviceversa.Furtherdetailson theHurst expo-
nentaregivenin the(S1File),alongwith thedistribution of all calculatedHurst exponents
for everycell(with >50 time framesavailable)andthedistribution of their standarddevia-
tions in S1Figin S1File.

F2.Pro-differentiatedcellsshowreducedOCT4expressionthroughout,shownin Fig1(a)and
1(b).

F3.Thedistribution of all OCT4expressionsfrom (pro-)pluripotentcellsispositivelyskewed,
resultingfrom areductionin expressionat latertimes,shownin Fig1(b)and1(c).

F4.Thedistribution of all OCT4expressionsfrom (pro-)pluripotentcellsshowatemporal
shift in themode,with areductionin expressionwith time,shownin Fig1(c).The
distributionsarestatisticallydifferent,confirmedby theKolmogorov-Smirnov testat the
95%level.

Fig 1. Experimental OCT4properties. (a)ThetemporalOCT4expression for all (pro-)pluripotent(purple)and(pro-)
differentiated(green)cellsup to 68hours.At 43hours(verticaldashedline) thedifferentiation agentBMP4wasadded.
Pre-differentiation:(b) Thedistribution of all OCT4expressionsfor all (orangecircles),pro-pluripotent (purplesquares)
andpro-differentiated(greendiamonds)cells.Thedistribution of OCT4expressionfor binnedtime intervalsbetween
zeroand43hoursfor (c) pro-pluripotentand(d) pro-differentiatedcells.Thecolourbarshowsthetime of thebin centre.
Thenumbersof cellsincludedin eachbin areindicatedby � to theright of thecolourbar.

https://doi.org/10.1371/journal.pone.0254991.g001
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Post-differentiation.

F5.At theendof theexperimentdifferentiatedcellsareclassifiedaccordingto their OCT4and
CDX2expressions.Thesedifferentiatedcellsshowapronouncedreductionin OCT4upon
BMP4addition (43hours),asshownin Fig1(a).

F6.Thereisaclearandnaturalseparationbetweenthetwo classifiedgroupspost-BMP4based
on their OCT4levels,with differentiatedcellsshowingreducedOCT4andpluripotentcells
retainingOCT4expression,asshownin Fig1(a).

In thenextsectionweexploremathematicalmodelsto identify whichcancaptureone,some,
or all,of thesekeybehaviouralfeatures.Weaim to descriptivelyreproducethefeaturesfor this
particularexperiment,but notethat futurework will focuson whichof thesepropertiesare
inherentfor all hPSCsandmodellingthebehaviouralpropertiesof OCT4moreglobally.

Results

Modelling OCT4 pre-differentiation
In thefollowingsectionswesystematicallyexploretheuseof differentstochasticmodelsasa
frameworkfor temporalOCT4regulation,aimingto capturetheexperimentalbehaviour
describedin featuresF1±6aboveandshownin Fig1.Themodeldevelopmentprocessallows
theidentificationof thekeymathematicaltoolsandimportant biologicalparametersrequired
to descriptivelyreproducethedata.All themodelsdiscussedin thefollowingsectionshavethe
samebasis,with theinitial conditionsandcellulardivision incorporatedusingthealgorithmic
basemodeldetailedbelow.

Basemodel.

1. Webeginwith achoseninitial numberof cells,� = � 0, to matchtheexperimental
conditions.

2. Eachof the� cellsareallocatedaninitial OCT4value.This isextractedprobabilistically
from thekerneldensityfitting to theexperimentaldistribution of initial OCT4,OCT4
(� = 0),shownin Fig2(a)andS2(a)Figin S1File.

3. Eachof the� cellsareallocatedacellcycleduration.This isextractedprobabilisticallyfrom
thekerneldensityfitting to theexperimentaldistribution of cellcycletimesfor all pre-
BMP4cells,shownin Fig2(b)andS2(b)Figin S1File.Eachcell'sstartingpositionin its cell
cycleischosenuniformly.

4. Foreachof the� cellstheOCT4valuesfor thedurationof their cellcyclearesimulated
usingoneof thestochasticmodels.

5. Eachof the� cellsdivideinto two cellsat theendof their cellcycle.Foreachof thetwo
daughtercells,their initial OCT4valueissetto thepre-divisionOCT4valueof themother
cell.

6. Repeatsteps4and5 for aspecifiednumberof division(mitosis)events.Notethataseach
OCT4seriesisgeneratedfor awholecelllife time, thenumberof divisioneventssetsthe
endpoint for themodel,ratherthantimesteps.Weusethenumberof divisionevents
requiredto ensureall divisionsoccurringprior to thetime point of interesthaveoccurred,
e.g.,600eventsfor pluripotentcellsand200for differentiatecellscomfortablyexceedsthe
68hour full experimentaltime.Forashortertime windowof interest,thenumberof
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divisioneventscanbereduced,or wecanretainexcessdivisioneventsandremovetime
framesoutsidethewindowof interestpost-simulation.

Whenthecellcycletimesaregeneratedin step3 it isnecessaryto specifyhowmuchof thecell
cyclehasalreadyelapsed.If all cellsbeginat thestartof their cellcycleat thestartof thesimula-
tion thendivisionswill besynchronised,shownin S2(c)Figin S1File.Thissynchronisation
canbeavoidedbystartingcellsatdifferentpointsin their cellcycles,asshownin S2(d)Figin
S1File.Wedo not knowexactlyhowthecellcyclesarealignedin thecellsin thisexperiment
andsotheresultingcolonygrowthcouldlie betweenthesynchronisedandasynchronous
examples.Herewechooseto continuewith theasynchronouscellcycles.Notethat thecell
cycledistribution post-BMP4,shownin S2(b)Figin S1File,showsadecreasein cellcycle
times,but for simplicity,andsincethecolonygrowthdoesnot affectthemethodof OCT4gen-
eration,wekeepthesamedistribution throughout.

Althoughherewehaveusedtheanalysisof theexperimentaldatato inform theinitial con-
ditionsandthecellcyclesimulation,this is flexibleandcaneasilybeadaptedto otherexperi-
mentalresults.TheOCT4regulationitselfiscapturedin step4 andisopento many
mathematicalmodellingtechniques.In thenextsectionweusetheexperimentalresultsfrom
Ref.[14,29] to systematicallybuild astochasticmodelusingfractionalBrownianmotion and
thestochasticlogisticequation.

