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ABSTRACT

Functionally graded materials (FGMs) are a novel class of materials having unique
characteristics formed of two or more constituent phases with a continuously variable
composition. The introduction of these materials to the sandwich structures creates more
potentials to the structural applications with the ability of tailoring the material properties as
well as the possibility of avoiding the delamination and stress concentration in conventional
sandwich structures. With the rapid development of technology, it is now common to use FGMs
in micro/nanoelectromechanical systems, e.g. thin films, sensors, actuators and other devices.
At these scales, the use of experimentation to understand the structural behaviours is difficult
and highly time-consuming, whilst the molecular modelling is computationally very expensive
for the scales that are popular to structural engineers. Therefore, higher-order continuum
theories, which were developed from the classical continua, become very popular in modelling
micro/nano-scale structures. Based on one of these higher-order continuum theories namely
the modified couple stress theory, this thesis aims to develop the analytical methods, i.e. Navier
and state space based solutions, to analyse the static, free vibration and buckling behaviours of
FG and FG-sandwich beams and plates. The governing equations and appropriate boundary
conditions are developed for these structural behaviours of beams and plates at both micro-
and macro- scales using the variational principle. Numerical results are computed using MATLAB
and verified with the published results to demonstrate the accuracy and efficiency of the

developed theoretical formulation. The numerical applications include:

e the free vibration and buckling behaviours of FG and FG sandwich macrobeams under
arbitrary boundary conditions and mechanical/thermal loads,

e the static, free vibration and buckling behaviours of simply supported FG microbeam:s,
and the free vibration behaviour of bidirectional FG microbeams under arbitrary
boundary conditions,

e the static, free vibration and buckling behaviours of simply supported FG-sandwich
microplates under mechanical/thermal loads,

e the static, free vibration and buckling behaviours of FG-sandwich microplates with two

opposite simply supported edges and various boundary conditions for other edges.

The outcomes from this thesis emphasize the need of including couple stress in analyzing the
structural behaviours of FG beams and plates at microscales. Some of them are presented at the
first time and can be used as the benchmark results for numerical methods. These analytical
methods can also be combined with other strong form methods to analyse various types of

complex structures.
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CHAPTER 1

INTRODUCTION

1.1 Purpose and scope

Functionally Graded Materials (FGMs) are a class of composite materials in which the material
properties vary gradually from one position to the other. Such materials are created from the
exploitation of basic material elements into various organic and inorganic compounds to
produce advanced polymers and elastomers, alloys, glasses and ceramics. The gradation process
of this kind of materials can create the industrial products with smooth and continuous
properties, hence avoids the stress concentration, cracking and delamination phenomena
occurred in conventional composites. These striking features are appealing to the researchers
in developing the advanced theories and analysis methods to predict more accurate behaviour
of FG materials/structures. The combination of FGMs and sandwich structures, often referred
to as FG-sandwich structures, has become even more attractive due to the designable material
properties and the possibility to eliminate the delamination which occurs in conventional
composite structures. Many applications of FGMs can be found in aerospace structures [1],
cutting tools [2], actuators, transducers [3] and biomedical installations. An insightful

introduction to the applications of FGMs is presented in [4].

Recent developments in technology require the knowledge of small-scale structural elements
which are commonly presented in MEMS and NEMS such as thin films, nano-probes, sensors,
actuators and other devices. It is evidenced from experiments [5-7] that when the dimensions
of these structures are reduced to a certain value, the size effects in structural behaviours can
be observed. There are several approaches to inspect these effects including the
experimentation, atomistic or molecular dynamics simulation and higher-order continuum
mechanics. Although two former methods can provide more accurate prediction, the latter has
been employed widely due to the computational efficiency. Because of the coupling effects
regarding the higher-order gradients of displacements, there are some challenges in integrating
the analysis of microstructures to commercial software for common use. Moreover, the
continuous variation of material properties in FGM leads to difficulties in using finite element
packages to analyse the structural behaviours of these materials, particularly in terms of
generating the stiffness matrices. Therefore, developing the effective and accurate theoretical
approaches to solve these problems is one of the primary motivations of this study. The main

objectives of this thesis include:



a. To develop a unified shear deformation theory in connection with the modified couple
stress theory to investigate the size dependent behaviours of FG-sandwich beams and
plates. The thesis concentrates on the higher-order shear deformation theories
including the thickness stretching effects, i.e. quasi-3D theories, which are significant in
very thick beams and plates.

b. To develop the analytical solutions, i.e. the Navier and state space based solutions, for
the analysis of the static bending, free vibration and buckling behaviours of FG-sandwich
beams and plates. This thesis also considers the effects of different factors such as non-
classical boundary conditions and thermal environment as well as the axial and

thickness variation of material properties in beams.

1.2 Background
This section presents some generic knowledge about FGMs and FG-sandwich structures, thermal

environment and the size-dependent analysis of microstructures.

1.2.1 Functionally graded materials and FG-sandwich structures
The idea of FGMs can be observed in most of organisms in nature. Apart from some examples
given in Fig. 1.1 for a tree cross-section and skin structure, the gradual variation of constituent

phases can be seen in other configurations, such as shells, bones, teeth, cells, etc.

cambium

Secandary phloam

Cork

Cork cambiumf Bark

a. Tree cross-section * b. Skin?
Fig. 1. 1: FGMs in nature.

In the mid-1980s, Japanese researchers conceived the concept of FGM to an aerospace

application to advance the material properties using in the thermal barrier coating [8]. Since

! www.sflonews.files.wordpress.com/2014/11/tree-cross-section.jpg
2 www.igb.fraunhofer.de/en/press-media/press-releases/1999/skin-cosmetic-research.html
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then, there are a large number of publications have been dedicated to analyse the behaviours
of these materials. Following section is the effective material properties of FGMs and different

types of FG-sandwich structures which are considered in this thesis.

1.2.1.1 Effective material properties of FGMs (homogenisation schemes)

The effective material properties of FGMs, which are microscopic heterogeneous, can be
obtained using homogenisation techniques. Two of the most popular techniques include the
rule of mixture (Voigt model [9, 10]) and Mori-Tanaka model [11]. The effective material
properties can be determined using these two schemes as follow. By considering a FG beam with
the geometries and co-ordinates illustrated in Fig. 1.2, the effective material properties can be

determined as follows:
A y

z / Ceramic

X
NG
h
Metal
a
a. Model of beam
zZ A
h/2 Ceramic Ceramic Metal Ceramic 23
> FG Ceramic Metal hz
h/2 y i
Metal Metal Metal Ceramic *
b. FG c. FG-core d. Ceramic-core  e. Metal-core

Fig. 1. 2: Geometries, co-ordinates and cross-sections of FG-sandwich beams

a. Rule of mixture (Voigt model)
According to the rule of mixture, the effective material properties of FG structures can be

expressed as:
P, =PV, +PV, (1.1)
where P and P. are the material properties of metal and ceramic, and V,, and V. represent

the volume fraction of metal and ceramic, which depend on the types of FG structures as

presented in the next section.



b. Mori-Tanaka scheme

According to Mori-Tanaka scheme [12], the effective bulk modulus K, and shear modulus G,

are given by:
K,—K v,
= Ié X (1. 2a)
Kc _Km 1+VmA
K,+3G,
G. -G V.
£ T = é —C (1. 2b)
G:=Cn 14y, e O
G, (9K, +8G,)
G,+— "
6(K,+2G,,)
The effective Young’s modulus E, and Poisson’s ratio v, are then defined as:
E, :& (1. 3a)
3K, +G,
9K, -2G
y o= e (1. 3b)

° 2(3K,+G,)

1.2.1.2 Types of FG and FG-sandwich structures

In this thesis, major attentions are paid for the through-the-thickness FG and FG-sandwich
structures including the FG-skins homogeneous-core (ceramic and metal cores), and FG-core
homogeneous-skins. In addition, the bidirectional FG beams, in which the material properties
can be tailored in both the longitudinal and thickness directions, is also considered in Chapter

Four.

a. FG structures

The structures are made of metal-ceramic material (Fig.1b) with the volume fraction of ceramic
through thickness Vc(z) being given by:

z 1Y

where p is the power-law index.

b. Sandwich structures with FG core and homogeneous skins

In these structures, metal and ceramic are placed on the metal-rich and ceramic-rich faces of the

FG core (Fig.1c) withVC(z) being given by:



0 ifze[hy,h,]

z_hlj ifze[h,,h,] (1.5)

1

1 if ze[h,,h, ]

c. Sandwich structures with FG skins and homogeneous core

Ceramic or metal cores are attached into two layers of FG skins in these structures. The

expression of V. (z) for these two types of sandwich structures are described as follow:

- Ceramic core (Fig.1d):

z—h )
hl—f;)o ifze[ho,hl]
V.(z)=11 ifze[hy,h,] (1.6)
z—h, Y
hz_,ja if ze[hy,h, ]

- Metal core (Fig.1e):

0

Vc(z)z 0 ifze[hl,hz] (1.7)

p
1—(2_”3] if z[h,,h,]

hz _hs

| 2P pifze[h h]
hl h 07771

1.2.2 Thermal effect on the behaviours of FG-sandwich structures

1.2.2.1 Temperature distribution
In some examples of this thesis, the FG-sandwich structures are considered working in thermal
environment, which is created by the elevated temperature on their top and bottom. The

temperature profiles investigated are listed below:

a. Uniform Temperature Rise (UTR)

The temperature of the whole beams/plates is assumed uniform and increased from T;,=300K to
the reference value. It means that the temperature at a point is T(z)zTO + AT, where AT is

the temperature rise.



b. Linear Temperature Rise (LTR)

The temperature in the ceramic and metal faces of FG structures is assumed to be T andT,,. In
this case, the temperature on the metal surface is supposed to be T =305K , whereas on the
ceramic surface it is surged to T.=T +AT . With the assumption of linear distribution, the

temperature through the thickness can be determined as:
T(z):Tm+AT(1+£j (1.8)
2 h

c. Non-linear Temperature Rise (NLTR)
The applied temperature is similar to the case of LTR; however, the temperature distribution is
set to follow the heat conduction rule and obtained by solving the steady state equation [13] as:
Voo K e, K aen Ka s
T-1.| " (p+1)k, " (2p+1)k2 T (3p+1)K}
T K e K e

+(4p+1)/<,‘; T (sp+1)k:

(1.9)

K K? K’ K: K:
where C K, e Grel)C (ape1)kt (spen)s | Kem KK

v, =[%+%j , with K. and K being the thermal conductivity of ceramic and metal calculated

at the surfaces.

1.2.2.2 Temperature-dependent material properties
The thermo-elastic material properties are considered as a function of temperature T and can

be calculated for ceramic and metal as described in [14]:

P(T)=R(P.T +1+RT+RT’ +AT’) (1. 10)
where P denotes Young’s modulus E , mass density o and thermal expansion coefficient «,

respectively. P,,P,,P, and P, are the temperature dependent coefficients, which are provided

for each material in the numerical examples.

1.23 Size effect in analysing the structural behaviours

In order to study the behaviours of small-scale structures, the higher-order continuum theories,
which are widely known as the non-classical continua, were firstly presented in the work of
Cosserat and Cosserat [15] in 1909. There have been significant developments of this idea since

1960s, which can be summarised into three major categories including the microcontinua,



nonlocal elasticity and the strain gradient family [16]. The microcontinua were developed by
Eringen [17-20] for 3M theories including micropolar, microstretch and micromorphic. Among
them, micropolar is the simplest theory, which was initiated by Cosserat and Cosserat [15],
whilst the micromorphic is the most general one. Interested readers can refer to [21-25] for
more details about these theories and their applications. The nonlocal elasticity was firstly
proposed by Kroner in [26] and further developed by Eringen [27-29]. In these theories, the
stress at a reference point is measured through the constitutive law by the strains at all points
of the body. Therefore, the size effects are captured by introducing a nonlocal parameter to the
constitutive equations. The third class of higher-order continua is the strain gradient family,
which are composed of the couple stress theory, the strain gradient theory and their modified
versions. In the strain gradient family, the strain energy is considered as a function of both
strains and strain gradients, which requires additional material constants, i.e. material length
scale parameters, compared to the classical continuum. The original strain gradient theory
considering the first gradient of strains only was proposed by Mindlin [30]. He later developed
another version including both the first and second gradients of strains [31]. A modified strain
gradient theory was developed recently by Lam et al. [7] which requires only three material
length scale parameters. These theories have drawn much attentions in applying for different
behaviours of microstructures. Another member of the strain gradient family is the classical
couple stress theory, which was proposed by Toupin [32, 33], Mindlin and Tiersten [34] and
Koiter [35]. In these theories, only two additional material length scale parameters are required
as only the gradients of rotation vectors are included. Yang et al. [36] developed a modified
couple stress theory by introducing an equilibrium condition of moments of couples. This higher-
order equilibrium results in a symmetricity of the couple stress tensor, hence only one material
length scale parameter is required. This modified theory has been employed widely recently to
investigate the size effects in microstructures, which is also the motivation of this study. The
research using this theory for microbeams/plates is reviewed in detail at the beginning of the
relevant chapters. A perceptive review of higher-order continua for size-dependent analysis of

microstructures can also be found in the recent work of Thai et al. [16].

13 Organisation

There are six chapters in this thesis. Chapter One describes the purpose and scope as well as the
background and organisation of the thesis. Based on the unified higher-order beam theories,
Chapter Two deals with the vibration and buckling behaviours of axially loaded FG-sandwich
beams. The governing equations of motion are derived from Hamilton’s principle for the beams

with arbitrary classical boundary conditions and several cases of elastic supports. Numerical



examples are presented to examine the effects of boundary conditions, material properties, and
slenderness ratios on the fundamental natural frequencies of these sandwich beams. A number
of possible modal frequencies, the buckling loads and temperatures as well as the load-
frequency curves are also considered for the FG beams. Both temperature independent and
dependent material properties are investigated to prove the necessity of considering the change
of material properties under the elevated temperature gradients. The modified couple stress
theory is employed in Chapter Three for FG-sandwich beams using the classical beam theory,
first-order beam theory, different higher-order and quasi-3D theories. The Navier solutions are
applied to solve analytically the deflection and stress, natural frequencies and critical buckling
loads. Two homogenisation techniques to approximate the material properties including the
rule of mixture and Mori-Tanaka scheme are considered. The comparison of various shear
deformation theories, effects of Poisson’s ratio and the size-dependent behaviours of FG beams
are discussed in this chapter. The theoretical formulation in Chapter Three are extended in
Chapter Four for the size-dependent vibration behaviours of bidirectional FG (BDFG) beams, in
which the material properties vary exponentially in both the thickness and axial directions. This
chapter also covers the behaviours of through-the-thickness FG beams by neglecting the axial
exponential index. The state space approach is employed to analyse the free vibration of BDFG
beams with arbitrary boundary conditions including the essential of clarifying the left and right
end conditions. Chapter Five is devoted to the analysis of FG-sandwich microplates. Based on
the framework of the modified coupe stress theory, the theoretical formulation for static
bending, vibration and buckling of FG-sandwich microplates are presented. The simply
supported plates are analysed applying the Navier solution, while other boundary conditions in
combination with the two opposite simply supported edges are considered using the state space
based solutions. In the last chapter, the main conclusions and recommendations for future
research are presented. Finally, the coefficients for state space based solutions and stress

resultants adopted for the analysis of beams/plates are given in the Appendices.



CHAPTER 2

FREE VIBRATION AND BUCKLING BEHAVIOURS OF FG-SANDWICH BEAMS

2.1 Introduction

In this section, a brief review of various shear deformation theories and analysis techniques
applied to the vibration and buckling analysis of FG and FG-sandwich beams is carried out. The
earliest beam model is due to the Euler-Bernoulli theory, which widely known as Classical Beam
Theory (CBT). The ignorance of the shear effect in this theory provides acceptable results for
thin beams only. This theory was applied to study the dynamic behaviour of FG beams by
Alshorbagy et al. [37], Simsek and Kocaturk [38] and Jin and Wang [39]. It is worth noting that
solutions based on the CBT overestimate natural frequencies/buckling loads of moderately thick
beams. To overcome the limitation of the CBT, many shear deformation theories have been
proposed. The Timoshenko beam theory known as the first-order beam theory (FOBT), which is
the simplest model considering shear effect, attracts much attention of researchers. Aydogdu
et al. [40] presented Navier solution of natural frequencies for FG beams. Su and Banerjee [41,
42] developed dynamic stiffness method for free vibration analysis of FG beams using the CBT
and FOBT. Nguyen et al. [43] proposed an improvement on FOBT to present Navier solution for
static and vibration responses of FG beams under axial load. Sina et al. [44] also applied FOBT to
analyse free vibration of FG beams. However, the FOBT needs a shear correction factor to modify
the results due to the dissatisfaction of free stress at the free surfaces. This factor is difficult to
determine exactly since it depends on many parameters. To overcome this problem, the higher-
order beam theory (HOBT) was developed to analyse beam’s behaviours more accurately
without using shear correction factor. Thai and Vo [45] investigated static and free vibration
behaviour of FG beams using various HOBTs. Wattanasakulpong [46] and Pradhan and
Chakraverty [47, 48] employed Rayleigh-Ritz method using the CBT, FOBT and HOBT to analyse
natural vibration of FG beams. Simsek [49] obtained fundamental frequencies of FG beams with
varying boundary conditions based on Lagrange approach. Mashat et al. [50] applied Carrera
Unified Formulation to investigate free vibration of FG layered beams. Vo et al. [51] and Nguyen
et al. [52] also employed different HOBTs with finite element and Rayleigh-Ritz methods to
analyse the vibration and buckling behaviour of FG-sandwich beams. The investigation into free
vibration behaviour of FG beams was also carried out by mesh-free techniques in [53-55] and

also by homogenization approach [56].

One of the key parameters in the analysis of the vibration behaviour of structures is the

boundary conditions. For the real structures, the imperfect boundary conditions known as non-



classical conditions consisting of rotational and translational displacements are essential and
need to be considered. There are many publications relating to the investigation of free vibration
under imperfect support, which mostly focus on isotropic beams such as the work of Hsu et al.
[57] with Adomian modified decomposition method using FOBT; Sari [58, 59] with Chebyshev
collocation method based on CBT and FOBT. Simsek and Cansiz [60] analysed dynamic behaviour
of elastically connected double-FG beam with elastic supports under moving harmonic load.
Shahba et al. [61] studied free vibration response of Timoshenko axially FG beams.
Wattanasakulpong and Mao [62] also applied Chebyshev collocation to consider the free

vibration of FG beams using FOBT.

Regarding the thermal environment, FG beams can be designed in a smart way to adapt the
environment changes, which receive considerable attention in recent years. Sankar and Tzeng
[63] used CBT to study the thermal stresses of simply supported FG beams. The FOBT was
employed to investigate various behaviours of FG beams such as dynamic responses under a
moving load [13], thermal stability with non-linear hardening elastic foundations [64], thermal
dynamic buckling [65], and thermal buckling and post-buckling with non-linear elastic
foundation [66]. Wattanasakulpong et al. [67] employed the HOBT to study the buckling and

vibration of FG beams under the thermal loading for only uniform temperature distribution.

In this chapter, an analytical analysis [68-70] for vibration and buckling analysis of FG beams
using HOBT under mechanical/thermal loads is proposed. Equations of motion are derived from
Hamilton’s principle. Three cases of the temperature rise through the thickness are considered.
These are uniform, linear and nonlinear variations. State space based analytical approach is used
to obtain closed-form solutions for the critical loads/temperatures and natural frequency of FG
beams with various boundary conditions. The effects of boundary conditions, temperature
distributions, power-law indices and slenderness ratios on the critical temperatures, critical
buckling loads, and natural frequencies as well as load-frequencies curves, temperature-

frequencies curves of FG beams under thermal/mechanical loads are investigated.

2.2 Kinematics

Consider a FG-sandwich beam with the geometry and co-ordinates described in Fig. 2.1. Assume

that the deformation of FG-sandwich beam is confined only to x—z plane and let u(x,z,t) and

W(x,z,t) be the axial and transverse displacement components at an arbitrary point (x,z) .
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Fig. 2. 1: Geometry of FG beams.

These components can be expressed as shown in Eq. (2.1) using higher-order shear deformation:
u(x,z,t)=U(x,t)—zW (x,t)+f(2)p(x,t) (2. 1a)
w(x,z,t)=W(x,t) (2.1b)

where U:U(x,t) and W:W(x,t) represent the displacement components of a point on the

beam’s mid-line along x and z directions while go:go(x,t) is the rotational angle of the cross-

2
section about y —axis. The shape function f(z)zz—:%, which is proposed by Reddy [71], is

employed in this section. The prime (‘) represents the partial differentiation of the quantities

with respect to x.

For the FOBT and CBT, the axial displacement is described respectively as follow:
u(x,z,t)=U(x,t)+zp(x,t) (2.2a)
u(x,z,t)=U(x,t)—zW (x,t) (2. 2b)

The strains related to the displacement field in Eq. (2.1) are:

ou

gx=a—X=U —2W +f(2)p (2. 3a)
_ou_ow | (2)|
7xz—az+ ™ —{1 po }(p—g(z)(p (2.3b)

23 Variational formulation
To derive the governing equations of motions and boundary conditions, Hamilton’s principle is

employed to give

j’2(5/<—5U—5v)dt=o (2. 4)
21
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where 0U, 0V denote the virtual variation of the strain energy, external work by axial load or

thermal expansion and OK is the kinetic energy.

The virtual variation of the strain energy is given by:

a/2 p h/2
SU= I j I (0,0¢, +0,,07,, )dzdydx
-a/20-h/2
_ j_"j;(Nxau' ~M,8U" +P,5p +Q,,9(2)5¢)dx (2.5)

where the stress resultants N ,M,,P, and Q,, can be defined as:

hj2
(N,,M,,P,)= Iax(l,z,f)bdz (2. 6a)
“hj2
h/2
Q, = I%bdz (2. 6b)
“hp2

The virtual variation of the external work can be determined as:
aj2 . !
oV =-[ PW W dx (2.7)

where P, is the mechanical load/thermal stress resultant, which is discussed in section 2.4.

It is noticeable that the integration is written for FG beams only, for sandwich beam a cumulative

h/2 hy h, hy
formulation is applied, i.e. IF(z)dz:IIE‘(z)dz+IIE‘(z)dz+JF(z)dz where F(z) is an
—h/2 ho hy hy

arbitrary function of z.

The virtual variation of the kinetic energy can be determined as:

oK =[" (bi-+oiw) p(z) b

=7 (1 (050 WU ) 1, (W 50+ U5 )+ L
H, (§80+USp) -1, (pOW +W 5p)+1 .65 |ox (2.8)

where (.) denotes the time derivative, and

(/0,/1,/2,/f,/fz,/f2 )=f52(1,z,z2,f,zf,f2)p(z)bdz (2.9)
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24 Constitutive equations

o, =E(z)[ &, —a(z)(T-T,)]=Q.é, +o (2. 10a)
o —_E -Q (2. 10b)
xz_2(1+v)7/xz_ 557 xz :
in which @, =E __f@) d o, =E T-T 2.11
in which @, =E(z), Q55_2(1+v) and o, =E(z)a(z)(T-T,) (2.11)

where T and Ty are the observed and referenced temperatures, respectively.

By substituting Egs. (2.3) and (2.10) into Eq. (2.6), the stress resultants are obtained as:

N) [A B B 0] U N!
M, B D F 0| W M’
= N (2.12)
P, C F H O 0 pr
QXZ 0 0 O As g(z)¢ QI
where
h/2
(ABDCFH)= | (12,7 f,of,f)bd 2. 139)
—h/2
/2
A=K, [ Qbdz. (2. 13b)
—h/2
N, 1
h/2
My (= ,h/zolla(z)[r(z)_ro] z pdz (2.13c)
P! z
Q =0 (2. 13d)

in which K_ is the shear modified correction factor. Ks=5/6 in the FOBT model and k=1 for other

models. In this section, M_ and P are neglected and the thermal load P, =N’ is the load to

cause the buckling response in the beams.

2.5 Governing equations of motion
By substituting Egs. (2.5) and (2.7) into Eq. (2.4), integrating the equation by part, and collecting

the coefficients of OU, ¢ and oW , the governing equations of motion are obtained as:

N, =l,0- LW +1. (2. 14a)
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M, —PW =IW+1,U -LW +1,§ (2. 14b)
R; _szg(z):IfU_lsz +lf2¢ (2. 14c)

2.6 Boundary conditions (BCs)
In this section, both classical and non-classical BCs are investigated. Regarding the non-classical
BCs, the elastic supports (E) including the translational (T) and rotational (R) springs, which are

described in Fig. 2.2 are considered.

KR: Rotational stiffness

©) =

KT: Translational stiffness

Fig. 2. 2: Model of elastic support.

Apart from the classical BCs, such as clamped, free, hinged, and simply supported, which can be
observed in the perfect structures, this section examines the effect of elastic supported
boundary, which occurs in the imperfect supports. These BCs are described in Tables 2.1 and 2.2,
where krand kg are the translational and rotational spring stiffness; ‘+’ for the left end and ‘-* for

the right end. For simplicity, the dimensionless spring factors for translational and rotational

kil and ﬂRZIZkRL
E_h E_h?

m m

support are defined as g = , respectively.
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Table 2. 1: The essential and natural BCs of FG-sandwich beams.

Natural BCs
Type of BCs Essential BCs
CBT FOBT HOBT
Classical U N, N, N,
@ n/a M, P,
w M, M, +Q, M. +Q,
w’ ; n/a M,
Non-classical Rotational M, + kW M, tk,p M, + kW'
- - P, tkyo
Translational M, £ kW M. +Q, * kW M, +Q, t kW

Table 2. 2: The essential and natural BCs of FG-sandwich beams expressed by the

displacement.

Theory
BCs
CBT FOBT HOBT
C U=W=W'=0 U=p=W=0 U=p=W=W'=0
H U=W=BU-DW"=0 U=W=BU'+Dp'=0 U=W=AU-FW"+Hg'
=BU'-DW"+Fp'=0
S AU-BW'=W AU'+Bp' =W AU —BW"+Cop' =W
=BU' -DW"=0 =BU'+Dgp'=0 =AU - FW" + Hy'
=BU'-DW"+Fp'=0
F AU'-BW"=BU'-DW" AU'+Bg'=BU'+ Do’ AU,—BW"—i-Cq)'
=BU"-DW"+@’(LU-LW")=0 =A(p+W')=0 =BU'-DW" +Fg'
=BU"-DW" +Fgp"
+0’ (LU+L,p—1L,W")
=AU'-FW"+Hgp' =0
E U=BU-DW"tkW' U=A(p+W")tkW  U=BU -DW"+Fp +k,p

— BU!/ _DWM
+a’ (LU—1LW')+ kW =0

=BU' +Dp'tk,p=0

=BU"-DW" +Fg"
+0’ (LU +Lp—LW') kW
=AU —FW" +Hgp' +k,W'=0
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2.7 State space based solution

2.7.1 Vibration analysis

By using the state space approach [68], the displacement components can be expressed as:

U(x,t) U(x)
p(x,t) p=1 o(x)pe™ (2.15)
W (x,t

where o is the natural frequency.

By substituting Eq. (2.15) into Eq. (2.14), a system of ordinary differential equations is obtained:

U =aqU+a,p+aW +a,W" (2. 16a)
o, =aU+a,p+aW +aW" (2. 16b)
W™ =a,U +a,,0 +a,W+a,W’ (2. 16¢)

where the coefficients o, are described as:

_ee —ee, _e.e,—e,e e, —e,e, e, tee,  ee —epe,
=, a, = 3 , 03 = 2 , Oy = 2 , 05 = 2 7
e,e;, —€, e,e; —e, e,e, —€; e,e; —e; e,e, —e,
_ee,—ee, 8,8, —€,&; _—ee,tee, 0,6 +0a.e,—e
- 2 a7 - 2 7 ag - 2 ’ ag - ’
€,6; —€, €,6; —€, €,65 —€, €, —0,€; —0g€,
a,e.+a.e, —e e a.e.+a.e, +e. +P
_ Y% 6°10 9 _ 1 _Y3% 7510 11770
alo - » Y11 — ’ 012 - ’ (2 17)
€, —0,€5 — U3 €, —0,6, —03€y €, —0,€6 —Ug€y,
in which

_ _ _ 2 _ — _
e, =—lo" , e,=A, e,=—l0°, e,=C, e =lw,e=-8B,
_ 2 _ _ 2 _ _ 2 _
e, =—l.0" + A, e,=H, e;=l,0°, e,=—F, e, =l,0", e,=-D. (2.18)

The system of Eq. (2.16) can be converted into a matrix form as:

Z'(x)=TZ(x) (2.19)
where
Z(x)= {U,U',(p, (o',W,W',W",W"'} is the vector of unknowns, (2.20)

and matrix of coefficients T is defined as:

16



[0 1. 0 0 0 0 O O]
g 0 a 0 0 a 0 g
0O 0 0 1 0 0 0 O
T aa 0 ao 0 O a, 0 g
0O 0 0 0 0 1 0 O
0O 0 0o 0o 0 0 1 O
0O 0 0o 0o 0 0 0 1
10 ao 0 a, a, 0 a, O]

Similarly, the vectors of unknowns for FOBT and CBT are described by:

2(x)

{U.U,0,¢/,W,W} for the FOBT,

2(x)={u,U,W,W W' ,W"| for the CBT

and matrices of coefficients T are defined as:

0O 1 o0 0 0 o0
b, 0 b, 0 0O b
0O 0 01 0 O
T= for the FOBT
b, 0 by, 0 0 b
0O 0 0 0 0 1
|10 0 O b, b, O |
where
b — eZae3 _62630 — eZae4 eZe4a — eSan b — e3ael e3ela
1 CO ) | M3 CO » My CO ’
e, e —e e e.e A —.@’
b5= 4a-1 1a4’b6_ 501’b7_ s — 1,b8— 0 ,
C C A A

p— —_ e —_— 2 e el = — 2 =
e, =A e=8B, e,=—-lw,e,=-lw,e,=8B,e,=D,e,,=—0",e,,=A

S

0 1 0 0 0 O
¢ 0 0 ¢, 0 ¢
0 0 01 0 O
T= for the CBT
0 0 0 0 1 O
0 0 0 0 0 1
10 ¢ ¢ 0 ¢ O]
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(2.21)

(2. 22a)

(2. 22b)

e

’ =5a

(2. 23)

=A,

S

(2. 24)

(2. 25)



B —(Be, +ho' I —Bc, + 1,0
== (B, +h ),c5= 0¥ o =Th? (5 96)
A A Bc, —D Bc, —D Bc,—D

where ¢, =

The formal solutions of Eq. (2.19) are of the form:
Z(x)=e"K (2.27)

where K is a constant column vector determined from the boundary conditions at x=%a/2;

and e™ is the general matrix solution of Eq. (2.19) which is given as:

e 0
e” =E E" (2.28)

where 4, (i =1,n :1,_8) forthe HOBT and 4, (i :1,_n :1,_6) for the FOBT/CBT are the eigenvalues
whilst E is the corresponding matrix of eigenvectors, respectively, associated with the matrix T.
2.7.2  Buckling analysis

Similar to the above section for vibration analysis, by neglecting time derivatives and frequencies

in Eq. (2.16), the system of equations can be obtained:

U =ap+a W’ (2. 29a)
¢ =a,p+aW" (2. 29b)
W™ =a, ¢ +a, W’ (2. 29¢)

Since Eq. (2.29a) is an induced equation, the primary variables are reduced to
Z(x)= {(/), (p',W,W',W",W'"} . As a result, matrix T in this case is assembled by neglecting the first
2 rows and 2 columns of Tin Eqg. (2.21). The coefficients in T are taken from those of Eq. (2.17)
with the elimination of .

In addition, because of the multiplicity in eigenvalues (1, = 4, =0), Jordan canonical form is

applied for the general matrix solution:

1x 0 0 0 O
01 0 0 0 O

w |0 0 e~ 0o 0|,

e"=El S5 o o |F (2.30)
00 0O 0 e~ o
00 0 0 0 €
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For the vibration and buckling analysis, the substitution of general solution in Eq. (2.27) to the

appropriate BCs in Table 2.2 results in a homogeneous system of equations as follow:

ae™K=0 (2.31)

where o comes from the coefficients in Eq. (2.31) for the appropriate BCs at x=ta/2. The natural

=0. The

frequencies m, of the n'" mode of vibration can be obtained by setting |G|:‘ae"

flowcharts of iterative procedure [72] is presented in Figs. 2.3 and 2.4 for the natural frequencies

and buckling loads/temperature.
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Material properties
Geometric properties
Initial ®

Matrix T <

{2,} and E

v

BCs > Matrix G

Increase ®

No

Increase ®
Decrease ®

Error < Tolerance

Yes

Higher modes

End

Fig. 2. 3: Iterative process of solving the natural frequencies using the state space based
approach.
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Geometric properties
Initial temperature T(K)

v

Material properties
Thermal load Po

v

Matrix T

{2} and E

Increase T(K)

BCs > Matrix G

No

Decrease T(K)

Yes

Error = Tpe1-Tp

Error < Tolerance

End

Fig. 2. 4: Iterative process of solving the critical temperatures using the state space based
approach.
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2.8 Numerical examples

2.8.1 Fundamental frequency of FG-sandwich beams
It should be noted that a slightly different version of the material presented in this section has

been published in Composite structures [73].

The state space based approach is applied to investigate the fundamental natural frequencies
of FG beams and FG-sandwich beams using various theories (CBT, FOBT and HOBT). Nine
combinations of classical BCs from Clamped (C), Hinged (H), Simply-supported (S) and Free (F)
and three combinations of non-classical BCs created from Elastic Supports (E) with translational
and rotational springs are considered. The base materials of these beams are ceramic (Al,Os)
and metal (Al) with material properties of Ec=380GPa, p.=3960kg/m?, v=0.3 and En=70GPa,
pm=2702kg/m?, vm=0.3, respectively. The power-law index p varies from 0 to 10 while the
slenderness ratios a/h are 5 and 20 representing the thick and thin beams. The Young’s modulus
through the thickness are plotted in Fig. 2.5 for three types of beams considered. In order to

verify with the reported results in the literature, the non-dimensional natural frequencies are

2
defined as 5:% |p,, /E,, for classical BCs and & =wa,/p,, /E,, for non-classical BCs.

o o e 08 00 2 90
e =
0.3} 03t ?
—0- p=0.2
3 —0B- p=0.5
o1 & 01 | —*—p=t
< = —0- p=5
= — . —
N —%— ceramic N V- p=10
0.1 —6- p=0.2 1 0.1
—0- p=0.5
X —k— p=1
03 F —0- p=5 1 03F
—v— p=10
—*&— metal ¥
0.5 Loe— : : : : : 05 :
50 100 150 200 250 300 350 400 0 100 200 300 400
Ez(GPa) Ez(GPa)
b. Type B (2-1-1) c. Type C(2-1-1)

Fig. 2. 5: Variation of Young’s modulus E(z) through the thickness.
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2.8.1.1 Classical boundary conditions

For verification purpose, Tables 2.3-2.6 show the non-dimensional natural frequency of FG
beams (Type A) and FG-sandwich beams (Types B and C) with various BCs. The material power-
law indices are 0, 1 and 10. All the results relating to thin and thick beams under C-C, S-S and C-
F boundary conditions agree well with Simsek’s [49] for FG beams, Vo et al. [51] and Nguyen et
al. [52] for FG-sandwich beams. Furthermore, for thin beams (a/h=20), the present results are
in line with Jin and Wang’s [39], which applied Quadrature Element Method using CBT, under

nine classical BCs.

Table 2. 3: Non-dimensional fundamental frequency of FG beams (Type A) with various BCs

(a/h=20, 5:“’7"2,/,;,” JE. ).

p Theory BCs
Cc-C F-F H-C S-C S-F H-F H-H S-S C-F

0 CBT Present 12.4143 12.3666 8.5559 8.5559 8.5420 8.5420 5.4778 5.4778 1.9528
[39] 12.4143 12.3666 8.5558 8.5558 8.5419 8.5419 5.4777 5.4777 1.9525
[49] 12.4142 - - - - - - 5.4777 1.9525
FOBT Present 12.2205 12.3184 8.4818 8.4818 8.5107 8.5107 5.4604 5.4604 1.9499
[51] 12.2202 - - - - - - 5.4603 1.9496
[49] 12.2235 - - - - - - 5.4603 1.9496
HOBT Present 12.2222 12.3187 8.4818 8.4818 8.5104 8.5104 5.4604 5.4604 1.9496
[51] 12.2228 - - - - - - 5.4603 1.9496
[49] 12.2238 - - - - - - 5.4603 1.9495
1 CBT Present  9.5554 9.5162 6.6682 6.5857 6.5747 6.5747 4.2168 4.2168 1.5030
[39] 9.5554 9.5160 6.6677 6.5855 6.5743 6.5691 4.5161 4.2163 1.5029
[49] 9.5554 - - - - - - 42163 1.5029
FOBT Present 9.4297 9.4853 6.6185 6.5375 6.5544 6.5489 4.2039 4.2054 1.5010
[51] 9.4311 - - - - - - 4.2039 1.5011
[49] 9.4314 - - - - - - 4.2051 1.5010
HOBT Present 9.4304 9.4851 6.6187 6.5377 6.5541 6.5489 4.5024 4.2051 1.5013
[51] 9.4328 - - - - - - 4.2039 1.5011
[49] 9.4316 - - - - - - 42050 1.5011
10 CBT Present 8.0559 8.0196 5.6070 5.5523 5.5419 5.5419 3.5548 3.5548 1.2674
[39] 8.0556 8.0194 5.6069 5.5519 5.5416 5.5365 3.7568 3.5547 1.2671
[49] 8.0556 - - - - - - 3.5547 1.2671
FOBT Present 7.9103 7.9838 5.5503 5.4962 5.5180 5.5131 3.5404 3.5418 1.2649
[51] 7.9128 - - - - - - 3.5405 1.2650
[49] 7.9128 - - - - - - 3.5416 1.2650
HOBT Present 7.8844 7.9764 5.5394 5.4857 5.5136 5.5086 3.7387 3.5391 1.2647
[51] 7.8862 - - - - - - 3.5379 1.2645
[49] 7.8859 - - - - - - 3.5390 1.2645
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Table 2. 4: Non-dimensional fundamental frequency of FG beams (Type A) with various BCs

(a/h=5, 5:“’7"2,/pm JE. ).

p Theory BCs
C-C F-F H-C S-C S-F H-F H-H S-S C-F

0 CBT Present 12.4143 12.3666 8.5559 8.5559 8.5420 8.5420 5.4778 5.4778 1.9528
[39] 12.4143 12.3666 8.5558 8.5558 8.5419 8.5419 5.4777 5.4777 1.9525
[49] 12.4142 - - - - - - 5.4777 1.9525
FOBT Present 12.2205 12.3184 8.4818 8.4818 8.5107 8.5107 5.4604 5.4604 1.9499
[51] 12.2202 - - - - - - 5.4603 1.9496
[49] 12.2235 - - - - - - 5.4603 1.9496
HOBT Present 12.2222 12.3187 8.4818 8.4818 8.5104 8.5104 5.4604 5.4604 1.9496
[51] 12.2228 - - - - - - 5.4603 1.9496
[49] 12.2238 - - - - - - 5.4603 1.9495
1 CBT Present 9.5554 9.5162 6.6682 6.5857 6.5747 6.5747 4.2168 4.2168 1.5030
[39] 9.5554 9.5160 6.6677 6.5855 6.5743 6.5691 4.5161 4.2163 1.5029
[49] 9.5554 - - - - - - 4.2163 1.5029
FOBT Present 9.4297 9.4853 6.6185 6.5375 6.5544 6.5489 4.2039 4.2054 1.5010
[51] 9.4311 - - - - - - 4.2039 1.5011
[49] 9.4314 - - - - - - 4.2051 1.5010
HOBT Present 9.4304 9.4851 6.6187 6.5377 6.5541 6.5489 4.5024 4.2051 1.5013
[51] 9.4328 - - - - - - 4.2039 1.5011
[49] 9.4316 - - - - - - 4.2050 1.5011
10 CBT Present 8.0559 8.0196 5.6070 5.5523 5.5419 5.5419 3.5548 3.5548 1.2674
[39] 8.0556 8.0194 5.6069 5.5519 5.5416 5.5365 3.7568 3.5547 1.2671
[49] 8.0556 - - - - - - 3.5547 1.2671
FOBT Present 7.9103 7.9838 5.5503 5.4962 5.5180 5.5131 3.5404 3.5418 1.2649
[51] 7.9128 - - - - - - 3.5405 1.2650
[49] 7.9128 - - - - - - 3.5416 1.2650
HOBT Present 7.8844 7.9764 5.5394 5.4857 5.5136 5.5086 3.7387 3.5391 1.2647
[51] 7.8862 - - - - - - 3.5379 1.2645
[49] 7.8859 - - - - - - 3.5390 1.2645
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Table 2. 5: Non-dimensional fundamental frequency of FG-sandwich beams with ceramic core

2
(Type C) for various BCs (a/h=5, 5:%,/@" JE. )-

Scheme p Theory BCs
Cc-C F-F H-C S-C S-F H-F H-H S-S C-F
1-1-1 0 CBT 12.1827 11.5140 8.4062 8.4062 8.2012 8.2012 5.3955 5.3955 1.9385
FOBT 9.9977 11.0000 7.4652 7.4652 7.8070 7.8070 5.1525 5.1525 1.8945
HOBT 10.0670 11.0020 7.4872 7.4872 7.8080 7.8080 5.1528 5.1528 1.8953
HOBT [51] 10.0678 - - - - - - 5.1528 1.8952
1 CBT 9.0040 8.5565 6.2120 6.2120 6.0755 6.0755 3.9860 3.9860 1.4310
FOBT 7.8235 8.2892 5.7197 5.7197 5.8735 5.8735 3.8628 3.8628 1.4090
HOBT 7.9572 8.3162 5.7755 5.7755 5.8942 5.8942 3.8758 3.8758 1.4115
HOBT [51] 7.9580 - - - - - - 3.8755 1.4115
10 CBT 6.6205 6.2995 4.5675 4.5675 4.4698 4.4698 2.9308 2.9308 1.0520
FOBT 5.9755 6.1590 4.3043 4.3043 4.3635 4.3635 2.8660 2.8660 1.0405
HOBT 6.1237 6.1907 4.3658 4.3658 4.3878 4.3878 2.8810 2.8810 1.0433
HOBT [51] 6.1240 - - - - - - 2.8808 1.0431
1-2-1 0 CBT 12.1827 11.5140 8.4062 8.4062 8.2012 8.2012 5.3955 5.3955 1.9385
FOBT 9.9977 11.0000 7.4652 7.4652 7.8070 7.8070 5.1525 5.1525 1.8945
HOBT 10.0670 11.0020 7.4872 7.4872 7.8080 7.8080 5.1528 5.1528 1.8953
HOBT [51] 10.0678 - - - - - - 5.1528 1.8952
1 CBT 9.5762 9.0962 6.6070 6.6070 6.4605 6.4605 4.2395 4.2395 1.5220
FOBT 8.2545 8.7952 6.0532 6.0532 6.2325 6.2325 4.1003 4.1003 1.4973
HOBT 8.3697 8.8165 6.1005 6.1005 6.2490 6.2490 4.1108 4.1108 1.4993
HOBT [51] 8.3705 - - - - - - 41105 1.4992
10 CBT 7.4595 7.1022 5.1463 5.1463 5.0375 5.0375 3.3020 3.3020 1.1850
FOBT 6.6820 6.9307 4.8278 4.8278 4.9083 4.9083 3.2235 3.2235 1.1710
HOBT 6.8082 6.9567 4.8800 4.8800 4.9283 4.9283 3.2358 3.2358 1.1735
HOBT [51]  6.8087 - - - - - - 3.2356 1.1734
2-2-1 0 CBT 12.1827 11.5140 8.4062 8.4062 8.2012 8.2012 5.3955 5.3955 1.9385
FOBT 9.9977 11.0000 7.4652 7.4652 7.8070 7.8070 5.1525 5.1525 1.8945
HOBT 10.0670 11.0020 7.4872 7.4872 7.8080 7.8080 5.1528 5.1528 1.8953
HOBT [51] 10.0678 - - - - - - 5.1528 1.8952
1 CBT 9.2870 8.8185 6.4150 6.4075 6.2647 6.2647 4.1118 4.1118 1.4763
FOBT 8.0325 8.5342 5.8892 5.8827 6.0492 6.0432 3.9785 3.9800 1.4528
HOBT 8.1542 8.5577 5.9397 5.9332 6.0675 6.0615 4.0190 3.9913 1.4550
HOBT [51] 8.1554 - - - - - - 3.9896 1.4549
10 CBT 7.0537 6.7002 4.8940 4.8665 4.7595 4.7595 3.1228 3.1228 1.1210
FOBT 6.3322 6.5432 4.5960 4.5713 4.6405 4.6248 3.0460 3.0500 1.1083
HOBT 6.4627 6.5707 4.6503 4.6253 4.6615 4.6455 3.1638 3.0630 1.1108
HOBT [51] 6.4641 - - - - - - 3.0588 1.1106
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Table 2. 6: Non-dimensional fundamental natural frequency of FG-sandwich beams with FG

2
core (Type B) for various BCs (a/h=5, 5:%,/,0,” JE. )-

Scheme p Theory BCs
Cc-C F-F H-C S-C S-F H-F H-H S-S C-F
1-1-1 0 CBT 8.8465 8.3495 6.2125 6.1042 5.9560 5.9560 3.9183 3.9183 1.4080
FOBT 7.7235 8.1055 5.7315 5.6365 5.7667 5.6860 3.7795 3.8015 1.3870
HOBT 7.8667 8.1342 5.7920 5.6957 5.7885 5.7062 4.1948 3.8148 1.3898
1 CBT 8.3410 7.8145 5.9277 5.7560 5.6015 5.6015 3.6963 3.6963 1.3298
FOBT 7.2607 7.5875 5.4547 5.3050 5.4210 5.2848 3.5470 3.5835 1.3095
HOBT 7.3270 7.5972 5.4785 5.3295 5.4278 5.2915 4.1513 3.5873 1.3105
10 CBT 8.1582 7.5827 5.8360 5.6307 5.4640 5.4640 3.6173 3.6173 1.3030
FOBT 7.0057 7.3465 5.3218 5.1453 5.2713 5.0835 3.4458 3.4950 1.2808
HOBT 6.9060 7.3125 5.2623 5.0915 5.2423 5.0618 4.1120 3.4763 1.2778
1-2-1 0 CBT 9.4637 8.9542 6.5945 6.5297 6.3765 6.3765 4.1908 4.1908 1.5055
FOBT 8.1847 8.6695 6.0510 5.9945 6.1577 6.1065 4.0428 4.0565 1.4813
HOBT 8.3232 8.6965 6.1090 6.0515 6.1782 6.1255 4.3043 4.0690 1.4840
HOBT [52] 8.3282 - - - - - - 4.0691 1.4840
1 CBT 8.5340 8.0012 6.0422 5.8892 5.7322 5.7322 3.7815 3.7815 1.3603
FOBT 7.3862 7.7575 5.5415 5.4085 5.5392 5.4120 3.6273 3.6610 1.3385
HOBT 7.4452 7.7647 5.5620 5.4293 5.5440 5.4170 4.1733 3.6638 1.3395
HOBT [52] 7.4487 - - - - - - 3.6636 1.3393
10 CBT 8.2517 7.6497 5.8847 5.6955 5.5217 5.5217 3.6595 3.6595 1.3188
FOBT 6.9715 7.3857 5.3123 5.1513 5.3048 5.1068 3.4705 3.5210 1.2933
HOBT 6.7540 7.3165 5.1918 5.0383 5.2470 5.0615 4.0640 3.4840 1.2870
HOBT [52] 6.7543 - - - - - - 3.4830 1.2867
2-2-1 0 CBT 8.4857 7.9865 5.9995 5.8555 5.7077 5.7077 3.7593 3.7593 1.3515
FOBT 7.4360 7.7625 5.5455 5.4190 5.5322 5.4268 3.6218 3.6503 1.3320
HOBT 7.5655 7.7882 5.5997 5.4722 5.5517 5.4448 4.1515 3.6623 1.3343
HOBT [52] 7.5709 - - - - - - 3.6624 1.3344
1 CBT 8.2522 7.6962 5.8790 5.6952 5.5332 5.5332 3.6580 3.6580 1.3170
FOBT 7.1057 7.4577 5.3723 5.2133 5.3410 5.1780 3.4940 3.5368 1.2950
HOBT 7.0882 7.4455 5.3548 5.1988 5.3300 5.1700 4.1170 3.5295 1.2940
HOBT [52] 7.0901 - - - - - - 3.5292 1.2939
10 CBT 8.3300 7.7132 5.9142 5.7492 5.5717 5.5717 3.6945 3.6945 1.3315
FOBT 6.9167 7.4175 5.2818 5.1433 5.3280 5.1315 3.4903 3.5388 1.3030
HOBT 6.5982 7.3140 5.1075 4.9768 5.2430 5.0635 3.9873 3.4843 1.2933
HOBT [52] 8.8465 8.3495 6.2125 6.1042 5.9560 5.9560 3.9183 3.9183 1.4080

In addition, it is seen that natural frequencies reduce significantly along with the increase of

material parameter p. Regarding the relation between frequencies and boundary conditions,

the downtrend of natural frequencies for these beams is ®f.F > ®c.c > Ocn > Ocs > Ws-F > Our >

OH-H > Os.s > Ocr. It is also worth noting that, wc.c > ¢ for the CBT but wc.c < @r.r when the FOBT

and HOBT are considered. In addition, the natural frequencies under which combined of H and

S for p=0 (isotropic material) are the same but for FG and FG-sandwich beams, there is a slight

difference. For FG beams, the difference in the natural frequencies due to shear deformation

effect is minor for all BCs with a maximum of 1.8% (Table 2.4). However, a large difference can

be seen between the results from CBT and FOBT/HOBT for FG-sandwich thick beams: the highest
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errors are observed for C-C (11- 22%); H-C and S-C (8-12%); F-F, S-F, H-F, H-H, S-S (2-5%) and the
lowest errors are for C-F (1-2%) (Tables 2.5 and 2.6).

