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Prediction and manipulation of hydrodynamic rogue waves via nonlinear spectral
engineering
Alexey Tikan,∗ Felicien Bonnefoy,† Giacomo Roberti,‡ Gennady El,‡ Alexander
Tovbis,§ Guillaume Ducrozet,† Annette Cazaubiel,¶ Gaurav Prabhudesai,∗∗ Guillaume
Michel,†† Francois Copie,‡‡ Eric Falcon,¶ Stephane Randoux,‡‡ and Pierre Suret‡‡
(Dated: May 13, 2022)
Peregrine soliton (PS) is widely regarded as a prototype nonlinear structure capturing properties
of rogue waves that emerge in the nonlinear propagation of unidirectional wave trains. It has
been recently demonstrated that PS can emerge locally, as an asymptotic structure arising from
the propagation of an arbitrary large decaying pulse, independently of its solitonic content. This
mathematical discovery has changed the widely accepted paradigm of the solitonic nature of rogue
waves by enabling the PS to emerge from partially radiative or even completely solitonless initial
data. In this work, we realize this scenario in a water tank experiment with a particular aim to
control the point of the PS occurrence in space-time by imposing an appropriately chosen initial
chirp. By employing the inverse scattering transform for the synthesis of the initial data, we are able
to engineer a localized wave packet with a prescribed solitonic and radiative content. This enabled
us to control the position of the emergence of the rogue wave by adjusting the inverse scattering
spectrum. The proposed method of nonlinear spectral engineering is found to be robust to higherorder nonlinear effects, preceding the wave breaking dynamics, that are inevitable in realistic wave
propagation conditions.

I.

INTRODUCTION

The prediction of extreme events in various nonlinear
media has been the subject of a very active research for
several decades1–6 . While the original motivation was
related to the modeling of the emergence of giant water
waves in the ocean, also called rogue waves (RWs)2 , the
subsequent research revealed that RWs are a fundamental and ubiquitous physical phenomenon occurring, apart
from classical fluids, in optical media and superfluids3,7 .
The RW formation as a physical phenomenon has two
inherent aspects: dynamical and statistical. As a dynamical object RWs are identified according to physical
mechanisms responsible for the amplitude growth and
spatiotemporal localization. As a statistical object, RWs
are characterized by the deviation of the probability distribution of the random wave field from the one implied
by the Gaussian statistics 8–11 . Among different contexts
of the RW’s emergence, nonlinear dynamics of unidirectional waves on the surface of the deep water has been
widely studied due to integrability 12 of the mathematical model describing the weakly nonlinear deep-water
waves at leading order. Indeed, as has been shown by
V. Zakharov13 , the evolution of the narrow-band wave
packets in the limit of infinite water depth is governed
by the one-dimensional focusing nonlinear Schrödinger
equation (1-D fNLSe), which can be integrated by means
of the inverse scattering transform (IST) also known as
nonlinear Fourier transform14 .
The research area that considers nonlinear evolution
of random waves in integrable models has been dubbed
integrable turbulence in15 . There are two types of initial
conditions usually considered in this framework: (i) a
plane wave (condensate) perturbed by a small-amplitude
noise and (ii) a partially coherent wave with large-scale
finite-amplitude variations characterized by long-range