Anti-persistent OCT4 fluctuations. Onepossibilityfor asimplemodelof OCT4fluctua-
tion is to assumethat theexpressionfluctuatessymmetricallywith no preferredtrendsor cor-
relations.MathematicallythiswouldbedescriedbyaWienerprocess,analogousto the
physicalphenomenonof Brownianmotion in onedimensionandthestartingpoint for many
randomwalkmodels.However,theanalysisof experimentalOCT4expressiondescribed
aboveandin Ref.[29] hasshownthat theOCT4evolutionisanti-persistent,with anaverage
Hurst exponentof 	 = 0.38(featureF1).Thissignifiesthat increasesin OCT4aremorelikely
to befollowedbydecreases,andviceversa.TheHurst exponent	 6ˆ0.5indicatesthat thefluc-
tuationsin OCT4cannotbecapturedbysimpleBrownianmotion.

Insteadweconsiderthegeneralisation,fractionalBrownianmotion (fBm).Unlike Brown-
ian motion, fBm allowsfor non-independentincrementsandhencepersistenceor anti-persis-
tence.An fBM randomfunction of time �, 
 	 (�), with aninitial value
 	 (0) andtime

Fig 2. The initial conditions usedin the commonbasemodel.(a)Thecumulativedensityfunction of theexperimental initial OCT4values(blue),
OCT4(�= 0),with kerneldensityfitting (orangedashed).(b) Thecumulativedensityfunction of theexperimentalcellcycledurationtimes(blue)for all
cellspre-BMP4additionwith kerneldensityfitting (orangedashed).

https://doi.org/10.1371/journal.pone.0254991.g002
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increments
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where	 is theHurst exponentand�î is thegammafunction [34]. Thereareseveralwaysto
simulatefBm,eitherexactor approximate[35±37].HereweusetheMatlabfunction 

�� [38]
whichusesthecirculantembeddingtechniquefor 	 < 0.5[39] andLowen'smethod[40] for
	 > 0.5(bothexactmethods)to simulatethefractionalBrowniannoise.Thereisalsoan
inbuilt Matlabfunction �
�� (availablein theWavelettoolbox)whichusesawaveletbased
approximatesimulationmethod[41].

WecanusefBm to simulateOCT4overtime (step4 of thebasemodel)with ascaling
parameter� whichcontrolsthelevelof noise,i.e.,�
 	 . Examplerealisationsof thefractional
noise,correspondingfBmfunctions,andsimulatedOCT4for varying	 areshownin S3
Figin S1Fileto illustratetheeffectof theHurst exponent.Theparameter� isestimated
from theexperimentaldata(for all pre-BMP4cells)asthestandarddeviationof
�ïOCT4 = OCT4(�) � OCT4(� � 1), leadingto � � 90.Eachtime seriesfor OCT4canthenbe
generatedasOCT4(�= 0)+�
 	 .

Forsimplicity,wefirst considerbothcellfatestogetherwith � = 16cells,madeup of 14
pro-pluripotentandtwo pro-differentiatedcellsto correspondto theexperimentaldata[14].
Forcellsin theexperimentalcolony	 = 0.38[29]. A comparablesimulationusingfBm with
16initial cells,	 = 0.38,and� = 90isshownin S4(a)andS4(b)in S1File.Notethatalthough
wesimulatefrom alimited numberof startingcells,thenumberof OCT4valuesgenerated
over40hoursdueto the5 minute incrementsandcellulardivision isapproximately30000.It
isclearfrom S4(a)andS4(b)in S1Filethat this levelof anti-persistentregulationfrom the
Hurst exponentisnot sufficientto keeptheOCT4expressionwithin therangeseenin the
experiment.

A commonmathematicalmethodof limiting variablesis to imposeboundaryconditions,
eitherabsorbingor reflecting.In thiscase,absorbingboundaryconditionssuggestthatonce
theOCT4levelreacheseithertheupperor lowerboundary,thecellis theoreticallyremovedin
somewayfrom theexperimentandits OCT4time seriesdoesnot continue.Thereisno indica-
tion or biologicalevidenceof particularlyhighor low OCT4expressionsresultingin celldeath
experimentally[14,29].However,highor low OCT4expressionsdo accompanycelldifferenti-
ation [13], sotheremovalof cellsviatheboundarycondition couldcorrespondto thedifferen-
tiation of cellsif wewereto considermodellingpluripotentcellsonly.Wecanestimatethe
lowerboundaryto beequalto zeroto correspondto thepositivenatureof theOCT4measure-
ments.Theupperboundaryismoredifficult to define;herewetake2500(as99.9%of thedata
pointsfall belowthisvalue)for illustrativepurposes.TheOCT4simulationfor fBmwith
absorbingboundaryconditionsisshownin S4(c)andS4(d)in S1File.

Theintroduction of reflectingboundaryconditionsresultsin theOCT4expressionsbeing
reflectedbackin theoppositedirectionuponreachingthesetboundary.Biologicallythiscor-
respondsto anadditionalregulatoryeffectwhichcouldbeinternal to thecell,i.e.,if theOCT4
levelin acellbecomestoo low, thereissystematicregulationto increaseit (andviceversa).
ThesimulationusingfBmwith reflectingboundaryconditions(againat0 and2500)isshown
in S4(e)andS4(f)in S1File.Reflectingboundaryconditionsproducearesultmoresimilar to
theexperimentthanabsorbingboundaryconditionssincecellsarenot artificially removed,
but it still createsasharperdistribution boundarythanseenexperimentally.Additionally,
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althoughtheboundaryconditionssomewhatartificially forcetheOCT4into thedesired
range,thespreadof theoverallexpressionsisnot wellcaptured.

This illustratesthat theanti-persistencefrom theHurst exponentaloneisnot sufficientto
capturetheOCT4regulationseenin theexperiment,evenwith boundaryconditions.The
impositionof anyboundaryconditionswouldalsorequirefurther investigationto elucidate
their natureandthebiologicalimplications.Particularlyfor theupperboundary,further work
wouldbeneededto constrainits value.For this reason,wenextchooseto investigateother
methodsof introducingregulatoryeffects.Wecanstill incorporatefBm noiseinto othermod-
elsto generatetheanti-persistenceseenexperimentallyandcapturefeatureF1.In thenextsec-
tion weconsiderdescribingtemporalOCT4with thestochasticlogisticequationandexplore
theregulatoryeffectsof alimiting carryingcapacity.