2.8.1.2 Non-classical boundary conditions

In order to verify the present theory further, Tables 2.7 and 2.8 present the fundamental
frequency of FG beams (a/h=10) with elastic support at both ends (E-E), C-E and H-E with various
power-law indices while the spring stiffness varies from 10 to 10° (B+=PBr). It can be seen that
the results of FG beams with FOBT have excellent agreement with Wattanasakulpong and Mao
[62], while the HOBT provides slightly higher values in comparison with FOBT. The frequencies
increase with an increase in the spring stiffness, and similar to the case of classical BCs, they
decrease consistent with the values of power-law index as expected. It is also seen that the

frequency for C-E boundary condition is the highest, followed by E-E and H-E conditions.

Table 2. 7: Non-dimensional fundamental frequency of FG beams with E-E boundary condition
and various spring factors (Br=pr, a/h=10, @ =wa,/p,, /Em ).

p Theory Spring stiffness

Br=Pr 104 10® 107 10" 1 10 102 10*  10°

0 FOBT 0.0117 0.0369 0.1147 0.3121 0.5116 0.6751 0.9993 1.1629 1.1652
HOBT 0.0117 0.0369 0.1147 0.3122 0.5129 0.7063 1.0550 1.1653 1.1665

0.5 FOBT  Present 0.0124 0.0390 0.1203 0.3097 0.4663 0.6279 0.8957 0.9970 0.9982
(62] 0.0123 0.0390 0.1202 0.3097 0.4663 0.6279 0.8957 0.9970 0.9983

HOBT 0.0124 0.0390 0.1203 0.3098 0.4681 0.6631 0.9331 0.9993 1.0000

1 FOBT Present 0.0127 0.0401 0.1233 0.3074 0.4455 0.6023 0.8299 0.9039 0.9048
[62] 0.0127 0.0401 0.1233 0.3074 0.4455 0.6023 0.8299 0.9039 0.9048

HOBT 0.0127 0.0402 0.1233 0.3075 0.4477 0.6390 0.8587 0.9052 0.9057

5 FOBT Present 0.0136 0.0429 0.1301 0.3005 0.4090 0.5624 0.7334 0.7769 0.7774
[62] 0.0136 0.0429 0.1301 0.3005 0.4090 0.5624 0.7334 0.7769 0.7774

HOBT 0.0137 0.0429 0.1301 0.3001 0.4125 0.6037 0.7458 0.7696 0.7698

10 FOBT 0.0138 0.0436 0.1311 0.2912 0.3893 0.5486 0.7103 0.7486 0.7490
HOBT 0.0139 0.0436 0.1311 0.2908 0.3939 0.5920 0.7205 0.7409 0.7411
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Table 2. 8: Non-dimensional fundamental frequency of FG and FG-sandwich beams with
various boundary conditions (Bz=Br=10 for Elastic support, & =wa./p,, /E,, )-

Type Scheme P  Theory a/h=5 a/h=20
C-E E-E H-E C-E E-E H-E
Type A 0 FOBT 1.8768 1.7619 1.3909 0.5626 0.5189 0.3891
HOBT 1.9816 1.8600 1.4331 0.5925 0.5455 0.3997
0.5 FOBT 1.6571 1.5842 1.2309 0.4917 0.4646 0.3428
FOBT [62] 1.6571 1.5842 1.2309 0.4917 0.4646 0.3428
HOBT 1.7317 1.6537 1.2522 0.5136 0.4827 0.3474
1 FOBT 1.5234 1.4697 1.1384 0.4501 0.4303 0.3167
HOBT 1.5783 1.5225 1.1435 0.4671 0.4445 0.3171
10 FOBT 1.2370 1.2117 0.9388 0.3842 0.3734 0.2699
HOBT 1.2288 1.2077 0.9229 0.3933 0.3817 0.2699
Type C 1-1-1 0 FOBT 1.8768 1.7619 1.3909 0.5626 0.5189 0.3891
HOBT 1.9816 1.8600 1.4331 0.5925 0.5455 0.3997
1 FOBT 1.5062 1.4504 1.0978 0.4328 0.4138 0.2994
HOBT 1.5791 1.5106 1.1233 0.4489 0.4251 0.3036
10 FOBT 1.1701 1.1459 0.8419 0.3261 0.3185 0.2254
HOBT 1.2200 1.1902 0.8603 0.3334 0.3239 0.2275
Type B 1-1-1 0 FOBT 1.4887 1.4359 1.1068 0.4270 0.4090 0.3023
HOBT 1.5612 1.5035 1.1114 0.4420 0.4218 0.3001
1 FOBT 1.4077 1.3657 1.0618 0.4061 0.3915 0.2917
HOBT 1.4567 1.4144 1.0453 0.4188 0.4029 0.2853
10 FOBT 1.3628 1.3267 1.0402 0.3990 0.3859 0.2889
HOBT 1.3745 1.3416 1.0017 0.4101 0.3958 0.2800

Tables 2.9 and 2.10 provide the frequency of non-rotational and non-translational FG-sandwich

beams, respectively. For the non-rotational beams, the rotational spring stiffness is set as

(Br=10°) (considered as clamped), whereas the translational spring factor Br varies from 10* to

10°. Similarly, Br=10° (considered as supported) and Br=10* —10° are adopted for non-

translational case. The trend of variation of the frequencies in these cases is comparable to the

response of FG beams (a/h=10) in Fig. 2.6.
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Table 2. 9: Non-dimensional fundamental frequency of non-rotational FG-sandwich beams (1-
1-1) with different translational spring factors (& = wa4/ p,, /E,, ).

Type p Theory a/h=5 a/h=20
Br=10"* 1 102 106 Br=10" 1 10? 108
Type A 0 CBT 0.0117 1.0827 2.4017 2.4366 0.0117 0.5643 0.6201 0.6207
FOBT 0.0117 1.0374 1.9786 1.9995 0.0117 0.5569 0.6104 0.6110
HOBT 0.0117 1.0400 1.9923 2.0134 0.0118 0.5570 0.6106 0.6111
1 CBT 0.0127 1.0974 1.8595 1.8729 0.0127 0.4553 0.4775 0.4778
FOBT 0.0127 1.0297 1.5713 1.5799 0.0127 0.4498 0.4712 0.4715
HOBT 0.0128 1.0332 1.5809 1.5896 0.0128 0.4500 0.4714 0.4715
10 CBT 0.0139 1.0918 1.5693 1.5759 0.0138 0.3913 0.4027 0.4028
FOBT 0.0139 0.9693 1.2592 1.2630 0.0138 0.3845 0.3954 0.3955
HOBT 0.0139 0.9568 1.2293 1.2328 0.0139 0.3834 0.3942 0.3943
TypeC 0 CBT 0.0117 1.0827 2.4017 2.4366 0.0117 0.5643 0.6201 0.6207
FOBT 0.0117 1.0374 1.9786 1.9995 0.0117 0.5569 0.6104 0.6110
HOBT 0.0117 1.0400 1.9923 2.0134 0.0118 0.5570 0.6106 0.6111
1 CBT 0.0124 1.0611 1.7881 1.8008 0.0124 0.4369 0.4576 0.4579
FOBT 0.0124 1.0072 1.5558 1.5647 0.0124 0.4326 0.4528 0.4530
HOBT 0.0124 1.0146 1.5822 1.5914 0.0125 0.4332 0.4535 0.4536
10 CBT 0.0130 0.9731 1.3195 1.3241 0.0130 0.3289 0.3364 0.3365
FOBT 0.0130 0.9176 1.1916 1.1951 0.0130 0.3265 0.3339 0.3340
HOBT 0.0130 0.9313 1.2210 1.2247 0.0130 0.3271 0.3346 0.3347
TypeB 0 CBT 0.0124 1.0561 1.7573 1.7693 0.0124 0.4308 0.4507 0.4509
FOBT 0.0124 1.0029 1.5362 1.5446 0.0124 0.4267 0.4461 0.4463
HOBT 0.0124 1.0111 1.5645 1.5734 0.0125 0.4274 0.4468 0.4470
1 CBT 0.0127 1.0590 1.6588 1.6682 0.0127 0.4102 0.4260 0.4262
FOBT 0.0127 0.9971 1.4455 1.4521 0.0127 0.4061 0.4215 0.4217
HOBT 0.0128 1.0020 1.4587 1.4654 0.0128 0.4063 0.4218 0.4220
10 CBT 0.0131 1.0695 1.6234 1.6317 0.0131 0.4036 0.4178 0.4180
FOBT 0.0131 0.9959 1.3955 1.4011 0.0131 0.3991 0.4129 0.4130
HOBT 0.0131 0.9897 1.3758 1.3812 0.0132 0.3985 0.4123 0.4124

Table 2. 10: Non-dimensional fundamental frequency of non-translational FG-sandwich beams
(1-1-1) with different rotational spring factors (& = wa./p,, /E,, ).

Type p Theory a/h=5 a/h=20
Br=10" 1 102 108 Br=10" 1 102 106
Type A O FOBT 1.0305 1.0642 1.7770 1.9995 0.2730 0.2828 0.5193 0.6110
HOBT 1.0306 1.0723 1.8774 2.0134 0.2730 0.2832 0.5458 0.6111
1 FOBT 0.8510 0.8952 1.4769 1.5799 0.2251 0.2379 0.4305 0.4715

HOBT 0.8511 0.9071 1.5304 1.5896 0.2251 0.2385 0.4447 0.4715
10 FOBT 0.6974 0.7554 1.2151 1.2630 0.1871 0.2047 0.3735 0.3955
HOBT 0.6903 0.7712 1.2110 1.2328 0.1870 0.2062 0.3818 0.3943

TypeC 0  FOBT 1.0305 1.0642 1.7770 1.9995 0.2730 0.2828 0.5193 0.6110
HOBT 1.0306 1.0723 1.8774 2.0134 0.2730 0.2832 0.5458 0.6111

1 FOBT 0.7725 0.8241 1.4577 1.5647 0.2016 0.2159 0.4139 0.4530

HOBT 0.7751 0.8364 1.5187 1.5914 0.2018 0.2165 0.4253 0.4536

10 FOBT 0.5732 0.6476 1.1490 1.1951 0.1483 0.1685 0.3186 0.3340

HOBT 0.5762 0.6637 1.1937 1.2247 0.1484 0.1693 0.3240 0.3347
FOBT 0.8355 0.8777 1.4429 1.5446 0.2193 0.2312 0.4092 0.4463
HOBT 0.8389 0.8911 1.5114 1.5734 0.2195 0.2318 0.4221 0.4470
1 FOBT 0.8301 0.8709 1.3714 1.4521 0.2191 0.2308 0.3916 0.4217

HOBT 0.8303 0.8842 1.4206 1.4654 0.2192 0.2315 0.4030 0.4220
10 FOBT 0.8303 0.8701 1.3316 1.4011 0.2208 0.2326 0.3860 0.4130

HOBT 0.8224 0.8777 1.3467 1.3812 0.2208 0.2333 0.3959 0.4124

o

Type B
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Fig. 2. 6: Non-dimensional fundamental frequency of FG beams (a/h=10, @=wa/p, /E,, ).

It is seen that for the non-rotational beams, the frequencies increase rapidly when Bt changes
from 10 to 10, and plateau for higher values of Br; however, for the non-translational ones,
they only change for the interval Bre[10%;10%] using the FOBT or Br€[10;10?] using the HOBT. In
addition, the variation of translational spring stiffness results in a larger range of the frequencies
compared to the change of rotational spring stiffness. This tendency can be seen more clearly in
Fig. 2.7, which presents the frequencies of C-E FG beams (a/h=10, p=1 and p=10) according to

various rotational and translational spring factors (both B+ and Br range from 10 to 10°).

Fig. 2. 7: Non-dimensional fundamental frequency of FG beams with various rotational and
translational spring factors (a/h=10, &= wa,/p,, /E,, ).
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It is seen that the frequencies increase slightly in accordance with the rotational stiffness and

sharply with respect to the translational spring stiffness.

2.8.2  Vibration and buckling of FG beams under mechanical loads
A slightly different version of sections 2.8.2 and 2.8.3 has been published in Composites Part B:

Engineering [74].

This section presents the numerical examples of vibration and buckling analysis of Al,Os/Fe and
AlLOs/Al beams under axial load. The ceramic component is Al,O3 (Ec=380GPa, p.=3800kg/m?)
and the metal is either Fe (En=210GPa, pm=7800kg/m?3) or Al (En=70GPa, pm=2702kg/m?3). The

Poisson’s ratio is assumed to be constant and indicated in Tables 2.11-2.13. In these tables, the

— 2 - 12d°
dimensionless natural frequencies and buckling loads are w:w%ﬂlpm/Em and PzPﬁ .The

first five natural frequencies and critical buckling loads of Al,0s/Fe and Al,0s/Al beams with
various boundary conditions are displayed in Tables 2.11-2.13. The first three mode shapes and

the buckling shape for Al,O3/Al beams under different BCs are also plotted in Figs. 2.8-2.10.

Table 2. 11: The first five natural frequencies of Al,0s/Fe beam (a/h=5, v=0.23).

BCs Mode HOBT [75] Present
p=0 1 5 p=0 1 5
c—C 1 10.1083 7.1931  5.9855 10.0900 7.1792 5.9733
2 23.4657 16.6790 13.7711 23.3851 16.6227 13.7217
3 30.1621 21.6365 17.5660 30.0429 21.5514 17.4969
4 39.5482 28.1168 23.1248 39.3343 27.9666 22.9966
5 56.9319 40.5008 33.2252 56.6051 40.2698 33.0330
C-H 1 7.4965 5.3367 4.4732 7.4820 5.3258 4.4630
2 20.8194 14.7529 12.2782 20.7202 14.6850 12.2137
3 30.1051 21.5866 17.5253 30.0429 21.5411 17.4888
4 37.1746 26.3968 21.8323 36.9144 26.2154 21.6648
5 55.0385 39.1297 32.2220 54.5653 38.7958 31.9196
H-H 1 5.1421 3.6904 3.1102 5.1328 3.6838 3.1036
2 17.9856 12.6934 10.6599 17.8919 12.6305 10.5962
3 30.0429 21.5385 17.4859 30.0429 21.5363 17.4851
4 34.6496 24.5556 20.4458 34.3664 24.3597 20.2538
5 52.9685 37.6354 31.1266 52.4237 37.2521 30.7598
C-F 1 1.8859 1.3370 1.1330 1.8856 1.3366 1.1328
2 10.2557 7.2519  6.0953 10.2424  7.2424 6.0869
3 15.0556 10.8759  8.8021 15.0215 10.8509 8.7820
4 24.6380 17.4526 14.5612 24.5760 17.4088 14.5232
5 41.2404 29.2206 24.2486 41.0964 29.1177 24.1625
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Table 2. 12: The first five natural frequencies of Al,0s/Al beams (a/h=5, v=0.3).

BCs Mode Theory p
0 0.2 1 2 5 10
c-C 1 Present 10.0670 9.4610 7.9479 7.1749 6.4920 6.1637
HOBT [75] 10.0858 9.4789 7.9680 7.1963 6.5120 6.1809
HOBT [51] 9.9984 9.3834 7.1905 7.1901 6.6447 6.3161
2 Present 23.2348 21.9426 18.5535 16.6326 14.6873 13.8331
HOBT [75] 23.1004 21.7700 18.4654 16.7457 15.2301 14.3617
HOBT [51] 23.8754 22.4840 19.0494 17.2924 15.7868 14.9035
3 Present 30.2314 28.8710 25.2965 22.8618 19.7959 18.1426
HOBT [75] 30.3513 28.9837 25.3859 22.9576 19.9122 18.2304
HOBT [51] 30.2391 28.8837 25.3746 23.0112 19.9634 18.2321
4  Present 38.9966 36.9209 31.3450 28.0113 24.4518 22.9386
HOBT [75] 38.6867 36.5446 31.1243 28.1712 25.4176 23.8724
HOBT [51] 38.1841 36.0793 30.7500 27.8331 25.0901 23.5501
5 Present 56.0388 53.1438 45.2610 40.3898 34.9988 32.7237
C-H 1 Present 7.4872 7.0190 5.9194 5.3973 4.9555 4.7096
2 Present 20.6436 19.4245 16.2594 14.5784 13.0744 12.4237
3 Present 30.2314 28.8346 24.9211 22.3225 19.4312 17.9731
4  Present 36.6649 34.6508 29.4057 26.3838 23.2037 21.8094
5 Present 54.0805 51.2108 43.4538 38.8345 33.8788 31.7447
H-H 1 Present 5.1528 4.8373 4.2551 4.0060 3.7055 3.4513
HOBT [75] 5.1629 4.8459 4.2632 4.0165 3.7178 3.4617
HOBT [49] 5.1527 4.8092 3.9904 3.6264 3.4012 3.2816
2 Present 17.8812 16.7457 13.7721 12.2950 11.2435 10.8417
HOBT [75] 17.8908 16.7317 13.7778 12.3619 11.4822 11.1126
HOBT [45] 17.8812 — 14.0100 12.6405 11.5431 11.0240
3 Present 30.2314 28.8216 24.8044 22.1397 19.2751 17.8986
HOBT [75] 30.2314 28.8311 24.9042 22.3517 19.5600 18.0553
4  Present 34.2097 32.2316 27.0642 24.2724 21.6679 20.5189
HOBT [75] 34.2103 32.1672 27.0657 24.4881 22.4290 21.3110
(3) HOBT [45] 34.2097 — 27.0979 24.3152 21.7158 20.5561
5 Present 52.0266 49.2114 41.7866 37.4666 32.8483 30.8097
C-F 1 Present 1.8952 1.7659 1.4633 1.3325 1.2592 1.2183
HOBT [75] 1.8955 1.7663 1.4645 1.3341 1.2605 1.2192
HOBT [49] 1.8952 1.7664 1.4633 1.3325 1.2592 1.2183
2 Present 10.2449 9.6009 8.0000 7.2165 6.6126 6.3329
3 Present 15.1157 14.4405 12.7064 11.5380 10.0175 9.1418
4  Present 24.4943 23.0540 19.3344 17.3571 15.5929 14.8146
5 Present 40.8428 38.5697 32.5036 29.0633 25.7015 24.2665

32



w © 0
o o . o
......... 1
@ © e ™
o o o
e ™ p N e
o “ o “ o
<
woS T 8
- = i = pt
o o o
1 1 1
o o o
1 1 1
_ _ _ _ O g © _ ©
- o © ¥ o o «F ~©ooYTNONYTQ©® T o N~ 1 o = = o u
o o o o o o o o o © o g9 o ©o o o o =}
SyuLUIedRAST(] POSI[RTULION
v [te}
o ' o
B oob )
i e
@ i e ()
I o
~ - ~ 1 -
S ° Q | ©
@
S % 8 :
= 7S | -
o 1o
1 1
o | ©
(= R o
L T
: 0 T w0
—oo¥NONTO® ST - ® Q N

SYIRUIEIRASI(] POSI[RULION syueuIedR[dSI(] POSI[RULION syuoueoe[dSI(] PISI[RULION

1, v=0.3).

x/a
Mode 3
b. C-H

=5,p

33

x/a

a. Cc-C
Fig. 2. 8: The first three mode shapes of Al,O3/Al beams (a/h

Mode 3



- © 9o ¥ o ©

N

c o©o o o o}
SyueUa0R[dSI(] PISI[RULION

- 9 © ¥ o o o

©c o o o =}

SYUOTRORTdSI(] POSI[RULION

©
| <

0.3 0.5 -0.5 -0.3 -0.1 0.1 0.3 0.5

0.1

-0.1

w0
<

x/a

x/a

Mode 1

Mode 1

~—
1

N ¥ © ®©
Sooo 9999

SYUaTOR[dST(] POSIRULION

~—
1

-04F

N © 9
c o o o =} S o

SJuRWeDR[dSI(] POSIRULION

0.5

-0.1 0.1 0.3 0.5 -0.5 -0.3 -0.1 0.1 0.3

-0.3

ot
<

x/a

x/a

Mode 2

Mode 2

= o

- @ © < A N
o o o o =}
syuomae[dSI(] PISI[EULION

SIUaWE0R[ASI(] POSI[RULION

-0.1 0.1 0.3 0.5

-0.3

0
o

0
o

0.3

x/a

x/a

Mode 3

Mode 3

C-F
,V

d.

c. H-H
Fig. 2. 9: The first three mode shapes of Al,03/Al beams (a/h

0.3) (cont.).

=1

=5,p

34



Table 2. 13: Dimensionless critical buckling loads of Al,0s/Al beams (v=0.23).

a/h BCs Theory p
0 0.5 1 2 5 10
5 C-C Present 154.534 103.732 80.566 61.733 47.468 41.759
HOBT [51] 154.550 103.732 80.609 61.793 47.756 41.804
FOBT [76] 154.350 103.220 80.498 62.614 50.384 44.267
C-H Present 90.022 59.500 46.107 35.568 28.387 25.203
FOBT [76] 97.580 64.052 49.497 38.576 32.000 28.731
H-H Present 48.648 31.987 24.648 19.109 15.664 14.098
HOBT [51] 48.840 32.009 24.691 19.161 15.740 14.147
FOBT [76] 48.835 31.967 24.687 19.245 16.024 14.427
C-F Present 13.043 8.293 6.500 4.931 4.270 3.848
HOBT [51] 13.077 8.502 6.543 5.098 4.278 3.882
FOBT [76] 13.213 8.578 6.600 5.150 4.345 3.950
10 C-C Present 195.179 127.876 98.625 76.622 62.902 56.431
HOBT [51] 195.361 128.050 98.787 76.668 62.979 56.597
FOBT [76] 195.340 127.870 98.749 76.980 61.062 57.708
C-H Present 103.596 67.284 51.264 40.584 33.108 29.904
FOBT [76] 106.330 69.154 52.251 41.535 33.436 31.705
H-H Present 52.204 33.478 26.102 19.860 17.023 15.321
HOBT [51] 52.308 34.009 26.173 20.394 17.112 15.529
FOBT [76] 52.309 33.996 26.171 20.416 17.192 15.612
C-F Present 13.173 8.523 6.586 5.037 4.262 3.874
HOBT [51] 13.374 8.671 6.668 5.203 4.398 4.005
FOBT [76] 13.349 8.657 6.657 5.194 4.209 3.997

It can be seen that the current solutions are in excellent agreement with previous studies for
both vibration ([49, 51, 75, 77]) and buckling problems ([14, 51]). It is clear that the critical
buckling loads are calculated directly in section 2.7.2. However, they can also be determined by
increasing the axial force until the lowest natural frequency vanishes. By using this way, load-
frequency curves can be plotted and used to explain the duality between the buckling load and
natural frequency. The first load-frequency curves with various power-law indices and the first
five load — frequency curves with p=0.5 of C-C Al,O3/Al beams are plotted in Figs. 2.11 and 2.12,
respectively.

It can be seen that an increase of p leads to the reduction of frequencies in any axial load values.
As expected, the bending natural frequencies decrease as the axial force changes from tension
to compression, while the axial modes (mode 3 for a/h=5 and mode 5 for a/h=20) are almost

constant. It is from load-frequency curves that for (a/h=5, p=0.5) (Fig. 2.12), the first, second,
third and fourth buckling occurs at P = 103.732, 161.925, 237.383 and 274.285, respectively.
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Fig. 2. 10: The first buckling shapes of Al,0s/Al beams (a/h=5, p=1, v=0.23).
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2.8.3  Vibration and buckling of FG beams under thermal loads

The following section aims to present the results derived from thermal vibration and buckling
analysis of various FG beams including SisN4/SUS304, Al,05/SUS304, ZrO,/SUS304 and ZrO,/Ti-

6Al-4V. The temperature-dependent properties of these materials are given in Table 2.14.

Table 2. 14: Temperature-dependent coefficients for ceramics and metals [14, 78].

Materials Proprieties Po P-1 P1 P2 P3
ZrO2 E(Pa) 244.27e+9 0.0 -1.371e-3 1.214e-6  -3.681e-10
o (1/K) 12.766e-6 0.0 -1.491e-3 1.006e-5 -6.778e-11
K (W/mK) 1.7 0.0 1.276e-4 6.648e-8 0.0
v 0.2882 0.0 1.133e-4 0.0 0.0
p (kg/m3) 3000 0.0 0.0 0.0 0.0
Ti—6Al-4V E(Pa) 122.56e+9 0.0 -4.586e-4 0.0 0.0
a (1/K) 7.5788e-6 0.0 6.638e-4 -3.147e-6 0.0
K (W/mK) 1 0.0 1.704e-2 0.0 0.0
v 0.2884 0.0 1.121e-4 0.0 0.0
p (kg/m3) 4429 0.0 0.0 0.0 0.0
Al203 E(Pa) 349.55e+9 0.0 -3.853e-4 4.027e-7 -1.673e-10
a (1/K) 6.8269e-6 0.0 1.838e-4 0.0 0.0
v 0.26 0.0 0.0 0.0 0.0
p (kg/m3) 3800 0.0 0.0 0.0 0.0
SisNa E(Pa) 348.43e+9 0.0 -3.070e-4 2.160e-7 -8.946e-11
a (1/K) 5.8723e-6 0.0 9.095e-4 0.0 0.0
K (W/mK) 13.723 0.0 -1.032e-3 5.466e-7 -7.876e-11
v 0.24 0.0 0.0 0.0 0.0
p (kg/m?) 2370 0.0 0.0 0.0 0.0
SUS304 E(Pa) 201.04e+9 0.0 3.079%e-4 -6.534e-7 0.0
a (1/K) 12.330e-6 0.0 8.086e-4 0.0 0.0
K (W/mK) 15.379 0.0 -1.264e-3 2.092e-6 -7.223e-10
v 0.3262 0.0 -2.002e-4 3.797e-7 0.0
p (kg/m?) 8166 0.0 0.0 0.0 0.0
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Three types of temperature distribution through the thickness, which are uniform temperature
rise (UTR), linear temperature rise (LNR) and non-linear temperature rise (NLNR), are considered.
Accordingly, the temperature and the Young’s modulus along the thickness direction for
SisN4/SUS304 beam at AT=0 and 900K are plotted in Fig. 2.13. Besides, the temperature-

dependent properties are illustrated in Fig. 2.14 for different materials under a range of

temperature.
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Fig. 2. 13: Temperature distributions and Young’s modulus of SisN4/SUS304 beams through
the thickness with AT=0 and 900 K.
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2.8.3.1 Uniform Temperature Rise (UTR)

This example aims to verify the accuracy further in thermal vibration and buckling behaviours
and to investigate the thermal effect of temperature independent (TID) and temperature

dependence (TD) material properties. The temperature is assumed to be uniform through the
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thickness. In order to verify with Wattanasakulpong et al. [67], the elastic constants of FG beams

z
and Q =—); and the thermal stresses are

in this example are taken as Q, =——= 2(1 )
+v

E(z)a(z)AT

calculated as o] =- .
—v

. The following dimensionless critical temperature and natural

2
frequency are used: A=AT, (%) a, with «,, being thermal

expansion of metals at T»=300 K.

Tables 2.15-2.17 present the critical temperatures and fundamental frequencies of various FG
beams under the UTR. The present TID and TD solutions are in good agreement with those from
[67] for all boundary conditions and slenderness ratios. These tables also reveal that the TD
solution gives significantly lower values compared to TID one, which highlights the importance
of considering the variation of material properties along with respect to the temperature. Due
to this reason, only TD solution is used in the rest of this chapter. It can be seen from Table 2.16
the difference in buckling behaviour of SisNs and Al,03 in combination with SUS304 is significant
inspite of a slight difference of properties between these two ceramics, whose properties are
shown in Fig. 2.14. In addition, Ti-6Al-4V presents a much higher buckling temperature over

SUS304 in the mixture with the ceramic ZrO,, especially with a high volume of metal.

Table 2. 15: Dimensionless critical temperatures of Al,03/SUS304 beams under UTR (p=0.3).

a/h 20 40

BCs C-C C-H H-H C-C C-H H-H
TID HOBT [67] 4.1231 2.1418 1.0650 4.2251 2.1740 1.0685

Present 4.1545 24206 1.1319 4.2349 2.2709 1.0861
TD HOBT [67] 3.4279 1.9274 1.0036 3.9992 2.1081 1.0527

Present 3.4246 1.9165 0.9924 3.9695 2.0902 1.0353

39



Table 2. 16: The critical temperatures of various FG beams under UTR (a/h=20).

BCs Materials Theory TID TD
p=0 1 5 10 p=0 1 5 10
H-H  SisNa/SUS304 HOBT [67] 1.348 0.876 0.750 0.712 1.185 0.805 0.697 0.664
Present 1.307 0.866 0.744 0.710 1.151 0.796 0.693 0.663
Al203/SUS304 HOBT [67] 1.376 0.880 0.747 0.708 1.326 0.827 0.698 0.662
Present 1.347 0.870 0.740 0.705 1.296 0.817 0.694 0.661
Zr0,/SUS304 HOBT [67] 0.518 0.565 0.589 0.600 0.416 0.481 0.530 0.549
Present 0.514 0.562 0.588 0.600 0.414 0.479 0.529 0.549
ZrO2/Ti-6Al-4V Present 0.514 0.715 1.091 1.227 0.414 0.583 1.003 8.104
C-H  Si3N4/SUS304 Present 2.654 1.758 1.510 1.440 2.115 1.503 1.321 1.267
Al203/SUS304 Present 2.732 1.767 1.502 1.430 2.526 1.567 1.329 1.267
Zr02/SUS304 Present 1.042 1.143 1.194 1.217 0.715 0.850 0.977 1.029
ZrO»/Ti-6Al-4V Present 1.042 1.453 2.212 2.489 0.715 1.009 1.865 9.285
C-C  Si3sN4/SUS304 Present 5.130 3.398 2.917 2.782 3.559 2.609 2.333 2.244
Al,03/SUS304 Present 5.280 3.415 2.902 2.763 4.540 2.769 2.364 2.254
Zr0,/SUS304 Present 2.013 2.207 2.309 2.352 1.117 1363 1.642 1.762
Zr0O,/Ti-6Al-4V Present 2.013 2.809 4.269 4.806 1.117 1.570 3.070 8.104

Table 2. 17: Fundamental frequency with respect to the temperature rise of Al,03/SUS304
beams under UTR (a/h=30).

p=0.2 p=0.2

BCs Theory AT=0 50 100 AT=0 50 100

TID C-C HOBT[67] 6.6394 6.1189 5.5452 6.7355 5.9802 5.1028
Present 6.6371 6.1209 5.5489 6.7366 5.9834 5.1125

C-H Present 4.5898 3.8574 2.9297 4.6653 3.5731 1.8925

H-H  Present 2.9506 1.8450 - 3.0129 1.1816 -

TD C-C HOBT[67] 6.6394 6.1109 5.5081 6.7335 5.9581 4.9965
Present 6.6371 6.1142 5.5141 6.7366 5.9631 5.0068

C-H  Present 4.5898 3.8437 2.8608 4.6653 3.5391 1.5946

H-H  Present 2.9506 1.8220 - 3.0129 1.0868 -

The effect of temperature on the fundamental frequencies of various FG beams with p=0.2 and

2 are illustrated in Fig. 2.15.
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Fig. 2. 15: The temperature - frequency curves of C-C FG beams (a/h=20).
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As the temperature increases, the fundamental frequencies decrease and finally vanish at
critical temperature point. That is the characteristic of frequency-temperature curves, which can
be used to determine the critical temperature of FG beams. For example, with p=2, the critical
temperatures of SisN4/SUS304, Al,03/SUS304 and ZrO,/SUS304 beams are 401.25, 415.14 and
240.65 (K), respectively.

2.8.3.2 Linear temperature rise (LNR) and Nonlinear temperature rise (NLNR)
The comparison between UTR and LNR solutions as well as LNR and NLNR solutions for the

critical temperatures and natural frequencies of FG beams is given in Tables 2.18-2.21. The

— A
following dimensionless natural frequency is used: Q=wa’ % . The results reported by

Ebrahimi and Salari [79] for the case of H-H beams using the FOBT are also given for the

verification purpose.

Table 2. 18: The critical temperatures of SisN4/SUS304 beams under UTR and LNR.

a/h  BCs Theory UTR LNR
p=0 1 5 p=0 1 5
40 H-H Present 51.72 34.69 29.95 125.00 85.94 71.88
FOBT [79] - - - 127.33  84.62  69.43
C-H Present 102.02 69.26 59.96 246.88 175.00 146.88
C-C Present 187.87 129.87 113.01 451.56 328.13  279.69
20 H-H Present 187.88 129.87 113.01 451.56 328.13  279.69
C-H Present 345.14 245.24 215.51 814.06 612.50 531.25
C-C Present 580.66 425.69 380.61 —* 1062.50 957.81

(=*) This value does not exist since the critical temperature of FG beams is higher than
the melting point Em=0.
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Table 2. 19: Dimensionless natural frequencies of H-H SisN4/SUS304 beams under UTR and LNR

(a/h=20).

AT Mode Theory UTR LNR
p=0 1 5 p=0 1 5
10 1 FOBT [79] - - - 9.6461 5.7717 4.6925
Present 2.8842 2.7347 2.4845 9.6843 5.8432 4.7454
2 FOBT[79] - - - 38.6688 23.2890 19.0001
Present 11.5991 11.4594 11.2261 38.6698 23.2942  19.0058
3  FOBT[79] - - - 85.5816 51.5787 42.0838
Present 25.6350 25.5020 25.2740 85.4928 51.5782 42.0626
30 1 FOBT [79] - - - 9.4538 5.6105 4.5363
Present 2.8450 2.6157 2.2158 9.4864 5.6727 4.5792
2 FOBT[79] - - - 38.4794 23.1492 18.8693
Present 11.4678 11.2543 10.9045 38.4431 23.1103 18.8315
3  FOBT[79] - - - 85.3911 51.4659 41.9855
Present 25.4240 25.2178 24.8745 85.2146 51.3662 41.8680
60 1 FOBT [79] - - - 9.1475 5.3537 4.2875
Present 2.9109 2.6325 2.1295 9.1774 5.4030 4.3136
2 FOBT[79] - - - 38.1838 22.9319 18.6672
Present 11.8148 11.5484 11.1378 38.0975 22.8282 18.5625
3  FOBT[79] - - - 85.0946 51.2893 41.8321
Present 26.1669 25.9057 25.4947 84.7945 51.0434 41.5692

Table 2. 20: Fundamental frequency of SizN4/SUS304 beams under LNR and NLNR (a/h=20).

BCs Temperature AT(K) =20 80
distribution p=0.1 0.5 1 p=0.1 0.5 1
C-C LNR[80] 19.6398 15.2580 13.3671 19.3420 15.0040 13.1304
Present 19.3371 15.0222 13.1554 18.9778 14.6972 12.8431
NLNR [80] 19.6390 15.2501 13.3558 19.3552 14.9886 13.1011
Present 19.3379 15.0244 13.1579 18.9832 14.7115 12.8600
C-H LNR[80] 13.4380 10.4238 9.1227 13.0201 10.0515 8.7674
Present 13.3373 10.3526  9.0635 12.8837 9.9342 8.6571
NLNR [80] 13.4395 10.4211 9.1178 13.0483 10.0594 8.7648
Present 13.3382 10.3553  9.0669 12.8907 9.9533 8.6801
H-H LNR [80] 8.4634 6.5415 5.7114 7.8795 6.0063 5.1927
Present 8.4716 6.5742  5.7588 7.8766 6.0166 5.2128
NLNR [80] 8.4675 6.5437 5.7124 7.9265 6.0402 5.2186
Present 8.4730 6.5779 5.7632 7.8861 6.0431 5.2448

A good agreement between the present results with previous ones can be observed for various
p values. For all boundary conditions and power-law indices, the LNR results are significantly
greater than those from the UTR. It should be noted that there are some limitations for thermal
buckling of moderate thick beams since their critical temperatures are greater than the melting
point of the metals, for example with SisN4/SUS304 C-C beam (a/h=20, p=0) in Table 2.21. As
expected, the critical temperatures obtained from LNR and NLNR are the same for isotropic
beams. As p increases, difference becomes more pronounced with higher values for NLNR

solution.
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Table 2. 21: The critical temperatures of various FG beams under LNR and NLTR with various
power-law indices (a/h=20).

BCs Materials Temp. p
profile 0 1 2 5 10
C-C  SisN4/SUS304 LNR - 1062.50 1004.69 957.81 921.88
NLNR - - 1132.50 1042.50 972.50

Zr02/SUS304 LNR 390.74 438.14 465.66 521.28 583.24
NLNR 390.74 53242 565.64 605.16 642.05
Zr02/Ti-6Al-4V  LNR 390.40 431.43 48490 625.60 828.12
NLNR 390.40 48492 539.57 668.54 853.83
C-H  SisN4/SUS304 LNR 814.06 612.50 570.31 531.25 507.81
NLNR 814.06 688.75 637.50 572.50 531.25
Zr02/SUS304 LNR 258.41 289.76 305.47 336.40 365.50
NLNR 258.41 357.72 377.09 393.99 406.30
ZrO2/Ti-6Al-4V  LNR 259.23  286.47 325.85 428.52 565.48
NLNR 259.23 325.87 366.91 461.02 587.44
H-H  SisNa/SUS304 LNR 451.56  328.13 301.56 279.69 265.63
NLNR 451.56  357.50 327.50 293.75 273.75
Zr02/SUS304 LNR 155.05 173.86 179.21 192.87 204.68
NLNR 155.05 216.12 227.83 230.85 231.72
ZrO2/Ti-6Al-4V  LNR 155.54 174.17 200.72 263.97 343.81
NLNR 155.54 200.73 228.95 287.68 361.86
(-) These values do not exist since the critical temperature of FG beams is
higher than the melting point (E,=0)

Fig. 2.16 illustrates the critical temperatures of C-H FG beams under LNR with the variation of
power-law indices and slenderness ratios. It is clear that with an increase of p, the critical
temperatures of SisNs/SUS304 and AlO3/SUS304 beams decrease, whereas those of
Zr0,/SUS304 and ZrO,/Ti-6Al-4V beams increase. Comparing the buckling temperature of
Zr0,/SUS304 and Zr0O,/Ti-6Al-4V beams, values for the latter is lower for 0 < p < 1.2 but higher
for p > 1.2 (Fig. 2.16a). As expected, low critical buckling temperatures are observed in the

slender beams (Fig. 2.16b).
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Fig. 2. 16: The critical temperatures of C-H FG beams under LNR.
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Finally, a comprehensive 3D interaction diagram of the natural frequencies, temperature and
power-law indices is plotted in Fig. 2.17. With a specific value of p, the natural frequencies of

Zr0,/SUS304 beams are smaller than those of SisN4/SUS304 beams at the same temperature.
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Fig. 2. 17: Frequency — temperature — power-law index interaction curves of SizN4/SUS304 and
Zr0,/SUS304 beams under NLNR.