incoherence. The latter can be viewed as an infinite sequence of large-scale pulses randomly distributed along
the line. The variation of the statistical properties of the
IST spectrum occurring in the transition between these
two contrasting types of initial conditions has been examined in16,17 . The random nonlinear wave field (the integrable turbulence) generated in both cases exhibits deviations from the Gaussian statistics18–23 but those deviations are manifested at different stages of the evolution.
While in the development of the noise-induced modulational instability the non-Gaussian features are observed
at the initial stage of the evolution and are of transient
character, the nonlinear evolution of partially coherent
initial conditions leads to the long-time statistically stationary non-Gaussian state 8,21 . The non-Gaussianity
of the asymptotic state in the evolution of partially coherent wave (the so-called heavy tailed distribution) is
associated with the presence of RWs. Exact breather solutions of the 1-D fNLSe, also called solitons on finite
background24–27 , are often considered as the main candidates for the role of RWs28–30 . The PS26,31,32 is a particular member of this family of solutions that exhibits
spatiotemporal localization, thereby reflecting the main
qualitative features of RWs33 .
The PS solution plays a special role in the context of
the dynamics of partially coherent waves. In the strongly
nonlinear regime of propagation, the individual largescale pulses forming a partially coherent wave undergo
self-focusing resulting in a gradient catastrophe, a phenomenon of the occurrence of infinite derivatives in the
wave’s profile. Importantly, the initial, self-focusing stage
of the evolution of a partially coherent wave is dominated
by nonlinearity and is approximately dispersionless. For
the 1-D fNLSe, it was rigorously proved by Bertola and
Tovbis (BT) 34 that the gradient catastrophe is universally regularized by dispersive effects via the local emer-
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gence of a coherent structure, which is asymptotically
described by the PS solution in the semiclassical, smalldispersion limit. The universality of the PS generation is
understood in the sense that this regularization mechanism persists regardless of the particular shape, chirp or
solitonic content of the initial condition. In particular,
the gradient catastrophe regularization via the PS formation for smooth, rapidly decaying purely solitonic initial
conditions have been examined experimentally using the
optical fiber platform35,36 , which revealed the robustness
of the mechanism even when typical nonlinear and dispersive lengths are of the same order of magnitude. The
relevance of the BT scenario for ocean waves has been
analyzed in37 .
Recently, it has been shown that the local emergence
of PSs leaves a distinct trace in the evolution of statistical properties of the partially coherent waves. Numerical simulations performed in38 have demonstrated that
the width and the position of the computed probability
density function of local PS emergence positions coincides with the parameters of the most probable distance
interval for the RW observation, which has been subsequently confirmed in water tank experiments39 . Importantly, the above optics and hydrodynamics experimental
results were obtained in the carefully chosen propagation
regimes well approximated by the 1-D fNLSe
While having been confirmed experimentally for approximately integrable propagation regimes, the applicability of the universal PS regularization scenario to more
physically realistic conditions remains an open question.
Indeed, the presence of dissipation and the influence of
the higher-order nonlinear terms can significantly modify
the integrable 1-D fNLSe dynamics. Having an experimental confirmation of the robustness of the core universal PS resolution dynamics in a physically realistic context would be extremely valuable as it would open a way
to a practical, quantitative prediction and manipulation
of the spontaneous emergence of RWs via the methods
of nonlinear spectral (IST) theory underlying the BT results. Of course, special care should be taken in the interpretation of the IST data in the context of perturbed
integrable dynamics.
In this paper, using the BT theory as a starting point,
we experimentally demonstrate the universality of the
spontaneous emergence of the PS-like coherent structures
in the evolution of weakly nonlinear wave packets on deep
water. As the simplest mathematical model that has an
integrable core and takes into account the higher-order
nonlinear effects in the propagation of weakly nonlinear
wave packets on deep water, we use a version of the generalized fNLSe proposed in40 which is usually referred
to as the Dysthe equation (see Methods section). This
equation has also been previously used to study the selfcompression dynamics of nonlinear wave packets41,42 .
The experiments are performed in a 120 m long water
tank with a water depth h = 3 m. We provide an experimental confirmation of the robustness the BT scenario of
the PS emergence in the context of ‘non-integrable’ deep-

water wave propagation. It is done by showing that the
generation of a RW having the structure similar to PS
occurs locally, in the vicinity of the point of the gradient
catastrophe and independently of the IST solitonic content of the initial pulse. In particular, we demonstrate
that, somewhat paradoxically (but in full agreement with
the BT results) the PS-type RW generation is observed
even in a completely solitonless case.
Further, by changing the chirp of the initial wave
packet (having a particular profile leading to soitonless
initial conditions in contrast to previous studies43 ) and
hence, varying its solitonic content as defined by the IST,
we managed to manipulate the point of the PS maximum
compression in a controllable way. Our experimental results are shown to be in good agreement with analytical
estimates following from the Bertola-Tovbis analysis of
the semi-classical 1-D fNLSe. Furthermore, the robustness of this scenario in the presence of higher-order nonlinear effects is confirmed by the excellent agreement with
direct numerical simulations using the Dysthe equation.
For the analysis of the RW emergence in the wavepacket
propagation modeled by the Dysthe equation we employ the recently developed IST based method 44 of the
analysis of nonlinear wave dynamics applicable to the
models which are not integrable but have an integrable
’core’45–48 .