Thestochasticlogistic equation. In thissectionweexploretheapplicationof thestochas-
tic logisticequation(SLE)to simulatingtemporalOCT4regulation.Thelogisticequationisa
widelyusedmodelof populationdynamicscharacterizedby thegrowthrateof thepopulation,
encapsulatedby theparameter�, andits optimalsizecalledthecarryingcapacity,denoted�.
Weadaptthelogisticequationto theexperimentaldataavailable,usingthemodelfor OCT4
variation,ratherthanthetraditionalpopulationsize.SincefBm alonedoesnot fully capture
theregulatorybehaviourof OCT4,someadditionaleffectsareclearlyimportant.Weconsider
theSLEwith additivenoise,multiplicativenoise,andtheeffectof atime-dependentcarrying
capacity.Forsimplicity,weagainconsiderthetwo cellfatestogetherinitially.

Thereareseveralwaysstochasticitycanbeintroducedinto thelogisticequation,e.g.,addi-
tivenoise,multiplicativenoise,anoisyparameter� or carryingcapacity�. Bothadditiveand
multiplicativenoisecanbeusedto regulategeneexpression[32]. Themoststraightforwardof
theseisadditivenoisewhichcanbeintroducedbyaddinganoisetermto thenetrateof change
in thePTF.Thisnoisedoesnot dependon thesystemdynamicsof OCT4andthereforecan
representconstantsourcesof externalnoise,or constantnoisewithin measurements.Additive
noisecanalsoresultfrom molecularfluctuationswithin chemicalreactions[33,42].TheSLE
with additiverandomscatterto describeOCT4,�, overtime, �, is then

��
��

ˆ �� 1 �
�
�

� �
‡ s� x; …2†

where� is thestochasticnoise(e.g.,Wiener/Browniannoise,or fBM noise)and� A isascaling
parametercontrolling themagnitudeof thescatter.

Wecanusetheexperimentaldata(pre-BMP4)to estimateandconstrainsomeof the
parametersthatappearin Eq(2). In keepingwith theanti-persistence,thenoise� corresponds
to fBmnoisewith theHurst exponent	 = 0.38andthescalingparameterisagainthestandard
deviationof �ïOCT4,� A = 90.Wecanalsoestimatethecarryingcapacityasthemedianof all
theexperimentalOCT4values,� = 1290.This leavestheparameter�, whichcontrolsthe
growthrateof OCT4from theinitial conditionsto thecarryingcapacity.OnceOCT4is fluctu-
atingaroundthecarryingcapacity,� hastheeffectof controlling thestrengthof theregulation
to thecarryingcapacityvalue,in oppositionwith thestochasticfluctuations.Throughoutour
modelsweestimate� to giveanappropriatequalitativefit to theexperimentaldata.TheOCT4
dynamicssimulatedusingEq(2) with � = 0.02is illustratedin Fig3(a)and3(b).Althoughthe
regulatoryeffectof thecarryingcapacityworkswell to capturetheupperboundof OCT4
expression,anadditionalboundarycondition atsmallvaluesof OCT4isstill required(if the
stochasticitygivesriseto � < 0 then��/�� < 0 resultingin � ! �1). A distinguishingfeature
not capturedby themodelis thepositiveskewin thedistribution of all occurringOCT4values,
shownin Fig1(b)andoverlaidin Fig3(b).Themodelpromotestighter regulationabovethe
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carryingcapacitythanbelowit, resultingin fewOCT4expressionsabovethecarryingcapacity.
However,in theexperimentalOCT4,wedo seelargefluctuationsathighOCT4values(corre-
spondingto valuesabovethecarryingcapacity).Thissuggeststhat thestochasticity(themag-
nitudeof thefluctuations)hassomedependenceon thecurrentstateof thesystem(the
currentvalueof OCT4).

Whereastheadditivenoisein Eq(2) hasno dependenceon thestateof thesystemandcor-
respondsto making��/�� symmetricallynoisy,multiplicativenoisechangesdependingon the
currentconditions,i.e.,thecurrentvalueof OCT4,andoriginatesfrom fluctuationsin cellular
componentsthat indirectly causevariationin transcriptionfactordynamics[33,42].In the
caseof our temporalOCT4simulation,multiplicativenoisecanbeusedto generateascatterin
thesimulateddatawhichhasagreatermagnitudewhenthesystemiscloseto thecarrying
capacity(thusresultingin morestochasticallyhighOCT4expressions)andareducedmagni-
tudewhenfar awayfrom thecarryingcapacity.Hints of thisbehaviourcanbeseenin Fig1(a),
with largerfluctuationsapparentin thecellsexhibitingaboveaverageOCT4expression.For
simulatingtheSLEwith multiplicativenoisewefirst considertherearrangementof thelogistic
equation,

� �� …�†
��

ˆ � 1 �
�
�

� �
:

Fig 3. Comparisonof experimental andsimulatedOCT4usingthe SLEwith either additive or multipli cative
noise.(a)SimulatedOCT4expression(orange)usingtheSLEwith additivenoise,Eq(2),with 16initial cells,� = 0.02,
� = 1290,� A = 90andfBM noisewith 	 = 0.38,with anabsorbingboundaryconditionatzero.Theexperimental OCT4
isshownin purpleandgreenfor pluripotent anddifferentiatedcells,respectively.(b) Thecorrespondinghistogramof
simulatedOCT4expressionusingEq(2) with theexperimental distribution andestimatedcarryingcapacity(vertical
line, � = 1290)in black.(c) SimulatedOCT4expressionusingtheSLEwith multiplicativenoise,Eq(3),with 16initial
cells,� = 0.005,� = 1290,� M = 0.0045andfBM noisewith 	 = 0.38.(d) Thecorresponding histogramof simulated
OCT4expressionwith theexperimentaldistribution in black.

https://doi.org/10.1371/journal.pone.0254991.g003
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Applyingthesubstitution� = ln(�) andaddingstochasticity� with noisescalingparameter
� gives

��
��

ˆ � 1 �
� �

�

� �
‡ s� x; …3†

whichcanthenbeusedto simulate� = ln(�), with thedynamicsof OCT4recoveredfrom � =
� � . Examplerealisationsof Eq(3) for both � and� areshownin S5andin S1Fileto illustrate
theeffectof multiplicativenoisein atypicallogisticgrowthscenariofor varying�. Theresultis
amplifiednoisefor stochasticityoccurringabovethecarryingcapacity.

ThetemporalOCT4dynamicssimulatedusingtheSLEwith multiplicativenoise,Eq(3),
with fBM noisewith 	 = 0.38,� = 1290andfreeparameters� = 0.005and� M = 0.0045(chosen
for illustrativepurposes)for 16initial cellsareshownin Fig3(c).Themultiplicativenoise
resultsin cellswith expressionsabovethecarryingcapacityexhibitingincreasedstochasticity,
with lowerexpressioncellsshowingtighter regulation.Thesimulateddistribution hasaslight
positiveskewandisqualitativelysimilar to theexperimentaldistribution,asshownin Fig3(d).