29 Concluding remarks

In this chapter, the state space approach is applied to analyse free vibration and buckling
behaviours of FG beams with various shear deformation theories (CBT, FOBT and HOBT).
Hamilton’s principle is applied to derive the governing equations of motion and boundary
conditions. Numerical results are presented firstly for the fundamental frequencies of FG
sandwich beams under nine combinations of classical BCs and three combinations of non-
classical BCs. The effects of geometric, material parameters, graded sandwich schemes as well
as the rotational and translational stiffness at the ends to the free vibration of FG sandwich
beams are examined. The free vibration and buckling of FG beams under mechanical load and
thermal environment are investigated in the second part. The natural frequencies and
corresponding mode shapes together with the buckling loads and buckling shapes are presented
under the mechanical loads. The effects of thermal environment considering the material
temperature dependence to the free vibration and buckling behaviours are investigated,
showing the necessity of evaluating the change of material properties under the elevated
temperature. The present model is found to be appropriate and efficient in analysing the

vibration and buckling of FG beams under mechanical/thermal loads.
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CHAPTER 3
MODIFIED COUPLE STRESS THEORY FOR FG MICROBEAMS

3.1 Introduction

In this section, a brief review of the publications investigating the size-dependent behaviours of
FG microbeams based on the modified couple stress theory (MCST) is carried out. One of the
earliest work on the application of MCST was to analyse the bending behaviour of an epoxy
cantilever beam by Park and Gao [81] based on the CBT. Kong et al. [82] compared the variation
of natural frequencies of the cantilever and simply supported homogeneous beams. Xia et al.
[83] studied the static, post-buckling and free vibration behaviours of an epoxy beams
considering geometric nonlinearity. It is worth noting that in the CBT, the cross-section is
assumed to be flat and perpendicular to the neutral axis as deformed, which actually neglects
the shear deformation effect. This results in the stiffer behaviours compared to the real working
order of structures. The FOBT was then developed to include the shear effect in analysing the
structural behaviours. Using the FOBT, Ma et al. [84] examined the static and free vibration
behaviours of simply supported epoxy beams. Asghari et al. [85] obtained the Navier solution
for static and vibration behaviours of cantilever FG beams by the CBT and then developed this
model to the FOBT and von-Karman strain formulation for a simply supported homogeneous
beams. Using the differential quadrature method, Ke and Wang [86] studied the dynamic
stability of FG beams under the hinged and clamped supports. Ke et al. [87] also incorporated
the geometric nonlinearity effects in the free vibration of FG beams. Dehrouyeh-Semnani et al.
[88] investigated the free vibration of geometrically imperfect FG beams under various BCs
based on the Rayleigh-Ritz’s method. Reddy [89] examined the static bending, vibration and
buckling behaviours of simply supported FG beams using both CBT and FOBT, which included
the geometric nonlinearity effect. Using Navier solution, Simsek et al. [90] studied static bending
behaviours of FG beams. Kahrobaiyan et al. [91] developed a FOBT beam element and applied
to the cantilever FG beams under a concentrated load and a pull-in voltage. Thai et al. [92]
studied the static, vibration and buckling behaviours of FG-sandwich beams without a shear
correction factor. They computed the transverse shear force and shear stress by using the
equilibrium equations. Nateghi and Salamat-talab [93] included the thermal effect in analysing
the free vibration and buckling behaviours of FG beams using both CBT and FOBT. Akgoz and
Civalek [94] utilised the Rayleigh-Ritz solution to study the free vibration of axially graded
tapered beams. In the FOBT, the cross-section is still assumed to be flat while loaded, which

violates the free shear stress conditions at the top and bottom surfaces, and hence a shear
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correction factor is needed. This leads to the proposition of the third-order beam theory (TBT)
and HOBT. Nateghi et al. [95] applied the generalized differential quadrature method (GDQM)
to examine the size-dependent buckling behaviour of FG beams using the CBT, FOBT and TBT.
Salamat-talab et al. [96] also developed an analytical solution to analyse the static and free
vibration of simply supported beams. Ansari et al. [97] developed a general strain gradient
theory using the FOBT, which comprises the MCST, in analysing the bending, vibration and
buckling of FG beams by applying the GDQM. Sahmani and Ansari [98] also extended the
solutions of buckling behaviour for the TBT with the inclusion of the thermal environment effect.
Mohammad-Abadi and Daneshmehr [99] considered the buckling of FG beams under the CBT,
FOBT and TBT. Simsek and Reddy [100] analysed bending and vibration behaviours, as well as
buckling responses of FG beams with the inclusion of elastic Pasternak medium based on various
HOBTSs. Akgoz and Civalek [101, 102] employed a sinusoidal shear deformation to study the static
and buckling behaviours, and the thermo-mechanical buckling of FG beams embedded in
Winkler elastic medium under the framework of general strain gradient theory. Darijani and
Mohammadabadi [103] employed the refined fifth-order shear deformation model for static,
vibration and buckling behaviours of FG beams. Al-Basyouni et al. [104] studied the bending and
vibration of FG beams based on the neutral surface position and unified HOBTs. Arbind and
Reddy [105] proposed nonlinear finite element models based on the CBT and FOBT to analyse
the bending behaviour of FG beams. Arbind et al. [106] later expanded these models to TBT and
included the analytical solution to verify the finite element models. Al-Basyouni et al. [104]
utilised the neutral surface concept to analyse the bending and vibration behaviours of simply
supported FG microbeams using the CBT, FOBT and sinusoidal beam theory. Trinh et al. [107]
analysed static bending, vibration and buckling of simply supported microbeams using various
shear deformation theories. A comprehensive review on the development of MCST models and
other non-classical continua, such as non-local elasticity [108-116] and strain gradient [7, 31,

117] can be found in the recent works by Thai et al. [16] and Romano et al. [113].

In this chapter, a unified framework for various beam theories are proposed to investigate
the size-dependent bending, vibration and buckling behaviours of FG microbeams based on the
MCST. The material properties of these beams are varied through beam’s depth and calculated
by using the rule of mixture and Mori-Tanaka scheme. The beam theories which includes the
CBT, FOBT, TBT, Sinusoidal beam theory (SBT) and quasi-3D theories are presented
systematically under one unified formula. The size-dependent behaviours are then solved using
the analytical Navier approach in which the problems with simply-supported boundary

conditions are considered. Effects of Poisson’s ratio, length scale parameter, power-law index,
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estimation methods of material properties and slenderness ratio on deflections, stresses,

natural frequencies and critical buckling loads of FG microbeams are examined.

3.2 Constitutive Equations

The linear constitutive relations are given as:

O-x Qll QlS O gx
o, =|Q; Q, 0 g, (3.1)
ze 0 O QSS 7xz
where
E(z) E(z)v E(z)
= ; = ; = 3.2
R 2(1+v) 32

If the thickness stretching effect is omitted (&, =0), elastic constants Q; in Eqg. (3.1) are reduced

as follow:
E(z)
Q, =E(z) ; Q;; =0; st,:m (3.3)
3.3 Governing Equations of Motion

Based on the MCST [36], the virtual strain energy can be written as:
5U=J.(0',.J.55,]. +myoy;lav i,j=x,y,z (3.4)

where m; and y, denote deviatoric part of the couple stress tensor, and symmetric curvature

tensor, which are defined by:
1
Z =5(a,,j +0,,) (3.5)

_E(2)

B 1+v

ij ij

where [ is a material length scale parameter and ¢, is the components of the rotation vector

given by:
P (3. 6a)
2{ Ox, Ox,
2 :02 zl %_% (3. 6b)
2( ox,  Ox
g, -0, -1 Qo % (3. 6¢)
2 ox,  Ox,
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The displacement fields for different beam theories can be obtained as:

u, (x,2,t)=U(x,t)—2zW, (x,t)— f(2)W, (x,t) (3.7a)
u,(x,2,t)=0 (3. 7b)
u3(x,z,t)sz(x,t)+Ws(x,t)+g(z)Wz(x,t) (3. 7¢)

where U,W, and W, are the axial displacement, the bending and shear components of vertical
displacement along the mid-plane of the beam. The thickness stretching effect in quasi-3D
theories is taken into account by adding the component g(z)W,(x,t) in Eq. (3.7c). f(z) and g(z)
represents shape function determining the distribution of the transverse shear strains and stress

through the beam depth, which can be chosen as follows:

CBT: f(z)=z (3. 8a)
FOBT: f(z)=0 (3. 8b)
TBT: f(z)—ii (3. 8c)
IEYS '
SBT: f(2)=z— " sin™Z (3. 8d)
: =z-—sin= .
: N SR SPR.Y
Quasi-3D (TBT): f(z)—3h2 ;9(2)=1 . 1 e (3. 8e)
- c f(2) =22 o (2)=cos| T2
Quasi-3D (SBT): f(z)=z ”sm e 9(2) cos[ p j (3. 8f)

The non-zero strains and symmetric curvature tensors are given by:

e =y W - fw (3. 9a)
Ox
g, =0 09y, (3. 9b)
0z 0z
ou, Ou, - -
¥ ox oz g( ’ Z) ( )
100 1, . PN IV "
X =55—X=—5(Wb W, )*z(Ws -w;) (3.9d)
100 10g,, . .
=7 _ 2w -w 3.9e
Y 82( ’ Z) ( )

where prime (') indicates the differentiation with respect to the x-axis.
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3.3.1 Quasi-3D shear deformation theories

In order to derive the equations of motion, Hamilton’s principle is used:
tZ

[(sk—su-6v)dt=0 (3. 10)

t

where U, K and V denote the strain energy, kinetic energy and potential energy, respectively.

The variation of the strain energy can be stated as:

oU= I[(GXX58XX +0,,07,, +0,0¢6, +2m, &y, +2m, oy, )dV

%

O

[(N0U =MW, —PW,)+Q,, (W, +W, )+0,6W,

R G(W, W)+ 5; (W, -w)+ Tz 5(w, —Wz')}dx (3.11)

where N,,M,,P,.,Q,,,0,,R,,,S, and T are the stress resultants, respectively, defined as:

xy?

N, =[o,dA=AU —BW, ~BW, +XW, (3. 12a)
A
M, = | 20,dA=BU —DW, —DW, +YW, (3. 12b)
A
P.=[fo,dA=BU -DW, —HW, +YW, (3. 12¢)
A
o, =jaza—gdA=xu' —YW, YW, +2ZW, (3. 12d)
v 0z
Q, =[go,dA=A (W, +W,) (3. 12e)
A
R =, =, (0 )+ o) .11
A
N A
S, =£gmxydA=—Bn (w, +w, )+7(W A (3. 12g)
d Hoooo
T, =£a—jmwdA=7"(Ws -w)) (3. 12h)
where
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h/2 2
(A,8,B,,0,0,,H,Z)= | {Lz,f,zz,fz,fz,(a—gJ 1onbdz (3.13a)
b2 0z
)
A = j g°Q..bdz (3.13b)
~h/2
hf2 a
(xv.x)= [ (Lzf) g(z)QBbdz (3. 13¢)
—hj2 oz
h/2 2
99 E(2)
A ,B.,D ,H)=||19,9"|=| | —"d 3.13d
(A,.8,.0,.H,) j/[ 0.9 (azﬂ Tt (3. 134)

The variation of the potential energy by the axial force p, and a transverse load g can be written

as:

oV = —I [P, [Ow, (W, +W,)+Sw, (w, +w,)]+q(Sw, + Sw,)]ldx (3.14)

The variation of the kinetic energy is obtained as:

tZ
ok = [ [ p(2)(4,00, +0,80, +3d,50, )dvdt
t, vV

]
= [ (81— i, — 1)+ 5w, 1y (W, +0,) + 1,
0

+OW, (—1 G+ L, + 1, W)+ 6w [l (W, +w,)+1,w,]

+OW, (1 U+ LWy +1 W)+ W[, (W, + W) +1 W] (3. 15)
where
h/2
(o 1,1,)= jp(l,z,zz)bdz (3. 16a)
—h/2
)
(1715012 )= [ o(£.2f, £ )bz (3. 16b)
—h/2
h/2
(Ig,lgz): Jp(g,gz)bdz (3. 16¢)
—h/2

By substituting Egs. (3.11), (3.14) and (3.15) into Eq. (3.10), the following weak statement is

obtained:
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TT{5U(IOU—IIW; —Ifl/i/s')+5|A7b [IO (W, +V|'/5)+Ig|/l'/z}+5vi/,; (—IllJ+IZWb' +Isz5')

t 0

O, [ (Vi + W, )+ 1, |+ OW, (1,01, Wiy + W )+ W, [ 1, (W + V0, )+ W, |

—N,0U +M,5W, +P,0W, Q8 (W, +W, )-0,6W, +R 5 (W, +W, )~ Séy s(w,-w,)

_%5(w; W) h [ W, (W + W, ) + W, (W, + W) |+ (oW, + oW, ) dxat (3.17)

By integrating Eq. (3.17) by parts and collecting the coefficients of oU,0W, and oW, , the

governing equations of motion can be obtained:
N, =1,0—-1LW, -1 W, (3. 18a)

MY +Ry, =Py (W, +W, )+ q =10 +1o (W, +W, )= LW, =1 W, +[ W, (3. 18b)
oS, T, . Lo o
P, +Q,+R, —7—7—%(Wb +W, )+q=/fu +1y (W, +W, ) —1,W, —LW, +1 W, (3.18c)

, S, T, L .
sz—oz+7+7=/g(wb+m4)+/gzm (3.18d)

By substituting Eq. (3.12) into Eq. (3.18), the governing equations of motion can be expressed in

term of displacements:

AU -BW, —BW, +XW, =1,U—I,W, —1,W, (3. 19a)
iv B, w) By (i " " "

BU" —(D+A,)W, )—(DS+AH—7JWS( )—ij LYW R (W, + W, )+q (3. 19b)

=1,U +1y (W, + W, )= W, —1 W, +1,W, (3.19c¢)
B\ D, 7 H\ . (B D,

B.U —(D5+An——" W™ | H+A B +== W™ + AS+—”jWS —(—"——" w™)

2 4 4 2 4
+(AS+YS—T")WZ —Py (W, +W, )+ q=1,0 +1, (W, +W, ) =1, W, =1, W, +1,W, (3.19d)
A . (B D H . H\., . D,

XU == W™ pyw, +| -2 Ws('v)+(As——"+Ys W —ZW, + A§5+—”sz — 2w
2 2 4 4 4 4
=1, (W, + W, ) +1.W, (3. 19¢)

3.3.2 Third-order beam theory and Sinusoidal beam theory

By neglecting the shape function g(z) in Eq. (3.17), the following weak statement is obtained:
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t, a

”{50(/00—/1% — 1 W, )+ SV, Iy (W, + VW, )+ OW, (—1,0 + LW, + 1, W, )+ SW,1, (W, +W, )

t 0

+SW, (—/fu+/ﬁwb W) =N, 8U + M OW, +P,OW, —Q,0W, +R,,5 (W, +W, )—%5Ws

T; SW, +P, [5Wb' (W, +W,)+sw, (W, +W, )] +q(5W, + W, )} dxdt

where N ,M’,M:,Q

Xz !

R, .S, and T, are defined as:

xy?

N, =[o,dA=AU -BW, -BW,
A

M, = [20,dA=BU ~DW, -DW,
A
P.=[fo,dA=BU -DW, —HW,
A

Q, =[go,dA=AW,
A

R, =ImxydA =-4,(w, +W5")+%WS"
A

S

S, =Jam,da=-8, (W, +w,) +%W"
A

Similarly, the equations of motion can be expressed:

N;(x :/00_11‘/‘71; _IfV.V;

M)+ R, =Py (W, + W, )+q =10 +1, (W, +W,)- LW, —1,W,

S

P +QXZ+RXy—%+ ; —PO(Wb +W, )—i—q:lfU +1y (W, +W, )1, W, 1.

Eqg. (3.22) is rewritten in term of displacements:

AU -BW, —BW, =I,U-1,W, -1 W,

BU" —(D+A,)W™ —(Ds +A, ‘%jwm R (W, +W,)+q

=1U +1, (W, +W, )= LW, —1, W,

S
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(3. 20)

(3. 21a)

(3. 21b)

(3. 21c)

(3.21d)

(3.21e)

(3. 21f)

(3.21g)

(3. 22a)

(3. 22b)

(3. 22¢)

(3. 23a)

(3.23b)



B, v D, 7 HY _—
BU —[D5+An—?”jwb( )—{H+AH—BH+ 4”}\/\/5( )+(AS+ 4”)\/\/5 —p (W, +W, )+q

=10 +1y (W, +W, ) =1, W, —1 . W,

3.3.3  First-order beam theory

(3.23c)

By considering the shape functions f =g =0, the following weak statement is obtained:

tjj{au(/ou_/lw;)wwb/o (W, +W,)+ W, (~L,U + LW, )+ SW.1, (W, + W, )

t 0

Ry s

N SU +M oW, —Q, oW, + nyawb” -

+P, [§W;(W;+Ws')+§ws' (W;+V|/s')]+q(§Wb+6Ws)}dxdt
where N, ,M;,Q, and R, are defined as:
N, =[o,dA=AU -BW,
A

M, =[z0,dA=BU —DW,
A

sz = Ks J.go-xsz = KsAsVVsI
A

LA
R, =[m,da=-AW, -W,
A

Similarly, the equations of motion can be expressed:

N;(x =IOU_I1Wb'

M. +Ry, =Py (W, +W, ) +q =140 +1, (W, +W,) -1,

. R, T, . L
Q,+ 2*y+§—PO(Wb+V|/S)+q=/0(Wb+Ws)

Eq. (3.26) is rewritten in term of displacements:

AU -BW, =1,0-1,W,

A

BU" —(D+A, W™ —T"W(N) R (W W, )+ q =00+ (W + W, ) - W,

S

A v A . . .
o)A AW, (W ) =1, (1 411
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(3.24)

(3. 25a)

(3. 25b)

(3. 25¢c)

(3. 25d)

(3. 26a)

(3. 26b)

(3. 26¢)

(3.27a)

(3.27b)

(3.27c)



3.3.4 Classical beam theory

By neglecting shear component (w, =0), the following weak statement is obtained:

]%.a[{&J(IOU —hW, ) +OW, I, W, + 5W, ("10 +LW, ) ~N,8U +M,3W, +R,, oW,

t 0

+P,OW,W, + oW | dxdt (3. 28)
By integrating Eq. (3.28) by parts and collecting the coefficients of SU and 6W,, the governing

equations of motion can be obtained:

N, =1,0-1W, (3. 29a)

M, +R,, —PW, +q =10 +1,(W, +W,) -, W, (3. 29b)

where N ,M?,Q,, and R,, are defined as:

N, =[o,dA=AU -BW, (3. 30a)
A

M; =[z0,dA=BU ~DW, (3. 30b)
A

R, =[m,dA=-AW, (3. 30c)
A

Eq. (3.29) can be expressed in term of displacements:

AU -BW, =1,U0-1,W, (3.31a)
BU" —(D+A W —PW, +q=1,0 +I,W, - 1,W, (3.31hb)
3.4 Navier’s solutions

3.4.1 Quasi-3D shear theories, third-order and sinusoidal beam theories
The Navier solution procedure is used to determine the analytical solutions for a simply-

supported sandwich beam. The solution is assumed to be of the form:

U(x,t)ziun cosaxe'™ (3.32a)
n=1
w, (x,t):inn sinaxe'™ (3.32b)
n=1
W, (x,t)= Zx: W, sinaxe™ (3.32¢)

n=1
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Wz(x,t)ziwm sinaxe™ (3.32d)

n=1

where ¢ =nz/a and U,,W, W, and W, are the coefficients. The transverse load q is also

n?’

expanded in Fourier series for a uniform load (g, ) as:

o0 o0 4
q(x)= ZQnsinax = Z % sinax withn=1,3,5,.... (3.33)
n=1 n=1 nrw

By substituting Eq. (3.32) into Eq. (3.19), the analytical solution can be obtained from the

following equations:

Kll K12 K13 K14 Mll M12 M13 0 Un O
2 2
K22 Poa K23 PO(Z2 K24 _ a)z MZZ M23 M24 an — Qn (3 34)
K33—P00! K34 Mas M34 Wsn Qn
sym. K, sym. M, | |\W, 0
where

B
K, =Aa’; K, =—-Ba*; K, =-Ba’; K, =—Xa; K, =(D+A,)a’; K,, :[An —7"+Dsja4;

B D H
K24=?”0{4+Ya2; K33:—[H+An—Bn+ ;ja4+(As+ "jaz;

B, D H D H
K, =|2——"|a*+| A, ——2+Y, |&®; K, =—2a" +| A, +—= |a* +2Z (3.35a)
4 4 4 4
My, =ly; My, =—ha; My=—la;M, =l +L,a"; My =ly+1,a°; My, =I;

My =ly+1.0%; My =1,; My, =1, (3.35b)

g’ g

It should be noted that TBT and SBT’s solution can be obtained by neglecting the last row and

columnin Eq. (3.34).

3.4.2 First-order and classical beam theories

Similarly, deflections, natural frequencies and buckling loads are calculated from the following

equations:
Kll K12 K13 Mll MlZ M13 O
K, _'Doa2 Ky _Poa2 ~’ M,, M, |=1Q, (3.36)
sym. K, — P’ sym. M, | |Q,
where
2 3 4 A 4 A 4 2
K, =Aa’; K, =—Ba*; K,;=0; K, =(D+A,)a"; K, :7"0: ; Kag =T"a +Aa” (3.37a)
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My, =ly; My, =—ha ; My, =l +La’; My =ly; My, =1, (3.37b)
Again, CBT’s solution can be obtained by neglecting the last row and column in Eq. (3.36).

3.5 Numerical examples

A slightly different version of this section has been published in Composite Structures [107].

In this section, a number of numerical examples are conducted to show the validity and accuracy
of the proposed approaches. Unless stated otherwise, simply-supported FG microbeams with
two slenderness ratios (a/h=5,10) composed of SiC (Ec=427GPa, p.=3100kg/m?, v.=0.17) and Al
(Em=70GPa, pm=2702kg/m?3, v,=0.3) are considered. The material properties are estimated by
Mori-Tanaka scheme and the rule of mixture. The material length scale parameter is assumed
to be /=15um ([86, 118]). The shear correction factor is taken as 5/6 for the FOBT. The

dimensionless terms are defined in this chapter as:

_ 100E_h*
0, (z)=—"""1u, 2,0 ; (3. 38a)
12q,0 2
_ h _ h _ h
&, =—o0, (E,zj ;6,=—0,(0,2);6,=—o0, (g,zj (3. 38b)
aq, 2 aq, aq, 2
wa’ |p
o= P (3. 38¢)
h \E,
— 124°
P, =F, ag On (3.38d)
Eh\E,

3.5.1 Verification

Since there is no published data using quasi-3D theories for FG microbeams, the verification is
firstly carried out for Al/Al,0; beams (a/h=5) without size effect (Al: En=70GPa, pm=2702kg/m?3,
vm=0.3 and Al,0s: Ec=380GPa, p.=3960kg/m?, v.=0.3). The deflections, fundamental frequencies
and critical buckling loads are computed for FG beams and given in Table 3.1 along with previous
results. It can be seen that the obtained results are very close with those from ([119, 120]), which

demonstrates the validation of the present theory.

In order to verify further, Tables 3.2-3.4 show the deflections, fundamental frequencies of SiC/Al
microbeams and critical buckling loads of Al,03/SUS304 microbeams (Al,Os: E.=390GPa,
pc=3960kg/m3, v.=0.3; SUS304: E,=210GPa, pm=8166kg/m3, vn=0.3177), respectively. The
results are calculated with four dimensionless material length scale parameters (h//=1,2,4,8)
from two types of constitute relations to verify and investigate the Poisson’s effect. The first one

includes this effect by using elastic constants extracted from 3D model ([100, 121])
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E(z)[l—v(z)] and Q= E(z)v(z)

[1+v(z)][1—2v(z)] [1+v(z)][1—2v(z)

second one ignores it by using those from 1D model (Eq. (3.2) for quasi-3D theories and Eq. (3.3)

Q= ] for all theories), whereas, the
for the others).

Table 3. 1: Dimensionless deflections, fundamental frequencies and critical buckling loads of
Al,O3/Al beams (a/h=5).

Behaviour Theory p
0 0.5 1 2 5 10
Deflection Quasi-3D TBT - Navier [5] 3.1397 - 6.1338 7.8606 9.6037 10.7578
(ve=vm=0.3) Quasi-3D TBT - FEM [5] 3.1397 - 6.1334 7.8598 9.6030 10.7572
Quasi-3D TBT 3.1397 4.7631 6.1338 7.8606 9.6037 10.7578
Quasi-3D SBT 3.1342 4.7559 6.1237 7.8457 9.5982 10.7513
Vibration Quasi-3D TBT [4] 5.1618 4.4240 4.0079 3.6442 3.4133 3.2903
(ve=vm=0.3) Quasi-3D TBT 5.1616 4.4312 4.0238 3.6689 3.4364 3.3039
Quasi-3D SBT 5.1665 4.8238 4.4347 4.0271 3.6723 3.4374
Buckling load Quasi-3D TBT [4] 49,5901 32.5867 25.2116 19.6124 16.0842 14.4116
(ve=vm=0.23) Quasi-3D TBT 49.6154 32.6041 25.2248 19.6219 16.0910 14.4177
Quasi-3D SBT 49.6378 32.6097 25.2306 19.6284 16.0833 14.4172
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Table 3. 2: Dimensionless deflections of SiC/Al microbeams under uniform load (a/h=10).

h/l Beam theory With Poisson effect Without Poisson effect
p=0.3 1 3 10 p=0.3 1 3 10
1 CBT 0.0566 0.0860 0.1263 0.1699 0.0578 0.0888 0.1320 0.1791
CBT [100] 0.0565 0.0859 0.1262 0.1698 - - - -
FOBT 0.0592 0.0902 0.1331 0.1798 0.0604 0.0928 0.1384 0.1884
FOBT [100] 0.0592 0.0902 0.1330 0.1797 - - - -
TBT 0.0571 0.0868 0.1273 0.1715 0.0584 0.0895 0.1330 0.1806
TBT [100] 0.0571 0.0867 0.1273 0.1715 - - - -
SBT 0.0571 0.0868 0.1274 0.1716 0.0584 0.0895 0.1330 0.1807
SBT [100] 0.0571 0.0867 0.1273 0.1716 - - - -

Quasi-3D TBT 0.0579 0.0882 0.1304 0.1776 0.0584 0.0894 0.1328 0.1807
Quasi-3D SBT 0.0579 0.0884 0.1309 0.1787 0.0584 0.0894 0.1328 0.1809

2 CBT 0.1496 0.2228 0.3069 0.3939 0.1587 0.2426 0.3431 0.4473
CBT [100] 0.1496 0.2227 0.3068 0.3939 - - - -
FOBT 0.1538 0.2293 0.3176 0.4095 0.1627 0.2488 0.3530 0.4618
FOBT [100] 0.1537 0.2292 0.3175 0.4095 - - - -
TBT 0.1519 0.2261 0.3121 0.4017 0.1608 0.2457 0.3478 0.4543
TBT [100] 0.1518 0.2261 0.3121 0.4017
SBT 0.1519 0.2261 0.3123 0.4020 0.1608 0.2457 0.3479 0.4545
SBT [100] 0.1518 0.2261 0.3123 0.4019 - - - -

Quasi-3D TBT 0.1565 0.2347 0.3291 0.4333 0.1603 0.2437 0.3447 0.4530
Quasi-3D SBT 0.1569 0.2357 0.3318 0.4387 0.1603 0.2437 0.3450 0.4535

4 CBT 0.2543 0.3698 0.4777 0.5876 0.2817 0.4280 0.5715 0.7150
CBT [100] 0.2542 0.3698 0.4776 0.5876 - - - -
FOBT 0.2604 0.3794 0.4929 0.6093 0.2877 0.4372 0.5861 0.7359
FOBT [100] 0.2603 0.3794 0.4928 0.6093 - - - -
TBT 0.2594 0.3781 0.4914 0.6067 0.2866 0.4358 0.5844 0.7330
TBT [100] 0.2593 0.3780 0.4913 0.6067 - - - -
SBT 0.2594 0.3781 0.4916 0.6069 0.2866 0.4359 0.5846 0.7332
SBT [100] 0.2593 0.3781 0.4916 0.6069 - - - -

Quasi-3D TBT 0.2726 0.4014 0.5322 0.6777 0.2845 0.4287 0.5745 0.7275
Quasi-3D SBT 0.2737 0.4042 0.5390 0.6904 0.2845 0.4287 0.5751 0.7284

8 CBT 0.3082 0.4429 0.5548 0.6700 0.3494 0.5291 0.6856 0.8408
CBT [100] 0.3081 0.4429 0.5548 0.6700 - - - -
FOBT 0.3155 0.4543 0.5724 0.6946 0.3566 0.5402 0.7029 0.8651
FOBT [100] 0.3154 0.4542 0.5723 0.6946 - - - -
TBT 0.3152 0.4545 0.5744 0.6962 0.3563 0.5404 0.7046 0.8664
TBT [100] 0.3150 0.4545 0.5743 0.6962 - - - -
SBT 0.3152 0.4546 0.5746 0.6963 0.3563 0.5404 0.7048 0.8665
SBT [100] 0.3150 0.4545 0.5745 0.6963 - - - -

Quasi-3D TBT 0.3346 0.4882 0.6297 0.7894 0.3529 0.5291 0.6897 0.8578
Quasi-3D SBT 0.3363 0.4923 0.6389 0.8062 0.3528 0.5292 0.6904 0.8587

oo CBT 0.3316 0.4742 0.5864 0.7028 0.3796 0.5739 0.7341 0.8929
CBT [100] 0.3315 0.4741 0.5864 0.7028 - - - -
FOBT 0.3394 0.4863 0.6050 0.7286 0.3875 0.5860 0.7527 0.9187
FOBT [100] 0.3393 0.4862 0.6049 0.7286 - - - -
TBT 0.3395 0.4874 0.6088 0.7324 0.3875 0.5871 0.7563 0.9221
TBT [100] 0.3394 0.4874 0.6087 0.7324 - - - -
SBT 0.3395 0.4874 0.6089 0.7323 0.3875 0.5871 0.7564 0.9220
SBT [100] 0.3394 0.4874 0.6089 0.7323 - - - -

Quasi-3D TBT 0.3619 0.5258 0.6704 0.8350 0.3833 0.5736 0.7389 0.9119
Quasi-3D SBT 0.3638 0.5305 0.6807 0.8537 0.3833 0.5737 0.7395 0.9129
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Table 3. 3: Dimensionless fundamental frequencies of SiC/Al microbeams (a/h=10).

h/l Theory With Poisson effect Without Poisson effect
p=0.3 1 3 10 p=0.3 1 3 10
1 CBT 12.9001 10.6483 8.9420 7.8015 12.7586 10.4765 8.7436 7.5970
CBT [100] 12.9004 10.6483 8.9420 7.8011 - - - -
FOBT 12.6055 10.3983 8.7111 7.5840 12.4821 10.2486 8.5396 7.4084
FOBT [100] 12.6058 10.3982 8.7110 7.5835 - - - -
TBT 12.8333 10.6010 8.9049 7.7644 12.6967 10.4344 8.7121 7.5663
TBT [100] 12.8337 10.6009 8.9048 7.7640 - - - -
SBT 12.8394 10.6099 8.9109 7.7649 12.6974 10.4340 8.7110 7.5647
SBT [100] 12.8344 10.6004 8.9034 7.7620 - - - -

Quasi-3D TBT  12.7422 10.5093 8.7936 7.6236 12.6894 10.4388 8.7161 7.5587
Quasi-3DSBT  12.7371 10.5001 8.7775 7.6019 12.6906 10.4383 8.7140 7.5559

2 CBT 7.9303 6.6160 5.7362 5.1234 7.6991 6.3380 5.4239 4.8071
CBT [100] 7.9307 6.6159 5.7362 5.1231 - - - -
FOBT 7.8229 6.5211 5.6383 5.0240 7.6052 6.2598 5.3470 4.7308
FOBT [100] 7.8233  6.5211 5.6383 5.0237 - - - -
TBT 7.8718 6.5671 5.6877 5.0734 7.6486 6.2988 5.3872 4.7702
TBT [100] 7.8722 6.5670 5.6876 5.0731 - - - -
SBT 7.8811 6.5838 5.7017 5.0768 7.6489 6.2985 5.3862 4.7690
SBT [100] 7.8725 6.5666 5.6861 5.0713 - - - -
Quasi-3D TBT 7.7504 6.4429 5.5363 4.8816 7.6582 6.3231 5.4091 4.7749
Quasi-3D SBT 7.7418 6.4294 5.5137 4.8513 7.6590 6.3227 5.4072 4.7724

4 CBT 6.0835 5.1348 4.5978 4.1947 5.7793 4.7722 4.2025 3.8022
CBT [100] 6.0840 5.1348 4.5978 4.1945 - - - -
FOBT 6.0110 5.0692 4.5257 4.1186 5.7188 4.7214 4.1494 3.7474
FOBT [100] 6.0115 5.0692 4.5256 4.1184 - - - -
TBT 6.0231 5.0784 4.5327 4.1278 5.7292 4.7292 4.1556 3.7550
TBT [100] 6.0236 5.0783 4.5327 4.1276 - - - -
SBT 6.0354 5.1025 4.5559 4.1349 5.7293 4.7290 4.1548 3.7544
SBT [100] 6.0237 5.0780 4.5316 4.1267 - - - -
Quasi-3D TBT 5.8726 4.9262 4.3533 3.9029 5.7486 4.7672 4.1898 3.7676
Quasi-3D SBT 5.8612 4.9093 4.3262 3.8672 5.7494 4.7669 4.1881 3.7655

8 CBT 5.5262 4.6920 4.2660 3.9284 5.1895 4.2923 3.8368 3.5063
CBT [100] 5.5267 4.6920 4.2659 3.9282 - - - -
FOBT 5.4612 4.6328 4.1996 3.8575 5.1361 4.2474 3.7889 3.4562
FOBT [100] 5.4617 4.6327 4.1995 3.8573 - - - -
TBT 5.4640 4.6314 4.1922 3.8531 5.1385 4.2468 3.7842 3.4537
TBT [100] 5.4646 4.6313 4.1922 3.8528 - - - -
SBT 5.4776 4.6591 4.2201 3.8622 5.1386 4.2466 3.7838 3.4536
SBT [100] 5.4645 4.6311 4.1915 3.8526 - - - -
Quasi-3D TBT 5.3001 4.4671 4.0022 3.6163 5.1619 4.2908 3.8238 3.4696
Quasi-3D SBT 5.2875 4.4487 3.9734 3.5785 5.1627 4.2906 3.8223 3.4678

oo CBT 5.3275 4.5348 4.1495 3.8355 49788 4.1211 3.7078 3.4026
CBT [100] 5.3280 4.5348 4.1494 3.8353 - - - -
FOBT 5.2648 4.4776 4.0849 3.7663 49276 4.0780 3.6615 3.3540
FOBT [100] 5.2654 4.4775 4.0848 3.7661 - - - -
TBT 5.2644 4.4724 4.0720 3.7566 49273 4.0744 3.6527 3.3477
TBT [100] 5.2649 4.4723 4.0719 3.7564 - - - -
SBT 5.2786 4.5016 4.1019 3.7666 49273 4.0743 3.6524 3.3478
SBT [100] 5.2650 4.4722 4.0715 3.7565 - - - -
Quasi-3D TBT 5.0964 4.3042 3.8787 3.5160 49523 4.1209 3.6944 3.3649
Quasi-3D SBT 5.0832 4.2852 3.8493 3.4775 49531 4.1207 3.6930 3.3633

59



Table 3. 4: Dimensionless critical buckling loads of Al,03/SUS304 microbeams (a/h=10).

h/l Theory With Poisson effect Without Poisson effect
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 109.2706 88.8923 80.9467 63.6997 102.9259 83.5272 75.8559 59.1987
CBT [122] - - - - 102.9258 83.5292 75.8558 59.1987
FOBT 107.7255 90.5034 82.4063 63.5569 101.6569 82.5099 74.9253 58.4445
FOBT [122] - - - - 101.7143 82.5580 74.9674 58.4786
TBT 108.9131 91.4867 83.3159 64.3237 102.6399 83.2946 75.6501 59.0435
TBT [122] - - - - 102.6398 83.2967 75.6500 59.0434
SBT 108.9158 91.4901 83.3179 64.3218 102.6425 83.2973 75.6516 59.0425
SBT [122] - - - - 102.6425 83.2994 75.6516 59.0424
Quasi-3D TBT 104.4661 87.6181 79.7097 61.0582 102.6622 86.0353 78.2045 59.7993
Quasi-3D SBT 104.1111 87.3333 79.4222 60.7151 102.6911 86.0600 78.2260 59.8125
2 CBT 45.8232 37.1353 34.0872 27.7156 39.4784 31.7701 28.9964 23.2146
CBT [122] - - - - 39.4784 31.7713 28.9963 23.2146
FOBT 45,3928 37.9704 34.7503 27.8442 39.1884 31.5421 28.7854 23.0333
FOBT [122] - - - - 39.2016 31.5537 28.7950 23.0415
TBT 45,5832 38.1262 34.8962 27.9781 39.3205 31.6455 28.8823 23.1189
TBT [122] - - - - 39.3205 31.6467 28.8823 23.1188
SBT 45.5840 38.1273 34.8968 27.9770 39.3213 31.6463 28.8828 23.1185
SBT [122] - - - - 39.3213 31.6475 28.8276 23.1184
Quasi-3D TBT 41.1488 34.2661 31.2999 24.7285 39.3449 32.6832 29.7946 23.4698
Quasi-3D SBT 40.7918 33.9789 31.0108 24.3864 39.3719 32.7058 29.8147 23.4835
4 CBT 29.9613 24.1960 22.3724 18.7196 23.6166 18.8309 17.2815 14.2186
CBT [122] - - - - 23.6165 18.8318 17.2815 14.2185
FOBT 29.7025 24.7468 22.7544 18.8547 23.4637 18.7124 17.1709 14.1195
FOBT [122] - - - - 23.4706 18.7187 17.1759 14.1239
TBT 29.7443 24.7818 22.7864 18.8821 23.4897 18.7328 17.1896 14.1356
TBT [122] - - - - 23.4896 18.7337 17.1895 14.1355
SBT 29.7447 24.7822 22.7867 18.8817 23.4900 18.7331 17.1897 14.1355
SBT [122] - - - - 23.4900 18.7340 17.1897 14.1354
Quasi-3D TBT 25.3195 20.9280 19.1974 15.6454 23.5156 19.3452 17.6922 14.3868
Quasi-3D SBT 24.9619 20.6401 18.9079 15.3040 23.5421 19.3672 17.7119 14.4008
8 CBT 25.9958 20.9612 19.4436 16.4706 19.6511 15.5960 14.3528 11.9696
CBT [122] - - - - 19.6510 15.5969 14.3528 11.9695
FOBT 25.7731 21.4352 19.7502 16.6035 19.5257 15.4994 14.2623 11.8872
FOBT [122] - - - - 19.5314 15.5047 14.2664 11.8909
TBT 25.7833 21.4448 19.7579 16.6058 19.5318 15.5045 14.2662 11.8892
TBT [122] - - - - 19.5317 15.5053 14.2661 11.8892
SBT 25.7836 21.4451 19.7582 16.6059 19.5320 15.5046 14.2663 11.8893
SBT [122] - - - - 19.5319 15.5055 14.2662 11.8892
Quasi-3D TBT 21.3621 17.5935 16.1718 13.3745 19.5583 16.0106 14.6665 12.1160
Quasi-3D SBT 21.0045 17.3053 15.8822 13.0333 19.5847 16.0325 14.6862 12.1300
oo CBT 24.6825 19.8898 18.4736 15.7257 18.3293 14.5178 13.3766 11.2199
CBT [122] - - - - 18.3292 14.5186 13.3765 11.2198
FOBT 24.4711 20.3379 18.7548 15.8575 18.2208 14.4348 13.2985 11.1475
FOBT [122] - - - - 18.2177 14.4329 13.2961 11.1462
TBT 24.4712 20.3395 18.7547 15.8516 18.2209 14.4352 13.2979 11.1452
TBT [122] - - - - 18.2124 14.4292 13.2916 11.1403
SBT 24.4715 20.3397 18.7550 15.8518 18.2211 14.4354 13.2980 11.1453
SBT [122] - - - - 18.2126 14.4293 13.2917 11.1405
Quasi-3D TBT 20.0515 16.4891 15.1697 12.6223 18.2476 14.9062 13.6645 11.3638
Quasi-3D SBT 19.6937 16.2009 14.8801 12.2813 18.2739 14.9281 13.6841 11.3779
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It can be seen that the results are in excellent agreement with those from previous papers ([100],
[122]) for CBT, FOBT, TBT and SBT with two sets of constitute relations. As expected, the results
from TBT, SBT and quasi-3D theories lie between those from CBT and FOBT. Due to decrement
of beam’s stiffness, the inclusion of Poisson’s effect leads to decrease deflections and increase
natural frequencies and buckling loads. This effect increases with the increase of power-law
index and decrease of material length scale parameter. Besides, due to thickness stretching
effect, it is less pronounced for quasi-3D theories than others. For example, with p=10, the
relative difference between the deflections of two constitute relations using TBT is 5.28%,
24.45%, 25.90%, whereas, it is 1.75%, 8.66%, 9.21% using quasi-3D TBT for h//=1,8 and /=0,
respectively (Table 3.2). It is worth noting that, the exclusion of Poisson’s effect provides better
agreement with those from experiments [123]. Therefore, in the following examples, the

numerical results are computed without this effect.

3.5.2 Parameter study

In this section, effects of length scale parameter, power-law index and slenderness ratio on
bending, vibration and buckling responses of FG microbeams are investigated. Tables 3.5-3.7
present the deflections and stresses of SiC/Al microbeams under uniform loads. Since the results
between TBT and SBT as well as between quasi-3D (TBT) and quasi-3D (SBT) theory are nearly
similar, all figures are presented for TBT and quasi-3D (TBT) only. The variation of deflection
versus material length scale parameter and distribution of stresses through the depth for p=1

and p=10 are plotted in Figs. 3.1-3.4.