II.
A.

RESULTS

Semi-classical limit of 1-D fNLSe. Universal
formation of the Peregrine soliton

We write the 1-D fNLSe in the following form:
iϵ

∂ψ ϵ2 ∂ 2 ψ
+
+ |ψ|2 ψ = 0,
∂ξ
2 ∂τ 2

(1)

where ψ is the normalized complex envelope of the water
waves, ξ and τ arep
normalized space coordinate and normalized time, ϵ = LN L /LD , with LN L and LD typical
nonlinear and linear lengths in the system11 .
Despite the fact that 1-D fNLSe is a fully integrable
equation12 , explicit analytic results are available only in
some particular cases. One of the examples when an effective analytical description is possible is the so-called
semi-classical limit of 1-D fNLSe. This approach is applied to the description of nonlinear dispersive waves in
the case when ϵ ≪ 1 in Eq. (1).
We consider Equation (1) using the Madelung transformation49,50 :
ψ (ξ, τ ) =

p
ρ (ξ, τ )eiϕ(ξ,τ )/ϵ , u (ξ, τ ) = ϕτ (ξ, τ ) ,

(2)

√
where ρ is the wave amplitude and u–the instantaneous
frequency. As a result the 1-D fNLSe assumes the form
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(4)

Equations (3), (4) are analogous to Euler’s dispersive hydrodynamics for the fluid with density ρ and velocity u
but characterized by negative pressure p = −ρ2 /2 due to
the focusing effects.
The last term in Eq. (4) is proportional to ϵ2 , therefore, assuming finite derivatives in the initial data, it can
be neglected at the early stage of the propagation. The
description of the evolution of smooth and decaying initial profiles by Eqs. (3) and (4) with neglected dispersive
terms, i.e. with ϵ = 0, is valid until the gradients of ρ or u
become infinitely large at some point (τc , ξc ), termed the
gradient catastrophe point. The dispersionless evolution
problem is ill-posed for ξ > ξc , and the full dispersive
system has to be considered in this region. To describe
the solution in the vicinity of the gradient catastrophe
point (τc , ξc ) BT34 employed the inverse scattering transform in the semi-classical (ϵ ≪ 1) approximation. It has
been found that the gradient catastrophe is dispersively
regularized by the universal appearance of a large amplitude ϵ-scaled spikes that are asymptotically described
by the PS solution. Here the term ‘universal’ is used to
stress that the BT scenario does not depend on the exact
shape, chirp or solitonic content of the smooth (more precisely, analytic) initial condition. From the pure mathematical point of view, it is remarkable that locations of
these spikes are determined by the poles of the special
tritronquée solution of the Painlevé I equation, whose
role in the gradient catastrophe was first recognized by
B. Dubrovin et al.51 .
More explicitly, the theory developed in34 provides the
following asymptotic description of the structure that
emerges at the point of maximum compression ξ = ξm :
ξm = ξc + Cϵ4/5 ,
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FIG. 1. Universal regularization of the gradient catastrophe by local emergence of the Peregrine soliton. Parameter ϵ in the simulation is equal to 1/10.
(a-c) Spatiotemporal diagram, the amplitude and phase
cross-section at the maximum compression point (orange).
Exact 10-soliton solution is taken as an initial condition
(green). (d-f ) The counterpart plots for a solitonless solution sech(τ ) exp[−iµ log(cosh(τ ))/ϵ], where µ = 2. Plots in
the right corner of (b) and (e) show the corresponding discrete IST spectra (λ plane). Vertical axis shows the imaginary
part while the horizontal one - the real part of the discrete
IST spectrum.

which coincides at leading order with the formula of the
PS amplitude profile. Here the background amplitude
a0 = b0 + O(ϵ1/5 ), i.e. is determined at leading order by
the wave amplitude at the gradient catastrophe point.
The maximum value of |ψ| in the local PS is then 3a0
and is determined up to O(ϵ1/5 ). The expression for the

N=5
N=10
N=20
Theory

2

(5)

where ξc is the point of gradient catastrophe, and C =

1/5
5|C1 |
(2b0 )−3/2 |vp |(1 + O(ϵ4/5 )) with C1 - an ini4
p
tial data-dependent coefficient, b0 =
ρ(0, ξc ) - the
wave amplitude at the point of gradient catastrophe, and
|vp | ≈ 2.38 is a universal constant.
The amplitude profile of the spike that emerges at ξ =
ξm is described by the asymptotic formula:
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|ψ(τ, ξm )| = a0 1 −
[1 + O(ϵ1/5 )], (6)
1 + 4a20 (τ /ϵ)2
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FIG. 2. The PS emergence distance as a function of
the chirp parameter µ. Comparison of the numerical
simulations with the theoretical predictions. Numerical simulations of N = 5, 10 and 20 solitons solutions of the
1-D fNLSe are depicted by orange, blue and red dots respectively. Theoretical prediction according to Eq. (5) are plotted
with the solid line of the corresponding color. The limiting
case N → ∞ is plotted with the black line.
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phase of the asymptotic solution at the maximum compression point also coincides at leading order with the
PS’s phase but we do not present it here. We stress that
the described approximate PS solution is valid locally, in
the ϵ-vicinity of the point (0, ξm )
The local emergence of the PS in the evolution of a decaying N -soliton pulse has been experimentally observed
in35,36 . Importantly, the fiber optics experiments in35
demonstrated that the BT scenario is very robust and
can be observed for the values of ϵ significantly exceeding those implied by the formal asymptotic validity of
the semi-classical limit of 1-D fNLSe. Specifically, the
regularization of the gradient catastrophe by the emergence of a coherent structure that can be locally fitted by
the PS was observed in 35 for ϵ ≈ 0.45 using high-power
pulses with a Gaussian profile and a constant phase.
The universality of the described gradient catastrophe
regularization mechanism can be illustrated as follows.
Consider the 1-D fNLSe Eq. (1) with the initial condition
ψ(0, τ ) = sech(τ )eiϕ/ϵ , ϕ = −µ log(cosh(τ ))