Thismodelprovidesagoodbasisfor capturingtheexperimentalresultsacrossthewhole
time periodandisanimprovementon theSLEwith additivenoise.However,it doesnot take
into accountthedifferentcellfates(featureF2),andtheevolvingtemporalpositiveskew(fea-
tureF3)in thepluripotentcellgroup,shownin Fig1(c).In thefollowingsectionsweconsider
thetwo cellfatesseparatelyanddiscusstwo methodsof including thetemporalskewin the
pluripotentcellgroup:theSLEwith atransitionbetweendominantadditiveanddominant
multiplicativenoise,andtheSLEwith atime-dependentcarryingcapacity.

SLEwith noisetransition. Firstly,to capturethechangingtemporalskewfor pluripotent
cells(featureF3),wecouldincludebothadditiveandmultiplicativenoisebecausedifferent
noisetypesreflectdifferentaspectsin thecellbehaviour[32,33]andbothappearto be
involvedin theexperimentallyobservedevolutionof OCT4.If additivenoiseisdominantat
earlytimes,andmultiplicativenoiseat latertimes,theresultingOCT4distribution will be
symmetricatearlytimesandskewedat latertimes.Theincreasingdominanceof intrinsic
transcriptionnoisewouldrequirefurther investigationasto its biologicalimplications.We
canconsiderthefollowingrearrangementof thestochasticlogisticequationwith additive
noise

� �� …�†
��

ˆ � 1 �
�
�

� �
‡

s�

�
x1;

makethesubstitution� = ln(�) andintroducethemultiplicativenoiseterm � M � 2,

��
��

ˆ � 1 �
� �

�

� �
‡

s�

� �
x1 ‡ s� x2: …4†

Asbefore,wecansimulatethedynamicsfor � andrecoverthedynamicsfor � = � � .
Forsimplicity,wecanconsiderthechangebetweenadditiveandmultiplicativenoiseasa

switchfor pluripotentcellswith additivenoiseonly for 0 < � < 20handmultiplicativenoise
only for � � 20h.Theswitchtime ischosenasthetime atwhichthedistribution of OCT4
becomespositivelyskewedin theexperimentaldata,shownin Fig1(c).Theparametersare
specifiedin Table1.SincedifferentiatedcellsshowreducedOCT4expressionthroughout(fea-
tureF2),theyaregivenalowercarryingcapacity.Theresultsfor theOCT4dynamicswithin
this regimeareshownin Fig4.Thereducedcarryingcapacityfor differentiatedcellsresultsin
their lowerexpressionthroughout,shownin Fig4(a).TheoverallOCT4expressiondistribu-
tionsin Fig4(b)arewelldescribed.Thetemporaldistributionsin Fig4(c)illustratetheeffect
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of thenoiseswitchin thepluripotentcells,with theappearanceof apositiveskewat later
times,while theexpressionof differentiatedcellsin Fig4(d) remainssymmetricalat later
times,descriptivelycapturingfeaturesF1,F2andF3.6.

Althoughthismodelcapturestheoveralldistribution andprovidesthedesiredtemporal
changein skew(whichcouldbefurther smoothedwith amoresophisticatedtime-dependent
noisefunction, featureF3),it doesnot resultin ashift in themodeexpressionasdrasticasthe
oneapparentin Fig1(c)(featureF4).For thisweconsiderimplementingatime-dependent
carryingcapacityin thenextsection.

Table1.Fitting parameters for the OCT4expression for pluripotent anddifferentiatedcellsusingthe SLEwith both multiplica tive andadditive noise,Eq(4). At 20
hoursthenoiseswitchesfrom additiveto multiplicativenoisein thepluripotent cells.� indicatesafreeparameter,with theremainingparametersconstrainedby theexper-
imentaldata.

Parameter � < 20h � � 20h

Pluripotent � � , (5 min)�1 0.01

�, a.f.u. 1290

� A 90 0

� M
� 0 0.05

Differentiated � � , (5 min)�1 0.01

�, a.f.u. 1000

� A 90

� M
� 0

https://doi.org/10.1371/journal.pone.0254991.t001

Fig 4. Thedynamicsof OCT4simulatedusingthe SLEwith aswitchbetweenadditive andmultiplicat ivenoise.(a)
TheOCT4dynamicsbetweenzeroand40hoursfor 14pro-pluripotent (purple)andtwo pro-differentiated(green)
initial cellsfollowingtheSLEwith bothadditiveandmultiplicativenoise,Eq(4),with theparametersspecifiedin
Table1.Forpro-pluripotentcellsthenoisechangesfrom additiveto multiplicativeat20hours.(b) Thedistribution of
all simulated OCT4valuesfor pro-pluripotent (purple)andpro-differentiated(green)cellswith thecorresponding
experimental distributionsoverlaid.Thetemporaldistributionsfor (c) pro-pluripotentand(d) pro-differentiatedcells
split by time intervals.

https://doi.org/10.1371/journal.pone.0254991.g004
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SLEwith time-dependentcarrying capacity. To reproducethesignificantshift in the
modefor thepluripotentcells,shownin Fig1(c)(featureF4),wecanemployatime-dependent
carryingcapacity.Weusethestochasticlogisticequationfor all cells,with bothmultiplicative
andadditivenoise,asin Eq(4),andacarryingcapacitywhichvarieswith time,

��
��

ˆ � 1 �
� �

� …�†

� �
‡

s�

� �
x1 ‡ s� x2: …5†

Forsimplicity,wewill consideronechangeof carryingcapacityat25hours,asat this time
thereductionin theaverageOCT4begins.Wecanestimatethecarryingcapacityasthe
medianOCT4betweenzeroand25hoursresultingin � p � 1500and� p � 1100for pluripo-
tentanddifferentiatedcells,respectively.Post-25hours,thecarryingcapacitiescanbeesti-
matedas� � � p � d � 1000.Thisreductionin thecarryingcapacitywill initiate the
correspondingreductionin themodeof thedistribution overtime weseeexperimentally.The
OCT4dynamicsusingtime-dependentcarryingcapacitiesin Eq(5) for 14pro-pluripotent
andtwo pro-differentiatedcells,with themodelparameterssummarisedin Table2,areshown
in Fig5.