It is clear that the results by classical model (/=0) are always higher than those obtained by
size-dependent one (/#0). For the same power-law index, Mori-Tanaka scheme always provides
higher results than the rule of mixture does. Due to very strong size effect (h// = 1), very small
deflections and stresses are obtained. As the size effect decreases, deflections increase with the
increase power-law index and finally approach those from classical model as h// = 20 (Fig. 3.1).
Although TBT and quasi-3D (TBT) give the same axial stress, there is slightly difference in shear
stress (Fig. 3.3). Itis due to the fact that quasi-3D theory includes the thickness stretching effect.
This effect is highlighted in Fig. 3.4. Significant difference in these two material models can be

seen in both numerical results and even in stress distribution.
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Table 3. 5: Dimensionless deflections of SiC/Al microbeams under uniform load (a/h=5).

h/l Theory Mori-Tanaka Scheme Rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 0.0348 0.0685 0.0888 0.1791 0.0348 0.0504 0.0638 0.1512
FOBT 0.0412 0.0806 0.1047 0.2156 0.0412 0.0594 0.0748 0.1816
TBT 0.0363 0.0710 0.0917 0.1849 0.0363 0.0525 0.0662 0.1555
SBT 0.0362 0.0710 0.0917 0.1852 0.0362 0.0525 0.0661 0.1557

Quasi-3DTBT  0.0364 0.0712 0.0920 0.1865 0.0364 0.0527 0.0663 0.1565
Quasi-3DSBT  0.0364 0.0713 0.0920 0.1870 0.0364 0.0527 0.0663 0.1569

2 CBT 0.0935 0.1886 0.2426 0.4473 0.0935 0.1390 0.1781 0.3804
FOBT 0.1034 0.2070 0.2669 0.5048 0.1034 0.1525 0.1948 0.4283
TBT 0.0988 0.1982 0.2547 0.4748 0.0988 0.1464 0.1870 0.4026
SBT 0.0988 0.1981 0.2548 0.4757 0.0988 0.1463 0.1869 0.4035

Quasi-3D TBT  0.0990 0.1975 0.2534 0.4759 0.0990 0.1461 0.1861 0.4021
Quasi-3DSBT  0.0989 0.1975 0.2535 0.4771 0.0989 0.1461 0.1861 0.4034

4 CBT 0.1616 0.3356 0.4280 0.7150 0.1616 0.2475 0.3229 0.6127
FOBT 0.1764 0.3636 0.4647 0.7983 0.1764 0.2681 0.3485 0.6823
TBT 0.1738 0.3588 0.4590 0.7864 0.1738 0.2644 0.3439 0.6753
SBT 0.1737 0.3588 0.4591 0.7873 0.1737 0.2643 0.3439 0.6766

Quasi-3DTBT  0.1734 0.3546 0.4516 0.7809 0.1734 0.2623 0.3391 0.6670
Quasi-3DSBT  0.1734 0.3546 0.4518 0.7822 0.1734 0.2622 0.3391 0.6689

8 CBT 0.1976 0.4169 0.5291 0.8408 0.1976 0.3076 0.4053 0.7231
FOBT 0.2154 0.4511 0.5737 0.9380 0.2154 0.3328 0.4367 0.8045
TBT 0.2145 0.4501 0.5743 0.9428 0.2145 0.3312 0.4353 0.8161
SBT 0.2144 0.4501 0.5744 0.9430 0.2144 0.3312 0.4352 0.8170

Quasi-3DTBT  0.2136 0.4426 0.5615 0.9313 0.2136 0.3274 0.4269 0.8010
Quasi-3DSBT  0.2136 0.4426 0.5617 0.9322 0.2136 0.3274 0.4269 0.8026

o CBT 0.2133 0.4532 0.5739 0.8929 0.2133 0.3345 0.4427 0.7690
FOBT 0.2325 0.4904 0.6223 0.9961 0.2325 0.3619 0.4770 0.8556
TBT 0.2325 0.4915 0.6264 1.0097 0.2325 0.3615 0.4772 0.8773
SBT 0.2325 0.4915 0.6265 1.0094 0.2325 0.3614 0.4772 0.8778

Quasi-3DTBT  0.2314 0.4822 0.6108 0.9950 0.2314 0.3568 0.4669 0.8585
Quasi-3DSBT  0.2313 0.4823 0.6109 0.9956 0.2313 0.3567 0.4670 0.8599
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Table 3. 6: Dimensionless axial stress oy (a/2, h/2) of SiC/Al microbeams under uniform load

(a/h=5).
h/ Theory Mori-Tanaka Scheme Rule of mixture
p=0 0.5 1 10 p=0 05 1 10
1 CBT 0.6119 0.9204 1.1128 2.6143 0.6119 0.7493 0.8520 1.9549
FOBT 0.5436 0.8187 0.9895 2.3130 0.5436 0.6665 0.7584 1.7304
TBT 0.5987 0.9039 1.0941 2.5638 0.5987 0.7345 0.8367 1.9205
SBT 0.5974 0.9014 1.0906 2.5539 0.5974 0.7328 0.8345 1.9127

Quasi-3DTBT 0.6001 0.9082 1.1014 2.5431 0.6001 0.7367 0.8422 1.9205
Quasi-3DSBT  0.6031 0.9145 1.1092 2.5593 0.6031 0.7417 0.8481 1.9326

2 CBT 1.6433 2.5336 3.0407 6.5295 1.6433 2.0639 2.3801 4.9192
FOBT 1.5865 2.4475 2.9369 6.2943 1.5865 1.9938 2.3001 4.7428
TBT 1.6245 2.5114 3.0142 6.4505 1.6245 2.0448 2.3601 4.8630
SBT 1.6255 2.5130 3.0158 6.4506 1.6255 2.0463 2.3618 4.8625

Quasi-3DTBT  1.6284 2.5137 3.0187 6.3948 1.6284 2.0447 2.3634 4.8485
Quasi-3DSBT  1.6365 2.5314 3.0408 6.4414 1.6284 2.0447 2.3634 4.8485

4 CBT 2.8398 4.5094 5.3636 10.4371 2.8398 3.6764 4.3150 7.9226
FOBT 2.8099 4.4623 5.3075 10.3243 2.8099 3.6381 4.2702 7.8372
TBT 2.8450 4.5277 5.3876 10.4667 2.8450 3.6891 4.3319 7.9555
SBT 2.8470 4.5315 5.3925 10.4753 2.8470 3.6919 4.3354 7.9630

Quasi-3D TBT  2.8479 4.5034 5.3519 10.3383 2.8479 3.6718 4.3053 7.8851
Quasi-3DSBT  2.8620 4.5354 5.3920 10.4199 2.8620 3.6970 4.3367 7.9491

8 CBT 3.4718 5.6014 6.6299 12.2733 3.4718 4.5689 5.4156 9.3497
FOBT 3.4618 5.5853 6.6108 12.2376 3.4618 4.5557 5.4000 9.3225
TBT 3.5037 5.6662 6.7142 12.4263 3.5037 4.6164 5.4752 9.4918
SBT 3.5064 5.6714 6.7211 12.4384 3.5064 4.6202 5.4800 9.5034

Quasi-3D TBT  3.5036 5.6138 6.6361 12.2402 3.5036 4.5821 5.4167 9.3708
Quasi-3DSBT  3.5208 5.6540 6.6860 12.3379 3.5208 4.6135 5.4565 9.4487

o CBT 3.7481 6.0899 7.1922 13.0327 3.7481 4.9683 5.9153 9.9429
FOBT 3.7480 6.0898 7.1921 13.0325 3.7480 4.9682 5.9151 9.9427
TBT 3.7947 6.1811 7.3113 13.2534 3.7947 5.0354 5.9994 10.1470
SBT 3.7868 6.1651 7.2887 13.1975 3.7868 5.0245 5.9852 10.0953

Quasi-3D TBT  3.7926 6.1129 7.2093 13.0376 3.7926 4.9916 5.9227 9.9991
Quasi-3DSBT  3.8112 6.1567 7.2637 13.1415 3.8112 5.0258 5.9665 10.0823
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Table 3. 7: Dimensionless shear stress ox, (0,0) of SiC/Al microbeams under uniform load

(a/h=5).
h/l Theory Mori-Tanaka Scheme Rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 FOBT 0.3181 0.2948 0.2612 0.2583 0.3181 0.3296 0.3104 0.2173
TBT 0.1019 0.0896 0.0727 0.0656 0.1019 0.1091 0.0977 0.0506
SBT 0.1049 0.0929 0.0766 0.0719 0.1049 0.1114 0.1007 0.0559

Quasi-3D TBT 0.1064 0.0959 0.0798 0.0773 0.1064 0.1146 0.1036 0.0602
Quasi-3D SBT 0.1095 0.0995 0.0840 0.0840 0.1095 0.1173 0.1069 0.0660

2 FOBT 0.4002 0.3683 0.3271 0.3303 0.4002 0.4118 0.3862 0.2774
TBT 0.2868 0.2600 0.2258 0.2225 0.2868 0.2972 0.2744 0.1842
SBT 0.2955 0.2693 0.2365 0.2386 0.2955 0.3047 0.2829 0.1996

Quasi-3D TBT 0.2926 0.2698 0.2370 0.2393 0.2926 0.3057 0.2840 0.1990
Quasi-3D SBT 0.3014 0.2793 0.2479 0.2555 0.2926 0.3057 0.2840 0.1990

4 FOBT 0.5020 0.4641 0.4116 0.4085 0.5020 0.5190 0.4878 0.3436
TBT 0.5242 0.4922 0.4500 0.4584 0.5242 0.5361 0.5098 0.4066
SBT 0.5402 0.5088 0.4681 0.4808 0.5402 0.5512 0.5256 0.4304

Quasi-3D TBT 0.5240 0.4959 0.4552 0.4664 0.5240 0.5383 0.5136 0.4143
Quasi-3D SBT 0.5398 0.5123 0.4731 0.4881 0.5398 0.5534 0.5293 0.4377

8 FOBT 0.5625 0.5231 0.4631 0.4508 0.5625 0.5850 0.5519 0.3798
TBT 0.6643 0.6357 0.5932 0.6060 0.6643 0.6790 0.6553 0.5562
SBT 0.6845 0.6564 0.6151 0.6286 0.6845 0.6988 0.6755 0.5815

Quasi-3D TBT 0.6582 0.6317 0.5906 0.6045 0.6582 0.6737 0.6513 0.5553
Quasi-3D SBT 0.6779 0.6520 0.6120 0.6262 0.6779 0.6931 0.6710 0.5798

oo FOBT 0.5971 0.5572 0.4927 0.4749 0.5971 0.6232 0.5891 0.4003
TBT 0.7336 0.7079 0.6661 0.6797 0.7336 0.7503 0.7289 0.6337
SBT 0.7553 0.7303 0.6893 0.7013 0.7553 0.7720 0.7508 0.6585

Quasi-3D TBT 0.7235 0.6988 0.6584 0.6725 0.7235 0.7398 0.7194 0.6276
Quasi-3D SBT 0.7446 0.7206 0.6809 0.6932 0.7446 0.7608 0.7407 0.6515
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Table 3. 8: Dimensionless fundamental frequencies of SiC/Al microbeams (a/h=5).

h/l Theory Mori-Tanaka Scheme Rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 16.0020 11.6321 10.3181 7.4958 16.0020 13.5770 12.1927 8.1401
FOBT 14.7917 10.7926 9.5724 6.8775 14,7917 12.5885 11.3293 7.4837
TBT 15.7140 11.4489 10.1757 7.3899 15.7140 13.3318 11.9948 8.0425
SBT 15.7174 11.4501 10.1748 7.3849 15.7174 13.3364 11.9971 8.0375
Quasi-3D TBT 15.6249 11.3964 10.1345 7.3354 15.6249 13.2627 11.9444 7.9967
Quasi-3D SBT 15.6304 11.3984 10.1336 7.3285 15.6304 13.2692 11.9477 7.9887
2 CBT 9.7649 7.0135 6.2452 4.7439 9.7649 8.1817 7.2974 5.1338
FOBT 9.3153 6.7150 5.9757 4.4815 9.3153 7.8316 6.9992 4.8579
TBT 9.5175 6.8550 6.1087 4.6144 9.5175 7.9867 7.1369 5.0026
SBT 9.5191 6.8554 6.1078 4.6104 9.5191 7.9888 7.1380 4.9975
Quasi-3D TBT  9.4917 6.8550 6.1160 4.5998 9.4917 7.9776 7.1420 4.9979
Quasi-3DSBT  9.4950 6.8561 6.1154 4.5952 9.4950 7.9809 7.1435 4.9913
4 CBT 7.4281 5.2575 4.7027 3.7523 7.4281 6.1304 5.4202 4.0457
FOBT 7.1237 5.0613 4.5236 3.5599 7.1237 5.9008 5.2281 3.8445
TBT 7.1753 5.0937 4.5509 3.5864 7.1753 5.9407 5.2614 3.8645
SBT 7.1761 5.0938 4.5503 3.5846 7.1761 5.9416 5.2619 3.8610
Quasi-3DTBT  7.1713 5.1170 4.5826 3.5927 7.1713 5.9547 5.2913 3.8833
Quasi-3DSBT  7.1738 5.1179 4.5823 3.5902 7.1738 5.9568 5.2922 3.8786
8 CBT 6.7181 4.7173 4.2300 3.4603 6.7181 5.4993 4.8382 3.7243
FOBT 6.4448 4.5428 4.0701 3.2832 6.4448 5.2952 4.6687 3.5393
TBT 6.4583 4.5477 4.0683 3.2755 6.4583 5.3073 4.6764 3.5157
SBT 6.4588 4.5478 4.0680 3.2752 6.4588 5.3078 4.6767 3.5139
Quasi-3D TBT 6.4615 4.5801 4.1098 3.2901 6.4615 5.3296  4.7159 3.5444
Quasi-3DSBT  6.4638 4.5808 4.1097 3.2890 6.4638 5.3314 4.7166 3.5413
o CBT 6.4657 4.5242 4.0613 3.3580 6.4657 5.2736 4.6294 3.6115
FOBT 6.2021 4.3564 3.9073 3.1857 6.2021 5.0775 4.4667 3.4317
TBT 6.2025 4.3518 3.8952 3.1651 6.2025 5.0801 4.4657 3.3909
SBT 6.2029 4.3518 3.8949 3.1655 6.2029 5.0804 4.4659 3.3900
Quasi-3DTBT  6.2085 4.3877 3.9406 3.1830 6.2085 5.1057 4.5091 3.4237
Quasi-3DSBT  6.2107 4.3884 3.9406 3.1825 6.2107 5.1073 4.5097 3.4200
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Table 3. 9: Dimensionless fundamental frequencies of SiC/Al microbeams (a/h=10).

h/l  Theory Mori-Tanaka Scheme Rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 16.1966 11.7981 10.4765 7.5970 16.1966 13.7529 12.3671 8.2646
FOBT 15.8337 11.5436 10.2486 7.4084 15.8337 13.4558 12.1057 8.0624
TBT 16.1144 11.7447 10.4344 7.5663 16.1144 13.6824 12.3095 8.2357
SBT 16.1152 11.7449 10.4340 7.5647 16.1152 13.6837 12.3100 8.2341
Quasi-3D TBT  16.0945 11.7428 10.4388 7.5587 16.0945 13.6728 12.3100 8.2363
Quasi-3D SBT  16.0963 11.7432 10.4383 7.5559 16.0963 13.6747 12.3107 8.2330
2 CBT 9.8837 7.1113 6.3381 4.8071 9.8837 8.2867 7.3994 5.2101
FOBT 9.7550 7.0251 6.2598 4.7308 9.7550 8.1863 7.3134 5.1293
TBT 9.8140 7.0661 6.2988 4.7702 9.8140 8.2316  7.3536 5.1723
SBT 9.8144  7.0662  6.2985 4.7690 9.8144  8.2321  7.3539 5.1707
Quasi-3D TBT 9.8072 7.0825  6.3231 4.7749 9.8072  8.2393  7.3747 5.1889
Quasi-3D SBT 9.8087 7.0829  6.3227 4.7724 9.8087 8.2406 7.3751 5.1855
4 CBT 7.5185 5.3304 4.7722 3.8022 7.5185 6.2089 5.4955 4.1055
FOBT 7.4332 5.2751 4.7214 3.7474 7.4332 6.1445 5.4415 4.0479
TBT 7.4479 5.2843 4.7292 3.7550 7.4479 6.1559 5.4510 4.0534
SBT 7.4481  5.2844 47290 3.7544 7.4481 6.1561 5.4511 4.0523
Quasi-3D TBT 7.4468 5.3125 4.7672 3.7676 7.4468 6.1733  5.4856 4.0810
Quasi-3D SBT 7.4484 53128 4.7669 3.7655 7.4484  6.1745 5.4857 4.0779
8 CBT 6.7998  4.7827  4.2923 3.5063 6.7998 5.5696  4.9054 3.7792
FOBT 6.7238  4.7339  4.2474 3.4562 6.7238 5.5129 4.8581 3.7266
TBT 6.7276 47352  4.2468 3.4537 6.7276  5.5163  4.8603 3.7192
SBT 6.7277 4.7352 4.2466 3.4536 6.7277 5.5164 4.8604 3.7187
Quasi-3D TBT 6.7285 4.7684  4.2908 3.4696 6.7285 5.5376  4.9007 3.7516
Quasi-3D SBT 6.7301 4.7687  4.2906 3.4678 6.7301  5.5387 4.9008 3.7488
o  CBT 6.5444 45869 4.1211 3.4026 6.5444  5.3410 4.6937 3.6647
FOBT 6.4713 4.5401 4.0780 3.3540 6.4713  5.2867 4.6484 3.6138
TBT 6.4713  4.5387 4.0744 3.3477 6.4713  5.2874 4.6481 3.6013
SBT 6.4714 45387 4.0743 3.3478 6.4714  5.2875 4.6482 3.6010
Quasi-3D TBT 6.4731 45740 4.1209 3.3649 6.4731 5.3102 4.6909 3.6356
Quasi-3D SBT 6.4747 45743  4.1207 3.3633 6.4747 5.3113 4.6910 3.6330

68



Table 3. 10: Dimensionless critical buckling loads of SiC/Al microbeams (a/h=5).

h/I Theory Mori-Tanaka Scheme Rule of mixture

p=0 0.5 1 10 p=0 0.5 1 10
CBT 368.9461 187.6062 144.7108 71.7514 368.9461 254.7402 201.5379 85.0019
FOBT 310.5978 160.9292 124.6102 61.7351 310.5978 218.6399 174.4544 73.1689
TBT 354.1249 180.8209 140.0364 69.4318 354.1249 244.3914 194.0359 82.6019
SBT 354.2790 180.8531 139.9959 69.3196 354.2790 244.5700 194.1098 82.4758
Quasi-3D TBT 354.6933 181.4854 140.6387 69.5886 354.6933 245.1900 194.8498 82.8707
Quasi-3D SBT 354.8704 181.5266 140.6068 69.4809 354.8704 245.3746 194.9271 82.7386
CBT 137.3900 68.1560 52.9616 28.7283 137.3900 92.4829 72.1428 33.7797
FOBT 124.0410 62.4722 48.6502 26.0529 124.0410 84.9125 66.7563 30.7010
TBT 129.8802 64.7694 50.3920 27.0246 129.8802 87.6942 68.6522 31.8762
SBT 129.9246 64.7767 50.3737 26.9727 129.9246 87.7416 68.6725 31.8019
Quasi-3D TBT 130.4657 65.4449 51.0256 27.2470 130.4657 88.4632 69.4552 32.2157
Quasi-3D SBT 130.5332 65.4602 51.0144 27.1995 130.5332 88.5192 69.4786 32.1388
CBT 79.5009 38.2935 30.0243 17.9726 79.5009 51.9186 39.7940 20.9741
FOBT 72.6931 35.3507 27.7292 16.2486 72.6931 48.0757 37.0774 19.0300
TBT 73.8107 35.7506 27.9480 16.3030 73.8107 48.5182 37.3062 18.9845
SBT 73.8277 35.7525 27.9396 16.2849 73.8277 48.5334 37.3131 18.9470
Quasi-3D TBT  74.4088 36.4348 28.6071 16.5816 74.4088 49.2648 38.1008 19.3890
Quasi-3D SBT  74.4489 36.4437 28.6041 16.5650 74.4489 49.2907 38.1105 19.3483
CBT 65.0287 30.8279 24.2899 15.2836 65.0287 41.7775 31.7068 17.7727
FOBT 59.5305 28.3968 22.3653 13.7366 59.5305 38.6308 29.4669 16.0395
TBT 59.7916 28.4947 22.3291 13.5907 59.7916 38.7239 29.4697 15.6980
SBT 59.8018 28.4953 22.3244 13.5877 59.8018 38.7311 29.4733 15.6806
Quasi-3D TBT 60.3946 29.1822 22.9987 13.8927 60.3946 39.4618 30.2609 16.1306
Quasi-3D SBT  60.4278 29.1895 22.9985 13.8894 60.4278 39.4804 30.2671 16.1090
CBT 60.2355 28.3553 22.3907 14.3930 60.2355 38.4188 29.0283 16.7124
FOBT 55.1416 26.0779 20.5767 12.8990 55.1416 35.4813 26.9291 15.0425
TBT 55.1483 26.0913 20.4668 12.6871 55.1483 35.4799 26.8743 14.5981
SBT 55.1562 26.0916 20.4636 12.6904 55.1562 35.4845 26.8767 14.5897
Quasi-3D TBT  55.7531 26.7802 21.1405 12.9983 55.7531 36.2145 27.6641 15.0419
Quasi-3D SBT  55.7841 26.7869 21.1415 13.0005 55.7841 36.2309 27.6692 15.0288
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Table 3. 11: Dimensionless critical buckling loads of Al,03/SUS304 microbeams (a/h=5).

h/l Theory Mori-Tanaka Scheme Rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 102.9259 83.5272 75.8559 59.1987 102.9259 86.2293 78.3554 59.9323
FOBT 86.0687 69.9834 63.4828 49.2406 86.0687 72.2650 65.6283 49.8307
TBT 98.5842 79.9966 72.7288 56.8378 98.5842 82.5560 75.0903 57.5577
SBT 98.6269 80.0392 72.7542 56.8261 98.6269 82.6046 75.1226 57.5446
Quasi-3D TBT 98.8844 80.2800 72.9823 56.9828 98.8844 82.8519 75.3618 57.7019
Quasi-3DSBT 98.9519 80.3415 73.0273 56.9914 98.9519 82.9189 75.4128 57.7094
2 CBT 39.4784 31.7701 28.9964 23.2146 39.4784 32.7631 29.8462 23.5407
FOBT 35.3465 28.5139 25.9872 20.6480 35.3465 29.4140 26.7761 20.9276
TBT 37.1259 29.9112 27.2953 21.7917 37.1259 30.8452 28.1034 22.0945
SBT 37.1384 29.9236 27.3026 21.7872 37.1384 30.8593 28.1128 22.0891
Quasi-3D TBT  37.4450 30.2020 27.5648 21.9705 37.4450 31.1459 28.3860 22.2751
Quasi-3D SBT  37.4825 30.2338 27.5913 21.9847 37.4825 31.1792 28.4142 22.2887
4 CBT 23.6166 18.8309 17.2815 14.2186 23.6166 19.3965 17.7189 14.4429
FOBT 21.3975 17.1068 15.6747 12.7900 21.3975 17.6265 16.0893 12.9847
TBT 21.7522 17.3858 15.9291 13.0070 21.7522 179144 16.3512 13.2026
SBT 21.7573 17.3905 15.9320 13.0066 21.7573 17.9196 16.3549 13.2017
Quasi-3D TBT 22.0851 17.6820 16.2104 13.2116 22.0851 18.2184 16.6420 13.4112
Quasi-3D SBT  22.1151 17.7064 16.2323 13.2282 22.1151 18.2434 16.6645 13.4275
8 CBT 19.6511 15.5960 14.3528 11.9696 19.6511 16.0549 14.6871 12.1684
FOBT 17.8226 14.1831 13.0317 10.7765 17.8226 14.6054 13.3503 10.9494
TBT 17.9069 14.2537 13.0859 10.8058 17.9069 14.6810 13.4120 10.9738
SBT 17.9102 14.2565 13.0878 10.8071 17.9102 14.6841 13.4144 10.9747
Quasi-3D TBT  18.2452 14.5519 13.3718 11.0206 18.2452 14.9863 13.7060 11.1935
Quasi-3D SBT  18.2733 14.5745 13.3925 11.0381 18.2733 15.0093 13.7270 11.2109
oo CBT 18.3377 14.5247 13.3828 11.2247 18.3377 14.9481 13.6829 11.4151
FOBT 16.6307 13.2083 12.1505 10.1052 16.6307 13.5980 12.4371 10.2709
TBT 16.6331 13.2162 12.1440 10.0760 16.6331 13.6101 12.4384 10.2348
SBT 16.6358 13.2183 12.1456 10.0779 16.6358 13.6123 12.4403 10.2364
Quasi-3D TBT 16.9734 13.5152 12.4316 10.2947 16.9734 13.9158 12.7335 10.4587
Quasi-3D SBT 17.0009 13.5372 12.4520 10.3125 17.0009 13.9381 12.7542 10.4765
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The fundamental natural frequencies and critical buckling loads of SiC/Al and Al,05/SUS304
microbeams are presented in Tables 3.8-3.11. Since classical model cannot capture size effect,
its results differ significantly with those from the proposed model. It is interesting to see that for
classical model, due to ignoring the thickness stretching effect, the results from FOBT, TBT and
SBT are slightly underestimate when comparing with those from quasi-3D theories. However,
when size effect is incorporated, this tendency is different and depends on size effect. For
example, when this effect is strong (h//=1), fundamental frequencies from quasi-3D theories are
slightly lower than those from TBT and SBT (Tables 3.8 and 3.9). The effect of length scale
parameter on the frequencies and buckling loads of micro FG beams is sketched on Figs. 3.5 and
3.6. It can be seen again that when beam’s depth is very small at micron scale, this effect is

significant, but become negligible as beam’s depth increases.
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Fig. 3. 5: Dimensionless fundamental frequencies of SiC/Al microbeams using TBT and
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Fig. 3. 6: Dimensionless critical buckling loads of SiC/Al microbeams using TBT and
quasi-TBT.
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3.6 Concluding remarks

The mechanical behaviours of the simply supported functionally graded beams based on the
modified couple stress theory is investigated in this chapter. While the displacement fields of
beams are governed by the unified framework which covers various beam theories, the modified
couple stress theory efficiently captures the size-dependent effects of the small-scale beams.
The numerical examples of the bending, vibration and buckling behaviours of microbeams
sufficiently prove the validity and accuracy of the proposed approach. These solutions also
reveal that the increase of material length scale ratio leads to the growth in beams’ stiffness.
Consequently, there is a decrease in displacements, stresses as well as an increase in natural

frequency and critical buckling load of microbeams.
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CHAPTER 4
FREE VIBRATION OF BIDIRECTIONAL FUNCTIONALLY GRADED MICROBEAMS

4.1 Introduction

Following the introduction of the MCST in Chapter Three for the analysis of FG beams, this
section briefly reviews the publications on the bidirectional functionally graded (BDFG) beams,
in which the material properties can be tailored in both the longitudinal and thickness directions.
Lu et al. [124] analysed the bending and thermal deformations of BDFG beams using a system
of state space equations on the combination of stress and displacement variables. Lezgy-
Nazargah [125] studied the fully coupled thermos-mechanical static behaviour of BDFG beams
using NURBS isogeometric finite element method. Simsek analysed the free and force vibration
[126] and buckling [127] of BDFG beams under various BCs. Hao and Wei [128] studied the
dynamic characteristics of BDFG beams using a FOBT model. Utilising the NURBS-based
isogeometric method, Huynh et al. [129] analysed the free vibration of various types of BDFG
beams. Karamanli [130] studied the bending behaviour of a BDFG beams using different shear
deformation theories using the symmetric smoothed particle hydrodynamics method. He then
expanded this solution for BDFG sandwich beams using a quasi-3D theory [131]. However, only
few anthors investigated the small-scale analysis of BDFG beams. Nejad and Hadi [132, 133]
analysed bending and vibration of BDFG nanobeams. Nejad et al. [134] also studied the buckling
behaviour of these beams. In their papers, they developed the Eringen’s nonlocal theory based
on the CBT model with the GDQM. Shafiei and Kazemi [135] studied the buckling behaviour of
BDFG porous tapered nano-/micro-scale beams using the CBT. Shafiei et al. [136] also

investigated the vibration of imperfect BDFG porous nano-/micro-beams using the FOBT.

This chapter presents a quasi-3D theory which includes both the transverse shear and normal
deformation effects for the free vibration of conventional FG and BDFG microbeams. The state
space method is applied to analytically solve the governing equations for natural frequencies
and vibration mode shapes of microbeams. The HOBT can be also deduced from the present
quasi-3D theory as a special case by neglecting the normal stretching effect. The effect of
material properties, geometric parameters and BCs on the free vibration behaviour of

conventional and BDFG microbeams are discussed.

4.2 BDFG materials
Consider a BDFG microbeam with its dimensions and coordinate shown in Fig. 4.1a. The typical

material properties of BDFG microbeams are expressed as:
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P(x,z)=e""P(2) (4.1)
where P(x,z) stands for Young’s modulus E(x,z) or mass density p(x,z). Poisson’s ratio

is assumed to be constant [126, 129]. The material properties vary exponentially along
1
the axial direction describing by V, (x)=n, [1-’-5) P(z) is the function governing the
a

variation of material properties across the thickness. Three types of FG beams are

considered in this chapter including:

Type A: P(z)=(P. —Pm)G+%j +P, (4. 2a)
Type BD1 [126]: P(z):Poevz(z) , Where V,(z)=n, (%+%J (4. 2b)

2n 2 ifze[—ﬂ;o}
h 2

-2n, Zifze O;ﬁ
h 2

where P.and P, are the material properties of ceramic and metal, and n; is the power-law index

Type BD2 [129]: P(z):Poevz(z) , Where V,(z)= (4. 2¢)

in Type A. For Types BD1 and BD2, Py is the based material properties, whilst nx and n; are
the exponential indices in x and z directions, respectively. The variation of Young’s
modulus is illustrated in Fig. 4.1 for conventional FG microbeams (ns=0, n,=2) and BDFG

microbeams (ny=n,=2).
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Fig. 4. 1: Co-ordinate and variation of Young’s modulus in BDFG beams (n,=0, n,=2).

4.3 Kinematics and constitutive relations
The displacement field which includes both transverse shear and normal deformation effects is

assumed as follows [137, 138]:
u(x,z,t)=U(x,t)—zW, (x,t)-f(2)W, (x,t) (4. 3a)

w(x,z,t)=W, (x,t)+W,(x,t)+g(z)W,(x,t) (4. 3b)

where U,W,,W,and W, are the mid-plane displacements of the axial, bending, shear and

3
stretching components. f(z):%z— and g(z)=1_dfd(2)
z

x are the shape functions of the

higher-order and stretching displacements. The non-zero strain components related to the

above displacement field are obtained as:

g =U—2W, - f(z)W, (4. 4a)

N zag_(z)Wz (4. 4b)
0z

Ve =9(2)(W, +W,) (4. 4c)

The rotation vector is expressed as:

1 C1 . of(2)| . 1 :
6 =—curluf =-W, —=|1+—2 |W. ——g(z)W. 4.5a
Y2 & 0 F 2[ oz | ° zg( . (4. 53]
6,=6,=0 (4. 5b)
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Hence, the non-zero curvature components are given by:

00, 06, 1 o1 of(2), . 1 .
==, S 1 —L W =g ()W, 4.6
& 6y+6x 2{ g 2{ e | 2g(z) ’ (4. 62)
o0 2 , .
5, =00 00 1] Of(2),, 00(z),, (4. 6b)
oy 0z 4 0z 0z

The linear elastic constitutive relations are expressed for the stress and deviatoric part of couple

stress tensors as:

o, = Q, 0 |j¢ (4. 7a)

m
{m” } _ap y{?’} (4. 7b)
xy xy

Ee ) e p gl

G = 2(1+v)

where Q,=Q,, = Qg = , | is the material length

1-v2 1-v°

scale parameter [36]. The value of / can be determined from experiments, e.g. I=17.6um for

homogeneous epoxy beams [7].

By substituting Egs. (4.4) and (4.6) into Eq. (4.7), the stress and deviatoric part of couple stress

tensors are rewritten in terms of displacement components as:

U —2W ~f(2)W,

o Q Q
X 11 13 ag(z)
O, (= Q,; W, (4. 8a)
Q 0z
o,, sym. , ,
“I a(2)(w+w,)
0 . .
_107% (22) (W, +w,)
{m”}—ZIZQG 4 0oz (4. 8b)
m [ ° . 0 . . '
” ES Ve PO LI VWA
2 2 0z 2
4.4 Governing equations
Hamilton’s principle is employed to obtain the equations of motion:
[(su-sK)dt=0 (4.9)

t

where SU and 6K denote the variation of strain and kinetic energy of the microbeam.
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The variation of the strain energy is written in terms of displacements as:

a/2 h/2
oU = I J (0',.},55,.1.+m,}6)(,j )dzdx

—aj2 -h/2

a/2 h/2
= J J [0,0€, +0,0¢, +0,,0,,+2m, o7, +2myz§;(yz]dzdx

—a/2-h/2

- T o) {Nxé‘ul —~M, W, —P,6W, +0,6W, +(QXZ —%xyz](aws' +<3Wz')

—-a/2

R, oW, —(R,, +S,, )OW, ~T, oW, ]dx (4. 10)

where the stress resultants are expressed as:

e B2 ..
(NP )= | (12,5)—5[U —2W, —f(2)W, +W, ]z (4.
—h/2 L
h/2 E
o-]% ) g (4.
02 1-v
h/2
Iy PR Y a
i 2(1+v)
"oof VL.E@) . 1 of 1
R ,S T 1,—,g |P—2| W, —=|1+— W, —=gW. |d 4.
O (e e W
h/2 A2 E— ‘
xyzz1 | %/2ﬁ(—ws +W, )dz (4.
2.3, 0z~ 1+v
The stress resultants can be rewritten as:
N, =[o,dA=AU —BW, ~BW, +XW, 4.
M, = j 20, dA=BU —DW, —DW. +YW, (4.
P.=[fo,dA=BU —DW, —HW, +YW, (4.
A
og . y ;
0,= [0, ZdA=XU ~YW, —Y,W, +2W, (4.
v 0z
Q, = jga dA=A, (W, +W,) (a.
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11a)

11b)

11c)

11d)

1le)

12a)

12b)

12c)

12d)

12e)



ny = ImxydA = _Ame“ _%(Am + B’" )VVSH _%E’"VVZ"
A

S,y = IgmxydA =-B,W, —%(Bm +C, )W, —%mez”

" 0z

where

B2

P E
(A.B,8,,D,0,,H,2)= | 1,z,f,z2,fz,f2,(@] (2)
~h/2 dz

h/2
A = IgZ—E(z) dz
2 2(1+v)

hf2

(xv.)= [ (Lz.f)

“hj2

a_g—E(z) dz
0z 2(1+v)

h/2 2
(401811 Cs D Epy Fo s Hy = Iﬂl{l g (a—fj ,a—fg,g,gz,(
4

1+v "0z'\ 6z ) "oz

—hj2

The variation of the kinetic energy is presented by:

a/2 h/2
oK = I J p(x,2) (6,60, + 0,60, ) dzdx
-a/2-h/2
a/2

= J e {/0 [U5U+(Wb +W, )5 (W, +W, )]+ Jy [(Wb +W, ) SW, +W,5 (W, +W, )]

-a/2
1, (U(SWb +vi/5'50)+/2\/i4;51/i4; —J, (UéWs +WS'5(J)
OV, ., (WSO, + W00, ) + K, 0w, | o

where

hf2

(ool o didy Ko o )= [ (12,270, 2,97, ) p(2) dz

—hJ2
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(4. 12f)

(4. 12g)

(4.12h)

(4. 12i)

(4. 13a)

(4. 13b)

(4.13c)

(4. 13d)

(4.14)

(4. 15)



Substituting Egs. (4.10) and (4.14) into Eq. (4.9), integrating by parts and gathering the
coefficients of SU,6W,,6W, and 6W,, and considering that V, (x)=n, (£+%J,the equations of

a

motion can be obtained:

N+ DN =1 01, — W, (4. 16a)
a

2 2
M, +22 M + M,+R., +22R + R,
a a a a

=1, (W, +W, )+ J,W, +(%/1U+/IU')—(%X/2W; +IZW;)—(Z—XJ2WS' +JzVVs"j (4. 16b)

2 2
P, +2 XP+( ]P+Q + XQXZ+ R +2—R +( ]ny
a 2 a a

1] n, n, ’ (.. n,
+E SXy-i-Z?SXy-i- ; Sxy —5 Xyz-i-?XyZ

A A A A ey (4. 160
a a a
1 n Y
-0,+Q, + XQXZ— X, +—X +=| T, +2 LT+ == | T, (=1, (W, +W, )+ KW, (4. 16d)
2 a 2 a

The essential BCs are expressed as:

SW,: M, +M, + 2R +R, =Lo'W, + o'W, (4.17a)
a a
W, :M, +R,, =0 (4.17b)

S X

1.1 )1 . . .
OW,:P, +Q, ~_ X, +5(%ny +ny)+5(%*sxy +5Xy)=—11a>2U+K2wZWS + LW, (4.17¢)

: 1

W, :P, +5(ny +S,,)=0 (4.17d)
1 1(n .

OW,:Q, ==X, +E(FXT” + Txyj =0 (4.17e)

SW, :T,, =0 (4. 17f)

The governing equations are expressed in terms of displacements as:
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(AU -BwW, -B W, +XWZ')+n—X(AU' —BW, —BW, + XW, )
a

=~ @*U+1,0*"W, + J.&*W. 4.18a
0 1 b 1 s

iv iv " n " '
BU" -DW," -DW" +YW, +2==(BU —DW, -D,W, +YW,)
a

2
nx ! " " iv 1 iv 1 iv
+(;) (BU -DW, —DW, +L,,W,)-A, W, )_E(AmeBm)Wf )—EEsz( )

2
I R Vo P N |V PR P
a 2 2 a 2 2

=~y (W, + W, )~ Sy’ W, — ;0 [n—XU+U'j+IZa}2 (”—XW; +Wb”j+12a)2 (n—XWS' +Ws"j (4. 18b)
a a a

iv iv " n " '
BU -DW" —HW™ +Y W, +2-2(BU —DW, —HW, +YW, )
a

+(%ij (BU ~DW, —HW, +YW, )+ A, (W, +W, )+%XAS (W, +w,)

—A W —%(Am +8, )W —%Esz('") +2n—*[—Ame'” —%(Am +B, )W, —%Esz"}
a

2 2 L1 D1
o 2| | -aW, —Z(A, +B, W, —ZE,W,
a 2 2

—8 W™ —%(Bm +C, W —%Dsz(’") - 2”—*[—Bme"' —%(Bm +C, )W, —%Dm‘/‘/;}
a

2 : .1 L1 .

+ 2 || -B,W, -=(B, +C, W, -=D, W,

2 2

b | (W W)+ 2w -w)

4 a
_ 2| Ny ' 2 2 2( M) " 2 Ny 1y "
=—J,0*| =U+U |—-1,0* (W, +W,) - J,@0'W, +K,0” | =W, +W, |+ )0’ | =W, +W, |(4.18c)

a a a

XU YW, YW, —2W, + A (W, + W, )+ A (W, +WZ')+%H,” [W —w +%X(Ws' —WZ')}

a
iv 1 iv 1 iv " 1 " 1 "
_Eme( )__(Em+Dm)VVs( )__FmVVz( )+2n_x|:_EmVVb __(Em+Dm)VVs __FmVVz jl
2 2 a 2 2
2 ’ 1 1
+ n_X _Eme" __(Em +Dm )Ws __Fsz“
a 2 2
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=—J, 0" (W, +W, ) -K,o’W,

(4. 18d)

Using the state space concept, the highest order derivatives of displacements are expressed in

terms of the others as:

U =aU+aU +aW, +a,W, +aW, +aW. +a,W, +aW. +a,W,+a, W, (4. 19a)

(v) _ - - "
W,/ =rU+nU +r,W, +r W, +rW, +r,W,
+r7VVs + rSVVS + r9VVs + rlOVVS + rllvvz + rlZVVZ + r13VVz + r14VVz

(iv) _ - - "
W,/ =sU+s,U +s,W, +s,W, +sW, +sW,
+57VV5 +58VV5 +59VV5 +510VV5 +511VV2 +512VV2 +513VV2 +514VV2

W™ =t U+t,U +tW, +t,W, +t W, +t W,

+t7VVs +t8VV; +t9VVs” +t10VV5m +t11VVz +t12m +t13VVz” +t14VVzm

(4. 19b)

(4.19c)

(4. 19d)

The coefficients in Eq. (4.19) are given in Appendix A. The systems of Eq. (4.19) can be converted

into a matrix form using state space approach as:

U'(x)=TU(x)

where the vector of variables is

U0) = {ULU W, W W, W W, W W W, W, W, W, W,

and the non-zero components of matrix T are defined as:

o 1.0 0 0O OOO O O 0 O 0
a9 a 0 a, a a 0 a a, a a a, O
0O 0 01 0 O O 0o o0 o 0 0 0
0O 0 0 0 1 0 0 0 o0 o 0 0 0
0O 0 0 0 01 0 0 o0 o 0 0 0
n r, r r, Iy A r Iy Iy o I r, I3
0O 0 0 0 0 0 01 0 o 0 0

™o 000000 0 1 0
0O 0 0 0 0 0 0O O o0 1 0 0
S, S, S, S, S S, S, Sy Sy S Sy Su, S
0O 0 0 0 0 0 0 0 o 0 0
0O 0 0 0 0 0 0O 0O 0O 0 o
0O 0 0 0 0 0O O o0 o 0
ottt bty ot ot bt t, t, t

A formal solution of Eq. (4.20) is given by:
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(4. 20)
(4. 21)

.

0

0

0

0

ry

0 (4.22)

0

S1a

0

ty, |




U(x)=e"™K (4.23)

where K is a vector which can be solved from the BCs at x=ta/2 and e™ is of the form:

e™=E .. E’ (4. 24)
0 g™

where A and E are the eigenvalues and columns of eigenvectors, respectively, associated with

matrix T. The BCs expressed in terms of displacement variables are described by:

Clamped (C):
U=W, =W, =W, =W, =W, =W, =0 (4. 25)

Simply supported (S):

U=w,=w,
: . 1 . 1 .
=BU —(D+A, )W, —[DS+E(Am +Bm)}WS +YW, —EEmWZ

=B,U —[DS +%(Am +B, )}Wb" {H +%(Am +2B +C, )}W; +Y.W, —%(Em +D, )W,

o1 R
=E W, +E(Em +D,, )W, +EFsz =0 (4. 26)
Free (F):

AU —BW, —BW., + XW,

n .
=Balu+B(—X+az)U
a

A +K3a4 —n—XJD—n—XAm}Wb“ +[(Ba, -D)-A, W,
a a

+(Ba6 —Jza)z)Ws' J{(B% —n_XDSj_E&(Am +B, )}Ws J{(Bas —DS)—%(A,” +B, )}Ws

a 2a
n . 1n o1
+| Bay +—=Y |W, +(Bay, +Y )W, —=—=E W, —=E,W,
a 2a 2

=BU —(D+A,)W, —[Ds +%(Am +B_ )}W; +Y.W, —%Esz"

=J,0’U+BU —J,0’W, —[Ds +%n—X(Am +B, )}Wb" —%(Am +B, )W,
a
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+(AS Ly —szzjws' {H+1”—X(Am +28, +cm)}ws” (A, +28,+C, )W
4 44 4

YW, J{As —lesz' 0 (e 4D, )W, ~(E, +D, )W,
4 44 4

=B,U —[DS +%(Am +B_ )}Wb" {H +%(Am +2B +C, )}W; +Y.W, —%(Em +D, )W,

1 Sl 1 1 .1
=D e W -ZE W+ A +2H, W 22 (E, +D, )W - (€, +D, W,
2a 2 4 4 a 4
1 1 1.
+ AS __Hm ‘A/Z __n_XFmWZ __FmWZ
4 4q 4
.1 1
=E W, +E(Em +D,, )W, +EFsz =0 (4.27)

By substituting Eq. (4.23) into Eqgs. (4.25-4.27) with the required BCs, a system of equations is

obtained as:

ae”"K=0 (4.28)

where o comes from the coefficients in Eqgs. (4.25-4.27) for the appropriate BCs at x=ta/2. The
natural frequencies m, of the n mode of vibration can be obtained by setting ‘aeTx‘ZO. It is

noticeable that the iteration procedure [72] is used in this chapter to calculate the natural
frequencies. The mode shapes are plotted by solving for K from Eq. (4.28) based on the singular

value decomposition and calculating the displacement components along the beams after that.

4.5 Numerical examples
A slightly different version of this section has been published recently in Composites Part B:

Engineering [139].

In this section, the numerical examples are presented to investigate the size-dependent
vibration behaviours of conventional FG and BDFG microbeams using the HOBT and quasi-3D
theories. In the first part, the natural frequencies of conventional FG microbeams (Type A) under
arbitrary BCs are analysed. The beams are made of SiC (Ec=427GPa, p.=3100kg/m?3, v.=0.17) and
Al (En=70GPa, pm=2702kg/m?, vn=0.3). The non-dimensional natural frequencies are defined as

_ a)az . wd | h/2 E h/2
follows: Q= P /'g—’" and QzT /Ai with [, = I . “— and A, = I p,, - The second
m 110 “Vn

~h/2 —h/2

part deals with the free vibration response of BDFG microbeams (Types BD1 and BD2). The base

material properties in BDFG microbeams are Eo=210GPa, po=7850kg/m*® and vo=0.3. The
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2

Po

0

-~ wa
following non-dimensional natural frequency Q= is used. Since the BDFG beams are

not horizontally symmetric as discussed later, it is useful to clarify that the two letters, e.g. C-S,

are used to describe the BCs at the left and right ends of the beam, respectively.

4.5.1 Conventional FG microbeams

The natural frequencies of SiC/Al microbeams under various thickness-to-material length scale
ratios are given in Table 4.1. The obtained solutions for the C-C and S-S microbeams agree well
with those based on the FOBT [87] and HOBT [140]. The effect of BCs on the natural frequencies
is also highlighted in this table. It can be seen that the highest frequencies are seen in C-C beams
and followed by C-S, F-S, S-S and C-F beams as expected. It is worth noting that the Poisson effect
is included in both thickness and longitudinal directions, and the Mori-Tanaka scheme is used in
this table. The corresponding formula can be found in [87, 97, 107].

Table 4. 1: Comparisons of non-dimensional natural frequencies Q of SiC/Al microbeams for
various h/l (a/h=12, n,=2).

BCs Theory h/l

1 1.5 2 3 6 10

c-C HOBT [140] 1.6246 1.2291 1.0642 0.8904 0.7769 0.7454
FOBT [87] 1.6022 1.2194 1.0416 0.8885 0.7801 0.7548

HOBT 1.6892 1.2522 1.0565 0.8896 0.7709 0.7427
Quasi-3D 1.6762 1.2355 1.0373 0.8676 0.7461 0.7171

S-S HOBT [140] 0.7854 0.5903 0.5042 0.4304 0.3787 0.3662
FOBT [87] 0.7625 0.5784 0.4968 0.4285 0.3812 0.3701

HOBT 0.7664 0.5777 0.4948 0.4255 0.3777 0.3666
Quasi-3D 0.8256 0.6131 0.5145 0.4284 0.3663 0.3517
() HOBT 1.1756 0.8759 0.7426 0.6299 0.5508 0.5323
Quasi-3D 1.1810 0.8743 0.7355 0.6165 0.5318 0.5118
C-F HOBT 0.2695 0.2008 1.0426 0.1447 0.1268 0.1227
Quasi-3D 0.2671 0.1976 0.1666 0.1397 0.1220 0.1177
F-S HOBT 1.1653 0.8683 0.7361 0.6245 0.5464 0.5282

Quasi-3D 1.1322 0.8451 0.7140 0.5961 0.5251 0.5062

Further to the C-C microbeams, the difference between the vibration mode shapes predicted by
the HOBT and quasi-3D theory is revealed in Fig. 4.2 for the first three modes. It can be seen
that the stretching effect is more noticeable for the thick beams and the higher modes. In
addition, the axial mode appears in the second mode instead of the third mode as in the case of

macrobeams as observed in Ref. [74].
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Table 4.2 and Fig. 4.3 examine the effect of the power-law index and the BCs in both micro- and
macro- FG beams. As expected, the natural frequencies gradually decrease with a reduction of
ceramic volume fraction, which results in a lower Young’s modulus.

Table 4. 2: Size effect of frequencies Q for the SiC/Al beams under various BCs and
slenderness ratios.