(7)

for two different values of the chirp parameter µ. In the
particular case of initial data Eq. (7), coefficients found
in Eq.
(5) take the following form: ξc = 1/(2 + µ), C1 =
√
√
32 2i
, b0 = µ + 2. For µ = 0 the profile Eq. (7) is
15(2+µ)9/4
the exact N -soliton solution of the 1-D fNLSe (Eq. (1))
with ϵ = 1/N . On the other hand, if µ ≥ 2 the profile
Eq. (7) is completely solitonless 52 .
The spatiotemporal diagrams and the profiles of the
amplitude |ψ| and phase ϕ at the maximum compression
point for the evolution of the above two profiles are shown
in Fig. 1. In both cases the simulations were performed
with ϵ = 1/10 and the value of µ in the second set of
simulations was taken to be equal 2 ensuring the absence
of the discrete spectrum. In order to verify the solitonic
content of the initial data, the IST spectrum of the initial
pulse was evaluated numerically using the Fourier collocation method53 (see the Methods section). The discrete
part of the IST spectrum of the N -soliton profile is represented by N discrete eigenvalues (and their conjugates)
in the complex λ-plane, located equidistantly along the
imaginary axis (Fig. 1(b) inset). The IST spectrum of
the solitonless initial condition (Eq. (7) with µ = 2) contains no discrete part, see Fig. 1(e) inset. We note that
the IST spectra of Gaussian pulses used in the optical
experiments of35 contained both discrete and continuous
spectrum parts.
One can see that, although the solitonic content of
the two initial conditions is completely different, in both
cases the pulse experiences the gradient catastrophe and
the coherent structure that emerges at the maximum
compression point has the signature amplitude and phase
profiles of the PS. As predicted by Eq. (5), the maximum compression point is shifted further in the presence
of the solitonic content. After the first spike we observe
in Fig. 1(a) the generation of a growing chain of largeamplitude breathers. The qualitative evolution of the

solitonless pulse close to the PS regularization point is
similar but the long time behaviour is very different, displaying in the ξ,τ -plane an expanding cone filled with
small-amplitude dispersive waves, see Fig. 1(d).
The predicted accuracy of the PS emergence position
by Eq. (5) is examined by numerically simulating Eq. (1)
for a series of initial conditions in the form of Eq. (7)
with different values of the chirp parameter µ ∈ [−1, 2].
The results are displayed in Fig. 2, where solid lines show
the estimates of the PS emergence distance according to
Eq. (5) for 5, 10 and 20 solitons at µ = 0 (orange, blue
and red colors, respectively) and the asymptotic case of
infinite number of solitons is shown by the black curve.
The points depict the position of PS emergence found in
numerical simulations of Eq. (1) (color correspondence is
preserved). Fig. 2 demonstrates the rapid convergence of
the theoretical estimates towards the results of 1-D fNLSe
simulations with increasing number of solitons in the initial condition and, importantly, their ability to provide a
sufficiently accurate prediction even for low soliton numbers, i.e. way beyond the semiclassical zero-dispersion
limit considered in the derivation of Eq. (5).
The above examples clearly show that, despite the
widely accepted paradigm of the ‘solitonic’ nature of the
PS, the presence of the discrete IST spectrum in the initial data is not a pre-requisite for the PS emergence. One
can also conclude that the emergence of the local PS as a
result of N -soliton self-compression observed in35 is just
a particular case of the general regularization mechanism
described by the BT semiclassical theory.

B.

Experimental results and comparison with
numerical simulations
1.