Thelowercarryingcapacityresultsin consistentlylowerOCT4expressionfor thedifferen-
tiatedcells(featureF2),asshownin Fig5(a)and5(b).Theoveralldistribution of OCT4
expressionsiswelldescribed,shownin Fig5(b).Themodelcapturestheshift to lowerOCT4
valuesin pluripotentcells(featureF4),shownin thetemporaldistribution in Fig5(c).The
time-dependentcarryingcapacityfunction �(�) couldbefurther developedto representa
smoothtemporaltransitionandcanbeadaptedto captureothersignificantincreasesand
decreasesin expression.Thenoiseparameterchoicescouldalsoberefinedto additionallycap-
ture thechangein thetemporalskewusingtime-dependentmultiplicativenoise.

Herewehaveoutlinedsomepossibletechniquesfor simulatingtemporalOCT4usingthe
SLEwith differentmodesof fBm stochasticityandatime-dependentcarryingcapacity.The
fBmstochasticityallowstherecoveryof theHurst exponentin all models(featureF1),with
two separatecellpopulationsallowingfor flexibility in capturingthesystematiclowerOCT4in
thepro-differentiatedcells(featureF2).Multiplicativenoisecanintroduceaskewin theover-
all distribution of OCT4values(asweseein pro-pluripotentcells,featureF3)andatime-
dependentcarryingcapacitycanreproducereductionsin OCT4with time (asweseein pro-
pluripotentcellspre-BMP4,featureF4).Notethatweaim to illustratetheapplicationof sucha
modelanddescribeaframeworkwhichcouldbeusedto capturesomeof theglobalproperties
of experimentaldatasets.Furtherwork isnowrequiredto elucidatetheappropriateparameter
choiceswith further experimentsandexploretheir biologicalimplications.

Table2.Fitting parameters for generating OCT4expression for pro-plurip otent andpro-differ entiatedcellsusingthe SLEwith additive andmultiplica tive noise,
anda time-dependent carrying capacity,Eq(5). � indicatesafreeparameter,with theremainingparametersconstrained bytheexperimental data.

Parameter � < 25h � � 25h

Pluripotent � � , (5 min)�1 0.015

�, a.f.u. 1500 1000

� A
� 30

� M
� 0.035

Differentiated � � , (5 min)�1 0.015

�, a.f.u. 1100 1000

� A
� 20

� M
� 0.03

https://doi.org/10.1371/journal.pone.0254991.t002
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Simulating cell differentiation
In theprevioussectionweconsideredmodellingtemporalOCT4regulationbeforeanydiffer-
entiationstimulus(BMP4)isadded,correspondingto thetime interval0 < � < 43hin the
experimentalcolony[14,29].Theadditionof BMP4causesasignificantreductionin OCT4
expressionin thedifferentiatedcells(featureF5)shownin Fig1(a).ThemeanOCT4,shown
in Fig6(a)alsoshowstheclearreductionin differentiatedcells.Forcompleteness,themedian
andmodeexperimentalOCT4areshownin S6(a)andS6(b)in S1File.Weexploretwo meth-
odsof modellingthis reductionin OCT4asdifferentiationis induced.Firstly,weapplythe
SLEwith atime-dependentcarryingcapacityasdiscussedpreviously,andsecondly,wecon-
sidertheuseof theSLEwith anAlleeeffect.Althoughnot seenin thisexperiment,it shouldbe
notedthathighOCT4valuescanalsocorrespondto celldifferentiation[13].

Differentiation with a time-dependentcarrying capacity. Wepreviouslyemployedthe
SLEwith atime-dependentcarryingcapacity,Eq(5), to simulateamoderatereductionin the
averageOCT4expressionpost-25hours,asshownin Fig5.Wecouldextendthis techniqueto
simulatethemoredrasticreductionin OCT4seenwhenthedifferentiationstimulusisadded.

Asin theprevioussection,wecanestimatethecarryingcapacitiesfor � < 25has� p � 1500
and� p � 1100for pluripotentanddifferentiatedcells,respectively.For � > 25hwecansimu-
latethereductionin OCT4(particularlypronouncedin thepluripotentcells)with areduction
of thecarryingcapacityto � p = � d � 1000.For thedifferentiatedcells,areductionto � d � 300
in thetime interval� > 43hcorrespondsto celldifferentiation.Theseshiftingcarryingcapaci-
ties,alongwith theothermodelparametersaregivenin Table3.Thedynamicsunderthis

Fig 5. Thedynamicsof OCT4simulatedusingthe SLEwith a time-dependent carrying capacity.(a)TheOCT4
dynamicsbetweenzeroand40hoursfor 14pro-pluripotent (purple)andtwo pro-differentiated(green)initial cells
followingtheSLEwith bothadditiveandmultiplicativenoiseandatime-dependentcarryingcapacity,Eq(5),with the
parametersspecifiedin Table2.Forpro-pluripotentcellsthereisalargereductionin carryingcapacityat25hours,
causingavisibledeclinein OCT4afterthis time.(b) Thedistribution of all simulated OCT4valuesfor pro-pluripotent
(purple)andpro-differentiated(green)cellswith thecorresponding experimental distributionsoverlaid.Thetemporal
distributionsfor (c) pro-pluripotentand(d) pro-differentiatedcellssplit by time intervals.

https://doi.org/10.1371/journal.pone.0254991.g005
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Fig 6. Theexperimental andsimulateddynamicsof OCT4upon differentiation at 43hours.The(a)experimental
(i) OCT4and(ii) meanOCT4with time.The(b) simulated(i) OCT4and(ii) meanOCT4with time with
differentiation inducedat43hoursusingatime-dependentcarryingcapacity,Eq(5),with theparametersspecifiedin
Table3.The(c) simulated(i) OCT4and(ii) meanOCT4wth timewith differentiation inducedat43hoursby
introducing anAlleeeffectterm to theSLE,Eq(7),with � = 0.025,� = 1290,� A = 35,� A = 0.035and� = 1000.

https://doi.org/10.1371/journal.pone.0254991.g006

Table3.Fitting parameters for the OCT4expression of pluripot ent anddifferentiated cellsusingthe SLEwith additive andmultiplicat ivenoise,anda time-depen-
dent carrying capacity,Eq(5), to captureinduceddifferentiation. � indicatesafreeparameter,with theremainingparametersconstrainedbytheexperimental data.