BCs h/l Theory a/h=5 a/h=20
nz=0 1 10 nz=0 1 10
S1-S1 1 HOBT [107] 15.7140 11.9948 8.0425 - - -
HOBT 15.7140 12.1506 8.1733 16.2251 12.5446 8.4065
Quasi-3D [107] 15.6249 11.9444  7.9967 - - -
Quasi-3D 15.6833 9.3951  3.9212 16.2228 13.7186 8.9625
S1-S2 HOBT 15.7140 11.7745 7.8469 16.2251 12.3911 8.2843
Quasi-3D 15.6833 9.4005 7.4030 16.2228 12.3681 8.2808
S1-S1 5 HOBT 6.8405 5.2905 3.9046 7.1862 5.5598 4.1859
Quasi-3D 6.8427 5.4276  3.9412 7.1864 5.7077 4.2296
S1-S2 HOBT 6.8405 4.9615 3.6775 7.1862 5.2255 3.9508
Quasi-3D 6.8427 4.9893 3.7046 7.1864 5.2631 3.9827
S1-S1 oo  HOBT [107] 6.2025 4.4657  3.3909 - - -
HOBT 6.2009 4.7944  3.6022 6.5441 5.0618 3.9102
Quasi-3D [107] 6.4615 4.7159 3.5444 - - -
Quasi-3D 6.2069 4.8119 3.6146 6.5445 5.0758 3.9215
S1-S2 HOBT 6.2009 4.4404 3.3692 6.5441 4.6954 3.6596
Quasi-3D 6.2069 4.4865  3.4052 6.5445 4.7382 3.6945
C-C 1 HOBT 33.5290 25.7024 17.4627 36.5871 27.9617 18.7167
Quasi-3D 33.5390 25.7114 17.4235 36.5928 28.0028 18.7560
5 HOBT 13.8093 10.2076  7.2212 16.1273 11.7461 8.8328
Quasi-3D 13.8604 10.3089 7.3016 16.1437 11.8454 8.9182
oo HOBT 12.2556 8.9576 6.3403 14.6657 10.5412 8.1522
Quasi-3D 12.3018 9.0664 6.4268 14.6811 10.6488 8.2419
C-S 1 HOBT 18.1099 14.2757 9.4339 25.2986 19.3299 12.9292
Quasi-3D 18.3774 14.6234 9.7854 25.2990 19.3553 12.9531
5 HOBT 10.2151 7.4889  5.4437 11.1866 8.1408 6.1434
Quasi-3D 10.2396  7.5569  5.4968 11.1924 8.2050 6.1980
oo HOBT 9.1925 6.6568 4.9064 10.1823 7.3118 5.6836
Quasi-3D 9.2208 6.7343  4.9679 10.1879 7.3823 5.7417
C-F 1 HOBT 5.6973 4.3504 2.9127 5.7873 4.4215 2.9559
Quasi-3D 5.6756 4.3425 29191 5.7864 4.4269 2.9622
5 HOBT 2.5043 1.8236 1.3667 2.5649 1.8655 1.4117
Quasi-3D 2.5102 1.8425 1.3873 2.5661 1.8804 1.4246
oo HOBT 2.2769  1.6362 1.2604 2.3361 1.6765 1.3082
Quasi-3D 2.2804 1.6544 1.2761 2.3371 1.6926 1.3215
S-F 1 HOBT 18.1099 13.8537 9.1175 25.2960 19.3008 12.9008
Quasi-3D 18.3774 12.8911  8.8361 25.2718 19.1880 12.8636
5 HOBT 10.3774  7.4181 5.4633 11.2015 8.1390 6.1505
Quasi-3D 10.3936  7.4632  5.5363 11.2030 8.1981 6.2029
oo HOBT 9.3982 6.6424 5.0073 10.2001 7.3130 5.6963
Quasi-3D 9.4119 6.7241 5.0785 10.2012 7.3805 5.7517
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Fig. 4. 3: Variation of natural frequencies Q with respect to the power-law index n,
(SiC/Al beams, a/h=5, h/I=2).
For simply supported beams, unlike the Navier solution [107], the present approach can be
employed to adapt the requirements of both displacement and stress resultants. Therefore, it is
applicable to both immovable (S1) and movable (S;) simply supported BCs. Using these two BCs
(S1-S1 and S1-S;), the difference between the natural frequencies and the first three mode shapes
for microbeams (n,=2) is shown in Table 4.2 and Fig. 4.4. These two BCs only result in the
identical frequencies for the homogeneous beam (n,=0) as expected, whereas the S;-S; BC leads
to the higher values for the FG beams. The difference is more apparent in the higher modes,
where the axial modes appear in the movable simply supported beams with quite low
frequencies. In the rest of this chapter, the movable simply support is combined with other end
conditions, except for the free end that joins with the immovable one. The simply supported
beams are assembled by an immovable support at x=-a/2 and a movable one at x=a/2.
Comparing various BCs, the higher frequencies are observed in the beams with stiffer ends, i.e.
C-C, and with a higher volume of ceramic (smaller n,). It is interesting that the fundamental
frequencies of the S-F beams are nearly the same with those of C-S beams for both micro- and

macro-scales.
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microbeams (a/h=5, h/I=2, n,=2).

The difference between the vibration behaviour of macro and microbeams is also seen in the

mode shapes. Fig. 4.5 demonstrates the variation of the vibration mode shapes with respect to

88



the change of the frequencies. These graphs can be used to state the mode shapes where the
change of the number of half-sine waves occurs. As can be seen from this figure, for C-C and F-

C beams, there is a significant change between the vibration mode shapes in the macrobeams.

However, in the microbeams, they are not too prominent to the neighbour status.
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Fig. 4. 5: Variation of mode shapes with respect to the frequencies Q

(SiC/Al beams, a/h=10, n,=2).
4.5.2 BDFG beams
Tables 4.3-4.6 reveal the fundamental natural frequencies of BDFG beams (Types BD1 and BD2)
with respect to different BCs, exponential indices and thickness-to-material length scales. The
current results for macrobeams (h//=o) agree well with those given by Simsek [126]. The
natural frequencies of Types BD1 and BD2 are identical for the conventional FG beams (n,=0),
but they are different for BDFG beams. The lower frequencies are observed with the elevated

n;, but the change is more significant from the symmetric cross-section beams, i.e. Type BD2.
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Table 4. 3: Fundamental frequencies of C-C BDFG beams (a/h=5).

h/l nx Theory Type BD1 Type BD2
nz=0 0.4 0.6 1 nz=0 0.4 0.6 1
1 0 HOBT 13.8706 13.8720 13.8737 13.8787 13.8706 13.6821 13.5876 13.3996
Quasi-3D 13.8581 13.8612 13.8650 13.8761 13.8581 13.6680 13.5728 13.3838
0.4 HOBT 13.8854 13.8868 13.8885 13.8935 13.8854 13.6969 13.6024 13.4143
Quasi-3D 13.8730 13.8761 13.8798 13.8910 13.8730 13.6829 13.5876 13.3987
0.6 HOBT 13.9039 13.9053 13.9070 13.9119 13.9039 13.7155 13.6209 13.4328
Quasi-3D 13.8916 13.8947 13.8984 13.9095 13.8916 13.7015 13.6062 13.4172
1 HOBT 13.9634 13.9647 13.9664 13.9712 13.9634 13.7749 13.6802 13.4922
Quasi-3D 13.9513 13.9544 13.9581 13.9690 13.9513 13.7611 13.6658 13.4768
8 0 HOBT 54880 5.4711 5.4502 5.3846 54880 5.3463 5.2674 5.0963
Quasi-3D 5.5438 5.5303 5.5135 5.4604 5.5438 5.4003 5.3204 5.1468
0.4 HOBT 5.4947 54778 5.4569 5.3912 5.4947 5.3527 5.2737 5.1023
Quasi-3D 55505 5.5370 5.5201 5.4670 5.5505 5.4068 5.3267 5.1527
0.6 HOBT 55031 5.4862 5.4652 5.3994 5.5031 5.3607 5.2815 5.1097
Quasi-3D 5.5589 5.5453 5.5285 5.4752 5.5589 5.4148 5.3345 5.1602
1 HOBT 5.5299 5.5129 5.4919 5.4257 5.5299 5.3864 5.3066 5.1335
Quasi-3D 5.5857 5.5720 5.5551 5.5015 5.5857 5.4404 5.3595 5.1840
o 0 CBT [126] 6.3291 6.3056 6.2763 6.1826 - - - -
FOBT [126] 5.1943 5.1806 5.1630 5.1083 - - - -
HOBT 5.2308 5.2128 5.1904 5.1202 5.2308 5.0907 5.0110 4.8351
Quasi-3D 5.2869 5.2725 5.2546 5.1981 5.2869 5.1453 5.0646  4.8865
0.4 CBT[126] 6.3349 6.3115 6.2822 6.1884 - - - -
FOBT [126] 5.1982 5.1845 5.1669 5.1123 - - - -
HOBT 5.2374 5.2193 5.1970 5.1266 5.2374 5.0969 5.0171  4.8409
Quasi-3D 5.2935 5.2791 5.2612 5.2046 5.2935 5.1515 5.0707 4.8923
0.6 CBT[126] 6.3427 6.3193 6.288 6.1943 - - - -
FOBT [126] 5.2041 5.1904 5.1728 5.1181 - - - -
HOBT 5.2456  5.2275 5.2051 5.1347 5.2456 5.1048 5.0247 4.8481
Quasi-3D 5.3017 5.2873 5.2693  5.2127 5.3017 5.1594 5.0783  4.8995
1 CBT [126] 6.3662 6.3427 6.3115 6.2177 - - - -
FOBT [126] 5.2197 5.2060 5.1884 5.1337 - - - -
HOBT 5.2719 5.2538 5.2312 5.1604 5.2719 5.1298 5.0491 4.8711
Quasi-3D 5.3280 5.3135 5.2954 5.2384 5.3280 5.1844 5.1027 4.9225
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Table 4. 4: Fundamental frequencies of C-S BDFG beams (a/h=5).

h/l nx Theory Type BD1 Type BD2
nz=0 0.4 0.6 1 nz=0 0.4 0.6 1
1 0 HOBT 7.8540 7.8540 7.8540 7.8540 7.8540 7.8540 7.8540 7.8540
Quasi-3D 8.2332 8.2289 8.2236 8.2075 8.2332 8.2332 8.2332 8.2332
0.4 HOBT 7.2297 7.2297 7.2297 7.2297 7.2297 7.2297 7.2297 7.2297
Quasi-3D 7.5787 7.5748 7.5700 7.5553 7.5787 7.5787 7.5787 7.5787
0.6 HOBT 6.9270 6.9270 6.9270 6.9270 6.9270 6.9270 6.9270 6.9270
Quasi-3D 7.2614 7.2577 7.2531 7.2392 7.2614 7.2614 7.2614 7.2614
1 HOBT 6.3414 6.3414 6.3414 6.3414 6.3414 6.3414 6.3414 6.3414
Quasi-3D 6.6476 6.6442 6.6401 6.6274 6.6476 6.6476 6.6476 6.6476
8 0 HOBT 4.1147 4.1011 4.0843 4.0315 4.1147 3.9743 3.8998 3.7443
Quasi-3D 4.1406 4.1294 4.1154 4.0714 4.1406 3.9985 3.9231 3.7657
0.4 HOBT 4.0229 4.0096 3.9931 3.9413 4.0229 3.8834 3.8096 3.6559
Quasi-3D 4.0484 4.0373 4.0236 3.9803 4.0484 3.9071 3.8324 3.6769
0.6 HOBT 3.9777 3.9645 3.9481 3.8968 3.9777 3.8386 3.7651 3.6122
Quasi-3D 4.0029 3.9920 3.9783 3.9354 4.0029 3.8621 3.7877 3.6330
1 HOBT 3.8878 3.8748 3.8588 3.8085 3.8878 3.7494 3.6765 3.5254
Quasi-3D 3.9125 3.9017 3.8883 3.8460 3.9125 3.7724 3.6986 3.5456
oo 0 CBT[126] 43682 4.3511 4.3304 4.2657 - - - -
FOBT [126] 3.8779 3.8662 3.8505 3.8037 - - - -
HOBT 3.9502 3.9359 3.9182 3.8626 3.9502 3.8068 3.7299 3.5680
Quasi-3D 3.9775 3.9657 3.9510 3.9047 3.9775 3.8321 3.7543 3.5903
0.4 CBT[126] 42486 4.2315 4.2120 4.1485 - - - -
FOBT [126] 3.7685 3.7568 3.7431 3.6962 - - - -
HOBT 3.8633 3.8493 3.8320 3.7775 3.8633 3.7207 3.6445 3.4844
Quasi-3D 3.8902 3.8786 3.8642 3.8186 3.8902 3.7456 3.6684 3.5063
0.6 CBT[126] 4,1888 4.1729 4.1522 4.0899 - - - -
FOBT [126] 3.7138 3.7021 3.6865 3.6416 - - - -
HOBT 3.8206 3.8067 3.7895 3.7355 3.8206 3.6783 3.6023 3.4431
Quasi-3D 3.8472 3.8357 3.8214 3.7762 3.8472 3.7029 3.6260 3.4648
1 CBT [126] 4.0704 4.0545 4.0350 3.9752 - - - -
FOBT [126] 3.6005 3.5908 3.5751 3.5322 - - - -
HOBT 3.7357 3.7221 3.7052 3.6523 3.7357 3.5939 3.5185 3.3610
Quasi-3D 3.7618 3.7505 3.7364 3.6919 3.7618 3.6181 3.5417 3.3821
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Table 4. 5: Fundamental frequencies of S-S BDFG beams (a/h=5).

h/l nx  Theory Type BD1 Type BD2
nz=0 0.4 0.6 1 nz=0 0.4 0.6 1
1 0 HOBT 6.5172 6.5078 6.4963 6.4610 6.5172 6.4593 6.4306 6.3745
Quasi-3D 6.4944 6.4505 6.3978 6.2432 6.4944 6.4369 6.4086 6.3533
0.4 HOBT 6.5074 6.4999 6.4907 6.4622 6.5074 6.4497 6.4211 6.3652
Quasi-3D 6.4846 6.4217 6.3499 6.1546 6.4846 6.4274 6.3991 6.3440
0.6 HOBT 6.4951 6.4882 6.4797 6.4533 6.4951 6.4377 6.4092 6.3536
Quasi-3D 6.4724 6.3913 6.3044 6.0833 6.4724 6.4154 6.3873 6.3325
1 HOBT 6.4558 6.4496 6.4420 6.4184 6.4558 6.3992 6.3712 6.3164
Quasi-3D 6.4334 6.2597 6.1332 5.8673 6.4334 6.3773 6.3496 6.2956
8 0 HOBT 2.7786 2.7679 2.7546 2.7132 2.7786 2.6672 2.6097 2.4924
Quasi-3D 2.7820 2.7730 2.7618 2.7266 2.7820 2.6698 2.6119 2.4939
0.4 HOBT 2.7749 2.7643 2.7511 2.7100 2.7749 2.6636 2.6061 2.4889
Quasi-3D 2.7783 2.7692 2.7580 2.7225 2.7783 2.6662 2.6083 2.4904
0.6 HOBT 2.7702 2.7597 2.7466 2.7057 2.7702 2.6590 2.6016 2.4845
Quasi-3D 2.7736 2.7645 2.7532 2.7176 2.7736 2.6616 2.6038 2.4860
1 HOBT 2.7554 2.7449 2.7319 2.6914 2.7554 2.6444 2.5871 2.4704
Quasi-3D 2.7587 2.7495 2.7381 2.7021 2.7587 2.6469 2.5893 2.4719

o 0 CBT[126] 2.8033 2.7911 27764 2.7288 - - - -
FOBT [126] 2.6767 2.6669 2.6533 2.6103 - - - -
HOBT 2.6774 2.6663 2.6525 2.6096 2.6774 2.5622 2.5024 2.3798
Quasi-3D 2.6820 2.6728 2.6613 2.6253 2.6820 2.5658 2.5055 2.3820

0.4 CBT([126] 2.7984 2.7862 2.7716 2.7239 - - - -
FOBT [126] 2.6728 2.6611 2.6474 2.6044 - - - -
HOBT 2.6738 2.6628 2.6492 2.6066 2.6738 2.5587 2.4990 2.3764
Quasi-3D 2.6784 2.6692 2.6577 2.6214 2.6784 2.5623 2.5021 2.3787

1 CBT[126] 2.7740 2.7618 2.7471 2.6983 - - - -
FOBT [126] 2.6455 2.6337 2.6201 2.5771 - - - -
HOBT 2.6552 2.6444 2.6309 2.5889 2.6552 2.5404 2.4809 2.3589
Quasi-3D 2.6597 2.6504 2.6388 2.6022 2.6597 2.5440 2.4840 2.3611
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Table 4. 6: Fundamental frequencies of C-F BDFG beams (a/h=5).

h/l nx Theory Type BD1 Type BD2
nz=0 0.4 0.6 1 n.=0 0.4 0.6 1
1 0 HOBT 2.3640 2.3625 2.3605 2.3544 2.3640 2.3433 2.3331 2.3132
Quasi-3D 2.3513 2.3502 2.3488 2.3445 2.3513 2.3295 2.3188 2.2977
0.4 HOBT 2.0912 2.0897 2.0879 2.0824 2.0912 2.0728 2.0638 2.0462
Quasi-3D 2.0788 2.0778 2.0766 2.0727 2.0788 2.0595 2.0500 2.0313
0.6 HOBT 1.9646 1.9632 1.9616 1.9563 1.9646 1.9473 1.9389 1.9224
Quasi-3D 1.9525 1.9515 1.9504 1.9467 1.9525 1.9344 1.9254 1.9079
1 HOBT 1.7303 1.7291 1.7275 1.7228 1.7303 1.7151 1.7076 1.6932
Quasi-3D 1.7187 1.7178 1.7168 1.7135 1.7187 1.7027 1.6948 1.6793
8 0 HOBT 1.0210 1.0172 1.0126 0.9980 1.0210 0.9765 0.9539 0.9081
Quasi-3D 1.0267 1.0235 1.0194 1.0067 1.0267 0.9820 0.9592 0.9132
0.4 HOBT 0.9040 0.9006 0.8965 0.8835 0.9040 0.8644 0.8442 0.8035
Quasi-3D 0.9094 0.9065 0.9029 0.8915 0.9094 0.8695 0.8492 0.8083
0.6 HOBT 0.8497 0.8465 0.8426 0.8304 0.8497 0.8123 0.7933 0.7550
Quasi-3D 0.8548 0.8521 0.8487 0.8380 0.8548 0.8172 0.7981 0.7596
1 HOBT 0.7489 0.7461 0.7427 0.7319 0.7489 0.7158 0.6990 0.6651
Quasi-3D 0.7538 0.7513 0.7483 0.7389 0.7538 0.7204 0.7035 0.6694
o 0 CBT [126] 1.0068 1.0029 0.999 0.9833 - - - -
FOBT [126] 0.9844 0.9796 0.9735 0.9576 - - - -
HOBT 0.9854 0.9815 0.9766 0.9615 0.9854 0.9392 0.9156 0.8678
Quasi-3D 0.9902 0.9869 0.9827 0.9695 0.9902 0.9439 0.9202 0.8723
0.4 CBT[126] 0.8896 0.8876 0.8818 0.8681 - - - -
FOBT [126] 0.8709 0.8673 0.8624 0.8486 - - - -
HOBT 0.8725 0.8690 0.8647 0.8512 0.8725 0.8314 0.8104 0.7679
Quasi-3D 0.8771 0.8741 0.8704 0.8586 0.8771 0.8358 0.8147 0.7721
1 CBT [126] 0.7353 0.7333 0.7294 0.7177 - - - -
FOBT [126] 0.7216 0.7177 0.7138 0.7021 - - - -
HOBT 0.7229 0.7200 0.7164 0.7052 0.7229 0.6885 0.6710 0.6356
Quasi-3D 0.7271 0.7246 0.7215 0.7116 0.7271 0.6926 0.6750 0.6394

This correlation is also presented in Fig. 4.6, which illustrates the effect of axial and through-the-
thickness exponential indices to the natural frequencies of BDFG microbeams under various BCs.
It is seen that the increase of n, leads to a reduction in frequencies in all cases, whereas the
increase of ny only leads to a reduction in frequencies of C-S, S-S and C-F beams. In order to
illustrate solely the effect of material properties in each direction, Fig. 4.7 plots the relationship
between the natural frequencies and thickness-to-material length scales for the axial and
through-the-thickness FG beams. In both cases, the effect of couple stress is negligible as the

thickness is greater than 30l. For the conventional FG beams, the natural frequencies are lower

in Type BD2, while they are identical in the axial FG beams as expected.
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Fig. 4. 7: Difference between Types BD1 and BD2 in BDFG beams (a/h=5).
As mentioned before that the BDFG beams are not horizontally symmetric which means that the
switching of the left and right BCs, e.g. C-F and F-C, changes the natural frequencies and
vibration mode shapes. An example of switching C-F and C-S BCs is demonstrated in Fig. 4.8. In
both cases, the left clamped ends cause lower frequency with the elevated ny, which is opposite
to the right clamped ends do. Indeed, the increase of ny results in an increase of not only Young's
modulus but also the density. When the clamps are placed at the stiffer and heavier ends (the

right end), the natural frequencies are maximised.
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Finally, the effect of ny in the mode shapes of several BCs is revealed in Fig. 4.9 with n, equal to
2. For the C-C beams, the mode shapes are not symmetric for non-zero ny, where the maximum

modal displacement is seen on the left half. For the F-C beams, in which the maximum

95



displacement occurs at the tip, the small relative magitudes are seen on other points. In addition,
the second mode is the flexural mode for through-the-thickness FG beams (n«=0); however, the

axial one for BDFG beams (n,=0).

4.6 Concluding remarks

In this chapter, state-space based solutions are presented for the free vibration behaviour of
conventional and BDFG microbeams under arbitrary boundary conditions. Based on the
Hamilton's principle and the modified couple stress theory, the governing equations of motion
are developed for the quasi-3D theory. The natural frequencies are obtained via an iteration
procedure and the corresponding mode shapes are outlined by the singular value
decomposition. It is concluded that both the natural frequencies and mode shapes are
extensively different between the BDFG macro and microbeams, emphasizing the need of
employing the non-classical continua for small-scale structures. The inclusion of the size effect
results in a considerable increase in the bending stiffness and the switching between flexural
and axial modes. It is also worth noting that due to the asymmetric along the length, the
employing of BCs in analysing the BDFG beams needs to perform with the clarification of the left

and right ends.
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CHAPTER 5

STATIC, FREE VIBRATION AND BUCKLING BEHAVIOURS OF FG-SANDWICH PLATES UNDER
MECHANICAL AND THERMAL LOADS

5.1 Introduction

In this section, the review is focused on the development of the MCST for plates based on the
classical plate theory (CPT), first-order shear deformation theory (FSDT) and higher-order shear
deformation theory (HSDT). Following the theory of the CPT, Tsiatas [141] analysed the bending
behaviours of plates with arbitrary shape for the first time. Yin [142] and Jomehzadeh et al. [143]
then extended this model for the vibration behaviour of simply support plates [142] and other
boundary conditions (BCs) using Levy-type solution [143]. Akgoz and Civalek [144] investigated
the size effect on the free vibration of single-layered graphene sheets embedded in an elastic
matrix with simply supported conditions. Akgoz and Civalek [145] also included the elastic
medium in analysing the static, vibration and buckling behaviours of isotropic microplates. Using
extended Kantorovich method, Askari and Tahani [146] obtained the closed-form solutions for
free vibration of clamped plates. Simsek et al. [147] examined the size effect on the forced
vibration of isotropic plates subject to a moving load. The implicit time integration method of
Newmark was applied for the dynamic responses of microplates under various BCs. Asghari [148]
developed the formulation for the geometrically nonlinear analysis of microplates with arbitrary
shapes. Wang et al. [149, 150] presented a nonlinear model to investigate the size effect on the
free vibration [149] and bending behaviours [150] of circular plates. Farokhi and Ghayesh [151]
also developed a nonlinear model for the dynamic analysis of isotropic plates which included
the initial geometric imperfections. The CPT based MCST was also employed to FG microplates.
Ke et al. [152] investigated the static bending, free vibration and buckling behaviours of FG
annular microplates with various BCs. The formulations for arbitrary shape and free vibration of
FG rectangular microplates were examined by Asghari and Taati [153]. Geometric nonlinearity
was considered in Taati’s work [154] for buckling and post-buckling behaviours of FG microplates
under different BCs using analytical solutions. To overcome the limitation of the CPT, FSDT was
proposed by assuming the in-plane displacements vary linearly through the thickness. Thus, a
shear correction factor was necessary. Based on the FSDT, Ma et al. [155] presented the closed-
form solutions for bending and free vibration problems of simply supported plates for isotropic
microplates. Ke et al. [156] employed the p version Ritz method for natural frequencies of plates
with simply supported and clamped BCs. Roque et al. [157] presented numerical solutions of the

MCST coupled with the FSDT model for the static bending analysis of isotropic microplates using
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the meshless collocation method with radial basis functions. Regarding the FG microplates,
analytical solutions were developed by Thai and Choi [158] for the linear and nonlinear bending,
vibration and buckling analysis of simply supported FG microplates. Jung et al. [159, 160]
included the elastic foundation in the behaviour of FG microplates. Ansari et al. [161, 162] also
developed a nonlinear model for the vibration, bending and post-buckling analysis of FG
microplates. In order to eliminate the use of the shear correction factor and obtain a better
prediction of responses for thick plates, several HSDTs have been proposed. The MCST based on
the third-order shear deformation theory (TSDT) was first developed by Gao et al. [163] for the
deflections and natural frequencies of simply supported isotropic plates. These models were
applied to investigate bending and free vibration behaviours of FG microplates by Thai and Kim
[164] using analytical solutions and annular/circular microplates by Eshraghi [165] using the
differential quadrature (DQ) method. Thai and Vo [166] developed a MCST sinusoidal theory for
FG microplates and derived analytical solutions for deflections and natural frequencies of simply
supported microplates. He et al. [167] presented a MCST four-variable refined plate model using
analytical solution for the FG microplates. Lou et al. [168] then developed this model for a unified
framework including the von Karman’s geometric nonlinearity. It should be noted that in the
above studies [26-30], the normal strain or normal deformation, which becomes significant for
thick plates, was not included. In order to take into account both shear and normal deformation
effects, Nguyen et al. [169] presented a four-variable quasi-3D model to analyse the bending,

vibration and buckling behaviours of FG microplates using the isogeometric analysis.

Effect of thermal environment on behaviour of FG microstructures also has been reported in
some publications. Reddy and Kim [170] developed theoretical formulation for mechanical and
thermal analysis with a general nonlinear model containing cubic and quadratic variations of the
in-plane and transverse displacements for FG microplates. They also derived the linear analytical
solutions of bending, vibration and buckling behaviours for this model under mechanical loads
[171]. Mirsalehi et al. [172] investigated the stability of thin FG microplates under mechanical
and thermal loads using CPT based on the spline finite strip method. Using CPT, Ashoori and
Vanini [173] also studied thermal buckling of annular FG microplates resting on an elastic
medium accounting for geometrically nonlinear effect and snap-through behaviour. Ashoori and
Sadough Vanini [174] extended their work [173] to account for geometric nonlinearity on
thermal buckling of circular FG microplates. Utilising the DQ method, Eshaghi et al. [175]
analysed static bending and free vibration responses of FG annular/circular plates based on the

CPT, FSDT and HSDT models.
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Based on the MCST, this chapter presents the quasi-3D models for the bending, free vibration
and buckling behaviours of FG-sandwich microplates. In the first part, the framework of the
MCST is presented to analyse the behaviours of simply supported plates utilising the Navier
solution. The refined plate model, which is obtained by degenerating the thickness stretching
effect, is applied to examine the difference between the HSDT and quasi-3D solutions. The
unified temperature profile is applied to describe the uniform and linear distribution through
the thickness. In the second part, the HSDT model is regenerated with more attention to the
essential and natural BCs and the numerical results are obtained from the state space based
solution for various BCs. The effects of geometries and power-law index along with mechanical
loads and various temperature distributions on the size-dependent behaviours of FG-sandwich

microplates are also investigated.

5.2 Kinematics and constitutive relations
Consider a FG-sandwich plate with the coordinate and cross-section shown in Fig. 5.1. By
applying the MCST, the variation of strain energy is related to both strain and curvature tensors

as [36]:
m:j(05£+m5x)dv (5.1)
v
where €andy are the strain and symmetric curvature tensor defined by:
s:l(Vqu(Vu)T) (5. 2a)
2
1 T
x=>(ve+(ve)') (5. 2b)

o and m are the corresponding stress and deviatoric part of the symmetric couple stress

tensors defined by:

o =tr(g)l+2ue (5. 3a)
m=2/"ux (5. 3b)
Ev
in which, A=

m and ﬂ:2(1+v) are Lame’s constants, / is the material length

scale parameter [36], u=(u1,u2,u3) and Gz(@x,@y,@) are the displacement and rotation

vectors expressed below.
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Fig. 5. 1: Geometries and co-ordinate of FG-sandwich plates.

The displacement field which includes the normal stretching effect is assumed to an arbitrary

point as:
u (x,y,2,t)=U(x,y,t)-z W, (a))((,y,t) -f(2) ow. (6))((' v.t) (5. 4a)
Uy (xy,2,t) =V (x,y,t) - 222 (a);'y't)—f(z)aws (axy'”) (5. 4b)
u; (%,y,2,8) =W, (x,y,t)+W,(x,y,t)+g(2)W,(x,y,t) (5. 4c)

where U and V are in-plane displacements, W, ,W, and W, are bending, shear and stretching

#(2)

are the shape
dz

displacements of a point on the middle plane. f(z)and g(z)=1-

functions which distribute the effect of W, and W, across the thickness. Two sets of shape

functions are applied [119, 176, 177]:

3

Third-order shear deformation theory (TSDT): f(z)= %;—2 (5. 5a)
. . . h 7z

Sinusoidal shear deformation theory (SSDT): f(z): z——smT (5. 5b)

Vs

The rotation vector is expressed as:

1 1|(0 0 0 0 0 0

0=—curlu==|| 25 e + My K e, + T M e, (5. 6a)
2 2|\ oy Oz 0z Ox ox oy
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0
6. ==curl u| _ W, +l 1+ f(2) %Jrl (z)% (5. 6b)
oy 2 oz oy 2 oy
0
6 =—curlu 2_%_1 1+M %_l (Z)% (5. 6¢)
g & ox 2 0z | ox 2 ox
1 1{ov ouU
0,=—curlv == ——— (5. 6d)
& 20ox oy

The strain components related to above displacement field are presented by substituting Eq.

(5.4) to Eq. (5.2a):

_ou 82Wb_

£, o z " f(2) o —-a(z,T)AT(x,y,2) (5. 7a)
. =Z_‘;_za;rjb _ f(z)a(;‘;‘/s —a(2T)AT(x,1,2) (5. 7b)
g, = aga(zz) W, -a(z,T)AT(x,y,z) (5. 7¢c)
Ve =28, =Z—;j+g—)\:—22 Zi‘g‘; —2f(2)222§ (5. 7d)
Ve =26, :g(z)(agv; +%} (5. 7€)
7, =28, =9(Z)(a:/; +88V:zj (5. 7f)

and the curvature tensor is given by substituting Eq. (5.4) into Eq. (5.6) and the resulting

expression to Eq. (5.2b):

2 a 2 2
y» :%_}_l 1+M %_}_l (z)a Wz (5 83)
oyox 2 0z )oyox 2 Oyox
ow, 1(. of(z)\e'w. 1 o'W,
Ly = b_ZI14 ( ) s _—g(z)—z (5. 8b)
oxoy 2 0z )oxoy 2 Oxoy
X = 0 (5 8C)
1lo'w, o'w, 1. of(z)\(o'w, ow,) 1 oW, oW,
py =2 T e 1 T W U)o DT | sa)
2| oy 1904 2 0z oy 194 2 oy 1904
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U ]
Ox0y

1] a%v

. *f(z) ow,
4| ox*

. dg(z) ow,
0z oy

0z Oy

ZXZ

1 o?v U 2f(z)ow, dg(z)ow,

e Td ey oy o oax oz ox

Substituting Egs. (5.7) and (5.8) to Eq.

couple stress tensors are obtained, respectively:

o azwb

o'W,

— S —aAT(x,y,
% faz asT(x.2)
v _ow, oW
~ ol =—z — S —aAT(x,y,
Uxx Qll QlZ Q13 0 O 0 ay ay ’ f a ’ ( y )
0 0 0
ny QZZ Q23 a—gVVZ —O{AT(X,y,Z)
O, _ Q33 0 0 0 oz
Oy, - Q, O 0 g(aWS -I-%j
- Q, 0 ox  Ox
o, [sym. Qg | g W, | oW,
oy oy
2 2
oy 6x 6x6y oxoy
—aZW" +1[1+ 8f)82 += ! 62
oyox 2 0z ) oyox 2 6y8x
_52VVb _1(1_,_@) 82 S _lg 82 Z
My oxdy 2\ 0z )oxdy 2 Oxoy
m,, 0
m, 2y 1 52\/ o*U . o' f oW, ., 99 og oW,
mxz aX axay az 3)/ 82 ay
m
m v 20 21w _mom
v 4\ oxoy oy* 0z° ox 0z Ox
2 o e 2l e 8y 5X2 51’ a"z

where Q;; for 2D and quasi-3D models are presented below, respectively:

[a,.q,

]-[ar.e

[1(? 1( 31(
- {E(z)

2(1+v)

1,3)
,o} (Tj=4,6)
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(5. 8e)

(5. 8f)

(5.3), the thermal strain, stress and deviatoric part of

(5. 9a)

(5. 9b)

(5. 10a)



E(z)[1-v] E(z)v —
I ol s

+v)(1—2v)'(1+v)(1—

[a.q]=[@".q7 =1 2 (5. 10b)
V4 —_
,0 i,j=4,6
L(m) } (r7=25)
5.3 Variational formulation
The equations of motion are obtained from the Hamilton’s principle, which states
t
(5.11)

[ (oK =5U-5V)dt

t
where 60U, 6K and 6V denote the variation of strain, kinetic energy and work done by external
forces.

The variation of strain energy is rewritten in terms of mid-plane displacements as:

éUzJ. hj.z (O‘ Og; +m, Sy, )dsz

A-h/2

- f h jg [( 0,06, +0,,0¢,, + 0,06, + 0,07, +0,,07,, + 0,07,

A-h/2

+(mXX5;(XX +m, oy, +m, oy, +2m oy, +2m Jy, +2m oy, )J dzdA

2 2 2 2
:JHN 03Uy, 865\?/[, p aa&ivs j+[’\’yy a@&v M, a;‘ivb iy a@azvs ]+OH§WZ
X X y y y

2 2
o [0, OW,) o (0OW, 20w, (00U 00V ., O'0W, ,, O'OW,
Ox ox oy oy ay ox Y Ox0y Y Ox0y

(825Wb+1625W5] 1( ~ )az5ws 1( ~ )625WZ_R [a5wb+1azawsj

= +
Ox0y 2 OxoOy 2 oxoy 2 Ox0y Ox0y 2 OxoOy

1_ (v oU ) 1 o'v oU) 1 ow, ow,) 1 ow, ow,
+=R,| =5~ +=R, | ———— [+ =X, + -=X, +
2 ox° oxoy ) 2 ox0y Oy 2 oy oy 2 ox 19)4

=T, [M'Z/ aWHdA (5. 12)
0 ox’

1 [azwb_azwb+azm_azm] 1 [azvvs_azvvs]
)

+—=R +
2 YLoy ox* oy oxr ) 27 ox*

where the stress resultants are expressed as:

N.,M. o} T 1 ag(z) dz—(N;,M;,P,0,0; 5.13
( ij? ij? ,er,j; ) J. lzlf(z)lg(z)l az G,’j Z— ( ijr i ) ( . a)
—h/2
"l of(2) 0’1 (2)
R.,S = 1 d 5.13b
( i’ u' ) _;[2|: " bz ,g(z), 022 m;az ( )
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where

h/2

(N;.M5.7],0} ) = I{lf 2,(2), 6(2 )}(Q,,+ZQ) a(2,T)AT(2)dz, (i) =

—-h/2

1,3) (5. 14)

Substituting Eqgs. (5.9), (5.10) and (5.14) into Eq. (5.13), the stress resultants can be described

in terms of mid-plane displacements as in Appendix B.

The variation of the work done by transverse load g and in-plane load P(w) is presented as:

5v=—H[P;’ a(Wg:WS)JrPy a(Wa;W )}5(W +W,)

o [8(Wb +W,) 05 (W, +W, ) . (W, +W,) as (w, +Ww,)
xy

+go (W, +W_+gW )rdA (5.15
Ox oy Oy ox } 9 ( T+ g z)} ( )

The variation of kinetic energy is presented by:

h/2

ok ={ [ p(2)(d,60, +0,80, +0,5u, ) dzdA

A-h/2
:J.{IO USU+VoV +(W, +W)§(Wb+WS)J+JO[(Wb+Ws)5WZ+W25(Wb+WS)]
A
II(U 5W,, 55U Va(sw %5V]+lz[aw" 05w, oW, a(swb]
oy oy ox 0Ox oy oy
Jl[U 05w, oW , 00W, oW, 5\/] [aws 08w, oW, asws]
oy oy ox Ox oy Oy
] 8W 8§W 8W OOW, 8W oW, 8W W, K WO, (5. 16)
ox Ox 6y oy 6y oy
h/2
where (Iy,1,1,,45,4,,4,, Ky, Ky ) = j (1,2,2,9(2), £ (2), 2 (2).0° (2),£* (2)) p(2) 2 (5.17)

—h/2

Substituting Eqgs. (5.12), (5.15) and (5.16) into Eq. (5.11), integrating by parts and gathering the

coefficients of sU,s5V,6W,,5W, and SW,, the equations of motion can be obtained:

oN, ON, 18R, 10°R, oW, | oW,

2+ +— =101 —b—J — (5. 18a)
ox oy 2 axﬁy 2 0 ox ox
ON, ON, 1R, 10°R, . ~OW, oW

Wy y - vz _ V- 1_b_J1 s (5. 18b)
oy x 2 ax 2 Oxoy oy oy
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azMxx aZM)’y aZMX
+

y

2 2 2
aZRXX a Ryy _ a ny + a ny

ox* oy’

ou
OX

=1, (W, + W, )+ J,W, +ll(—+—

aZPxx + azpyy + aQ

yz

- +
Ox0y Ox0y Oxdy oy’

ov
oy

o*P

Xy

ox*

J—/ZVZW,, —-L,VW,

+P(w)+q

ox*

Q. .,

_laszx _ 1 azsxx + 1 azRy}’ +1825W

oy’ oy ox Ox0y 2 0x0y 20x0y 2 0Ox0y 2 OxOy
oX O°R o’s O°R 0’s
lasz _1 yz _1 ;(y _1 ;(V 1 ;}’ 1 ;(y +P(W)+q
20y 20x 20y 2 Oy 2 Ox 2 0Ox

oU
Oox

=l0(Wb+V'|'/S)+JOWZ+Jl[—+—

ov
oy

]_szzwb —K,V'W,

_Ozz+ =+ > >
ox Oy 20xdy 20xdy 2 0y 2 0x 20y 2 0x
:JO(WNLWS)JFKOWZ
S o (W, +W. o (W, +W
e T o) CII) o)
ox~ oy Ox dy

anz aQ}’Z 1 aZTxx 1 aZT}’)’ 1 aX)(z 1 axyl 1 az.’;y 1 aZTX}’
+ —— + —— —— +

+99

0 O (W, +W,)

Oxoy

(5. 18c)

(5. 18d)

(5.19)

in which PXO,Py0 and PX(; are the in-plane mechanical/thermal equivalent forces (in vibration and

buckling analysis).

The governing equations are expressed in terms of displacements as:

o] U 1 o'v U
A11_2+A66_2__Am a2 T aa +(A12+A66
ox oy 4 ox-oy- oy
o’w, o’w, _,ow, [, s
_BllaT_(BlZ+ZBGG)aX8yz_Bll PYE _(Blz+ZBss
. oW, oW,
=lU-l,—2—J) —=
° Yoax Tt oax
oV ov 1 (o'v o'V
Aua—yﬁ/*eey‘z/*m(y*W )
oW, ow, . oW, . .
_Bzz 7317_(312 +2366 ) axza; _Bzz 6y3 _(BIZ + ZBGG
=1,V -1, —a:/” - ow,
y oy
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ov 1 o'v. o'v
e Fertece
oxoy 4 ox 0y  Oxoy
) o’w, oW, ONj,
oxoy? P ox ox
ou 1 o'y o'U
T A st A
oxoy 4 Ox’0y  Oxoy
3 ON”
) 0 i/vs +K,, aVVz Ty
Ox"oy oy oy

(5. 20a)

(5. 20b)



ou o*uU ov o’v
7"‘(312"‘2556)6 +(B,, +2B)

oy’

o'w,
—(Dy, +A,)—2

oy Py ox

Bll

o'w, o'w, .1 o'w,
—(2D,, +4D +2A, )Va;z—(o22 JrArn)Wf—[D11 +5(Am +Bm)} "

4 4 2
~(20;, +4D% )= oW, {DS ;(Am+Bm)}%+l_ ow,

x> oy’ Boox?
2 4 4 20 4T 62I\/IT
oy 2 " oxt* 2" oy Ox oy
=1, (W, +W,)+1, au+av ~LV*W, — L, VW, + JW, (5. 20c)
ox oy
o’u o’u o’V o’V
B, —+(B;, +2B;, | — +(B;, + 2B | ——+B;, —
tox? ( 66)6x8y2 ( 1 66)6x26y 2oy
1 o'w, ; .y o'W, 1 o'w,
[DM +=(A,+8 )} a)(4!» _(ZD12 +4D%)W{Dn +E(A’” +Bm)} ay“b
2 2 4
+| A +1/-/m 0 VZV AL+ H oW, —| Hy, +1(Am +2B,+C,) 0 VL/
4 ox 4 6y 4 ox
o'w, 1 o'W,
—(2H,, +4H¢ )a o {H +4(Am+ZBm+Cm)} "
2 2 4 4
+| L, + AL - oW, +| Ly + A, — H oW, —l(Dm+Em) aVL/Z+aV4VZ
6x 4 oy> 4 ox oy
o’ O°P! . J oV .. .. ..
+P(W)+q———2——2 = (W, +W, ) +J, u,v — LVW, —K,V*W, + I W, (5. 20d)
ox* oy ox oy
2 2 4 4
_Klsa_U_Kzsa_V"'Lla ¢ Mz/b +L; ‘ Mz/b _lEm ¢ M4/b _lEm ‘ M4/b
ox 6y ox oy 2 19)4 2 oy
o'W, 1 ow, 1 o'w.
L, + AL —=H L,+A, —=H |—=-=(E +D )—=*
( 4 m} XZ (23 44 4 m] ayz 4( m m) ax4
4
—l(Em+Dm)a—M4/$—ZSSWZ+[A +=H ja W,
4 oy 4 ox?
ow, 1_(o'w, o'w. . .
+ AL+ H L——F, | —E " |+99+0L, = 1, (W, + W, ) +K W, (5. 20e)
4 oyt 4 ox oy
5.4 Static, free vibration and buckling behaviours of simply supported FG-sandwich

plates under mechanical and thermal loads

5.4.1 Navier solution

Based on the Navier approach, the displacements are expressed in terms of Fourier series as:

(x,y) =iiumn cosaxsin Sy

n=1m=1
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X y):iivmnsinaxcosﬁy (5. 21b)

n=1m=1

w, (x,y):iiwbmn sinaxsin By (5. 21c)
n=1m=1

w, (x,y):iiwsmn sinaxsin By (5.21d)
n=1 m=1

W, (x,y) =iiw _sinaxsin By (5.21e)
n=1m=1

where a=mz/a,f=nz/b and (U,,,V,,,\ Wy, W, W,,,) are coefficients. Similarly,

nm? “nm? " bnm? " snm? " " znm

mechanical loads and temperature are expanded as:

X,Y)=>.>",,sinaxsin By (5. 22a)
n=1m=1
(x,y =22A i SiNaxsin By, (i=1,2) (5.22b)
n=1m=1
and
(Gpn» AT,y ) =(G,, AT, for sinusoidally distributed loads (5.23a)
16 . —
(G AT, ) = ~(q,,AT,) for uniformly distributed loads (5.23b)
nmnx

Substituting Eqgs. (5.21) and (5.22) to Eq. (5.20), the governing equations can be rewritten as:

(k,j—mija)Z){ujmn}={ijn} where k; =k;;m, =m, (n=1,5) (5.24)
where
ky =—Ana’ —A B —=A (B + B*); klz=—(A12+A66)aﬂ+%Am(a3ﬂ+aﬂ3);

ks =Ba’ +(By, +2B, ) af’; k,, =B,a’ +(B, + 2B )af’; ki =
1
kzzz_Azzﬂz_Aesa2_4A (0! +a’p? )l 25 =B +(Blz+2366)a2ﬂ;

Ky = 252133"'(3 +2366)a B ks =Ky

ky =—(Dy, +A, )" —(2D, +4Dy +2A )&’ B> ~(D,, + A, ) B* ~ (o + B )P,
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k,, = {D{l +%(Am +B, )}a“ ~[2D;, +4D; +(A, +8,) o’ B’ {D;Z +%(Am +B, )} B

_(az +IBZ)PO; k35 :—L13a2 _Lzsﬂz _%Em (az +ﬂ2 )2

1 1 1
K, = —[A;S —ZHmjaz —(AL +ZHmjﬂz —[Hn +Z(Am +2B_+C, )ja“ —(2H,, +4H, )’

(H22+1(A +2B,_+C )j,ﬁ“—(aerﬂz)Po
k45=_(L513+A§5 _%Hmjaz_(Lszs"’AL _%Hm)ﬂz _%(Dm"'Em)(az“'ﬂz)z

s 1 2 2)\?
Ky ==y | Ayt Hy o =| At 1h g ——F (a2 +5°) (5. 25)
my =ly; my=—hoa; m,=-la; m,=I; my, :_Ilﬂ; m,, :_Jlﬂ

o=l th (@ + ) my =l + 1, (e’ + 57); mys =,

m44=IO+K2(a2+,BZ); My =Jy; mg=Ky; m,=m,=m, =0 (5. 26)

= {RF P F)

F :—a(AAT +B A,Z-] ; F2=—ﬂ(AtAT1+Bt%)} F3:(a2+ﬂ2)( = tA/;rzj

AT,
F4:(a2+,82)( BAT,+D = j (5.27)
For static analysis, the mid-plane displacements are simply calculated by {ujmn}zkij \{ijn},

where (m,n)=(1,1) for the in-plane sinusoidal temperature and (m,n)=(1—19,1—19) for the

in-plane uniform temperature. It should be noted that the increase of temperature results in the
change of material properties and the thermal stress resultants, which leads to the forced
vibration and nonlinear buckling analysis. In this chapter, only in-plane thermal resultant (axial
force) is considered to solve the problems using eigenvalue algorithm. The thermal vibration and
buckling behaviours are similar to mechanical behaviours with consideration paying to the
temperature-dependent material properties. Therefore, a trial and error procedure is also

needed to obtain the critical buckling temperatures.