Experimental parameters and conditions

We investigate the influence of the soliton content on
the emergence of RW in the 120 m long water tank with
a water depth h = 3 m. To measure the surface wave
elevation along the tank, 20 resistive probes have been
installed equidistantly with the separation of 6 m. A
schematic representation of the water tank is shown is
Fig. 3. Detailed description of the experimental platform
as well as the mode of operation can be found in39,44 . All
the experiments are performed in the deep-water regime
with a typical value of kh =15.8, where k = 2π/λ is the
wavenumber. The central frequency of the wave packet
is set to 1.15 Hz. Additional information can be found
in the Methods section.

2.

Initial conditions

We first verify the applicability of the semi-classical
theory to the conditions of our water wave experiment.
We generate a sequence of wave packets having the same
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6m

120 m
FIG. 3. Schematic representation of the water tank. Experimental investigations are provided in the water tank of
the Hydrodynamics, Energetics, and Atmospheric Environment Lab (LHEEA) at Ecole Centrale de Nantes (France). Wave
elevation is measured by a set of equidistantly-spaced probes over 120 m of the water tank length (the total length is 148 m),
at every 6 m. It is equipped with a parabolic shaped absorbing beach (≈8 m long). With the addition of pool lanes arranged
in a W pattern in front of the beach, the measured amplitude reflection coefficient is as low as 1%.
a

b

c

FIG. 4. Initial conditions for experiments and simulations. Four columns correspond to the values of µ = -0.5, 0, 1 and
2, respectively. (a) Comparison of the wave packets measured at the first probe located at 6 m from the wave maker (black
line), corresponding envelope (bold black line), and simulations of Dysthe equation (red line) starting from the exact analytical
expression. (b) Corresponding phase. (c) Discrete IST spectra of signals measured at the first probe (black crosses), analytical
solution (blue dots) and result of simulations of Dysthe equation at 6 m of propagation (red dots).

(3 solitons) envelope but different values of the chirp parameter µ according to Eq. (7). The parameter µ is varied
from -0.8 (the value corresponding to the PS emergence
point way beyond the water tank length) to 2 (completely
solitonless case). Examples of the initial state measured
at the 1st probe (6 m from the wave maker) are plotted in
Fig. 4(a) (black line for the wave elevation). Bold black
line shows the calculated envelope of the wave packet by
using the Hilbert transform (see Methods section). Four
columns of Fig. 4 correspond to four values of µ: -0.5, 0,
1, and 2. Red line shows the numerical simulations of the
Dysthe equation at 6 m distance started from purely numerical initial conditions. Fig. 4(b) depicts corresponding phase profiles.
The precise control over the IST spectrum is essential
for the experimental verification of the result of BT34 .

We analyzed the solitonic content of the initial conditions using the Fourier-collocation method [see Fig. 4 (c)].
As proposed in45,46 , we solve here the direct stuttering
problem and use the discrete part of the IST spectrum
for characterizing the solitonic content of the structures
under investigation. The discrete IST spectra of the water waves are depicted by black crosses, the numerical
data at z = 0 m by blue dots and at z = 6 m by red
dots. We consider the initial conditions having exactly
three solitons if the parameter µ is set to zero as can
be seen from the Fig. 4(c), second column. According
to the theoretical prediction34,52 , the solitonic content of
the pulse changes when the value of the chirp parameter µ is being varied. In particular, when µ increases
the imaginary part of the discrete eigenvalues decreases
until the point when the initial conditions become com-
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a
Experiment

b
Dysthe

c
1-D fNLSe

FIG. 5. Spatiotemporal evolution. Comparison of the experimental data with numerical simulations of exact 3
soliton solution in Dysthe and NLS models. (a) spatiotemporal diagram retrieved from the experimental measurements
using the Hilbert transform. (b) Simulations of Dysthe equation starting. (c) Simulations of 1-D fNLSe. Exact analytical
solution is taken as initial data for the numerical simulations.
a

b

FIG. 6. Cross-section of Fig. 5 at the maximum compression points. (a) Measured envelope of water waves (bold
black) with underlying carrying wave (black) and simulations of the Dysthe equation (red). (b) Corresponding phase. The
positions of maximum compression can be different for numerical simulations and experiment. From left to right the values of
µ are -0.5, 0, 1 and 2.

pletely solitonless. This occurs for values of µ ≥ 2. Also,
from the IST spectra shown in Fig. 4 it follows that the
nonlinear propagation over z = 6 m does not exhibit
significant deviation from the integrable case. However,
the IST spectra corresponding to µ = 2 already show
a deviation from isospectrality due to the presence of
the higher-order nonlinear terms in the governing nonintegrable (Dysthe) equation.

3.