Parameter 0 � � < 25h 25� � < 43h 43� � < 68h

Pluripotent � � , (5 min)�1 1500 0.015 1000

�, a.f.u. 1000

� A
� 30

� M
� 0.035

Differentiated � � , (5 min)�1 0.015 0.015 0.008

�, a.f.u. 1100 1000 300

� A
� 20

� M
� 0.03

https://doi.org/10.1371/journal.pone.0254991.t003

PLOS ONE Mathematical modelling of OCT4 in pluripotent stem cells

PLOS ONE | https://doi.org/10.1371/journal.pone.0254991 August 4, 2021 14 / 22



regimeareshownin Fig6(b)andS6(c)andS6(d)in S1File.Thetime-dependentcarrying
capacityleadsto thereductionof OCT4in thedifferentiatedcellgroup,wellcapturingthe
dynamicsof (featuresF4andF5).

Thismodelcouldbefurther refinedby theuseof amoresophisticatedfunction for the
time-dependentcarryingcapacity,whichcouldbeestimatedfrom experimentaldatasuchas
that in Ref.[13,14].Themodelcouldalsoeasilybeadaptedto includeapopulationof cells
exhibitinghighOCT4valuespre-differentiation,with acorrespondingincreasein their carry-
ing capacity.However,themodelwouldremainpurelydescriptive,with pro-pluripotentand
pro-differentiatedcellsdefinedfrom theoutsetwith differentbehaviouralrules.Nextwecon-
siderusingtheSLEwith anAlleeeffectto simulatedifferentiationandidentify thedifferent
cellfatetypes.

Differentiation with an Allee effect. Anotherpossiblemethodof modellinginduceddif-
ferentiationis theSLEwith ademographicAlleeeffect.Alleeeffectsaretraditionallyusedfor
modellingpopulationnumbers,with theeffectinhibiting populationgrowthat low densities
asobservedin bothanimalandcellpopulations[43±45].Thedeterministiclogisticequation
for OCT4expression� with thiseffectincorporatedhastheform

��
��

ˆ �� 1 �
�
�

� �
� � �

�

� �
; …6†

where� iscritical point atwhichtheAlleeeffectoccurs.Notethat thereareothermethodsof
simulatingAlleeeffectsthroughe.g.,differenceequations[46,47]andLotka-Volteramodels
[48,49].Hereweusethelogisticequationfor consistencywith our previousmodellingresults.

Theeffectof theAlleeterm in Eq(6) on both ��/�� andtheOCT4expression� for an
examplesystemis illustratedin S7Figin S1File.ForaweakAlleeeffect,� < �(� = 0), therate
of change��/�� remainspositivefor � < � but issignificantlysuppressed.ForastongerAllee
effect,� > �(� = 0), ��/�� isnegativefor � < � andresultsin theOCT4expressiondeclining
to zero.It is thisdecliningeffectwecanemployto simulatethereductionin OCT4expression
for thedifferentiatedcells.TheAlleeeffectcanbeintroducedatacertaintime point resulting
in eithercontinuedsuppressedgrowthor adeclineto zero.Examplesof `switchingon' both
weakandstrongAlleeeffectsduring logisticgrowthareshownin S8Figin S1File.

ForsimulatingOCT4expressionthroughthedifferentiationprocesswith theSLE,wecan
switchon theAlleeeffectterm at thetime thedifferentiationagentisadded(43h). If the
OCT4expressionisbelow�, thentheAlleeeffectwill bestrongandtheOCT4will declineto
zero.Thestochasticityin thesystemwill meanthatonly someof thecellswill meetthiscondi-
tion, with othershavinganOCT4expressiongreaterthan�, andthereforecontinuingwith
(suppressed)logisticgrowth.Thestochasticitywill alsoresultin thiseffecttakingplaceatall
timespast43h,sothedifferentiationprocesswill happenatdifferenttimesfor differentcells.
TheSLEfor � = ln(�) with additivefBmnoise� 1 andmultiplicativefBmnoise� 2 is
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‡
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where� is theAlleeeffectcritical point.
TheOCT4dynamicsfor 16cellssimulatedwith theSLE,Eq(4), for � < 43handtheSLE

with anAlleeeffect,Eq(7), for � � 43hwith � = 0.025,� = 1290,� A = 35,� M = 0.035and
� = 1000areshownin Fig6(c)andS6(e)andS6(f)Figin S1File.Herethefatesof eachcellare
identifiedat theendof thesimulation,with thecellswhoseOCT4hasreducedasaresultof
theAlleeeffectclassedasdifferentiated,andthecellswhoseOCT4hasremainedconstantas
pluripotent.Themodelcapturesthereductionof OCT4in thedifferentiatedsubsetof cells
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whilstkeepingaremainingpluripotentcellpopulation(featuresF4andF5).However,the
OCT4in thepro-differentiatedgrouppre-Alleeeffectisno lowerthanfor thepro-pluripotent
cellgroup,unlike in theexperimentalresults(featureF2).Furthermore,anadditionalmodel
wouldberequiredto introducedifferentiatedcellswith highOCT4values.

Discussion
Wehaveexploreddifferentmodellingtechniquesfor describingtemporalOCT4regulation,
guidedbypreviousanalysisof experimentalOCT4expressionin agrowinghESCcolony[14,
29],particularlyfractionalBrownianmotion andthestochasticlogisticequation.A differentia-
tion agent,BMP4,wasaddedto thecellsat43hoursandresultsin thereductionof OCT4
expressionin thedifferentiatedcells.Althoughnot seenhere,it isalsopossiblefor highOCT4
expressionto accompanycelldifferentiation[13]. Pre-BMP4weidentifiedthekeyfeatures
(F1±4)includingananti-persistentstochasticity,andfor pluripotentcellsatemporalskewand
shiftingmodein thedistribution of all OCT4expressions.All themodelsdiscussedfollow a
commonbasemodelwhichsetsup theinitial conditionsanddescribescellproliferation.We
thenfocuson differentmathematicalmethodsof generatingthetemporalOCT4expressions
for thecellpopulationwithin thisbasemodel.Thesimulatedpopulationsconsistof 16cells
(with 14pro-pluripotentandtwo pro-differentiated)resultingin approximately30000simu-
latedOCT4expressions.Wehavetakenasystematicapproach,graduallybuilding complexity
to illustratethemethodologyof developingstochasticmodelsfor biologicalsystems.