5.4.2 Numerical examples
A slightly different version of this section has been published in Composites Part B: Engineering

[178].
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In this section, numerical investigations are carried out to study the bending, free vibration and

buckling behaviours of FG-sandwich microplates under mechanical and thermal loads. First,

verification is performed for microplates under mechanical loads and macroplates under

thermal loads. Differences between constitutive relations as well as between the TSDT and SSDT

are discussed. Parametric study is then carried out to investigate the thermal behaviours of FG-

sandwich microplates. In the examples given, effects of geometric configurations and

temperatures on microplates are examined using both 2D and quasi-3D models. Apart from the

TID form, which is applied to verify the present solution, the TD form is considered in the rest of

this chapter. Material properties for mechanical and TD coefficients for thermal analysis are

presented in Tables 5.1 and 5.2. Non-dimensional expressions used in this section are as follow:

Bending:

Mechanical load:

_ 10E h? b
Deflection: w(z)="—"; ua(g,—,zj
q,a 22

ho ho
P — XX = — XZ
Stress: 6,, =—* G0,, =—*
aq, aq,

Thermal load:

_ h ab
Deflection: W(Z)=—2U3 P4
a,AT,a 22
_ W ab
Stress: O, =—————~ 04| =,=.Z
o, ATE,a 22

where Eg=1GPa, 0,0=10°°C?

Vibration:

=22

Buckling:

;0!

=P
r cr th3

(5. 28)

(5.29)

(5. 30)

(5. 31)

(5.32)

(5.33)

where Eo, po and vo are the Young’s modulus, mass density and Poisson’s ratio of metal at 300K.
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Table 5. 1: Material properties of FG plates for mechanical and temperature-independent (TID)
thermal analysis.

Material Material properties
E (GPa) p (kg/m?) a (1/K) v
Metal: Ti-6A1-4V 66.2 - 10.3e-6 1/3
Al 70 2700 - 0.3
Mat1 14.4 12200 - 0.38
Ceramic: ZrO; 117 - 7.11e-6 1/3
Al03 380 3800 - 0.3
Mat> 1.44 1220 - 0.38

Table 5. 2: Temperature-dependent coefficients of SisN4/SUS304 plates.

Materials  Proprieties Po P-1 P1 P2 P3
SisNa E (Pa) 348.43e+9 0.0 -3.070e-4 2.160e-7 -8.946e-11
a (1/K) 5.8723e-6 0.0 9.095e-4 0.0 0.0
K (W/mK) 13.723 0.0 -1.032e-3 5.466e-7 -7.876e-11
v 0.24 0.0 0.0 0.0 0.0
p (kg/m?3) 2370 0.0 0.0 0.0 0.0
SUS304 E (Pa) 201.04e+9 0.0 3.079e-4 -6.534e-7 0.0
a (1/K) 12.330e-6 0.0 8.086e-4 0.0 0.0
K (W/mK) 15.379 0.0 -1.264e-3 2.092e-6 -7.223e-10
v 0.3262 0.0 -2.002e-4 3.797e-7 0.0
p (kg/m?3) 8166 0.0 0.0 0.0 0.0

5.4.2.1 Verification

a. Static analysis

Table 5.3 validates the computed solutions of transverse displacement W and normal stress

&, under mechanical load for microplates. The sinusoidal mechanical load is applied to Al/Al,Os

plate with different slenderness ratios and power-law indices. Under mechanical load, the
present quasi-3D results are in good agreement with other quasi-3D ones. Considering 2D

models, Lei et al. [179] degenerated quasi-3D to 2D model by setting w, to zero, which results
in a slight difference in stress 5, compared to present solutions and those obtained by Thai and

Vo [166]. It is also seen that quasi-3D models provide higher deflections for small-scale plates
but lower values for thicker plates compared to 2D models. Further verification is presented for
thermal bending of FG-sandwich macroplates. By applying the linear temperature through the
thickness, the deflections and stresses of Ti-6Al-4V/ZrO, plates are presented in Table 5.4. It is
seen that the present TSDT and SSDT results are in excellent agreement with those obtained

from Tounsi et al. [180] while the quasi-3D ones agree well with those reported by Mantari and

Granados [181]. It should be noted that the 2D constitutive relation, i.e. [Q.ZD

i 7

Q;D ] , was applied

to the quasi-3D solution in [181]. In this example, applying quasi-3D theories not only increases

110



the stiffness but also induces the load component Fs which is caused by z-direction thermal

stretching. Therefore, thermal deflections achieved from quasi-3D models together with
[Q,fD,Q;.D] are higher than those from 2D models. At the same time, between SSDT and TSDT
which are employed to quasi-3D models, the former provides higher stress magnitudes and the
difference is much more pronounced in the thermal case. Those values from SSDT quasi-3D

model are comparable with the results obtained from 2D solutions. In this chapter, SSDT is

applied to static bending behaviours while TSDT is applied to vibration and buckling analysis.
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Table 5. 3: Non-dimensional deflections and stresses of Al/Al,O; microplates under sinusoidal

loads.
a/h h/l Theory w(a/2,b/2,0) &, (a/2,b/2,h/2)
p=0 1 10 p=0 1 10
5 1 TSDT[179] 0.0569 0.0989 0.2077 0.2321 0.3162 0.6655
SSDT [166] 0.0588 0.1017 0.2158 0.1800 0.2437 0.5189
Present TSDT 0.0568 0.0985 0.2099 0.1841 0.2483 0.5294
Present SSDT 0.0570 0.0988 0.2108 0.1844 0.2488 0.5289

Quasi-3D (TSDT) [179] 0.0601 0.1031 0.2215 0.1878 0.2603 0.5232
Present quasi-3D (TSDT)  0.0587 0.1008 0.2171 0.1858 0.2562 0.5228
Present quasi-3D (SSDT)  0.0589 0.1012 0.2186 0.1968 0.2725 0.5531

2 TSDT [179] 0.1432 0.2591 0.5113 0.5711 0.8185 1.5491
Present TSDT 0.1502 0.2715 0.5352 0.4729 0.6702 1.2939
Present SSDT 0.1506 0.2721 0.5387 0.4740 0.6720 1.2953

Quasi-3D (TSDT) [179] 0.1564 0.2781 0.5623 0.4888 0.7022 1.3087
Present quasi-3D (TSDT)  0.1533 0.2731 0.5468 0.4836 0.6930 1.2976
Present quasi-3D (SSDT)  0.1536 0.2736 0.5505 0.5117 0.7364 1.3733

4 TSDT[179] 0.2316 0.4363 0.8275 0.9086 1.3660 2.3797
Present TSDT 0.2586 0.4881 0.9087 0.7891 1.1785 2.0694
Present SSDT 0.2589 0.4886 0.9141 0.7912 1.1818 2.0759

Quasi-3D (TSDT) [179] 0.2609 0.4827 0.9245 0.8156 1.2198 2.1200
Present quasi-3D (TSDT)  0.2583 0.4784 0.9039 0.8105 1.2112 2.0981
Present quasi-3D (SSDT)  0.2581 0.4781 0.9077 0.8543 1.2824 2.2117

8 TSDT[179] 0.2740 0.5265 0.9865 1.0685 1.6427 2.7721
Present TSDT 0.3171 0.6118 1.1243 0.9529 1.4609 2.4657
Present SSDT 0.3172 0.6119 1.1275 0.9552 1.4648 2.4740

Quasi-3D (TSDT) [179]  0.3133 0.5916 1.1064  0.9793 1.4953 2.5197
Present quasi-3D (TSDT)  0.3123 0.5898 1.0963  0.9772 1.4917 2.5077
Present quasi-3D (SSDT)  0.3115 0.5886 1.0973  1.0276 1.5759 2.6329

10 1 TSDT[179] 0.0530 0.0926 0.1968 0.4836 0.6541 1.3774
SSDT [166] 0.0552 0.0959 0.2058 0.3749 0.5042 1.0733
Present TSDT 0.0546 0.0951 0.2043 0.3770 0.5065 1.0787
Present SSDT 0.0547 0.0951 0.2045 0.3771 0.5067 1.0785

Quasi-3D (TSDT) [179] 0.0556 0.0960 0.2066 0.3787 0.5184 1.0785
Present quasi-3D (TSDT)  0.0552 0.0954 0.2054 0.3778 0.5163 1.0785
Present quasi-3D (SSDT)  0.0552 0.0954 0.2057 0.4018 0.5520 1.1411

2 TSDT[179] 0.1283 0.2355 0.4577 1.1622 1.6561 3.1516
Present TSDT 0.1401 0.2556 0.5022 0.9592 1.3542 2.6215
Present SSDT 0.1402 0.2558 0.5031 0.9598 1.3550 2.6222

Quasi-3D (TSDT) [179] 0.1419 0.2551 0.5050 0.9672 13775 2.6225
Present quasi-3D (TSDT)  0.1410 0.2537 0.5008 0.9646 1.3728 2.6170
Present quasi-3D (SSDT)  0.1410 0.2536 0.5015 1.0248 1.4665 2.7684

4 TSDT[179] 0.1994 0.3837 0.6911 1.7954 2.6893 4.6805
Present TSDT 0.2313 0.4437 0.7998 1.5683 2.3352 4.1032
Present SSDT 0.2313 0.4438 0.8012 1.5694 2.3369 4.1066

Quasi-3D (TSDT) [179] 0.2320 0.4354 0.7933 1.5815 2.3517 4.0981
Present quasi-3D (TSDT) 0.2313 0.4343 0.7879 1.5790 2.3475 4.0871
Present quasi-3D (SSDT)  0.2308 0.4335 0.7885 1.6746 2.5036 4.3180

8 TSDT[179] 0.2314 0.4554 0.7946 2.0799 3.1877 5.3392
Present TSDT 0.2766 0.5443 0.9455 1.8671 2.8552 4.7946
Present SSDT 0.2766 0.5443 0.9464 1.8683 2.8572 4.7988

Quasi-3D (TSDT) [179] 0.2757 0.5288 0.9265 1.8799 2.8567 4.7746
Present quasi-3D (TSDT)  0.2755 0.5284 0.9240 1.8789 2.8550 4.7687
Present quasi-3D (SSDT)  0.2747 0.5271 0.9237 1.9908 3.0421 5.0322
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Table 5. 4: Deflections and stresses of Ti-6Al-4V/ZrO, plates under xy-sinusoidal and z-linear

temperature.
p Theory z w(a/2,b/2,2) &, (a/2,b/2,h/2)
FG FG-core FG FG-core
1-2-2 1-1-1 1-2-2 1-1-1
0 SSDT [180] - 0.5446 0.5698 - -1.7508  -1.6663
TSDT [180] - 0.5446 0.5698 - -1.7508  -1.6663
Present SSDT 0.4803 0.5446 0.5698 -2.0797 -1.7508  -1.6663
Present TSDT 0.4803 0.5446 0.5698 -2.0797 -1.7508  -1.6663
Quasi-3D® (SSDT) [181]  z=h/2 - 0.5269 0.5526 - -1.8544  -1.7284
z=0 - 0.5144 0.5395 - - -
Present quasi-3D® (SSDT) z=h/2 0.4616 0.5269 0.5527 -2.2871 -1.8554  -1.7294
z=0 0.4502 0.5144 0.5395 - - -
Present quasi-3D® (TSDT) z=h/2 0.4591 0.5227 0.5492 -1.9369 -1.4456  -1.3174
z=0 0.4480 0.5103 0.5364 - - -
Present quasi-3D® (SSDT) z=h/2 0.4945 0.5673 0.5949 -2.8019 -2.0559  -1.8381
z=0 0.4823 0.5540 0.5810 - - -
Present quasi-3D® (TSDT) z=h/2 0.4897 0.5587 0.5884 -2.0592 -1.1907 -0.9646
z=0 0.4779 0.5455 0.5747 - - -
1 SSDT [180] - 05731 0.5788 - -1.6745  -1.6646
TSDT [180] - 05731 0.5788 - -1.6745  -1.6645
Present SSDT 0.5798 0.5731 0.5788 -1.5220 -1.6745  -1.6646
Present TSDT 0.5798 0.5731 0.5788 -1.5220 -1.6745  -1.6645
Quasi-3D® (SSDT) [181]  z=h/2 - 0.5561 0.5624 - -1.7377  -1.7204
z=0 - 0.5429 0.5490 - - -
Present quasi-3D® (SSDT) z=h/2 0.5597 0.5562 0.5624 -1.5307 -1.7388  -1.7215
z=0 0.5461 0.5430 0.5491 - -
Present quasi-3D® (TSDT) 2=h/2
0.5571 0.5529 0.5593 -1.1158 -1.3257  -1.3097
z=0 0.5439 0.5400 0.5464 - -
Present quasi-3D® (SSDT) z=h/2 0.6006 0.5987 0.6055 -1.4865 -1.8563  -1.8267
z=0 0.5861 0.5847 0.5913
Present quasi-3D® (TSDT) z=h/2 0.5959 0.5926 0.5999 -0.6062 -0.9800  -0.9520
z=0 0.5818 0.5789 0.5861 - - -
5 SSDT [180] - 0.5799 0.5807 - -1.6732 -1.6638
TSDT [180] - 0.5799 0.5807 - -1.6732  -1.6637
Present SSDT 0.6247 0.5799 0.5807 -1.0700 -1.6732  -1.6638
Present TSDT 0.6248 0.5799 0.5807 -1.0699 -1.6732  -1.6637
Quasi-3D® (SSDT) [181]  z=h/2 - 0.5638 0.5641 - -1.7318  -1.7156
z=0 - 0.5505 0.5507 - - -
Present quasi-3D® (SSDT) z=h/2 0.6004 0.5638 0.5641 -0.9094 -1.7329  -1.7167
z=0 0.5853 0.5505 0.5507 - - -
Present quasi-3D@ (TSDT) 2=h/2
0.5990 0.5607 0.5611 -0.4848 -1.3207  -1.3067
z=0 0.5847 0.5477 0.5482 - - -
Present quasi-3D® (SSDT) z=h/2 0.6419 0.6073 0.6071 -0.3865 -1.8475  -1.8182
z=0 0.6258 0.5931 0.5929 - - -
Present quasi-3D® (TSDT) z=h/2 0.6398 0.6016 0.6020 0.5162 -0.9718  -0.9469

z=0 0.6246  0.5878 0.5881 - - -

@): Results obtained with [Q?D,Q]Z-DJ; (0): Results obtained with [Q—?D,Q?DJ
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b. Vibration and buckling analysis

The fundamental frequencies of Al/Al,03; microplates are compared with those of Lei et al. [179]
in Table 5.5 and presented in Fig. 5.2 for various slenderness and material length scale ratios.
Excellent agreement can be observed. In addition, the natural frequencies reduce with higher

material length scale ratios and level out as h//>20. With respect to the thermal effect, the
vibration of SisN4/SUS304 macroplates (a/h=10) under uniform temperature is verified with

those given in [182] considering TID and TD forms in Table 5.6. In this example, the equivalent

axial load caused by the thermal stress is calculated with/without the transverse thermal stress
ol (either [Q,fD,Q;D] or [Q,fD,QgD] is utilised for thermal stress, respectively). The present

TSDT results are almost the same with those in [182] while the quasi-3D solution provides lower

natural frequencies, especially when 7 is included. The TD solution, which describes better the

working status of materials, also displays lower natural frequencies compared to TID one.
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Fig. 5. 2: Non-dimensional frequencies of Al/Al,O; microplates with various slenderness and
material length scale ratios.

114



Table 5. 5: Non-dimensional fundamental frequencies @ of Al/Al,03 microplates.

a/h h/l Theory p

0 0.5 1 5 10

5 TSDT [179] 12.9565 11.4813 10.5983 8.4762 7.8468
Present TSDT 13.1645 11.6622 10.7482 8.5714 7.9417
Quasi-3D (TSDT) [179] 12.4747 11.1097 10.2849  8.2027  7.5480
Present quasi-3D (TSDT) 12.5865 11.2082 10.3732 8.2599 7.6030
TSDT [179] 8.1759 7.1553  6.5542 5.3491 5.0233
Present TSDT 8.3177 7.2634 6.6505 5.4479 5.1267
Quasi-3D (TSDT) [179] 7.7588  6.8328 6.2857 5.1083  4.7628
Present quasi-3D (TSDT) 7.8212 6.8784 6.3301 5.1591 4.8150
TSDT [179] 6.4393 5.5604 5.0553 4.1718 3.9619
Present TSDT 6.5027 5.6107 5.0984 4.2352  4.0303
Quasi-3D (TSDT) [179] 6.0161 5.2220 4.7737 3.9453  3.7260
Present quasi-3D (TSDT) 6.0397 5.2428 4.7924 3.9796 3.7606
TSDT [179] 5.9205 5.0878 4.6015 3.8080 3.6331
Present TSDT 5.9413 5.1018 4.6169 3.8310 3.6582
Quasi-3D (TSDT) [179] 5.4951  4.7406 43143 3.5943  3.4113
Present quasi-3D (TSDT) 5.4983 4.7429 43193 3.6038 3.4226
10 TSDT [179] 13.6329 12.0824 11.1415 8.9022 8.2367
Present TSDT 13.7017 12.1439 11.1933 8.9284 8.2615
Quasi-3D (TSDT) [179] 13.2922 11.8250 10.9199 8.7034 8.0198
Present quasi-3D (TSDT) 13.3344 11.8606 10.9617 8.7279 8.0421
TSDT [179] 8.7651 7.6413 6.9954 5.7361 5.3998
Present TSDT 8.8098 7.6774 7.0202 5.7651 5.4330
Quasi-3D (TSDT) [179] 8.3187 7.3006 6.7130 5.4839 5.1335
Present quasi-3D (TSDT) 8.3415 7.3148 6.7225 55062 5.1525
TSDT [179] 7.0338 6.0428 5.4762 4.5989 4.3928
Present TSDT 7.0538 6.0534 5.4902 4.6190 4.4186
Quasi-3D (TSDT) [179] 6.5011 5.6087 5.1293 4.3069 4.0903
Present quasi-3D (TSDT) 6.5153 5.6282 5.1396 4.3282 4.1092
TSDT [179] 6.5258 5.5750 5.0315 4.2613 4.0974
Present TSDT 6.5333 5.5692 5.0309 4.2690 4.1078
Quasi-3D (TSDT) [179] 5.9678 5.1146  4.6442 3.9723 3.7809
Present quasi-3D (TSDT) 5.9704 5.1197 4.6597 3.9724  3.7955
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Table 5. 6: Non-dimensional fundamental frequencies @ of SisNs/SUS304 plates (AT=400K,
a/h=10).

p Theory TID solution TD solution
a/b=1 a/b=2 a/b=3 a/b=1 a/b=2 a/b=3
0 CPT[182] 11.417 30.671 61.696 10.512 29.123 59.048
FSDT [182] 11.095 29.001 56.078 10.187 27.485 53.584
TSDT [182] 11.033 28.696 55.121 10.124 27.186 52.652
Present TSDT 11.170 28.966 55.547 10.302 27.527 53.187
Present quasi-3D (TSDT) ) 11.099 28.884 55.571 10.204 27.399 53.139
Present quasi-3D (TSDT) ¢*) 10.084 28.139 55.010 8.858 26.459 52.442
0.5 CPT[182] 7.448 20.776 42.166 6.642 19.431 39.870
FSDT [182] 7.217 19.622 38.330 6.405 18.306 36.174
TSDT [182] 7.174 19.417 37.694 6.362 18.108 35.563
Present TSDT 7.264 19.571 37.886 6.479 18.299 35.805
Present quasi-3D (TSDT) ) 7.201 19.500 37.905 6.392 18.191 35.769
Present quasi-3D (TSDT) ** 6.163 18.781 37.371 4976 17.295 35.115
1 CPT[182] 6.388 18.142 37.008 5.619 16.863 34.819
FSDT [182] 6.176 17.099 33.549 5.401 15.848 31.491
TSDT [182] 6.135 16.909 32.959 5.359 15.662 30.923
Present TSDT 6.204 17.011 33.057 5.445 15.785 31.039
Present quasi-3D (TSDT) ) 6.139 16.932 33.042 5.357 15.673 30.975
Present quasi-3D (TSDT) ** 5.088 16.231 32.526 3.902 14.804 30.351
5 CPT[182] 4.969 14.606 30.070 4.266 13.433 28.036
FSDT [182] 4776 13.687 27.034 4.063 12.534 25.108
TSDT [182] 4732 13.491 26.437 4.015 12.336 24.514
Present TSDT 4.841 13.675 26.689 4156 12.556 24.810
Present quasi-3D (TSDT) ¢ 4.757 13.551 26.569 4.042 12.394 24.637
Present quasi-3D (TSDT) ** 3.695 12.898 26.104 2.539 11.608 24.094

) Exclusion of thermal thickness stress (GZTZ 20) ,

#4): Inclusion of thermal thickness stress (GZTZ 7&0)
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Further verification is carried out for mechanical and thermal buckling behaviours of FG plates
in Tables 5.7 and 5.8. As can be seen in Table 5.7, the present results of mechanical buckling
agree well with those obtained from refined plate theories (RPT) [167, 169] and quasi-3D theory
[169]. It is also shown that the inclusion of normal stretching effect leads to the higher critical
buckling loads for macroplates but less significant to microplates. Regarding the thermal
buckling behaviour, by applying the linear temperature which is expressed by
T(x,y,2)=305+(1/2+z/h)AT [172], a good agreement can be seen for Al/Al,0; macroplates and
thin microplates in Table 5.8. This temperature pattern, which assumes the temperature
elevation occurs only at the top surface, can lead to a very high difference in the temperature
at the bottom and top surfaces; therefore, the temperature distribution described in Eq. (1.8)

and the exclusion of &7 are considered in the thermal vibration and buckling analysis.

Table 5. 7: Non-dimensional critical buckling loads of Mat:/Mat, microplates.

h/I Theory a/h=5 a/h=10 a/h=20
p=0 1 10 p=0 1 10 0 1 10
1 RPT[167] 82.694 43.809 15.952 88.542 46.537 16.603 90.180 47.291 16.779
RPT [169] 78.968 42.039 15.407 87.378 45.998 16.443 89.872 47.149 16.738
Present TSDT 85.767 45.262 16.272 89.332 46.908 16.605 89.047 47.027 16.319
Quasi-3D (RPT) [169] 73.693 39.887 14.529 85.604 45.822 16.482 89.402 47.660 17.083
Present quasi-3D 86.070 45.969 16.576 89.332 47.312 17.009 89.047 47.027 16.319
2 Present TSDT 33.372 16.562 6.517 35.961 17.587 6.885 36.424 17.848 6.540
Present quasi-3D 34.028 17.420 6.820 36.163 18.394 7.289 36.443 18.665 7.352
4  Present TSDT 19.952 9.321 3.841 22.535 10.212 4.353 23.070 10.545 4.484
Present quasi-3D 20.937 10.280 4.194 22.939 11.020 4.757 23.474 10.949 4.888
8 Present TSDT 16.504 7.476 3.057 19.197 8.439 3.692 20.020 8.707 3.858
Present quasi-3D 17.627 8.473 3.423 19.601 9.247 4.146 20.020 9.313 4.262
oo RPT[167] 15.332 6.861 2.767 18.075 7.828 3.497 18.924 8.114 3.745
RPT [169] 15.332 6.861 2.770 18.076 7.828 3.498 18.924 8.114 3.745
Present TSDT 15.332 6.861 2.767 18.075 7.828 3.497 18.924 8.113 3.745
Quasi-3D (RPT)[169] 15.363 7.391 3.012 18.156 8.540 3.892 18968 8.864 4.185
Present quasi-3D 16.527 7.876 3.148 18489 8.673 3.930 19.037 8.891 4.188
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Table 5. 8: Critical buckling temperatures AT, [K] of Al/Al,O; microplates.

p h/l Theory Uniform temperature Linear temperature
a/h=100 20 10 100 20 10
0 oo HSDT[183] 17.080 421.530 1618.680 24.170 833.070 3227.360
HSDT [184] 17.089 421.540 1618.750 24.179 833.079 3227.510
CBT [172] 17.099 - - 24.198 - -
Present TSDT 17.089 421.535 1618.689 24177 833.073 3227.377
Present quasi-3D 17.083 423.290 1644.410 24.182 836.576 3278.829
2 CBT[172] 35.053 - - 60.107 - -
Present TSDT 35.042 870.790 3419.221 60.084 1731.582 6828.442
Present quasi-3D 35.042 871.571 3431.200 60.086 1733.152 6852.410
1 CBT[172] 88.916 - - 167.831 - -
Present TSDT 88.902 2215.320 8772.104 167.806 4420.639 17534.209
Present quasi-3D 88.891 2215.610 8776.800 167.798 4421.229 17543.610
1 oo HSDT[183] 7.940 196.260 758.390 5.510 358.710 1412.960
HSDT [184] 7.940 196.267 758.424 5.513 358.715 1413.020
CBT [172] 7.944 - - 5.521 - -
Present TSDT 7.939 196.266 758.398 5.512 358.713 1412.975
Present quasi-3D 8.174 202.797 790.829 5.955 370.963 1473.811
2 CBT[172] 17.852 - - 24.104 - -
Present TSDT 17.846 443.874 1747.416 24.093 823.094 3267.841
Present quasi-3D 18.082 450.093 1775.366 24541 834.758 3320.262
1 CBT[172] 47.577 - - 79.852 - -
Present TSDT 47.571 1185.721 4699.088 79.839 2214.401 8803.603
Present quasi-3D 47.803 1191.776 4724.691 80.285 2225.760 8851.616
5 oo HSDT [183] 7.260 178.530 679.310 3.891 298.700 1160.680
HSDT [184] 7.260 178516 679.039 3.890 298.672 1160.220
CBT [172] 7.266 - - 3.900 - -
Present TSDT 7.258 178.535 679.312 3.889 298.704 1160.689
Present quasi-3D 7.547 186.246 713.734 4394 311.968 1219.936
2 CBT[172] 14.692 - - 16.683 - -
Present TSDT 14.687 365.354 1438.925 16.674 620.276 2468.204
Present quasi-3D 14.971 372.589 1466.682 17.181 632.736 2515.987
1 CBT[172] 36.971 - - 55.031 - -
Present TSDT 36.967 922.164 3663.791 55.023 1578.709 6297.849
Present quasi-3D 37.256 929.248 3689.120 55.530 1590.906 6341.446

118



Non-dimensional deflection w(z

0)

Non-dimensional deflection w(z

0.3

0.25

0.2

0.15

0.1

0.05

—6— Quasi-3D= = = Classical--@-- 2D , AT} =0
—#— Quasi-3D- - - Classical--#-- 2D , AT} =100
—g— Quasi-3D- = - Classical--g-- 2D , AT} = 600

10 20 30 40
Material length scale ratio (h/1)

50

+ —6— Quasi-3D- = = Classicak-©--2D , ATy =0 A
—#e— Quasi-3D- = - Classical-#-- 2D ; AT} = 100
—&— Quasi-3D- = - Classical--8-- 2D , AT} = 600

-1.5 ¢ b
_____________________ 0
2 . . . .
0 10 20 30 40 50
Material length scale ratio (h/1)
b.p

(z=h/2)

Oz

1]
Non-dimensional deflection

(]

Non-dimensional deflection 7,,(z = h/2)

=1

P L -

—6— Quasi-3D- = = Classical--©-- 2D , AT} =0
—#— Quasi-3D- - - Classical--4-— 2D , AT} = 100

i —8— Quasi-3D- - - Classical--8-— 2D , AT} = 600 |

;Z-/E}Em -1

0 10 20 30 40 50
Material length scale ratio (h/1)

oo r T T )

e )

REH =k

aQ

[}
o- B 1 el L LT U ]
L —6— Quasi-3D= = = Classical--©-- 2D , AT} =0 |
—#— Quasi-3D- - - Classical--#-- 2D , AT} = 100

| —&— Quasi-3D- - - Classical--8-- 2D , AT} = 600 |

""" il : iy
10 20 30 40 50

Material length scale ratio (h/1)
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Fig. 5. 4: Non-dimensional deflections of Ti-6Al-4V/ZrO, microplates under various mechanical
and thermal loads.

5.4.2.2 Parameter study

a. Static analysis

The deflection and stress of Ti-6Al-4V/ZrO, plates under various thickness scales and
temperatures are presented in Fig. 5.3. In this figure, TID is considered to verify with those
obtained from [181] for the macroplates under the higher temperatures. The small-scale effect
can be seen for deflection and stress in microplates and is negligible for thicker plates (h>20l)
where a good agreement with those results for macroplates is observed. Regarding the thickness
stretching effect, the results from the quasi-3D and 2D models agree well at ambient
temperature but the significant difference between them is observed at elevated temperature.
In addition, under lower temperature, the positive deflection can be seen while the negative
deflection is obtained with increasing temperature. This can be explained by the difference in

thermal expansions of Ti-6Al-4V and ZrO,. At the lower temperature, the linear temperature
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causes an expansion on the upper face (ceramic — ZrO,) whereas the metal has not been heated

up. This results in a coupled force pushing the plate upward. At the higher temperature AT, ,

due to the higher thermal expansion coefficient, the metal surface stretches more than the

ceramic one which creates a reverse moment pushing the plate downward. This change is

illustrated by the transverse displacements obtained from quasi-3D and 2D models for various

thickness scales in Fig. 5.4. It is seen that the difference between these solutions are more

profound under thermal loads than under mechanical loads.

Table 5. 9: Non-dimensional deflections of FG and (1-2-2) SisN4/SUS304 sandwich microplates
under uniform temperature (a/h=5).

h/l  p Theory FG FG-core Ceramic-core Metal-core
AT1=300 900 300 900 300 900 300 900
1 0 SSDT 0 0 -0.381 -1.075 0 0 0 0
Quasi-3D (SSDT) 0 0 -0435 -2.713 0 0 0 0
1 SSDT -0.522 -2.276 -0.653 -2.449 0.170 0.666 -0.202 -0.920
Quasi-3D (SSDT) -0.585 -4.523 -0.696 -5.036 0.159 1.094 -0.238 -2.218
5 SSDT -0.448 -2.482 -0.769 -3.086 0.250 0.996 -0.238 -0.881
Quasi-3D (SSDT) -0.581 -6.179 -0.847 -6.795 0.231 1910 -0.251 -2.021
5 0 SSDT 0 0 -1.921 -5.863 0 0 0 0
Quasi-3D (SSDT) 0 0 -2.978 -17.339 0 0 0 0
1 SSDT -2.437 -10.724 -3.171 -12.921 0.862 3.658 -0.847 -3.302
Quasi-3D (SSDT) -3.530 -23.143 -4.531 -28.813 1.147 7.160 -1.286 -8.828
5 SSDT -1.957 -9.930 -3.596 -15.463 1.280 5.948 -1.002 -3.296
Quasi-3D (SSDT) -3.057 -25.040 -5.167 -34.746 1.685 12.749 -1.470 -8.910
0 0 SSDT 0 0 -2.321  -7.219 0 0 0 0
Quasi-3D (SSDT) 0 0 -3617 -21.072 0 0 0 0
1 SSDT -2.896 -12.774 -3.799 -15.789 1.042 4.508 -0.985 -3.744
Quasi-3D (SSDT) -4.221 -27.238 -5.457 -34.458 1.397 8.759 -1.510 -9.975
5 SSDT -2.296 -11.478 -4.274 -18.685 1.551 7.490 -1.167 -3.754
Quasi-3D (SSDT) -3.598 -28.485 -6.171 -40.844 2.053 15.790 -1.737 -10.190
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Table 5. 10: Non-dimensional deflections of FG and (1-2-2) SisN4/SUS304 sandwich microplates
under linear temperature (a/h=5).

h/.  p Theory FG FG-core Ceramic-core Metal-core
AT1=0 300 0 300 0 300 0 300
1 0 SSDT 0.119 0.170 0.155 -0.165 0.119 0.170 0.282 0.403
Quasi-3D (SSDT) 0.061 0.092 0.087 -0.305 0.061 0.091 0.148 0.251
1 SSDT 0.189 -0.254 0.177 -0.404 0.181 0.419 0.199 0.085
Quasi-3D (SSDT) 0.104 -0.422 0.100 -0.541 0.099 0.306 0.103 -0.071
5 SSDT 0.237 -0.108 0.189 -0.502 0.211 0.537 0.158 -0.010
Quasi-3D (SSDT) 0.126 -0.372 0.109 -0.675 0.113 0.404 0.083 -0.119
5 0 SSDT 0.571 0.815 0.781 -0.833 0.571 0.816 1.263 1.779
Quasi-3D (SSDT) 0.553 0.801 0.809 -1.816 0.553 0.802 1.230 1.855
1 SSDT 0.886 -1.183 0.864 -1.955 0.919 2.128 0.845 0.361
Quasi-3D (SSDT) 0.886 -2.228 0.885 -3.237 0.938 2.477 0.809 -0.074
5 SSDT 1.042 -0.476 0.888 -2.336 1.085 2.761 0.677 -0.029
Quasi-3D (SSDT) 1.019 -1.526 0.910 -3.819 1.109 3.263 0.654 -0.496
oo 0 SSDT 0.683 0.975 0.944 -1.006 0.683 0.975 1.487 2.089
Quasi-3D (SSDT) 0.676 0.979 0.993 -2.194 0.676 0.979 1.478 2.214
1 SSDT 1.055 -1.405 1.036 -2.340 1.112 2.575 0.986 0.422
Quasi-3D (SSDT) 1.075 -2.646 1.079 -3.883 1.152 3.028 0.971 -0.065
5 SSDT 1.224 -0.560 1.058 -2.774 1.316 3.347 0.792 -0.030

Quasi-3D (SSDT) 1.224 -1.769 1.102 -4.544 1.363 3.988 0.787 -0.569

Tables 5.9 and 5.10 present the non-dimensional deflection of SisN4/SUS304 sandwich
microplates under uniform and linear temperatures through the thickness. No displacement is
shown in Table 5.9 for homogeneous plates (FG or homogeneous-core sandwich plate with p=0)
due to the symmetry of material and thermal stress under uniform temperature. The deflection
increases with respect to temperature but in different ways, upward for the ceramic-core plates
and downward for the others. Also, less deflection can be observed for smaller scale plates
under thermal environment, which is similar to the case of mechanical loads. At the macro scale,
the smallest displacement is observed in metal-core plates, especially under uniform
temperature. At the micro scale, the homogeneous-core plates induce lower deflection under
uniform temperature, but higher deflection under linear temperature compared to the FG/ FG-
core plates. To compare the quasi-3D and 2D models in evaluating thermal stresses, Fig. 5.5
displays the through-the-thickness normal and shear stresses of sandwich microplates under
thermal environment. The inclusion of stretching effect leads to the higher stresses and this
difference is more significant at the top and bottom surfaces for the normal stress and at the
middle surface for the shear stress. The stress distributions under uniform and linear
temperatures are revealed in Fig. 5.6. The linear temperature results in the higher normal stress
at the top surface but the lower at the bottom surface compared to the uniform temperature.
In addition, the higher shear stresses are obtained under uniform temperature for FG-core

plates but under linear temperature for the homogeneous-core plates. In increasing the material
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length scales ratio, the shear stresses reduce significantly and the normal stress also changes

the distribution, from higher at the top to higher at the bottom.

123



04 F

—e— Quasi-3D, 0K
—— Quasi-3D, 300K
—a— Quasi-3D, 600K

—9- 2D, 0K
- %— 2D, 300K
—a— 2D, 600K

-0.5
-1200

0.5

-1000  -800 -600 -400 -200
Non-dimensional stress 7, (z)

—e— Quasi-3D, 0K
—— Quasi-3D, 300K
—u— Quasi-3D, 600K|
—_e-2D,0K

— 6 -2D, 300K
— g -2D , 600K

a. FG-core sandwich plates

04
03
027
0.1F

oF

z/h

0.1t
02t
03t
04t

-0.5

—e— Quasi-3D, 0K
—4— Quasi-3D, 300K
—u— Quasi-3D, 600K

——-2D, 0K
— o—-2D, 300K
— a—-2D , 600K

0.5

-1500  -1250 -1000

Non-dimensional stress 7, (%)

=750 -500  -250 0 250

z/h

500 1000 1500 2000 2500
on-dimensional stress 7., (z)

0.5
0.4 F
0.3 F
O
0.2 o
;@é
0.1F
t
0f i
9P
-0.1r1 moo
dd
021 o Quasi-3D, 0K
0.3 | —#— Quasi-3D, 300
V2 [ —g— Quasi-3D, 600K
—o-2D, 0K w®
<047 _s_2D, 300K #
— g —2D, 600K B
0.5 :
-1500 -1000 -500 0

Non-dimensional stress ,.(z)

b. Ceramic-core sandwich plates

041

0.1r

-0.1 1

-0.4r1

—0— Quasi-3D, 0K
—4— Quasi-3D, 300K
—#— Quasi-3D, 600K
-0--2D , 0K 1
-4--2D , 300K

-g--2D , 600K 1

-0.5 B G
-1000-800 -600 -400 -200 0 200 400 600 800 1000
Non-dimensional stress G...(z)

z/h

0.5
041
031
021
0.1}

ol
0.1t
02+t
03+
0.4t

—8— Quasi-3D, 0K
—4— Quasi-3D, 300K ]
—m— Quasi-3D, 600K

-©--2D , 0K ¢n -

-9--2D , 300K
-g-- 2D , 600K E

600

-500

-400 -300 -200 -100 0
Non-dimensional stress 7..(z)

¢. Metal-core sandwich plates
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Fig. 5. 6: Distribution of non-dimensional stresses of (1-2-2) Si3sN4/SUS304 microplates through
the thickness for various material length scale ratios (p=0.2, AT; = 300K).
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b. Vibration and buckling analysis

The natural frequencies under uniform and linear temperatures are presented for SisN4/SUS304

3D
i !

microplates (a/h=10, p=1) in Fig. 5.7 with TD solution. In this example, [Q Q;D] relation is
applied for thermal stress in evaluating equivalent axial loads. As expected, the natural
frequency decreases as increasing temperature up to zero at the critical buckling temperature.
In addition, the difference between the natural frequencies under uniform and linear
temperatures is minor, but the difference between 2D and quasi-3D solutions increases with
elevated temperature. Considering the small-scale effect, the smaller material length scale
ratios are considered, the higher natural frequencies are obtained. This can be explained that
including the deviatoric part of the symmetric couple stress tensors in strain energy strengthen
the stiffness of the microplates. The natural frequencies of sandwich microplates under thermal
environment are presented in Fig. 5.8 and Tables 5.11-5.13 for FG-, ceramic- and metal- core,
respectively. Under both uniform and linear temperatures, the highest natural frequencies can
be seen in ceramic-core and the lowest in metal-core plates. In addition, the increase of power-
law index leads to the lower natural frequencies in FG-core and ceramic-core plates but the

higher natural frequencies in metal-core plates.
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Table 5. 11: Non-dimensional fundamental frequencies @ of FG-core SisN4/SUS304
microplates under uniform and linear temperatures (a/h=10).

Temp. h/l AT: Theory 1-2-2 1-1-1
p=0 1 5 p=0 1 5
Uniform 1 300 TSDT 22.4338 18.6189 16.7630 19.7294 17.1845 15.8297
Quasi-3D (TSDT)  22.0117 18.2000 16.3504 19.3065 16.7698 15.4215
600 TSDT 20.9876 17.0665 15.1717 18.2403 15.5951 14.2002
Quasi-3D (TSDT)  20.5158 16.5776 14.6816 17.7495 15.1040 13.7117
2 300 TSDT 13.5455 11.2868 10.2184 11.9329 10.4568 9.6866
Quasi-3D (TSDT) 12.9872 10.7364 9.6809 11.3723 9.9151 9.1571
600 TSDT 11.9747 9.7006 8.6644 10.3869 8.8846 8.1331
Quasi-3D (TSDT) 11.2999 8.9945 7.9589 9.6762 8.1757 7.4303
4 300 TSDT 10.1607 8.4986 7.7354 8.9662 7.9025 7.3584
Quasi-3D (TSDT) 9.4653 7.8201 7.0824 8.2688 7.2412 6.7212
600 TSDT 8.2989 6.6680 5.9843 7.1708 6.1178 5.6288
Quasi-3D (TSDT) 7.3687 5.6853 5.0148 6.1802 5.1373 4.6710
8 300 TSDT 9.1121 7.6342 6.9647 8.0472 7.1099 6.6341
Quasi-3D (TSDT) 8.3549 6.8993 6.2634 7.2881 6.3978 5.9539
600 TSDT 7.0791 5.6485 5.0791 6.0979 5.1835 4.7769
Quasi-3D (TSDT) 5.9950 4.4900 3.9445 49322 4.0308 3.6616
Linear 1 300 TSDT 22.4592 18.6501 16.7943 19.7607 17.2157 15.8591
Quasi-3D (TSDT)  22.0338 18.2277 16.3784 19.3341 16.7976 15.4477
600 TSDT 21.0472 17.1390 15.2447 18.3125 15.6678 14.2700
Quasi-3D (TSDT)  20.5644 16.6387 14.7433 17.8097 15.1653 13.7704
2 300 TSDT 13.5738 11.3207 10.2520 11.9669 10.4904 9.7183
Quasi-3D (TSDT) 13.0113 10.7663 9.7106 11.4020 9.9447 9.1850
600 TSDT 12.0339 9.7689 8.7311 10.4547 8.9517 8.1975
Quasi-3D (TSDT) 11.3435 9.0473 8.0102 9.7273 8.2272 7.4797
4 300 TSDT 10.1934 85375 7.7734 9.0051 7.9406 7.3941
Quasi-3D (TSDT) 9.4937 7.8553 7.1168 8.3036 7.2757 6.7535
600 TSDT 8.3668 6.7443 6.0566 7.2462 6.1911 5.6986
Quasi-3D (TSDT) 7.4182 5.7447 5.0708 6.2367 5.1941 4.7252
8 300 TSDT 9.1471 7.6756 7.0049 8.0887 7.1503 6.6718
Quasi-3D (TSDT) 8.3858 6.9374 6.3005 7.3259 6.4350 5.9887
600 TSDT 7.1531 5.7309 5.1562 6.1793 5.2621 4.8510
Quasi-3D (TSDT) 6.0504 4.5573  4.0072 4.9955 4.0947 3.7225
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Table 5. 12: Non-dimensional fundamental frequencies @ of ceramic-core SisN4/SUS304
microplates under uniform and linear temperatures (a/h=10).

Temp. h/l AT: Theory 1-2-2 1-1-1
p=0 1 5 p=0 1 5
Uniform 1 300 TSDT 28.8114 20.2316 16.9970 28.8114 19.5962 16.2481
Quasi-3D (TSDT) 28.3804 19.7974 16.5421 28.3804 19.1574 15.7836
600 TSDT 27.3966 18.6788 15.3814 27.3966 18.0212 14.5935
Quasi-3D (TSDT) 26.9733 18.1707 14.8047 26.9733 17.4994 13.9915
2 300 TSDT 17.5032 12.1752 10.2190 17.5032 11.7825 9.7630
Quasi-3D (TSDT) 16.9854 11.5797 9.5750 16.9854 11.1744 9.0978
600 TSDT 15.8513 10.5199 8.5980 15.8513 10.1166 8.1234
Quasi-3D (TSDT) 15.3187 9.7509 7.6754 15.3187 9.3138 7.1393
4 300 TSDT 13.2177 9.0990 7.6294 13.2177 8.7970 7.2846
Quasi-3D (TSDT) 12.6045 8.3414 6.7943 12.6045 8.0184 6.4155
600 TSDT 11.2134 7.1404 5.7616 11.2134 6.8299 5.4041
Quasi-3D (TSDT) 10.5380 6.0225 4.3372 10.5380 5.6433 3.8379
8 300 TSDT 11.8927 8.1443 6.8256 11.8927 7.8701 6.5153
Quasi-3D (TSDT) 11.2411 7.3107 5.8976 11.2411 7.0106 5.5456
600 TSDT 9.6960 5.9987 4.7925 9.6960 5.7144 4.4689
Quasi-3D (TSDT)  8.9467 4.6440 2.9635 8.9467 4.2567 2.3797
Linear 1 300 TSDT 28.8116 20.2191 16.9825 28.8116 19.5927 16.2436
Quasi-3D (TSDT) 28.3806 19.7860 16.5289 28.3806 19.1542 15.7797
600 TSDT 27.3956 18.6554 15.3549 27.3956 18.0177 14.5891
Quasi-3D (TSDT) 26.9723 18.1505 14.7823 26.9723 17.4967 13.9887
2 300 TSDT 17.5028 12.1621 10.2047 17.5028 11.7792 9.7591
Quasi-3D (TSDT) 16.9849 11.5679 9.5621 16.9849 11.1716 9.0946
600 TSDT 15.8500 10.4987 8.5764 15.8500 10.1138 8.1199
Quasi-3D (TSDT) 15.3174 9.7342 7.6595 15.3174 9.3121 7.1382
4 300 TSDT 13.2169 9.0842 7.6135 13.2169 8.7935 7.2806
Quasi-3D (TSDT) 12.6036 8.3278 6.7797 12.6036 8.0153 6.4122
600 TSDT 11.2117 7.1170 5.7392 11.2117 6.8270 5.4005
Quasi-3D (TSDT) 10.5363 6.0039 4.3210 10.5363 5.6419 3.8380
8 300 TSDT 11.8916 8.1285 6.8088 11.8916 7.8665 6.5112
Quasi-3D (TSDT) 11.2400 7.2959 5.8817 11.2400 7.0073 5.5422
600 TSDT 9.6941 5.9733 4.7686 9.6941 5.7114 4.4652
Quasi-3D (TSDT)  8.9447 4.6226 2.9440 8.9447 4.2553 2.3807
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Table 5. 13: Non-dimensional fundamental frequencies @ of metal-core SisN4/SUS304

microplates under uniform and linear temperatures (a/h=10).