Nonlinear evolution

Nonlinear wave evolution from the initial conditions
discussed in the previous section is shown in spatiotemporal diagrams of |A(z, t)|, where A is the complex wave envelope (see Fig. 5). We compare three cases: water tank
experiments [plots (a)], simulations of the Dysthe equations [plots (b)] and simulations of the 1-D fNLSe [plots
(c)] for four values of the chirp parameter µ = −0.5, 0, 1
and 2. The experimental data confirms that the maximum compression point can be easily manipulated by
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adjusting the value of µ. The first column corresponding to µ = −0.5, shows a smooth evolution of the wave
packet resulting in the emergence of a localized structure
near the edge of the water tank. By increasing the chirp
parameter, we observe that the PS maximum compression occurs closer to the wavemaker position while the
temporal profile of the local PS packet loses its initial
symmetry. In the spatiotemporal diagram corresponding
to µ = 1, the coherent structures following the maximum
compression point (propagation distance ≈ 72 m) resemble the localized spikes described in34 despite the broken
symmetry. In the solitonless case (µ = 2), the compression point is found as close as 30 m from the wavemaker,
and the subsequent spatiotemporal evolution is confined
to an asymmetric cone.
The experimental data is found to be in an outstanding agreement with numerical simulations of the Dysthe
equation [see Fig. 5(a) and (b)]. The simulations capture the entire spatiotemporal behaviour including small
nuances related to the effect of the higher-order nonlinear terms. In order to take into account the effect of
finite depth, we include a corresponding coefficient in
the simulated model (see Methods section and Appendix
in44 ). The evolution of both experimental and simulated
signals exhibits the dispersive regularization of gradient
catastrophe by the emergence of a ‘tilted’ local PS-like
structure which follows from the similarity with the corresponding 1-D fNLS model dynamics [Fig. 5(c)] where the
presence of the local PS is a verified fact35,54 . The asymmetric shape of the emerging PS-like structure, which has
been observed in different hydrodynamic models55,56 , is
related to the local spectral red-shift which is similar to
the effect of Raman scattering in nonlinear fiber optics
where the asymmetry of the local PSs has been observed
as well, usually in the context of supercontinuum generation57 . This also follows from the plots of cross-section at
the maximum compression point depicted in Fig. 6. The
envelopes of both experimental and simulated signals resemble an asymmetric local PS profile. By increasing the
chirp parameter µ, we observed further deviation form
the PS shape due to the increasing role of the amplitudesensitive higher-order nonlinear effects. Indeed, higher
values of µ correspond to the increased pulse amplitude
at the gradient catastrophe point, which plays a role of
the effective PS background34,35 . The amplitude of the
PS (according to Eq. (6)) is exactly three times the background value.
We provide a systematic comparison of the dependence
of the local PS-like structures emergence position on the
value of the chirp parameter µ (solid line Fig. 7). A
comparison between the data obtained in experiments,
simulations of both 1-D fNLS and Dysthe equation, and
prediction form the semi-classical theory for ϵ = 1/3 are
shown in Fig. 7. Semi-classical analysis, despite being
derived in the zero-dispersion limit, predicts the result of
experiments for high values of µ. Moreover, all the data
presented in Fig. 7 demonstrates the same tendency. As
followed from spatiotemporal diagrams (Fig. 5), numer-

Experiment

FIG. 7. Dependence of the Peregrine soliton emergence distance on the initial chirp µ. Each horizontal
gray line represents the position of the probe in the water
tank, the black dashed line shows the maximum propagation distance available in the experiments. The positions of
the maximum compression point measured experimentally are
shown by the green dots with the error bar which corresponds
to the distance between probes. It is compared with the simulation of the exact 3 solitons solution in the 1-D fNLSe (blue
dots) and the Dysthe equation (orange dots). The prediction
according to Eq. (5) is plotted with the solid red line.

ical simulations of the Dysthe equation capture the water wave dynamics. Indeed, corresponding data depicted
by orange crosses and greed dots (green ticks indicate
a minimum error value related to the distance between
the probes) respectively, demonstrate a good agreement
along all the values of µ. Experimental data at values of
µ < −0.5 are plotted at z = 120 m which indicates that
the compression point occurs at distances larger than the
length of the water tank.

C.