Firstly,weconsidermodellingtheOCT4dynamicspre-BMP4,i.e.,for � < 43hours.The
analysisin Ref.[29] revealedthatOCT4valuesfluctuatestochasticallywith anti-persistence
andaHurst exponent,	, of 0.38(featureF1),suggestingtheuseof fractionalBrownian
motion (fBm) [34]. Thereisalsofurther experimentalevidencethatgeneexpressionsandtran-
scriptionfactordynamicsdisplayfractalcharacteristics[50]. TheHurst exponentfor genetic
expressionin �� ���� hasbeenfound to be�0.8, showinglong-rangememorywith persistence
[50]. It is thoughtthat thesestochasticfractaldynamicscanleadto phenotypicdiversity[50,
51].Anotherstudyin avarietyof bacteriafound rangesof 	 between0.3±0.8for different
genes,showinganegativecorrelationwith thegenelength[52]. Theuseof fBm isparticularly
commonin financialmodelling[53±55],but it hasalsobeenusedto describediffusionwithin
crowdedfluids (suchasthecytoplasmof cells)[56] andthekineticsof transcriptionfactors
[57]. Thestochasticityfrom fBm resultsin awider rangeof OCT4valuesat latertimesthan
seenexperimentally(aneffectwhich isexacerbatedwith time).

Therangeof OCT4canbecontrolledartificially with boundaryconditions(eitherabsorb-
ing or reflecting),but theoveralldistribution of all OCT4valuesisnot wellcaptured.It isalso
unclearwhethertheseboundaryconditionsarebiologicallyappropriateasOCT4expressionis
regulatedbyacomplexrangeof factorsacrossthetranscriptional,post-transcriptionalandepi-
geneticregulationlevels[3, 7,58,59].Interestingly,mechanicallimits to transcriptionhave
beenshownto naturallygenerateboundsto transcriptionalnoise[60]. A boundarycondition
atzerocorrespondsto thefactthatOCT4expressionneverbecomesnegativewith theupper
boundaryrepresentingamaximumpossiblevalueof arbitraryfluorescenceintensity.Thisalso
raisesthequestionof thebiologicalimplicationsof theremovalof cellsthroughabsorbing
boundariesor therecoveryof expressionthroughreflectingboundaries?Onepossibilityfor
absorbingboundariesfor pro-pluripotentcellsis to representdifferentiationhappeningat
both theupperandlowerboundary[13]. AlthoughfBm aloneisnot sufficientto capturethe
experimentalbehaviour,it does(by design)capturetheanti-persistence(	 = 0.38)andsoin
all latermodeliterationsweusefBmnoiseto generatethestochasticity.
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A somewhatlessartificial methodof keepingtheOCT4valueswithin rangeis to usethesto-
chasticlogisticequation(SLE),whichhasaregulatingparameterof thecarryingcapacity,�,
whichrepresentsthemaximumamountof OCT4thatcanbeexpressedwithin eachindividual
cell.Notethat thiscouldbedueto limits on theexpressionof OCT4dueto othermembersof
theregulatorynetworkwhichcauseits down-regulation.In our model,thestochasticityallows
for somefluctuationsabove�. Similarlyto theboundaryconditionsthismaximumvalue
dependson thecomplexinter-regulatorynetworkof OCT4,however,weestimatethevalueof
thecarryingcapacityfrom theexperimentalresultsasthemedianof all OCT4values(taking
into accountthestochasticityallowingfor � > �).

Therearemanypossiblesourcesof noisewithin thesystemandvariouswaysto simulate
stochasticseries[61]. Noiseinherentin molecularfluctuationsresultsfrom stochasticchemical
reactions(e.g.,noisein therateconstants)andemergesasadditivenoiseasit is independent
of thevariablesof thesystem[33,42].Thereisalsomultiplicativenoiseoriginatingfrom fluc-
tuationsin othercellularcomponentsthat indirectly causevariationin transcriptionfactor
dynamics[33,42].Weconsiderbothadditiveandmultiplicativenoise,shownin Fig3.The
introduction of multiplicativenoisecreateslargerfluctuationsabovethecarryingcapacity,
qualitativelysimilar to thoseseenin theexperiment.Thisresultsin adistribution of all OCT4
valueswellmatchedto theexperiment,with theslightpositiveskewbeingcaptured.Bothaddi-
tiveandmultiplicativenoisecanbeusedto regulategeneexpression,with multiplicativenoise
allowingsmalldeviationsin transcriptionratesto leadto largefluctuationsin proteinproduc-
tions[32]. Futurework couldcomparetheseresultsto simulationwith aGillespiealgorithmto
drawlinks with theratesof reactionsinvolvedin theOCT4regulationfor intrinsic noise[62],
with further extensionsfor externalnoise[63].

A propertynot capturedby theSLEwith eitheradditiveor multiplicativenoiseis thetime-
dependencyof thispositiveskew(featureF3).It occursonly at latertimes,andonly in pluripo-
tentcells,shownin thetime-discretiseddistributionsof OCT4in Fig1(c).This temporalskew
canbecapturedby theSLEwith bothadditiveandmultiplicativenoise,with thetypeof noise
time-dependent;additivenoiseatearlytimesproducessymmetricaldistributionsof OCT4,
with multiplicativenoiseat latertimesproducingskeweddistributions,shownin Fig4.Here
wechangedthenoisefunction stepwise,but thiscouldbefurther smoothedusingamore
sophisticatedtime-dependentnoisefunction.Thebiologicalimplicationsof achangein domi-
nancein noisetypeswouldbeaninterestingavenuefor futurework.Thiscouldbelinked to
experimentalresultswhichshowthatwhenOCT4productionishigh (atearlystagesin thecell
cycle[13]) thesystemdoesnot takeinto accountthecurrentlevelsof OCT4in thecell[64],
leadingto additivenoisemorepredominantlyin theearlierstagesof thecellcycle.

Another interestingpropertyof theexperimentalOCT4is thedeclinein expressionfor plu-
ripotent cellspost-25hours(featureF4)shownin Fig1(c).Weconsidercapturingthisbehav-
iour usingtheSLEwith atime-dependentcarryingcapacity.Sincethisparameteris likely to
dependon alargenumberof biologicalfactors,it isnot unreasonableto expectthat it may
changewith environmentalconditionsandexperimentaltime.Weconsiderthepluripotent
anddifferentiatedcellsseparately,eachwith adifferentcarryingcapacity,correspondingto the
suggestionthat thedecisionto differentiateisdeterminedpre-differentiationstimulus[14].
Thecarryingcapacityfor bothcellgroupsis reducedat25hours,resultingin adeclinein
OCT4expression,particularlyfor thepluripotentcellgroupwith originallyhigherexpression.
Althoughthis techniquewelldescribestheexperimentalresults(shownin Fig5), it requires
multiple parameterswhichneedto beelucidatedfrom further experimentaldata.