Temp. h/l AT Theory 1-2-2 1-1-1
p=0 1 5 p=0 1 5
Uniform 1 300 TSDT 11.9407 14.9082 17.4338 11.9407 15.2919 18.2617
Quasi-3D (TSDT) 11.4623 14.5204 17.0666 11.4623 14.9104 17.8979
600 TSDT 9.9850 13.1901 15.8828 9.9850 13.5931 16.7388
Quasi-3D (TSDT)  9.3046 12.7394 15.4927 9.3046 13.1591 16.3631
2 300 TSDT 7.3231 9.2076 10.7613 7.3231 9.4488 11.2728
Quasi-3D (TSDT) 6.6535 8.7145 10.3174 6.6535 8.9689 10.8405
600 TSDT 5.5929 7.6072 9.2621 5.5929 7.8549 9.7792
Quasi-3D (TSDT)  4.4629 6.9703 8.7523 4.4629 7.2510 9.2999
4 300 TSDT 5.5729 7.0523 8.2421 5.5729 7.2399 8.6342
Quasi-3D (TSDT) 4.7358 6.4750 7.7334 4.7358 6.6815 8.1427
600 TSDT 3.7079 5.2892 6.5676 3.7079 5.4778 6.9544
Quasi-3D (TSDT)  1.7897 4.4490 5.9331 1.7897 4.6918 6.3666
8 300 TSDT 5.0284 6.3771 7.4544 5.0284 6.5472 7.8088
Quasi-3D (TSDT) 4.1170 5.7714 6.9264 4,1170 5.9635 7.3006
600 TSDT 3.0349 4.4826 5.6535 3.0349 4.6516 5.9985
Quasi-3D (TSDT)  0.0000 3.5267 4.9612 0.0000 3.7666 5.3631
Linear 1 300 TSDT 11.9363 14.9136 17.4425 11.9363 15.2905 18.2615
Quasi-3D (TSDT) 11.4584 14.5251 17.0747 11.4584 14.9091 17.8977
600 TSDT 9.9800 13.2033 15.8999 9.9800 13.5913 16.7378
Quasi-3D (TSDT)  9.3015 12.7506 15.5082 9.3015 13.1575 16.3622
2 300 TSDT 7.3194 9.2132 10.7694 7.3194 9.4475 11.2723
Quasi-3D (TSDT)  6.6504 8.7194 10.3250 6.6504 8.9678 10.8400
600 TSDT 5.5890 7.6177 9.2730 5.5890 7.8537 9.7782
Quasi-3D (TSDT) 4.4620 6.9779 8.7610 4.4620 7.2500 9.2990
4 300 TSDT 5.5694 7.0585 8.2507 5.5694 7.2386 8.6335
Quasi-3D (TSDT) 4.7329 6.4805 7.7416 4.7329 6.6803 8.1420
600 TSDT 3.7042 5.2992 6.5761 3.7042 5.4767 6.9534
Quasi-3D (TSDT) 1.7910 4.4556 5.9389 1.7910 4.6910 6.3656
8 300 TSDT 5.0249 6.3835 7.4633 5.0249 6.5459 7.8080
Quasi-3D (TSDT)  4.1141 5.7773 6.9349 4,1141 5.9622 7.2998
600 TSDT 3.0312 4.4925 5.6612 3.0312 4.6506 5.9974
Quasi-3D (TSDT) 0.0000 3.5333 4.9659 0.0000 3.7659 5.3620
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Table 5. 14: Critical buckling temperatures AT, [K] of (1-2-2) SizN4/SUS304 microplates

(a/h=20).

Temp. h/l Theory FG core Ceramic core Metal core
p=0.2 1 5 0.2 1 5 0.2 1 5
Uniform 1 TSDT 1053.28 1005.92 997.92 1095.52 1018.72 979.36 724.78 835.04 977.28
Quasi-3D  1075.20 1033.60 1052.80 1096.96 1020.80 982.56 725.76 836.32 978.56
2 TSDT 512.80 481.76 462.56 568.48 497.12 448.48 364.96 422.56 483.36
Quasi-3D 515.20 486.40 467.20 569.60 498.08 449.60 365.28 423.20 484.16
4 TSDT 336.80 316.00 304.16 380.64 322.40 284.64 244.32 288.48 332.32
Quasi-3D 339.20 320.00 307.20 381.92 323.52 285.92 244.96 289.44 333.28
8 TSDT 287.20 269.60 260.64 327.20 273.12 239.20 211.04 251.68 290.40
Quasi-3D 291.20 272.00 262.40 328.64 274.40 240.48 212.00 252.64 291.68
oo TSDT 270.24 253.92 245.60 308.64 256.16 223.52 199.52 238.88 276.00
Quasi-3D 272.00 256.00 249.60 310.08 257.44 224.80 200.64 240.00 277.44
Linear 1 TSDT 1041.76 993.76 980.64 1095.84 1021.60 986.08 724.84 833.12 969.82
Quasi-3D 1064.00 1018.72 1020.96 1097.44 1024.00 989.76 725.44 834.08 970.88
2 TSDT 515.36 484.64 465.44 567.84 496.48 448.16 364.96 422.88 483.36
Quasi-3D 520.00 489.60 470.72 568.80 497.44 449.12 365.44 423.36 484.16
4 TSDT 340.32 319.84 308.00 379.68 321.12 283.68 244.32 289.12 332.96
Quasi-3D 344.16 324.00 312.48 380.96 322.24 284.64 244.96 289.92 333.92
8 TSDT 291.04 273.76 264.48 326.24 271.84 237.92 211.04 252.00 291.36
Quasi-3D 294.88 277.92 268.96 327.52 273.12 239.04 212.00 253.12 292.48
oo TSDT 273.76  257.76 249.44 307.68 254.88 222.24 199.84 239.52 276.96

Quasi-3D 277.92  262.08 254.08 309.12 256.00 223.36 200.64 240.64 278.24
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Finally, the critical buckling temperatures are tabulated in Table 5.14 for SisN./SUS304

microplates. As expected, the higher values are observed for smaller material length scale ratios.

The relation between the power-law index and the critical buckling temperature for these

sandwich plates is similar to what is observed in vibration behaviours.

Non-dimensional frequency @

20

Non-dimensional frequency w

—@— Quasi-3D --©--- 2D, h/1=1
—4— Quasi-3D —-<$--- 2D, h/1=2
—@— Quasi-3D -8 2D, h/l=4
0 . . L L
0 100 200 300 400 500 600

Temperature change ATy (K)

a. Uniform temperature

700

—e— Quasi-3D —--0—-- 2D, h/l=1 T
—4— Quasi-3D  —-<--- 2D, h/1=2
—#— Quasi-3D  ---a-- 2D, h/1=4

100 200 300 400 500 600 700

Temperature change AT (K)

b. Linear temperature

Fig. 5. 7: Non-dimensional frequencies of SisN4/SUS304 microplates for various material length
scale ratios under uniform and linear temperatures.

Non-dimensional frequency @

—6— p=0.2, FG-core=--@=: ceramic-core= © = metal-core
—&— p=1, FG-core =--4--: ceramic-core= €= metal-core

Non-dimensional frequency @

100 150 200 250
Temperature change AT (K)

a. Uniform

—6— p=0.2, FG-core--@ = ceramic-core= © = metal-core
—6— p=1, FG-core =-¢= ceramic-core= € - metal-core
—&— p=2, FG-core --@- ceramic-core- & - metal-core

100
Temperature change AT (K)

150 200 250

b. Linear

Fig. 5. 8: Non-dimensional frequencies of (1-1-1) SizN4/SUS304 microplates for various power-
law index under uniform and linear temperature (h/I=1).
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5.5 Static, free vibration and buckling behaviours of FG-sandwich plates with various

boundary conditions under mechanical loads

5.5.1 State space based solution

The governing equations for HSDT model can be deducted from those for quasi-3D models in Eq.

(5.20) by neglectingw, :

o°u ou 1 o'y o'u ov 1 o'v.  o'v
A +As— A S5t (A, +As) —+-A, | S —+——
ox oy 4 ox“oy- oy oxoy 4 ox’0y  Ox0Oy
o’'w o’w , o'W, s s\ 0w, . oW, ow,
_3“73[7_(3““3“)6@;2_ WS _(1312+2366)W:/0U—/1a—X"—J1 » (5. 34a)

-B,, %— (B, +2Bg,) g;zmg; - B, 6;:‘? - (B;2 +2B;, )gz—mé;z 1,V -1, %— J, 8;}/75 (5. 34b)
/311237‘3j+(1312 +2366)5i:;2 +(B, +2366)%+322 (6;7‘3/—(011 +Am)a;)‘:‘f’

—(2D,, +4D,, +2Am)§:2—|2§2—(D22 +Am)8;—;/b{ojl +%(Am +Bm)} a;)‘?,/s

_(2D152 +4D§6)%{D§2 +%(Am +8, )} a;//“l/s +P(w)+q

=1, (W, +W,)+1, (g—g+2—g]—/2V2Wb — VW, (5. 34c)
B, 237‘:+(sz +23;6);:Tuyz+(3;2 +23§6)%+st2 237‘?

_{Dfl +%(Am +B, )}%—(ZD; +4D;, )aa;—‘g/}—{ojz +%(Am +B, )} a;":b

+(A§5 +%HmJ%+(AL +%Hmji—)‘f‘f{ml +%(Am +2B +cm)} ;:4'/

—(2H,, +4H66);;—2V}—[H22 +%(Am +2B_+C, )} a;;f +P(w)+q

=1y (W, +W,)+J, (g—f+%‘7j—J2VZV% —K,V*W,. (5. 34d)

The expressions for boundary conditions are described by:
oU:N,n +N_n, +%[%+%}ny (5. 35a)
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1(0R. ©R,
OV:iN,n, +N,n —=| —=+—= |n, (5.35b)
20 ox oy
ov
58—X:sznx +R,.n, (5. 35¢)
oM OR .. vV VA Vi
oW, : My y My | oy —1,0+1, oW, +J, W, 4 p 4y M (5.35d)
ox oy Ox Ox ox 0s
w, —
0 : v, (5 356)
on
1
op ) 1 ~0(R,+S,) -0(R,+S,) 2P
4 Q, =X, + + +P+—"
ox oy ox oy 0s
—110+Jz%+ K, W: _g (5. 35f)
ox ox
ow. —
> :Pnn (5 35g)
on
where
~ o(w, +w. oW, +Ww. oW, +Ww. oW, +Ww.
P=|P’ (W, S)+PX‘; (W, + W) n+| Py (W, S)+Py° (W, +w) n, (5. 36a)
X oy Ox oy
M,,=(M, +R,, ) +(M,—R, )n} +(2M,, —R, +R,)n,n, (5. 36hb)
M, =(M,—M,=2P, )n,n, +(M,, R, )i —(M,, +R,)n] (5. 36¢)
- 11 ) 1.1 ,
Fon :(PX +5ny +ESXanX +(Py _Eny _Esxy)ny
1 1 1 1
+(2ny —ERX _ESX+ERV+ESyannV (5 36d)
= 1. 1), 1. 1),
P =(Py -P,-R,, —Sxy)nxny +(ny _ERX —Esxjnx —(PXV +5Ry +ESyjny (5. 36e)

Based on the state space solution for the plate with simply supported BCs at y=0 andy=b, the

displacements are expressed in terms of Fourier series as:

U(x,y)=zw:Un (x)e™ sin By (5.37a)
V(x,y)=ivn (x)e™ sin By (5.37b)
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w, (x,y):inn(x)e’“’tsinﬂy (5.37c)

w, (x,y):in (x)e™ sin By (5.37d)

where S=nrx/b. (5. 38)
By substituting Eq. (5.37) to Eqg. (5.34), the highest-order of derivatives are expressed by the

lower-order and displacements themselves as follow:

o’u oV o’v ow, o’w, ow. o'W,
" —gU +a,—>+a " t+a bn 1 g bn 1 g 4 a sn (5.39a)
ox: P Poax Coax® Y ox * o’ ® ox 7 oox®
4 2 ZW ZW
%X‘Z” =r, %4‘ rV, +r, 8_\/2n+ W, +r, a—z”"+ W, +r, a—;“r r, (5. 39b)
o'w, ou oV o'w, o'W,
8x4bn =s,—2+s,V, +s, W;-{— sW,, +s, Xzb” +S5W, +s, ax;” +5, (5.39¢)
o'w,, . ou, o'V, o'w,, o'W, q
Wztl__l—tzvx +t3¥+t4be +t57+tswﬂ +t77+t8 (5 39 )
The coefficients of Eq. (5.39) are presented in Appendix C.
Eqg. (5.39) can be rewritten in the matrix form as:
oU(x)
=TU(x)+F(x 5.40
™ (x)+F(x) (5. 40)
where the vector of variables is
2y 53 W, oW, oW, W ow. ow. |
U(X)= U'6_U'V’a_vla‘2/,a‘§, bla b,a Zb,a 3bl sla S,a Zsla 35 ; (5'41)
19)4 Ox Ox° Ox ox Ox 194 ox Ox 1)

and matrix T are defined as:
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o0 1. 0 0 00O OO 0O 0 0O 0O 0 O]
ag 0 O a0 O 4 0 ag O a O a O a,
0O 0o 0 1 o 0O 0O O O O O O 0 o
O 0 0 0O 1 o0 O O O O O o o
O 0 0O 0O 0O1 0 0O O O O O o0 o
o rn, b, 0 b 0rpb, 0O0r,b, 0r,b 0 rh O
T- O 0 0O 0O 0O 0O O1 0 O O 0 o0 o (5.42)
O 0 0O 0O 0O OO O1 0 O O o0 o
O 0 0O 0O 0O OO O 01 0 0 0 o
0 s, 55 0 s;, 0 s, 0 s, 0 s, 0 s, O
O 0 0O 0O OO OO O O O1 0 o
O 0 O O OOO OO OO O 1 o0
O 0 0O OO OOO 0O O O O 0 1
ot ¢t 0t 0t O t, O ¢t O t, O]
and the force vector in static bending is described by:
F(x)={0 0 0 0 0r,b 000s 00O t} (5. 43)
A formal solution of Eq. (5.40) is given by:
U=e"K-+ [e™F(£)e (5. 44)
0
where K is a vector which can be solved from the BCs at x=ta/2 and e™ is of the form:
e 0
e™=E E*' (5. 45)
0 eﬂmx

where A and E are the eigenvalues and columns of eigenvectors, respectively, associated with

matrix T. The BCs expressed in terms of displacement variables are described by:

Clamped (C):
W, w.
U:V:6_V:Wb:8 b:Ws:a s=0 (5. 46)
ox OX Oox
Simply supported (S):
OX
au, o'W, . OW, .
=Bllg_ﬂ812vn_Dll 8X2b +ﬂ2D12VVbn =Dy, o +ﬂ2D12VV5n
, 1, ow,, 1 o'W,
AW —— A +B W —A T-—(A +B ) —="
ﬂ 'm" “bn zﬂ( m m) sn m axz 2( m m) aXZ
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ou
:Bna_xn_ﬁBlen +IBZ (D12 _Am)an _(Dll +Am)

O'W,,

ox*
S 1 S 1 astn
+ﬂ2|:D12_E(Am+Bm):|VVsn _|:D11+E(Am+Bm):|v
Free (F):
ou, o’w,, . , O'W,,
A11 _ﬁAqu"'ﬂzBqux_Bn zb +182812st_311 2
X ox ox
1 1 o’U 1 ov. 1 0oV
=| A, —=F°A U +=pA " A+ FA LA —
(ﬂ 66 4ﬂ mj X 4ﬂ m aXZ ( 66 4ﬂ mj 6x 4 m axs
aWI‘I S aVVsn
—ZﬂB66 3 xb —ZﬂB66 o
1 ou 1. 0V 1
=——LfA L+—A —2——fBH W
Z'Bmax 2 " ox? Z'Bmsx

2

ou, ow,, , OW,, s
=B, E_ﬂBan —-D, T;*‘IBZDHVVM —-Dy, ?"*‘:BZDleVsn

1 ow. 1 o'W
-FAW —-ZB(A +B )W —A b _Z(A +B sn
ﬁ m~ “bn zﬁ( m+ m) sn m axz 2( m+ m) axz
ov oV,
=(-2/By + @1, +B,a, )U, +[ -B(B,, + 2B, ) + Buaz]a—;+Bna3 =

+[ﬂ2 Dy, +4D +A, )+ (-0, + P! +PX3)+31104]82)/:" +[— (D, +A,)+Bya; |

(
+ ﬂz[

+ [—Djl

s s, 1 ow,,
D;, + 4D, +E(Am +B, )}r(_a,q2 +P° +p;;)+311a6} ™

1 o’w.
_E(Am +Bm)+Blla7:|?3sn
GU aZW
:B“a_xn_ﬁBlZV" +182(Dlz _Am)an _(Dn +Am)aszn

+ﬂ{D

s 1 s 1
12 _E(Am +Bm ):|Vvsn _|:D11 +E(Am +Bm ):|?

oW,
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25°B.. + &), +B,a )Un+[—ﬂ(sz+ZBés)+Blsla ]%V v8eg

( 11 3 a 3
3 ow,
~0’ S, + P +PY )+ ﬂz(Df2+4Dgs+—(Am+Bm) +Ba, |—2
2 ox
o’w,
+| =D A +B_)+Ba bn
( 1 ) 11 5) 6X3
1 3 ow.
+{ —*K, +P° +P° )+A§5+ZHm+ﬁ2[Hu+4H66+Z(Am+ZBm+Cm)}+BflaG} aXS”
S a3WSI1
+|:—H11 —Z(Am +2B,+C, )+ Bna7}? (5.48)

a. Vibration and buckling analysis:
As the force vector is vanished in the vibration and buckling analysis, the general solution in Eq.

(5.44) becomes:

U=e"K (5. 49)
By substituting Eq. (5.49) into Eqs. (5.46)-(5.48) with the required BCs, a system of equations is

obtained as:
ae™K=0 (5. 50)
where o comes from the coefficients in Egs. (5.46)-(5.48) for the appropriate BCs at x=ta/2. The

natural frequencies wn =0.

It is noticeable that the iteration procedure [72] is used in this chapter to calculate the natural
frequencies/ buckling loads. The mode shapes are plotted by solving for K from Eg. (5.50) based
on the singular value decomposition and calculating the displacement components along the

plates after that.

b. Static analysis
The solutions for each value of n, which corresponds to the number of half-sine waves in y-
direction can be obtained by substituting Eq. (5.44) to the appropriate BCs at x=*a/2. The

displacements are then summed up using Eq. (5.37).
5.5.2 Numerical examples
5.5.2.1 Verification

a. Static analysis
The verification is carried out for macroplates with those published using the finite element
method [185] and Levy solution [186]. The numerical results are also validated for microplates

under simply-supported boundary conditions solved by Navier’s solution. Non-dimensional
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deflection W for Al/Al,Os plates under uniform loads and various combinations of clamped (C),
simply supported (S) and free (F) are presented in Table 5.15. The present results agree well in
all BCs and slenderness ratios with those in the literature. Further verification for the FG
microplates is presented in Table 5.16 for simply-supported microplates, which was obtained
from the Navier’s solution. A good agreement between present results and those from analytical
solution can be observed for various parameters such as slenderness, thickness to material

length scales and power-law indices.

Table 5. 15: Non-dimensional deflection of FG plates under various BCs.

a/h  p Theory SCSC SSSC SSSS SFSC SFSS SFSF
5 0 HOBT [185] 0.3090 0.4020 0.5381 0.7579 0.9986 1.6153
HOBT [186] 0.2990 0.3949 0.5354 0.7386 0.9871 1.5857
Present HOBT 0.3220 0.4181 0.5589 0.7623 1.0110 1.6100
0.5 HOBT [185] 0.4577 0.6015 0.8120 1.1431 1.5153 2.4570
HOBT [186] 0.4443 0.5920 0.8085 1.1168 1.4997 2.4165
Present HOBT 0.4775 0.6228 0.8323 1.1510 1.5273 2.4518
1 HOBT[185] 0.5857 0.7734 1.0486 1.4728 1.9586 3.1759
HOBT [186] 0.5714 0.7634 1.0450 1.4439 1.9419 3.1318
Present HOBT 0.6136 0.7975 1.0569 1.4874 1.9639 3.1767
2 HOBT[185] 0.7610 1.0028 1.3572 1.9003 2.5253 4.0852
HOBT [186] 0.7462 0.9927 1.3539 1.8693 2.5080 4.0384
Present HOBT 0.8022 1.0316 1.3475 1.9271 2.5209 4.0980
5 HOBT [185] 0.9896 1.2770 1.6973 2.3685 3.1091 4.9908
HOBT [186] 0.9711 1.2642 1.6929 2.3298 3.0871 4.9317
Present HOBT 1.0495 1.3249 1.7068 2.4104 3.1214 5.0145
10 HOBT [185] 1.1365 1.4518 19125 2.6697 3.4814 5.5730
HOBT [186] 1.1121 1.4346 19059 2.6195 3.4517 5.4948
Present HOBT 1.2044 15160 1.9574 2.7143 3.5176 5.5922
20 0 HOBT[185] 0.2256 0.3173 0.4521 0.6460 0.8851 1.4692
HOBT [186] 0.2151 0.3099 0.4494 0.6264 0.8736 1.4396
Present HOBT 0.2265 0.3216 0.4613 0.6385 0.8859 1.4522
0.5 HOBT[185] 0.3449 0.4869 0.6956 0.9917 1.3618 2.2594
HOBT [186] 0.3307 0.4770 0.6921 0.9649 1.3463 2.2189
Present HOBT 0.3482 0.4922 0.7004 0.9833 1.3581 2.2382
1 HOBT [185] 0.4448 0.6304 0.9033 1.2838 1.7670 2.9293
HOBT [186] 0.4297 0.6199 0.8997 1.2543 1.7503 2.8851
Present HOBT 0.4524 0.6345 0.8921 1.2783 1.7526 2.9102
2 HOBT [185] 0.5670 0.8058 1.1572 1.6400 2.2615 3.7454
HOBT [186] 0.5515 0.7954 1.1539 1.6087 2.2443 3.6989
Present HOBT 0.5808 0.8074 1.1205 1.6395 2.2299 3.7312
5 HOBT [185] 0.6776 0.9597 1.3747 1.9493 2.6835 4.4427
HOBT [186] 0.6579 0.9463 1.3703 1.9098 2.6615 4.3837
Present HOBT 0.6933 0.9641 1.3412 1.9470 2.6524 4.4226
10 HOBT [185] 0.7521 1.0604 1.5138 2.1525 2.9557 4.8958
HOBT [186] 0.7252 1.0418 1.5073 2.1006 2.9259 4.8177
Present HOBT 0.7646 1.0705 1.5066 2.1419 2.9386 4.8609
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Table 5. 16: Non-dimensional deflection of simply-supported FG microplates under uniform

load.

a/h I/h p=0 p=1 p=10

FSDT RFVPT Present FSDT RFVPT Present FSDT RFVPT Present
[187] [188] HSDT [164] [188] HSDT [187] [188] HSDT

5 0.0 0.5147 0.5095 0.5384 1.1536 1.1441 1.1549 2.6273 2.8261  2.8530
0.2 0.4479 0.4321 0.4674 0.9685 0.9396 0.9742 2.3127 2.3569 2.4162
0.4 0.3250 0.2974 0.3353 0.6599 0.6120 0.6677 1.7138 1.5900 1.6888
0.6 0.2268 0.1962 0.2282 0.4395 0.3874 0.4395 1.2163 1.0427 1.1380
0.8 0.1631 0.1331 0.1577 0.3073 0.2561 0.2977 0.8841 0.7080 0.7852
1.0 0.1230 0.0942 0.1129 0.2279 0.1784 0.2106 0.6710 0.5026 0.5626
10 0.0 0.4415 0.4403 0.4554 1.0205 1.0184 1.0040 2.2247 2.2756  2.2232
0.2 0.3844 0.3805 0.3963 0.8567 0.8496 0.8478 1.9593 1.9723 1.9425
0.4 0.2775 0.2706  0.2853 0.5798 0.5677 0.5800 1.4461 1.4159 1.4213
0.6 0.1907 0.1829 0.1945 0.3790 0.3658 0.3805 1.0116 0.9677 0.9870
0.8 0.1335 0.1259 0.1346 0.2573 0.2442 0.2570 0.7171 0.6720 0.6927
1.0 0.0972 0.0899 0.0964 0.1838 0.1711 0.1814 0.5263 0.4830 0.5011
20 0.0 0.4232 0.4229 0.4346 0.9873 0.9867 0.9662 2.1240 2.1369 2.0647
0.2 0.3684 0.3674 0.3783 0.8286 0.8269 0.8162 1.8705 1.8739 1.8226
0.4 0.2655 0.2638 0.2724 0.5595 0.5565 0.5578 1.3781 1.3706  1.3532
0.6 0.1814 0.1795 0.1858 0.3636 0.3602 0.3654 0.9591 0.9481 0.9485
0.8 0.1259 0.1240 0.1285 0.2445 0.2417 0.2465 0.6740 0.6627 0.6691
1.0 0.0906 0.0887 0.0921 0.1724 0.1693 0.1738 0.4888 0.4779 0.4854

b. Vibration and buckling analysis

Regarding the vibration behaviours, the first four natural frequencies of FG macroplates under

various BCs are compared with those from the literature. The present fundamental frequencies

are in excellent agreement with those published by Thai and Choi [189] using the state space

based Levy method for the HSDT while the higher-mode frequencies slightly higher than those

reported by Hosseini-Hashemi et al. [190] using another Levy method. This change is due to the

increase of strain energy as a result of higher-order shear components.
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Table 5. 17: The first four frequencies of Al/Al,03 plates under SCSC and SCSS conditions

(a/h=5).

BCs Mode Theory p
0 0.5 1 2 5 8 10
SCSC 1  FSDT[190] 6.7663  5.8409 5.3039 4.8032 4.4127 4.2604  4.1865
HSDT [189] 7.1104 6.1324 5.5509 4.9920 4.5128 - 4.2845
Present HSDT  7.1104 6.1330 5.5518 4.9931 4.5141 4.3509 4.2859
2 FSDT[190] 12.0602 10.4202 9.4561 8.5466 7.8331 7.5610 7.4307
Present HSDT 12.3997 10.7310 9.7147 8.7086 7.8003 7.4978  7.3848
3 FSDT [190] 13.5011 11.7581 10.7121 9.6759 8.7548 8.3957 8.2345
Present HSDT 14.3191 12.4804 11.3314 10.1324 8.9301 8.5308  8.3927
4 FSDT [190] 17.7182 15.4232 14.0402 12.6702 11.4732 11.0112 10.8022
Present HSDT 18.5667 16.2020 14.7088 13.1346 11.5369 11.0107 10.8323
SCSS 1  FSDT[190] 5.9625 5.1188 4.6356 4.1996 3.8916 3.7746 3.7146
HSDT [189] 6.1170 5.2500 4.7440 4.2751 3.9103 - 3.7322
Present HSDT 6.1170 5.2516 4.7475 42806 3.9150 3.7893 3.7350
2 FSDT[190] 11.7862 10.1652 9.2165 8.3310 7.6567 7.4012  7.2768
Present HSDT 11.9345 10.3115 9.3302 8.3703 7.5253 7.2433 7.1355
3 FSDT[190] 12.5431 10.8651 9.8739 8.9239 8.1442 7.8438 7.7031
Present HSDT 12,9036 11.2016 10.1636 9.1169 8.1191 7.7815  7.6583
4 FSDT [190] 17.1992 14.9302 13.5712 12.2492 11.1422 10.7172 10.5212
Present HSDT 19.1332 17.1557 15.7412 14.0592 12.3257 11.5688 11.2754

Table 5. 18: The first four frequencies of Al/ZrO, plates under SCSF, SSSF and SFSF conditions

(a/h=5).

BCs Mode Theory p
0 0.5 1 2 5 8 10
SCSF 1 FSDT [190] 3.4383 3.2528 3.1804 3.1651 3.2092 3.2055 3.1936
HSDT [189] 3.5275 3.3366 3.2598 3.2387 3.2757 3.2740 3.2642
Present HSDT 3.5275 3.3368 3.2602 3.2393 3.2766 3.2749 3.2652
2 FSDT [190] 7.7937 7.4170 7.2553 7.1894 7.2183 7.1916 7.1628
Present HSDT 8.2135 7.8143 7.6329 7.5388 7.5337 7.5156 7.4965
3 FSDT [190] 9.9541 9.4709 9.2647 9.1833 9.2242 9.1903 9.1533
Present HSDT 10.0773 9.6010 9.3781 9.2495 9.2152 9.1884 9.1659
4 FSDT [190] 13.5342 12.9212 12.6432 12.5022 12.4892 12.4262 12.3732
Present HSDT 14.0120 13.3954 13.0834 12.8591 12.7217 12.6708 12.6428
SSSF 1 FSDT [190] 3.4383 3.2528 3.1804 3.1651 3.2092 3.2055 3.1936
HSDT [189] 3.2779 3.0987 3.0274 3.0096 3.0478 3.0469 3.0377
Present HSDT 3.2779 3.1010 3.0321 3.0159 3.0527 3.0504 3.0406
2 FSDT [190] 7.7937 7.4170 7.2553 7.1894 7.2183 7.1916 7.1628
Present HSDT 7.1825 6.8210 6.6659 6.6001 6.6244 6.6120 6.5937
3 FSDT [190] 9.9541 9.4709 9.2647 9.1833 9.2242 9.1903 9.1533
Present HSDT 9.9848 9.5125 9.2926 9.1672 9.1354 9.1087 9.0860
4 FSDT [190] 13.5342 12.9212 12.6432 12.5022 12.4892 12.4262 12.3732
Present HSDT 13.4133 12.8149 12.5209 12.3210 12.2110 12.1635 12.1348
SFSF 1 FSDT [190] 2.7184 2.5672 2.5096 2.5006 2.5429 2.5419 2.5327
HSDT [189] 2.7330 2.5819 2.5226 2.5094 2.5448 2.5445 2.5367
Present HSDT 2.7329 2.5821 2.5229 2.5099 2.5454 2.5452 2.5375
2 FSDT [190] 4.2650 4.0376 3.9474 39260 3.9764 3.9710 3.9563
Present HSDT 44344 4.1962 4.0995 4.0716 4.1163 4.1140 4.1019
3 FSDT [190] 8.8171 8.3769 8.1902 8.1217 8.1770 8.1549 8.1241
Present HSDT 9.5238 9.0690 8.8586 8.7418 8.7191 8.6952 8.6736
4 FSDT [190] 9.4629 8.9983 8.8020 8.7282 8.7752 8.7451 8.7101
Present HSDT 11.1175 10.5975 10.3510 10.2037 10.1562 10.1253 10.1009
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The next comparison between the present fundamental frequencies of homogeneous
microplates under various BCs and those from Jomehzadeh et al. [143] is depicted in Fig. 5.9.
The material properties analyzed in this example are E=1.44GPa, p=1220kg/m3, v=0.38,
a=b=10mm. Excellent agreement can be observed for all the material length scale ratios and
boundary conditions. Further verification is presented in Table 5.19 for Mat;/Mat, microplates,
whose material properties are presented in Table 5.1. Again, excellent agreement is observed
for the first two modes reported by Thai and Choi [158]. The present HSDT model provides
slightly higher frequencies compared to the FSDT but smaller values in comparison with the CPT,

which neglects the shear deformation effects.

Jomehzadeh et al.
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Fig. 5. 9: The size effect in the fundamental frequencies of epoxy plates under various BCs.
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Table 5. 19: Size effect in the first two natural frequencies of Mat;/Mat, simply supported

plates.
a/h I/h p=0 p=1 p=10
CPT FSDT Present CPT FSDT Present CPT FSDT Present
[158] [158] HSDT [158] [158] HSDT  [158] [158] HSDT
First mode
5 0 5.9671 5.3871 5.3884 5.2960 4.8744 4.9097 6.2322 5.5818 5.4216
0.2 6.3957 5.7797 5.7807 5.7810 5.3239 5.3486 6.6413 5.9551 5.8754
0.4 7.5366 6.7996 6.8223 7.0383 6.4600 6.4775 7.7399 6.9333 7.0163
0.6 9.1264 8.1595 8.2702 8.7406 7.9298 8.0025 9.2865 8.2517 8.5428
0.8 10.9718 9.6451 9.9483 10.6773 9.4998 9.7331 11.0953 9.7045 10.2688
1 12.964011.131111.7585 12.7419 11.0451 11.5485 13.0578 11.1666 11.9649
10 6.1103 5.9301 5.9302 5.3953 5.2697 5.3179 6.3958 6.1903 6.1851
0.2 6.5491 6.3559 6.3566 5.8894 5.7518 5.7953 6.8156 6.5967 6.6205
0.4 7.7174 7.4807 7.4911 7.1702 6.9920 7.0294 7.9431 7.6797 7.7590
0.6 9.3453 9.0261 9.0712 8.9045 8.6477 8.7014 9.5303 9.1829 9.3365
0.8 11.2349 10.7848 10.9046 10.8775 10.4942 10.6055 11.3866 10.9066 11.1686
1 13.2749 12.6360 12.8837 12.9808 12.4128 12.6370 13.4006 12.7303 13.1500
20 6.1477 6.0997 6.0982 5.4210 5.3880 5.4392 6.4387 6.3837 6.4425
0.2 6.5892 6.5376 6.5379 5.9175 5.8812 5.9305 6.8614 6.8026 6.8685
0.4 7.7646 7.7009 7.7040 7.2044 7.1571 7.1990 7.9965 7.9251 7.9999
0.6 9.4026 9.3158 9.3289 8.9470 8.8781 8.9192 9.5943 9.4993 9.5878
0.8 11.3037 11.1801 11.2148 10.9293 10.8255 10.8787 11.4631 11.3303 11.4437
1 13.3562 13.1786 13.2507 13.0426 12.8871 12.9696 13.4906 13.3030 13.4577
Second mode
5 0 14.2717 11.6717 11.6852 12.7821 10.7905 10.8213 14.8485 11.9931 11.2750
0.2 15.2967 12.5737 12.6733 13.9526 11.8256 11.9067 15.8232 12.8505 12.5635
0.4 18.0253 14.8649 15.2580 16.9870 14.3792 14.6759 18.4408 15.0497 15.6480
0.6 21.8277 17.8057 18.7916 21.0957 17.5492 18.3756 22.1257 17.9059 19.5692
0.8 24.2521 20.8542 22.4013 24.2521 20.7470 22.3099 24.2521 20.8971 22.3515
1 25.837523.7023 23.7224  25.8375 23.6723 23.6988 25.8375 23.7146 23.6867
10 15.0936 14.0893 14.0907 13.3625 12.6460 12.6809 15.7809 14.6464 14.3136
0.2 16.1776 15.1064 15.1497 14.5861 13.8057 13.8632 16.8169 15.6144 15.4905
0.4 19.0634 17.7680 17.9551 17.7583 16.7603 16.9117 19.5989 18.1705 18.4709
0.6 23.0848 21.3648 21.8442 22.0536 20.6375 21.0265 23.5151 21.6607 22.4815
0.8 27.7525 25.3657 26.3413 26.9400 24.8597 25.6993 28.0953 25.5744 27.0681
1 32.7917 29.4588 31.1846 32.1492 29.1174 30.6760 33.0646 29.6009 31.9913
20 15.3223 15.0319 15.0292 13.5203 13.3192 13.3571 16.0428 15.7108 15.6456
0.2 16.4227 16.1108 16.1242 14.7585 14.5378 14.5842 17.0960 16.7416 16.7453
0.4 19.3522 18.9688 19.0284 17.9681 17.6812 17.7526 19.9241 19.4962 19.6316
0.6 23.4345 22.9150 23.0701 22.3141 21.8989 22.0409 23.9054 23.3382 23.6370
0.8 28.1730 27.4365 27.7568 27.2583 26.6355 26.9187 28.5616 27.7739 28.2910
1 33.288532.2374 32.8132 32.5290 31.6012 32.1185 33.6134 32.5074 33.3258
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Finally, the comparison is carried out for the buckling behaviour of FG plates. Similar to the
vibration behaviour, there are no data for microplates under various BCs, the verification is
carried out for macroplates under various BCs and for simply supported microplates. Table 5.20
presents the non-dimensional buckling loads of Al/Al,Os; under biaxial loads. The present results
are nearly the same with those reported by Thai and Uy [191], which are obtained by the Levy

solution and neutral axis concept.

Table 5. 20: Non-dimensional buckling loads of Al/Al,O3 plates under various BCs (a/h=5).

BCs Theory p
0 0.5 1 2 5 10
SCSC  Present HSDT 13.1426 8.8460 6.8778 5.2642 4.0410 3.5278
HSDT [191] 13.1425 8.8460 6.8778 5.2642 4.0410 3.5278
SCSS  Present HSDT 10.0551 6.7079 5.2014 3.9994 3.1389 2.7657
HSDT [191] 10.0551 6.7079 5.2014 3.9994 3.1389 2.7657
SSSS Present HSDT 8.0106 5.3127 4.1122 3.1716 2.5265 2.2403
HSDT [191] 8.0105 5.3127 4.1122 3.1716 2.5265 2.2403
SCSF  Present HSDT 4.9706 3.2680 2.5230 1.9546 1.5923 1.4259
HSDT [191] 4.9706 3.2680 2.5231 1.9547 1.5924 1.4260
SSSF Present HSDT 4.6270 3.0444 2.3556 1.8304 1.4931 1.3355
HSDT [191] 4.6270 3.0391 2.3457 1.8182 1.4850 1.3313
SFSF Present HSDT 4.1391 2.7149 2.0946 1.6247 1.3318 1.1959
HSDT [191] 4.1391 2.7149 2.0946 1.6247 1.3318 1.1959

The size effect in buckling behaviour of Mat;/Mat, plates under biaxial and uniaxial loads is

presented for the simply-supported plates in Table 5.21.
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Table 5. 21: Size effect in the buckling behaviour of simply supported Mat;/Mat; plates.

a/h I/h p=0 p=1 p=10
CPT FSDT Present CPT FSDT  Present CPT FSDT  Present
[158] [158] HSDT [158] [158] HSDT [158] [158] HSDT

Biaxial buckling (y1 =y2 =-1)

5 0 19.2255 15.3228 15.3323 8.2145 6.8576 6.9762 3.8359 2.9979 2.8206
0.2 22.0863 17.6150 17.6397 9.7879 8.1715 8.2755 4.3560 3.4076 3.3219
0.4 30.6685 24.2899 24.5529 14.5082 11.9922 12.1282 5.9164 4.6013 4.7614
0.6 44,9723 34.7856 36.0588 22.3753 17.9838 18.5038 8.5171 6.4804 7.0935
0.8 64.9976 48.2915 52.1533 33.3892 25.6654 27.3937 12.1581 8.9020 10.3175
1 90.7444 63.8913 72.8328 47.5499 34.4981 38.7995 16.8393 11.7042 14.4405

10 O 19.2255 18.0746 18.0755 8.2145 7.8273 7.9778 3.8359 3.5853 3.5815
0.2 22.0863 20.7607 20.7663 9.7879 9.3241 9.4736 4.3560 4.0710 4.1035
0.4 30.6685 28.7478 28.8352 14.5082 13.7742 13.9362 5.9164 5.5151 5.6345
0.6 44,9723 41.8271 42.2822 22.3753 21.0597 21.3542 85171 7.8802 8.1676
0.8 64.9976 59.6657 61.0953 33.3892 30.9928 31.7235 12.1581 11.1065 11.6951
1 90.7444 81.8269 85.2865 47.5499 43.3274 45.0402 16.8393 15.1152 16.2169

20 O 19.2255 18.9243 18.9243 8.2145 8.1142 8.2756 3.8359 3.7700 3.8419
0.2 22.0863 21.7387 21.7330 9.7879 9.6675 9.8169 4.3560 4.2809 4.3561
0.4 30.6685 30.1625 30.1768 14.5082 14.3167 14.4571 5.9164 5.8102 5.9028
0.6 44,9723 44.1369 44.2235 22.3753 22.0292 22.2064 8.5171 8.3472 8.4754
0.8 64.9976 63.5656 63.9520 33.3892 32.7517 33.0808 12.1581 11.8745 12.1212
1 90.7444 88.3157 89.2519 47.5499 46.4105 46.9539 16.8393 16.3678 16.7298

Uniaxial buckling (y1=-1, y2=0)

5 0 38.4510 30.6456 30.6645 16.4291 13.7153 13.9450 7.6717 5.9959 5.6311
0.2 44,1725 35.2300 35.2786 19.5759 16.3430 16.5443 8.7120 6.8153 6.6367
0.4 61.3370 48.5799 49.1043 29.0164 23.9844 24.2523 11.8328 9.2027 9.5190
0.6 89.9446 69.5711 72.1147 44.7505 35.9677 37.0028 17.0342 12.9607 14.1838
0.8 129.9952 96.5829 104.3048 66.7784 51.3308 54.7822 24.3161 17.8040 20.6321
1 181.4888 127.7826 145.6706 95.0998 68.9962 77.5973 33.6786 23.4084 28.8776

10 O 38.4510 36.1492 36.1510 16.4291 15.6547 15.9493 7.6717 7.1707 7.1574
0.2 44,1725 41.5214 41.5325 19.5759 18.6482 18.9394 8.7120 8.1420 8.2031
0.4 61.3370 57.4956 57.6783 29.0164 27.5483 27.8646 11.8328 11.0303 11.2768
0.6 89.9446 83.6543 84.5644 44.7505 42.1194 42.7083 17.0342 15.7605 16.3352
0.8 129.9952 119.3314 122.1907 66.7784 61.9856 63.4470 24.3161 22.2129 23.3902
1 181.4888 163.6539 170.5729 95.0998 86.6547 90.0805 33.6786 30.2304 32.4337

20 O 38.4510 37.8485 37.8487 16.4291 16.2284 16.5451 7.6717 7.5400 7.6786
0.2 44,1725 43.4774 43.4659 19.5759 19.3351 19.6496 8.7120 8.5619 8.7121
0.4 61.3370 60.3249 60.3535 29.0164 28.6334 28.9457 11.8328 11.6205 11.8371
0.6 89.9446 88.2739 88.4943 44.7505 44.0584 44.4602 17.0342 16.6945 16.9981
0.8 129.9952 127.1312 127.9040 66.7784 65.5033 66.1616 24.3161 23.7489 24.1793
1 181.4888 176.6313 178.5827 95.0998 92.8210 93.9867 33.6786 32.7357 33.4596

5.5.2.2 Parameter study
In this section, numerical examples are presented to analyse the static, vibration and buckling
behaviours of FG and FG-sandwich plates. The metal and ceramic used in this section are Al and

Al;0; with the material properties presented in Table 5.1.

a. Static analysis
The size-dependent deflection and stress of FG-sandwich plates under several BCs are

demonstrated in Fig. 5.10. For both SCSC and SCSF, the non-dimensional deflection decreases
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significantly as the thickness reaches to the material length scale parameter (I=17.6um).
Similarly, the normal and shear stresses are also smaller in micro scales, as can be seen in Fig.
5.11 for SCSC and SCSS plates. This is due to the inclusion of couple stress and the corresponding

curvatures in the strain energy.
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Fig. 5. 10: Size effect in the deflection of FG-core (1-1-1) plates.
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Fig. 5. 11: Size effect in the stresses of ceramic-core (1-1-1) plates (a/h=5).
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Fig. 5. 12: Non-dimensional deflection of various FG-sandwich plates (a/h=5, h/I=1, SCSC).
Deflection of FG-sandwich SCSC microplates is presented in Fig. 5.12. For both types of sandwich
plates, the increase of power-law index, which results in the more prominent volume of metal,
leads to the increase of deflection. It is understandable as the Young’s modulus of metal is
smaller than that of ceramic. This can be seen more clearly in the ceramic-core plates, the
smallest deflection is obtained as p=0, and mount up with the higher power-law index. The
deflection curve is always highest for the thin core (2-1-2) and lowest for the thick core (1-8-1).
In the FG-core plates, there are changes in the deflection values for different schemes as p goes
up. The shift approximately occurs at p=1 for symmetric geometries and at p=2 for asymmetric
geometries. The benchmark results for the size-dependent bending behaviour of FG-sandwich

plates are presented in Tables 5.22-5.27 under various BCs.

Table 5. 22: Non-dimensional deflection and stress of SCSC FG-sandwich plates (a/h=5).

Core h/l w(0,b/2) 5,(0,b/2,h[2) G,(0,b/2,h/2)
p=0 1 10 p=0 1 10 p=0 1 10
FG 1 0.0820 0.0972 0.1142 0.2320 0.2544 0.2808 0.2051 0.2265 0.2511
2 0.2272 0.2745 0.3250 0.6780 0.7365 0.7921 0.6174 0.6724 0.7243
4 0.4188 0.5103 0.6050 1.2871 1.3859 1.4480 1.2078 1.3055 1.3730
8 0.5348 0.6531 0.7735 1.6560 1.7748 1.8259 1.5832 1.7084 1.7823
oo 0.5907 0.7218 0.8548 1.8308 1.9583 2.0014 1.7680 1.9082 1.9885
Ceramic 1 0.0554 0.0857 0.1328 0.2050 0.0558 0.0840 0.1795 0.0485 0.0728
2 0.1455 0.2301 0.3608 0.5385 0.1632 0.2649 0.4862 0.1479 0.2400
4 0.2461 0.4153 0.7073 0.9018 0.3078 0.5575 0.8459 0.2884 0.5189
8 0.2987 0.5257 0.9538 1.0843 0.3941 0.7670 1.0429 0.3761 0.7234
oo 0.3223 0.5785 1.0834 1.1632 0.4345 0.8764 1.1341 0.4189 0.8321
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Table 5. 23: Non-dimensional deflection and stress of SCSS FG-sandwich plates (a/h=5).