IST spectra evolution

When the 1-D fNLSe is employed for the simulation of
nonlinear wave propagation, the global IST spectrum is
preserved. However, following the results of the comparison with the experimental data (Fig. 5), it becomes clear
that the higher-order nonlinear effects must be taken
into account in order to fully capture the complex selffocusing dynamics affected by the local spectral downshift. The Dysthe equation does not belong to the class
of equations integrable by the IST technique. Nonetheless, having an integrable core in the form of 1-D fNLSe,
this model can be analysed using perturbation methods if
the nonintegrable part is included with a small factor58 .
Recently, an approach which does not require the
higher-order terms to be small has been introduced.
In45–47 and48 it has been shown that IST spectra can
be utilized for the characterization of coherent structures in strongly dissipative nonlinear models such as
the Ginzburg-Landau equation for mode-locked lasers or
the Lugiato-Lefever equation for passive microresonators.
The essence of this approach relies on the fact that for
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each moment of time the direct scattering problem –the
first step in the IST method14 – can be solved for the
given complex envelope of the field which has to be renormalized according to the employed convention47 . Therefore, coherent structures that emerge in these complex
models can be characterized by a discrete part of the
IST spectrum and, therefore, represented by a point in
the IST plane.
We use this approach for the characterization of the experimental data and simulations of the Dysthe equation
presented in the previous section. For the demonstration, we choose two values of the chirp parameter µ=0.8 and 0. The resulting IST spectra evolution is shown
in Fig. 8. Color gradient represents the length of the
nonlinear propagation and varies from blue (z = 6 m)
to red (z = 120 m). When the chirp parameter is
small the discrete IST spectrum is almost conserved for
both the experiments and the Dysthe model59 , which signifies that the nonlinear evolution is close to the one
described by the 1-D fNLSe. Indeed, for µ = −0.8
the gradient catastrophe occurs beyond the water tank
length so the intensity-related higher-order nonlinear effects can be neglected. The spectral evolution corresponding to the initial condition with µ = 0—the exact
three-soliton solution—demonstrates an intriguing behaviour. Namely, the two upper points of the IST spectrum make closed and open loops for simulations and
experiment, respectively. The term ‘closed loop’ signifies
that the discrete eigenvalues return to their initial positions while the open loop describes the situation when
two eigenvalues exchange positions during the nonlinear
evolution. The presence of a loop signifies that passing through the local PS stage, where the influence of
the higher-order nonlinear effects is significant, discrete
eigenvalues deviate from their initial position, however,
entering the intermediate stage they return to the neighborhood of the origin, thereby, converging to the solution
given by the 1-D fNLSe. Investigation of the difference
between open and closed loops, as well as a possible exchange of the eigenvalues with the continuum, is beyond
of the scope of this manuscript and is proposed as a novel
and open problem in the nonintegrable systems evolution.

III.

DISCUSSION

There are four key conclusions of this article that we
would like to highlight: (i) the local emergence of the
PSs as a regularization of the gradient catastrophe can
occur in a completely solitonless case, which means that
the soliton self-compression is a particular case of this
more general process; (ii) the point of the PS emergence
can be predicted and easily manipulated by adjusting the
chirp parameter, i.e. by controlling the solitonic content
of the initial conditions; (iii) structures similar to the local PS are observed in water tank experiments and simulations of the Dysthe model where coherent structures

a

b

FIG. 8. Comparison of the discrete IST spectra evolution in the Dysthe model and experiments. (a) Simulations of the Dysthe equation. (b) Experimental data. Colors
from blue to red correspond to the propagation over the full
water tank length.

undergo significant red-shift in the spectral domain due
to the influence of higher-order terms, which indicates
another degree of universality of the gradient catastrophe regularization process; (iv) the IST spectra analysis
of the non-integrable nonlinear wave evolution provides
insights into the deviation and the convergence to the
integrable dynamics as well as reveals unusual behaviour
of the discrete points on the IST plane.
Our experimental observations also suggest that the
dynamics of the N -soliton solutions rapidly deviates from
the one predicted by the 1-D NLS model mainly due
to the asymmetry induced by the frequency downshift.
However, the local emergence of the coherent structures
that can be seen as a modified analogue of the PS can be
clearly observed. Noteworthy, to date, there are several
works that propose a more general framework for describing the nonlinear water wave dynamics, such as (super)
compact Dyachenko-Zakharov60–62 . However, since the
analytical results of our paper have been derived for the
1-D fNLe, we examine its simplest extension that captures the essence of the observed dynamics – which is the
Dysthe equation. We, therefore, believe that further extension of the approaches used for the integrable systems
to the non-integrable ones can improve our understanding of the realistic mechanisms taking place in the open
sea.

IV.
A.

METHODS

Water tank parameters and mode of operation

Experimental investigations of the gradient catastrophe regularization for solitonic and solitonless initial con-
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ditions have been performed in the water tank facility
of the Hydrodynamics, Energetics, and Atmospheric Environment Lab (LHEEA) in Ecole Centrale de Nantes
(France).

B.