WethenconsidermodellingtheOCT4regulationfor all times,including thedeclinein
expressiondueto theadditionof thedifferentiationstimulus.Weextendthetime-dependent
carryingcapacityapproach,reducingthecarryingcapacityfurther for thedifferentiatedcell
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groupat43hours.Thiswellcapturesthedeclinein OCT4upondifferentiation(featureF5),
alongwith themoresubtledeclinein pluripotentcells,shownin Fig6(b).Herewehaveuseda
stepwisechangein theparameter�, but this iseasilyadjustableto otherexperimentalresults
andmoresophisticatedfunctionscouldbeusedto captureothertrends.Similarly,apopula-
tion of highOCT4differentiatedcellscouldbeintroducedwith acorrespondingincreasein
their carryingcapacity.Thepro-differentiated cellsareidentifiedfrom theoutsetandalthough
this isnot biologicallyunreasonable,with evidencethatcellfateisdeterminedpre-differentia-
tion agent[14], themodelitselfdoesnot producethetwo fategroups(featureF6)which limits
its futurecapacityto developinto apredictivemodel.It isalsoworth noting thatalthoughthe
time-dependencyof � increasesthemodelflexibility to capturetrends,it alsoincreasesthe
numberof parametersrequiredto beestimatedfrom theexperimentaldata.

A methodof inducingdifferentiationwhichnaturallyproducesthetwo fategroupsis the
SLEwith anAlleeeffect.Alleeeffectsarewellusedacrossmathematicalbiology[43±45],but
wearenot awareof their applicationto pluripotencytranscriptionfactorexpression.TheAllee
effectresultsin adeclineto zerofor cellswhoseOCT4expressionfluctuatesbelowthecritical
point �. Thestochasticityin thesystemmeansthat thiscondition ismetfor only someof the
cells,causingtheformationof adifferentiatedcellgroupwith reducingor zeroOCT4anda
pluripotentcellgroupwith stableOCT4expressionat thecarryingcapacity,shownin Fig6(c).
Thismodelis limited to describinglow OCT4differentiatedcellsasseenin thisexperiment
andhighOCT4differentiationwouldneedto beincorporatedthroughanothertechnique.
Thismodelcouldbecombinedwith atime-dependentcarryingcapacityto capturethedecline
in expressionin pluripotentcells.

A summaryof whichmathematicalmodelscanbeusedto captureeachof thekeyexperi-
mentalfeaturesisgivenin Table4.Sincethetwo differentiationmodelshavedistinctadvan-
tages,dependingon whetherit ismoreappropriateto definedifferentiatedcellsfrom the
outset(shiftingcarryingcapacitymodel)or theyoccurstochastically(Alleeeffectmodel),we
havenot quantitativelycomparedthetwo models.In thefuturedevelopmentof thesemodels
to predictivemodelsaformalcomparison(suchasBayesianInformation Criterion) couldbe
appliedto aidmodelselection.

Themodelsdiscussedhereareof apurelydescriptivenature,but outlineapossibleframe-
work for modellingtheregulationof OCT4.Wehaveexploredsystematicallyawiderangeof
effectsthatmight beableto reproduceratherfine detailsin theexperimentallyobserved
dynamicsof theOCT4expressionandidentifiedanadequateandoptimalcombinationof
sucheffects.However,theresultingmodelmaynot beuniqueandotherapproachesmaybe

Table4.A summaryof the keyfeaturesidentified experimentally andthe modelsusedto describeeachbehaviour.

Keyfeatures Model

Pre-
differentiation

F1.Stochastic noisewith Hurst exponentof
0.38.

Any modelusingfractionalBrownian noise,Eq(1).

F2.Pro-differentiatedcellsshowreduced
OCT4throughout.

Incorporatedthroughinitial conditionsbyconsideringtwo populationsin anyversionof theSLE.

F3.Positiveskewof all pro-pluripotent
OCT4expressions.

SLEwith multiplicativenoise,Eqs3 and4.

F4.Reductionin pro-pluripotentOCT4post
25hours.

SLEwith time-dependentcarryingcapacity,�(�), Eq(5).

Post-
differentiation

F5.Reductionin OCT4expressionfor some
cells.

SLEwith eithertime-dependentcarryingcapacity�(�) or Alleeeffect,Eq(5) or Eq(7).

F6.Separationinto pluripotentand
differentiatedgroups.

SLEwith time-dependentcarryingcapacity�(�) or Alleeeffect,Eq(5) or Eq(7),but only with the
Alleeeffectdoesthishappenstochastically.

https://doi.org/10.1371/journal.pone.0254991.t004
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viable.To justifyanymodelof thiskind andto developit into aprognostictool for ���������
experimentation,it shouldbeassessedandcomparedwith targetedexperiments.With this
caveat,webelievethat themodeldevelopedcanbeusedasaprovisionalprognostictool and
basisfor further mathematicalmodeldevelopment.

A keynextstepwouldbeto investigatetheeffectsof thecurrentfreeparametersthrougha
parameterscan,andto further constrainthefreeparametersthroughinferenceof otherexperi-
mentaldata,suchasthestudiesin Refs[13,65±67].Another interestingavenueof research
wouldbeto comparethemodelsto stochasticnetworkmodelswhichconsiderthewiderPTF
network[24,68].In thesemodelsaglobaltrendof anti-persistenceis inbuilt throughfeedback
regulations.Hereweusethecarryingcapacityandthepersistentnoisein thelogisticequation
to representtheregulatorypropertyof OCT4,without specifyinghowthis regulationoccurs.
Thus,thiscouldrepresentnegative-feedbacksystemswith otherPTFs,with theadvantageof
beingableto considerasinglePTFin isolationandencapsulatetheregulationwith less
parameters.

Furthertime-lapseexperimentsmonitoring singlecellPTFexpressionthroughcolony
growthwill beusefulin confirming whichof thesepropertiesareinherentto OCT4expression,
andhowtheyvarydependingon experimentalconditions,andto providemoreextensive
benchmarkingfor themodellingapproachesandassumptions.It will beinformativeto apply
thesamequantitativeframeworkto theotherpredominanttranscriptionfactors,SOX2and
NANOG.Their individual regulatorydynamicscouldthenbecomparedusingthekeydescrip-
tiveparameters,andanysystematicdifferencesidentified.This information will helpbuild the
pictureof thewiderPTFsystemwith thedynamicsof thePTFsconsideredaspartof aninter-
linkednetwork.In general,thishighlightstheneedfor further temporalexperimentaldataon
PTFregulationto build uponthismathematicalframeworkanddevelopmoresophisticated
predictivemodels.Thesemodelsof themicrostateof PTFregulationwill helpinform longer
time-scalemodelsof thepluripotentmacrostate.
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