Models and numerical simulations

1-D fNLSe in the hydrodynamic formulation can be
expressed as follows11 :
∂A
i ∂2A
+ iαk03 |A|2 A = 0,
+
∂z
g ∂t2

The water tank is 148 m long (120 m are effectively
used), 5 m wide, and 3 m deep. It is equipped with a 8 m
long absorbing beach having a parabolic shape. With the
addition of pool lanes arranged in a “W” pattern in front
of the beach the measured amplitude reflection coefficient is as low as 1%. Unidirectional waves are generated
with a flap-type wave maker programmed remotely with
a computer. The setup comprises of 20 equally-spaced
resistive wave-gauges that are installed along the water
tank at distances zj = 6 + (j − 1)6 m, where j = 1, 2, ...20
from the wave maker located at z = 0 m. This provides
an effective measuring range of 114 m.

here A is the complex envelope of the water wave, g is the
acceleration of gravity and k0 - the wave number and α =
0.93 is the finite depth correction. The general expression
for α (see e.g.63 for the details) is stated as:
cosh (4k0 h) + 8 − 2 tanh2 (k0 h)
8 sinh4 (k0 h)


2
(2 cosh (k0 h) + 0.5)2
k0 h
1
−
−
,
tanh (k0 h) 4
sinh2 (2k0 h)
α=

where H stands for the Hilbert transform defined as follows:
Yt =

where F represents the Fourier transform and sign is the
signum function .
For the numerical simulations, we used 2048 points
simulation box to avoid numerical errors appearing due
to the periodicity in the Fourier space. z-axis has been
discredited with 1000 point. For simulations of the nonlinear Eq. (8)and (10), we use step-adaptive DormandPrince Runge-Kutta method of Order 8(5,3) and approximate the dispersion operator by a pseudo-spectral
scheme.
C.

Calculation of IST spectra

Introducing the change of variables ξ = 2ϵt and τ = ϵx
in Eq. (1), we obtain 1-D NLSe in the following form:
∂u ∂ 2 u
+
+ 2|u|2 u = 0
(11)
∂t
∂x2
We can define a so-called Lax pair for the 1-D fNLSe
discovered by Zakharov and Shabat12 :
i




−iξ u
Yx =
Y
−u∗ iξ

(12)

(9)

where h is the water tank depth.
The Dysthe equation (a higher-order nonlinear generalized version of the 1-D fNLSe) is written in the following
way40 :




∂A
i ∂2A
k03
∂|A|2
∂|A|2
3
2 ∂A
2
+
+ iαk0 |A| A −
+ 2A
− iAH
= 0,
6|A|
∂z
g ∂t2
ω0
∂t
∂t
∂t

F(H(f (t))) = −i sign(ω)F(f (t)),

(8)



−i2ξ 2 + i|u|2 iux + 2ξu
Y,
iu∗x − 2ξu∗ i2ξ 2 − i|u|2

(10)

(13)

where ξ is the spectral parameter and Y is a vector or
matrix function. Equation (11) is a compatibility condition for Eqs. (13) and (12) (guaranties the equality of Ytx
and Yxt ).
Equation (12) can be inverted to show the spectral
problem in more explicit way53 :


−∂x u
Y = iξY
u∗ ∂x

(14)

This problem can be numerically solved in the Fourier
space with a standard routine integrated into the SciPy
package of Python.
Numerically retrieved IST spectra are post-processed
in order to eliminate points not constituting the discrete
part of the spectrum, i.e. not representing the solitonic
content of the analysed signal. This is realized by choosing a threshold on the imaginary axis of the IST spectrum (eigenvalues of the spectral problem represented by
Eq. (14)) and keeping only the eigenvalues that exceed
the value. The threshold has been found empirically and
verified with a more advanced numerical method (see64
for the full description).
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spectral synthesis of soliton gas in deep-water surface gravity waves,” Phys. Rev. Lett. 125, 264101 (2020).
AI Dyachenko, DI Kachulin, and VE Zakharov, “Super
compact equation for water waves,” Journal of Fluid Mechanics 828, 661–679 (2017).
Francesco Fedele, “On certain properties of the compact
zakharov equation,” Journal of Fluid Mechanics 748, 692–
711 (2014).
Francesco Fedele and Denys Dutykh, “Special solutions to
a compact equation for deep-water gravity waves,” Journal
of Fluid Mechanics 712, 646–660 (2012).
Chiang C Mei, The applied dynamics of ocean surface
waves, Vol. 1 (World scientific, 1989).
Andrey Gelash and Rustam Mullyadzhanov, “Anomalous
errors of direct scattering transform,” Phys. Rev. E 101,
052206 (2020).