Core h/l w(0,b/2) G,(0,b/2,h/2) &,(0,b/2,h/2)
p=0 1 10 p=0 1 10 p=0 1 10
FG 1 0.1133 0.1349 0.1594 0.2904 0.3265 0.3694 0.2699 0.2962 0.3273
2 0.3097 0.3730 0.4399 0.8391 0.9327 1.0228 0.7850 0.8449 0.9017
4 0.5610 0.6763 0.7913 1.5746 1.7285 1.8344 1.4986 1.5933 1.6536
8 0.7094 0.8534 0.9919 2.0149 2.1973 2.2916 1.9415 2.0554 2.1093
o 0.7798 0.9372 1.0861 2.2216 2.4158 2.5008 2.1561 2.2801 2.3328
Ceramic 1 0.0768 0.1179 0.1817 0.2422 0.0660 0.0994 0.2389 0.0648 0.0974
2 0.1974 0.3142 0.4958 0.6292 0.1905 0.3092 0.6341 0.1925 0.3123
4 0.3261 0.5619 0.9728 1.0439 0.3565 0.6465 1.0805 0.3686 0.6653
8 0.3905 0.7069 1.3095 1.2502 0.4550 0.8874 1.3172 0.4767 0.9218
0 0.4185 0.7749 1.4852 1.3392 0.5013 1.0132 1.4244 0.5288 1.0574

Table 5. 24: Non-dimensional deflection and stress of SSSS FG-sandwich plates (a/h=5).

Core h/l w(0,b/2) G,(0,b/2,h/2) &,(0,b/2,h/2)
p=0 1 10 p=0 1 10 p=0 1 10
FG 1 0.1603 0.1920 0.2277 0.3250 0.3499 0.3803 0.3792 0.4208 0.4697
2 0.4363 0.5290 0.6261 0.9440 1.0178 1.0878 1.0848 1.1854 1.2815
4 0.7880 0.9560 1.1148 1.7776 1.9050 1.9786 2.0447 2.2080 2.3123
8 0.9943 1.2028 1.3862 2.2812 2.4350 2.4879 2.6304 2.8252 2.9140
o 1.0906 1.3170 1.5092 2.5239 2.6914 2.7322 2.9070 3.1141 3.1927
Ceramic 1 0.1083 0.1651 0.2533 0.2972 0.0810 0.1222 0.3267 0.0889 0.1338
2 0.2733 0.4371 0.6938 0.7630 0.2308 0.3745 0.8515 0.2580 0.4185
4  0.4428 0.7763 1.3619 1.2533 0.4282 0.7775 1.4244 0.4863 0.8801
8 0.5246 0.9723 1.8314 1.4947 0.5449 1.0648 1.7190 0.6242 1.2126
o 0.5592 1.0631 2.0751 1.5984 0.5995 1.2147 1.8497 0.6898 1.3874

Table 5. 25: Non-dimensional deflection and stress of SCSF FG-sandwich plates (a/h=5).

Core h/l w(0,b/2) &,(0,b/2,h/2) &,(0,b/2,h/2)
p=0 1 10 p=0 1 10 p=0 1 10
FG 1 01956 0.2358 0.2836  0.2871 0.3226 0.3589  0.3877 0.4222 0.4671
2 05733 0.6979 0.8305  0.7331 0.7962 0.8536  1.2346 1.3415 1.4468
4 10718 1.2995 1.5102  1.2440 1.3340 1.3815  2.3712 2.5515 2.6594
8 13603 1.6428 1.8843  1.4763 1.5792 1.6172  3.0209 3.2366 3.3254
o 1.4964 1.8049 2.0611  1.5592 1.6675 1.7036  3.3221 3.5564 3.6409
Ceramic 1  0.1349 0.2012 0.3042  0.2303 0.0628 0.0947  0.3612 0.0958 0.1415
2 03622 0.5736 0.8998  0.5614 0.1748 0.2896  0.9962 0.2988 0.4795
4 05977 1.0548 1.8526  0.8429 0.2969 0.5546  1.6551 0.5673 1.0288
8 0.7119 1.3298 2.5177  0.9517 0.3508 0.6944  1.9725 0.7189 1.4022
o 0.7626 1.4583 2.8571  0.9905 0.3701 0.7466  2.1125 0.7884 1.5875

148



Table 5. 26: Non-dimensional deflection and stress of SSSF FG-sandwich plates (a/h=5).

Core h/l w(0,b/2) &,(0,b/2,h/2) &,(0,b/2,h/2)
p=0 1 10 p=0 1 10 p=0 1 10
FG 1 0.2652 0.3195 0.3837 0.3915 0.4472 0.5071 0.5253 0.5691 0.6268
2 0.7760 0.9405 1.1152 1.0188 1.1296 1.2353 1.6426 1.7657 1.8894
4 1.4394 1.7281 1.9891 1.7393 1.8985 1.9968 3.1163 3.3010 3.3989
8 1.8133 2.1616 2.4473 2.0705 2.2490 2.3321 3.9377 4.1405 4.1902
oo 19874 2.3637 2.6597 2.1929 2.3798 2.4586 4.3122 4.5245 4.5549
Ceramic 1 0.1838 0.2725 0.4103 0.3045 0.0827 0.1244 0.4927 0.1308 0.1932
2 0.4923 0.7806 1.2268 0.7482 0.2311 0.3806 1.3575 0.4056 0.6495
4 0.8035 1.4332 2.5362 1.1232 0.3945 0.7353 2.2376 0.7665 1.3911
8 0.9486 1.7999 3.4435 1.2667 0.4676 0.9272 2.6476 0.9672 1.8929
oo 1.0114 1.9682 3.9014 1.3183 0.4944 1.0014 2.8244 1.0580 2.1401

Table 5. 27: Non-dimensional deflection and stress of SFSF FG-sandwich plates (a/h=5).

Core h/l w(0,b/2) &,(0,b/2,h/2) &,(0,b/2,h/2)
p=0 1 10 p=0 1 10 p=0 1 10
FG 1 0.3832 0.4648 0.5637 0.4068 0.4674 0.5296 0.6895 0.7451 0.8237
2 1.2176 1.4874 1.7798 0.9751 1.0598 1.1348 2.4251 2.6344 2.8538
4 23527 2.8485 3.2835 1.4688 1.5652 1.5952 47630 5.1179 5.3132
8 2.9762 3.5772 4.0434 1.5367 1.6359 1.6552 5.9861 6.3874 6.5026
oo  3.2601 3.9098 4.3909 1.4934 1.5939 1.6209 6.5178 6.9426 7.0294
Ceramic 1 0.2694 0.3911 0.5802 0.3096 0.0835 0.1248 0.6727 0.1741 0.2527
2 0.7743 1.2140 1.8871 0.7287 0.2311 0.3872 2.0054 0.5902 0.9326
4 1.2834 2.3074 4.0918 0.9507 0.3499 0.6798 3.3253 1.1404 2.0686
8 1.5113 2.9028 5.5973 0.9638 0.3647 0.7437 3.8872 1.4258 2.8034
oo 1.6104 3.1708 6.3318 0.9466 0.3547 0.7176 41225 1.5486 3.1432

b. Vibration and buckling analysis

The vibration and buckling behaviours of FG and FG-sandwich plates are presented in this
section. Firstly, the size effect in the natural frequencies of FG plates and the effect of BCs in
microplates are presented in Fig. 5.13. As can be seen for the SCSC plates, the inclusion of couple
stress results in a significant increase of frequencies for the small-scale plates, i.e. h/I<10. This
effect is less important as the thickness of plates is up to h=20I for all the values of power-law
index. Considering the plates with the micro thickness (h=I) under various BCs, the order of
frequencies coincides with the stiffness of BCs, i.e. highest for SCSC and lowest for SFSF. Further
investigation for the microplates is presented in Fig. 5.14 for sandwich plates. Opposite to the
bending behaviour, the increase of p results in the lower frequencies in ceramic-core plates,
except 1-8-1 scheme. It is worth noting that, the natural frequencies are determined by both
the Young’s modulus and mass density. The increase of metal volume fraction is equivalent to
the lower stiffness and lower mass. These factors lead to the decrease of natural frequencies
when the ceramic-core is thin, where the Young’s modulus contributes more effect. However,

for the plates with very thick ceramic core (1-8-1 scheme), where the stiffness is concentrated
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near the neutral axis, the decrease of mass is prominent involving the frequencies. Therefore,

the increase of p in this case results in a slight escalation of frequencies. For the FG-core plates,

the natural frequencies also depend on the relative thickness of the core. As the core is thick

enough, i.e. 1-8-1, 1-2-1 and 2-2-1 plates, the behaviour of these sandwich plates is similar to

that of FG plates. In the thin core plates, the increase of metal in the core does not affect the

stiffness much while the decrease of mass slightly improves the frequencies. The benchmark

results of natural frequencies are presented for some FG-sandwich plates with different

slenderness ratios, power-law index and BCs in Tables 5.28 - 5.33. Several mode shapes of FG

microplates under SCSC and SFSF are then illustrated in Figs. 5.15 and 5.16.
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Table 5. 28: Non-dimensional frequencies of SCSC FG-sandwich plates.

Core a/h h/l  Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 33.7216 28.7547 24.1988 33.7216 29.3627 25.4263 33.7216 30.9303 28.5057
2 20.7906 17.4513 14.5361 20.7906 17.8440 15.3167 20.7906 18.8231 17.1885
4 15.9756 12.9530 10.4561 15.9756 13.2457 10.8913 15.9756 14.0610 12.3369
8 14.5036 11.5064 9.0823 14.5036 11.7642 9.3666 14.5036 12.5433 10.6897
oo 13.9645 10.9692 8.5632 13.9645 11.2137 8.7850 13.9645 11.9811 10.0649
20 1 38.7411 33.7095 28.5605 38.7411 34.5036 30.2924 38.7411 36.2504 33.9323
2 24.2913 20.0890 16.5414 24.2913 20.5526 17.3794 24.2913 21.7545 19.6155
4 19.0339 14.8133 11.6972 19.0339 15.1430 12.0901 19.0339 16.1907 13.8191
8 17.4731 13.1626 10.1222 17.4731 13.4490 10.3427 17.4731 14.4642 11.9271
oo 16.9196 12.5627 9.5385 16.9196 12.8334 9.6875 16.9196 13.8387 11.2238
FG 5 1 25.1288 25.2542 25.1957 27.5819 27.3226 26.9216 28.8806 27.3924 25.6409
2 14.9157 15.0383 15.1541 16.5312 16.2556 16.0332 17.4393 16.3575 15.3798
4 10.8691 11.0403 11.1939 12.1478 11.9039 11.7583 12.9496 12.0460 11.3450
8 9.5738 9.7750 9.9253 10.7409 10.5179 10.4029 11.5214 10.6803 10.0593
oo 9.0935 9.3059 9.4476 10.2194 10.0049 9.8997 10.9939 10.1757 9.5778
20 1 28.7888 28.6484 28.5247 31.8999 31.2187 30.5910 33.5114 31.3155 29.0556
2 17.0320 17.2420 17.5520 18.9074 18.5578 18.4310 20.0445 18.7195 17.7764
4 12.4594 12.8992 13.4701 13.8546 13.6622 13.8069 14.8635 13.8817 13.5569
8 11.0220 11.5607 12.2351 12.2668 12.1317 12.3832 13.2519 12.3787 12.2750
oo 10.4976 11.0768 11.7925 11.6876 11.5742 11.8701 12.6676 11.8345 11.8156
Table 5. 29: Non-dimensional frequencies of SCSS FG-sandwich plates.
Core a/h h/l  Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 25.0912 22.6033 19.4670 25.0912 23.1497 20.7836 25.0912 24.2065 23.1855
2 17.4407 14.5934 12.1170 17.4407 14.9240 12.7649 17.4407 15.7545 14.3429
4 13.5861 10.8967 8.7362 13.5861 11.1416 9.0826 13.5861 11.8505 10.3143
8 12.4285 9.7159 7.6033 12.4285 9.9311 7.8208 12.4285 10.6159 8.9542
0 12.0135 9.2820 7.1779 12.0135 9.4861 7.3420 12.0135 10.1643 8.4418
20 1 31.6987 27.5944 23.3822 31.6987 28.2460 24.8065 31.6987 29.6742 27.7866
2 19.8978 16.4478 13.5381 19.8978 16.8275 14.2231 19.8978 17.8134 16.0556
4 15.6092 12.1319 9.5731 15.6092 12.4017 9.8926 15.6092 13.2627 11.3102
8 14.3374 10.7820 8.2846 14.3374 11.0163 8.4630 14.3374 11.8511 9.7622
o0 13.8870 10.2919 7.8071 13.8870 10.5123 7.9267 13.8870 11.3392 9.1859
FG 5 1 19.2742 18.9688 18.6143 21.3883 20.8534 20.2368 22.3738 20.8566 19.0330
2 12.4027 12.5144 12.6260 13.7764 13.5291 13.3387 14.5607 13.6252 12.8087
4 9.1165 9.3080 9.4986 10.1925 9.9986 9.9168 10.8924 10.1319 9.6101
8 8.0725 8.3088 8.5244 9.0490 8.8835 8.8502 9.7336 9.0356 8.6160
0 7.6892 7.9447 8.1676 8.6288 8.4753 8.4614 9.3099 8.6353 8.2530
20 1 23.5469 23.4270 23.3227 26.1010 25.5350 25.0147 27.4233 25.6150 23.7573
2 13.9384 14.1121 14.3693 15.4756 15.1881 15.0855 16.4095 15.3218 14.5520
4 10.2026 10.5693 11.0473 11.3445 11.1888 11.3142 12.1735 11.3702 11.1158
8 9.0286 9.4785 10.0455 10.0467 9.9390 10.1545 10.8563 10.1431 10.0746
0 8.6004 9.0852 9.6875 9.5742 9.4839 9.7358 10.3780 9.6980 9.7022

151



Table 5. 30: Non-dimensional frequencies of SSSS FG-sandwich plates.

Core a/h h/l  Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 23.5707 20.2272 17.0441 23.5707 20.6741 17.9803 23.5707 21.7588 20.1507
2 14.8313 12.3853 10.2699 14.8313 12.6640 10.8059 14.8313 13.3755 12.1521
4 11.6514 9.2819 7.4220 11.6514 9.4846 7.6892 11.6514 10.1011 8.7462
8 10.7068 8.2937 6.4705 10.7068 8.4701 6.6243 10.7068 9.0693 7.5997
oo 10.3723 7.9323 6.1137 10.3723 8.0990 6.2213 10.3723 8.6941 7.1691
20 1 26.4926 23.0719 19.5577 26.4926 23.6143 20.7428 26.4926 24.8074 23.2345
2 16.6404 13.7565 11.3313 16.6404 14.0688 11.8882 16.6404 14.8940 13.4211
4 13.0620 10.1514 8.0227 13.0620 10.3698 8.2675 13.0620 11.0911 9.4536
8 12.0015 9.0243 6.9488 12.0015 9.2121 7.0726 12.0015 9.9118 8.1599
o 11.6246 8.6151 6.5500 11.6246 8.7914 6.6255 11.6246 9.4839 7.6791
FG 5 1 17.3777 17.3549 17.2264 19.2229 18.9012 18.4870 20.1870 18.9630 17.5522
2 10.5592 10.6657 10.7711 11.7073 11.5142 11.3728 12.3699 11.5945 10.9254
4 7.8488 8.0445 8.2384 8.7255 8.6028 8.5790 9.3112 8.7132 8.3290
8 6.9918 7.2351 7.4630 7.7773 7.6878 7.7167 8.3485 7.8138 7.5340
o 6.6754 6.9393 7.1808 7.4281 7.3513 7.4017 7.9968 7.4844 7.2448
20 1 19.7369 19.6452 19.5604 21.8501 21.3978 20.9805 22.9435 21.4593 19.9254
2 11.7480 11.9096 12.1291 12.9942 12.7927 12.7370 13.7544 12.8956 12.2846
4 8.6575 8.9838 9.3882 9.5613 9.4820 9.6239 10.2266 9.6217 9.4489
8 7.6898 8.0862 8.5648 8.4854 8.4508 8.6702 9.1312 8.6080 8.5930
oo 7.3370 7.7609 8.2688 8.0925 8.0757 8.3255 8.7347 8.2394 8.2856
Table 5. 31: Non-dimensional frequencies of SCSF FG-sandwich plates.
Core a/h h/l  Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 17.4115 15.1927 12.9223 17.4115 15.5346 13.6860 17.4115 16.3062 15.2884
2 10.3808 8.7861 7.3515 10.3808 8.9912 7.7840 10.3808 9.4739 8.7245
4 7.9354 6.3097 5.0479 7.9354 6.4522 5.2536 7.9354 6.8716 5.9710
8 7.2041 5.5314 4.2932 7.2041 5.6528 4.4057 7.2041 6.0603 5.0605
oo 6.9279 5.2391 4.0081 6.9279 5.3527 4.0846 6.9279 5.7558 4.7164
20 1 19.3465 17.0642 14.5652 19.3465 17.4711 15.4956 19.3465 18.3173 17.3161
2 11.4560 9.6479 8.0372 11.4560 9.8741 8.4858 11.4560 10.4207 9.5437
4 8.6025 6.7444 5.3629 8.6025 6.8957 5.5623 8.6025 7.3624 6.3426
8 7.7820 5.8573 4.5081 7.7820 5.9848 4.6096 7.7820 6.4368 5.3139
oo 7.4960 5.5433 4.2016 7.4960 5.6621 4.2652 7.4960 6.1101 4.9434
FG 5 1 13.0971 13.0107 12.8546 14.4816 14.2185 13.8586 15.1609 14.2424 13.1131
2 7.4245 7.4393 7.4678 8.2772 8.0889 7.9276 8.7426 8.1411 7.5849
4 52723 5.4047 5.5600 5.8937 5.7838 5.7659 6.3079 5.8667 5.6139
8 4.6037 4.7844 4.9816 5.1474 5.0705 5.1072 5.5508 5.1661 5.0166
oo 4.3497 4.5472 4.7578 4.8658 4.7997 4.8546 5.2657 4.9003 4.7863
20 1 14.5707 14.4200 14.2663 16.1596 15.7819 15.3906 16.9420 15.8109 14.5554
2 8.1819 8.2216 8.3019 9.0895 8.8992 8.7841 9.6072 8.9597 8.4248
4 56757 5.8579 6.1026 6.3116 6.2177 6.2700 6.7606 6.3117 6.1451
8 49074 5.1509 5.4616 5.4593 5.4009 5.5192 5.8971 5.5107 5.4766
o 4.6337 4.9006 5.2360 5.1565 5.1112 5.2532 5.5923 5.2275 5.2409
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Table 5. 32: Non-dimensional frequencies of SSSF FG-sandwich plates.

Core a/h h/l  Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 16.0456 14.0147 11.9287 16.0456 14.3297 12.6307 16.0456 15.0403 14.1108
2 9.5669 8.0946 6.7735 9.5669 8.2820 7.1651 9.5669 8.7278 8.0330
4 7.3391 5.8245 4.6587 7.3391 5.9539 4.8395 7.3391 6.3433 5.5030
8 6.6834 5.1195 3.9730 6.6834 5.2294 4.0679 6.6834 5.6090 4.6750
o 6.4376 4.8567 3.7158 6.4376 4.9597 3.7780 6.4376 5.3356 4.3647
20 1 17.7053 15.6114 13.3239 17.7053 15.9825 14.1703 17.7053 16.7578 15.8369
2 10.5061 8.8430 7.3668 10.5061 9.0483 7.7707 10.5061 9.5505 8.7410
4 7.9085 6.1975 4.9303 7.9085 6.3341 5.1055 7.9085 6.7637 5.8226
8 7.1659 5.3932 4.1549 7.1659 5.5080 4.2402 7.1659 5.9245 4.8888
oo 6.9071 5.1099 3.8771 6.9071 5.2165 3.9286 6.9071 5.6302 4.5541
FG 5 1 12.1291 12.0524 11.9171 13.3842 13.1555 12.8461 13.9994 13.1728 12.1564
2 6.8742 6.8931 6.9237 7.6448 7.4844 7.3493 8.0664 7.5296 7.0322
4 49041 5.0343 5.1845 5.4616 5.3757 5.3740 5.8369 5.4496 5.2341
8 4.2996 4.4759 4.6668 47862 4.7315 4.7812 5.1520 4.8172 4.6986
oo 4.0703 4.2624 4.4667 4.5324 4.4874 4.5540 4.8956 4.5779 4.4922
20 1 13.3506 13.2192 13.0830 14.7944 14.4588 14.1109 15.5066 14.4839 13.3474
2 7.5312 7.5748 7.6517 8.3490 8.1888 8.0953 8.8169 8.2416 7.7649
4 52535 5.4275 5.6543 5.8215 5.7515 5.8115 6.2256 5.8343 5.6944
8 45585 47885 5.0754 5.0499 5.0126 5.1330 5.4435 5.1098 5.0905
oo 4.3117 4.5627 4.8712 47770 4.7512 4.8933 5.1687 4.8541 4.8786
Table 5. 33: Non-dimensional frequencies of SFSF FG-sandwich plates.
Core a/h h/l  Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 13.8910 12.2205 10.4375 13.8910 12.4989 11.0708 13.8910 13.1056 12.3599
2 8.0274 6.8250 5.7292 8.0274 6.9853 6.0733 8.0274 7.3551 6.8017
4 6.1085 4.8388 3.8667 6.1085 4.9482 4.0236 6.1085 5.2727 4.5749
8 55690 4.2515 3.2907 5.5690 4.3445 3.3735 5.5690 4.6621 3.8790
oo 5.3674 4.0371 3.0813 5.3674 4.1243 3.1370 5.3674 4.4387 3.6259
20 1 14.9603 13.2411 11.3227 14.9603 13.5577 12.0544 14.9603 14.2071 13.4636
2 8.7270 7.3796 6.1648 8.7270 7.5532 6.5161 8.7270 7.9659 7.3223
4 6.5161 5.1095 4.0657 6.5161 5.2242 4.2189 6.5161 5.5772 4.8091
8 59061 4.4410 3.4161 5.9061 4.5375 3.4923 5.9061 4.8810 4.0267
oo 5.6988 4.2126 3.1916 5.6988 4.3032 3.2405 5.6988 4.6435 3.7559
FG 5 1 10.5560 10.4584 10.3117 11.6591 11.4410 11.1477 12.1889 11.4505 10.5271
2 5.7768 5.7758 5.7887 6.4360 6.2868 6.1575 6.7906 6.3233 5.8825
4 4.0463 4.1536 4.2861 4.5205 4.4378 4.4343 4.8401 4.5028 4.3246
8 35434 3.6926 3.8631 3.9575 3.9024 3.9454 4.2703 39779 3.8860
oo 3.3575 3.5196 3.7010 3.7510 3.7043 3.7614 4.0612 3.7835 3.7187
20 1 11.3079 11.1767 11.0409 12.5418 12.2439 11.9282 13.1421 12.2623 11.2691
2 6.2607 6.2806 6.3304 6.9552 6.8065 6.7097 7.3457 6.8495 6.4271
4 43001 4.4371 4.6227 47819 4.7102 4.7494 5.1215 4.7811 4.6548
8 3.7209 3.9072 4.1455 41390 4.0952 4.1870 4.4717 4.1790 4.1563
oo 3.5221 3.7253 3.9824 3.9188 3.8845 3.9947 4.2493 39726 3.9849
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Mode (2,1) Mode (2,2)
Fig. 5. 15: The first four mode shapes of SCSC FG microplates (a/h=10, h/1=2).
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Fig. 5. 16: The first four mode shapes of SFSF FG microplates (a/h=10, h/I=2).
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Finally, the critical buckling loads of various ceramic- and FG-core micro plates under axial loads
are investigated. The size dependent effect on buckling behaviours is presented in Tables 5.34 -
5.39 for various FG-core and ceramic-core plates. As expected, the critical buckling loads always
decrease with an increase of metal volume fraction for all the schemes (Fig. 5.17). It is worth
nothing that, they only depend on the stiffness, therefore, their variations are more significant

in thicker FG layers.
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Fig. 5. 17: Non-dimensional buckling loads of Al/Al,O3 sandwich microplates (a/h=5, h/I=1).
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Table 5. 34: Non-dimensional buckling loads of SCSC FG-sandwich plates.

Core a/h h/l  Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 74.6429 46.2857 28.2857 74.6429 48.2857 31.2143 74.6429 53.5714 39.2143
2 28.5357 17.2500 10.3571 28.5357 18.0357 11.5000 28.5357 20.0357 14.4643
4 16.9821 9.5893 5.4107 16.9821 10.0357 5.8750 16.9821 11.3036 7.5357
8 14.0982 7.6250 4.1161 14.0982 7.9732 4.3750 14.0982 9.0536 5.6964
oo 13.1425 6.9573 3.6713 13.1425 7.2751 3.8618 13.1425 8.3021 5.0680
20 1 95.6571 61.9429 38.3238 95.6571 64.9143 43.1238 95.6571 71.6571 54.0952
2 37.6381 22.0000 12.8571 37.6381 23.0286 14.1905 37.6381 25.8095 18.0762
4 23.1333 11.9714 6.4286 23.1333 12.5143 6.8667 23.1333 14.3048 8.9714
8 19.5048 9.4571 4.8190 19.5048 9.8714 5.0286 19.5048 11.4238 6.6905
oo 18.2971 8.6195 4.2801 18.2971 8.9947 4.4153 18.2971 10.4621 5.9263
FG 5 1 42.4214 36.6786 31.8357 50.4571 42.5429 36.1786 55.0571 42.6929 32.9286
2 14.9643 12.9571 11.3786 18.2571 15.1036 12.7536 20.2393 15.2714 11.7214
4 8.0143 7.0250 6.2214 9.9554 8.1679 6.8946 11.2696 8.3518 6.3982
8 6.2563 5.5420 4.9205 7.8313 6.4170 5.4295 8.9768 6.6071 5.0607
oo 5.6680 5.0475 4.4853 7.1163 5.8309 4.9412 8.2061 6.0234 4.6140
20 1 52.9143 44.8000 38.2857 64.9143 53.1810 44.0381 71.6190 53.4857 39.6952
2 18.5143 16.2286 14.4952 22.8190 18.8000 15.9810 25.6381 19.1238 14.8762
4 99143 9.0952 8.5524 12.2571 10.1905 8.9810 14.1048 10.5238 8.6571
8 7.7667 7.3095 7.0619 9.6095 8.0429 7.2286 11.2143 8.3714 7.1048
oo 7.0491 6.7146 6.5647 8.7309 7.3259 6.6457 10.2534 7.6569 6.5883
Table 5. 35: Non-dimensional buckling loads of SCSS FG-sandwich plates.
Core a/h h/l Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 53.5000 33.4286 20.5000 53.5000 34.9286 22.6429 53.5000 38.7143 28.5000
2 20.9286 12.5714 7.5000 20.9286 13.1429 8.3214 20.9286 14.6429 10.5000
4 12.7857 7.0536 3.9286 12.7857 7.3929 4.2500 12.7857 8.3571 5.4821
8 10.7321 5.6339 2.9911 10.7321 5.8929 3.1696 10.7321 6.7321 4.1518
o 10.0550 5.1599 2.6760 10.0550 5.3924 2.7987 10.0550 6.1864 3.6973
20 1 66.7048 43.2381 26.7429 66.7048 45.2952 30.0952 66.7048 49.9810 37.7905
2 26.3048 15.3714 8.9714 26.3048 16.0762 9.9048 26.3048 18.0190 12.6095
4 16.1905 8.3619 4.4857 16.1905 8.7333 4.7905 16.1905 9.9905 6.2571
8 13.6619 6.6048 3.3619 13.6619 6.8952 3.5048 13.6619 7.9810 4.6667
oo 12.8235 6.0219 2.9858 12.8235 6.2837 3.0786 12.8235 7.3123 4.1344
FG 5 1 30.2143 26.0214 22.5214 36.1643 30.3214 25.6500 39.5571 30.4429 23.3143
2 10.8107 9.3750 8.2571 13.2357 10.9250 9.2250 14.7214 11.0643 8.5036
4 58786 5.2089 4.6768 7.3000 6.0054 5.1179 8.3018 6.1571 4.7929
8 4.6277 4.1643 3.7759 5.7768 4.7589 4.0893 6.6545 4.9152 3.8625
oo 4.2078 3.8160 3.4743 5.2631 4.3410 3.7463 6.1001 4.4987 3.5522
20 1 36.8762 31.2000 26.6667 45.2571 37.0667 30.6667 49,9429 37.2952 27.6571
2 129143 11.3143 10.1143 15.9048 13.1048 11.1429 17.8857 13.3333 10.3810
4 6.9238 6.3524 5.9810 8.5524 7.1143 6.2762 9.8476 7.3524 6.0571
8 54238 5.1143 4.9524 6.7095 5.6190 5.0571 7.8333 5.8524 49810
oo 4.9254 47000 4.6078 6.0982 5.1201 4.6531 7.1649 5.3530 4.6209
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Table 5. 36: Non-dimensional buckling loads of SSSS FG-sandwich plates.

Core a/h h/l  Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 41.1429 25.8571 15.8571 41.1429 27.0000 17.5714 41.1429 29.9286 22.1429
2 16.3214 9.7500 5.7857 16.3214 10.2143 6.4286 16.3214 11.3929 8.1071
4 10.0893 5.5000 3.0536 10.0893 5.7500 3.2679 10.0893 6.5179 4.2321
8 8.5268 4.4018 2.3214 8.5268 4.5982 2.4375 8.5268 5.2679 3.2054
oo 8.0105 4.0354 2.0812 8.0105 4.2086 2.1542 8.0105 4.8444 2.8571
20 1 50.2095 32.5714 20.1524 50.2095 34.1333 22.6667 50.2095 37.6381 28.4571
2 19.8095 11.5810 6.7619 19.8095 12.1143 7.4476 19.8095 13.5810 9.4857
4 12.2095 6.3048 3.3905 12.2095 6.5810 3.6000 12.2095 7.5238 4.7143
8 10.3095 4.9857 2.5476 10.3095 5.1952 2.6381 10.3095 6.0143 3.5095
oo 9.6763 4.5445 2.2645 9.6763 4.7328 2.3163 9.6763 5.5091 3.1115
FG 5 1 23.3071 20.0429 17.3286 27.9286 23.3857 19.7571 30.5571 23.4786 17.9357
2 8.4714 7.3750 6.5107 10.3214 8.5607 7.2607 11.4679 8.6643 6.7000
4 4.6929 4.1929 3.7911 5.7554 4.7893 4.1268 6.5232 4.9036 3.8804
8 3.7277 3.3920 3.1071 45804 3.8286 3.3393 5.2518 3.9473 3.1714
oo 3.4005 3.1208 2.8752 4.1814 3.5027 3.0726 4.8223 3.6237 2.9318
20 1 27.9238 23.6571 20.1905 34.1714 28.0381 23.2381 37.6762 28.1905 20.9524
2 9.8857 8.6857 7.7714 12.0952 10.0190 8.5714 13.5429 10.1714 7.9619
4 53714 49429 4.6476 6.5429 55048 4.8857 7.4857 5.6667 4.7143
8 4.2429 4.0143 3.8810 5.1619 4.3810 3.9762 5.9714 4.5429 3.9048
oo 3.8570 3.6913 3.6126 46927 3.9952 3.6605 5.4642 4.1601 3.6262
Table 5. 37: Non-dimensional buckling loads of SCSF FG-sandwich plates.
Core a/h h/l  Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 34.5714 22.4286 14.0000 34.5714 23.5000 15.6429 34.5714 25.8571 19.5714
2 11.9643 7.3929 4.5000 11.9643 7.7500 5.0714 11.9643 8.6071 6.3571
4 6.7500 3.6607 2.0357 6.7500 3.8393 2.2143 6.7500 4.3393 2.8571
8 54375 2.7411 1.4286 5.4375 2.8661 1.5000 5.4375 3.2946 1.9821
oo 4.9706 2.4273 1.2267 49706 2.5345 1.2724 49706 2.9313 1.6970
20 1 30.2857 29.7143 18.8571 43,8095 31.2381 21.5238 43.8095 34.2857 26.8571
2 14.0952 8.7619 5.3333 14.0952 9.1429 5.9048 14.0952 10.1905 7.5238
4 7.5238 4.0000 2.1905 7.5238 4.1429 2.3333 7.5238 4.7143 3.0476
8 6.0476 2.9048 1.4762 6.0476 3.0476 1.5714 6.0476 3.5238 2.0476
oo 5.5659 2.6027 1.2880 5.5659 2.7157 1.3272 5.5659 3.1624 1.7835
FG 5 1 20.1500 17.0071 14.3857 24.2857 20.1643 16.7214 26.4500 20.1857 14.9714
2 6.2821 5.3571 4.6464 7.7679 6.3393 5.2607 8.6214 6.4036 4.8000
4 3.0429 2.7232 2.4911 3.7768 3.1125 2.6821 43089 3.1982 2.5411
8 2.2548 2.0786 1.9524 2.8000 2.3262 2.0500 3.2452 2.4119 1.9786
oo 1.9827 1.8503 1.7542 2.4657 2.0543 1.8250 2.8801 2.1396 1.7749
20 1 25.5238 21.1429 17.7143 31.4286 25.5238 20.7619 34.2857 25.5238 18.4762
2 7.3333 6.2857 5.4286 9.0476 7.4286 6.1905 10.0952 7.5238 5.6190
4 3.2857 3.0000 2.7619 4.0952 3.3810 2.9524 4.6667 3.4762 2.8095
8 2.3810 2.2381 2.1905 2.9524 24762 2.2381 3.4762 2.5714 2.1905
oo 2.1291 2.0365 2.0037 2.6349 2.2141 2.0171 3.0976 2.3157 2.0075
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Table 5. 38: Non-dimensional buckling loads of SSSF FG-sandwich plates.

Core a/h h/l  Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 31.2143 20.2857 12.6429 31.2143 21.1429 14.0714 31.2143 23.3571 17.6429
2 10.8214 6.7143 4.0714 10.8214 7.0357 4.6071 10.8214 7.7857 5.7500
4 6.1964 3.3571 1.8750 6.1964 3.5000 2.0179 6.1964 3.9821 2.6071
8 5.0357 25268 1.3125 5.0357 2.6429 1.3839 5.0357 3.0357 1.8214
oo 4.6270 2.2535 1.1389 4.6270 2.3514 1.1780 4.6270 2.7211 1.5720
20 1 30.2857 26.6667 16.7619 39.2381 27.8095 19.0476 39.2381 30.6667 23.8095
2 12.7619 7.9048 4.7619 12.7619 8.2857 5.3333 12.7619 9.1429 6.7619
4 6.8571 3.6190 2.0000 6.8571 3.8095 2.1429 6.8571 4.3333 2.8095
8 5.5238 2.6667 1.3333 5.5238 2.7619 1.4286 5.5238 3.2381 1.9048
oo 5.1387 2.4037 1.1915 5.1387 2.5067 1.2248 5.1387 29189 1.6461
FG 5 1 18.2643 15.4714 13.1214 21.9357 18.2786 15.2214 23.8786 18.2929 13.6500
2 57321 4.8929 4.2464 7.0607 5.7786 4.8107 7.8250 5.8357 4.3857
4 2.8107 2.5214 2.3071 3.4732 2.8732 2.4839 3.9554 29500 2.3518
8 2.1048 1.9452 1.8286 2.6000 2.1714 1.9190 3.0071 2.2476 1.8524
oo 1.8608 1.7403 1.6524 2.3019 1.9265 1.7177 2.6828 2.0047 1.6715
20 1 22.8571 19.0476 16.0000 28.0000 22.8571 18.6667 30.6667 22.8571 16.5714
2 6.6667 5.7143 49524 8.2857 6.7619 5.6190 9.1429 6.8571 5.1429
4 3.0476 2.7619 2.5714 3.7619 3.0952 2.7143 4.2857 3.1905 2.6190
8 2.1905 2.0952 2.0000 2.7143 2.2857 2.0476 3.1905 2.3810 2.0476
oo 19893 1.9043 1.8723 2.4488 2.0664 1.8869 2.8707 2.1584 1.8765
Table 5. 39: Non-dimensional buckling loads of SFSF FG-sandwich plates.
Core a/h h/l  Scheme
2-1-1 1-1-1 1-2-1
p=0 1 10 p=0 1 10 p=0 1 10
Ceramic 5 1 29.7143 19.5000 12.2143 29.7143 20.3571 13.6429 29.7143 22.4286 17.0714
2 9.6429 5.9643 3.7143 9.6429 6.3214 4.1786 9.6429 7.0000 5.2500
4 54464 2.9464 1.6250 5.4464 3.0714 1.7679 5.4464 3.5000 2.2857
8 4.4821 2.2321 1.1607 44821 2.3393 1.2143 44821 2.6875 1.6071
oo 4.1390 2.0054 1.0094 4.1390 2.0936 1.0457 4.1390 2.4244 1.3967
20 1 30.2857 24.9524 16.0000 36.5714 26.2857 18.0952 36.5714 28.7619 22.6667
2 11.3333 7.1429 4.2857 11.3333 7.4286 4.8571 11.3333 8.2857 6.0952
4 6.0476 3.1905 1.7619 6.0476 3.3333 1.9048 6.0476 3.8095 2.4286
8 49048 2.3333 1.1905 49048 2.4762 1.2381 49048 2.8571 1.6667
oo 4.5437 2.1235 1.0504 4.5437 2.2157 1.0824 4.5437 2.5803 1.4549
FG 5 1 17.6286 14.9214 12.6143 21.1214 17.6214 14.6857 22.9500 17.6143 13.1357
2 5.1393 4.3607 3.7607 6.3429 5.1750 4.2821 7.0214 5.2214 3.8893
4 24393 2.1857 2.0054 3.0304 2.4964 2.1536 3.4607 2.5661 2.0429
8 1.8381 1.7024 1.6095 2.2833 19000 1.6810 2.6500 1.9714 1.6286
o 1.6385 1.5360 1.4659 2.0357 1.6988 1.5161 2.3807 1.7707 1.4807
20 1 21.5238 17.7143 14.8571 26.2857 21.5238 17.5238 28.7619 21.5238 15.4286
2 6.0000 5.1429 4.3810 7.4286 6.0000 5.0476 8.1905 6.0952 4.5714
4 2.6190 2.3810 2.2381 3.2857 2.7143 2.3810 3.7619 2.7619 2.2381
8 19524 18095 1.7619 2.3810 2.0000 1.8095 2.8095 2.0952 1.7619
oo 1.7371 1.6621 1.6363 2.1496 1.8064 1.6464 2.5275 1.8896 1.6392
5.6 Concluding remarks

In this chapter, general quasi-3D and higher-order shear deformation models are developed

to study the mechanical and thermal behaviours of FG sandwich microplates. Governing
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equations are derived from the variational principle based on the framework of the modified
couple stress theory. In the first part, the Navier solutions are applied to examine the bending,
vibration and buckling behaviours of microplates under mechanical and thermal loads. These
solutions reveal that the inclusion of small-scale effect increases the microplates' stiffness,
especially for those with the thickness h < 20l. In addition, comprising thickness stretching strain
in mechanical analysis results in higher stiffness for FG plates which leads to smaller deflection
and higher natural frequencies as well as critical buckling loads, compared with the higher-order
2D models. Moreover, thickness stretching thermal strain also induces the out-of-plane thermal
load in the thermal analysis which leads to the higher deflections, stresses as well as lower
natural frequency and critical buckling temperature. Utilising the state space approach, the
second part copes with the analysis of the plates with simply supports at two opposite edges
and various BCs for other edges. The effects of boundary conditions, geometric and material
properties as well as the graded schemes to the static bending, free vibration and buckling

behaviours of FG-sandwich microplates are examined.
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CHAPTER 6
CONCLUSIONS AND RECOMMENDATIONS

6.1 Conclusions

In this thesis, the variational principle is applied to derive the governing equations of motion for
the size-dependent static, free vibration and buckling behaviours of functionally graded (FG)
sandwich beams and plates using different higher-order shear deformation theories and the
modified couple stress theory (MCST). According to the results of the present work, the

following conclusions can be drawn:

a. The Navier and state space methods are found to be appropriate and efficient in
analysing the static, free vibration and buckling behaviours of FG and FG-sandwich
beams and plates in both macro and micro scales. While the Navier method is applicable
to the structures embedded in simply supported BCs, the state space approach can be
used to analyse the beams with arbitrary BCs and the plates with simply-supported BCs
on two opposite edges and various BCs on the others.

b. Utilising the state space based method for beams at the macro scales, an iterative
procedure needs to be applied for the natural frequencies and critical buckling loads
due to the present of these quantities in the analytical formulation themselves.
Although the coupling between the axial displacement and the bending components is
presented in the vibration analysis, the general form of eigenvalues and eigenvectors
can be employed. However, the absence of eigen-frequency in the formulation of
buckling behaviour leads to the multiplicity of eigen values, which requires a Jordan
canonical treatment for general solutions. The singular value decomposition is
employed at the modal frequencies/buckling loads to plot the corresponding mode
shapes and buckling shapes. The state space approach is also developed for the
vibration and buckling behaviours of FG beams under mechanical and thermal loads.
The effects of temperature-dependent material properties on the natural frequencies
and critical buckling loads are also considered under the uniform, linear and nonlinear
temperature distribution across the thickness of FG beams. It is also found that the
variation of material properties along with the elevated temperatures is essential to
take into account in analysing the vibration and buckling behaviours of FG beams.

c. The governing equations of motion and the relating boundary conditions for FG-
sandwich microbeams are developed and verified by the excellent agreement of present

results with those in the literature. Navier method is applied successfully to analyse the
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static, vibration and buckling behaviours of simply supported beams. The state space
method is developed to investigate the free vibration behaviour of bidirectional FG
microbeams, which can be used to study the FG microbeams and BDFG macrobeams by
setting an appropriate material length scale ratio and material power/exponential
index.

Using the MCST to capture the size-dependent effects of the small-scale beams, the
numerical examples reveal that the increase of material length scale ratio leads to the
growth in beams’ stiffness. Consequently, there is a decrease in displacement and an
increase in the natural frequency and critical buckling load of the microbeams.

d. The governing equations of motion and the relating boundary conditions for FG-
sandwich microplates are developed and verified with those in the literature. Both
Navier and state space methods are employed to analyse the static, vibration and
buckling behaviours of these plates. The behaviours of FG-sandwich microplates under
uniform and linear temperature distributions are also carried out in this thesis. Again,
the behaviours of FG macroplates can be considered by setting the material length scale
ratio to an infinity.

The effects of material length scale ratio to the structural behaviours of FG-sandwich
microplates are similar to the case of microbeams, which highlights the importance of
employing the higher-order continuum theories such as MCST to analyse small-scale
structures. In applying the state space method for microplates, the general form of
eigenvalues and eigenvectors can be employed because all the eigenvalues are distinct.
Different from the applications for vibration and buckling behaviours, the solution for
static behaviour can be obtained directly without the need of an iterative procedure,

which makes the state space approach a closed form solution.

6.2 Recommendations
Following are the recommendations concerning the extensions of the proposed models for

future research:

a. Eigen values for the general solutions are repetitive with up to four degrees in analysing
the static and buckling behaviours of FG microbeams, which results in an expensive
computational cost using Jordan canonical form. Therefore, the state space based
solution for the static bending and buckling behaviours of microbeams need to be
further developed with a higher level of multiplicity in eigen values of the general

solution.
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Present theoretical models and solutions can be extended to analyse the curve beams
and shells, and laminated composite structures.

These analytical methods can be developed for other non-classical continua such as the
strain gradient theory and non-local elasticity to analyse different small scales of
structures.

The state space based solution can be combined with other strong form solutions, e.g.
differential quadrature method and dynamic stiffness matrix, to achieve 3D solutions

and more complex geometries and boundary conditions.
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APPENDICES
Appendix A

The coefficients in Eq. (4.19):

r —[cafze —e,f,c, +f,(ec,—ce )]/C
n=lc(fe-ef)-e(fic—cf)+filec—ce)]/C;
n=la(fe-at)-e(fe—ah)+hlec e /G
[cafze —-e,f,c, +f3 e.c,—ce, ]
=[c fe;—e.f;)—e,(fico —c.f, )+ f,(e,6 —¢ 8):|/C0;
[c (fies—ef,)—e,(fico—G.f,)+fi(ec—c ]/CO;
—[cs(fze e,f;)—e(f,co—Cfy )+ f (&6 ey ]/
|:c3(fze e.fy)—e(fieu—of)+f(ec, —cey, :|/C0,
rg—[ca(fze e,f)—e(fic, —Gfi )+ (ec, —cey,) ]/CO,
10:[c3(f2e13— efu)—e(fics— 2fn)+f_:,(ezc13—czel_:,)]/CO;
ro=[c(few—ef,)-
rlzz[ca(fze15 —e,fi;)—e,(ficis— 2]‘13)+f3(ezc15—czels)]/Co;
s =[c (fe—e.fu) -

—|:c (£, —efs)—e(fic, —6.fis)+fi 2c17—czel7)]/co.
1:|:c1f3 e,—e.fic, +f, (e, —Ce,) ]/CO,
szz[cl(fses—eaﬁ,)—el(fac 3]‘4)+f1 e,c,— ]/CO,
s3=|:c1(f3e6—e3f5)—e1(]§c ofs)+£i( :|/C0,
S, :[cl fie,—efie,+f(ec,— cae7)] /C,;

s, :[c (fies—esfs) e (fics—6.f )+ fi (e —cie ]/
S —[c (fie;—ef,)—e (fic,—6.f, )+ £, (&6 —Cie ]/
57:[c1(f3e efy)—e (fico —Gfy )+ (e, —Ciey ]/CO,
ssz[cl(fae S )—e(ficn —6.f,)+fi (e, —cey) :|/C0,
sgz[cl(fae 3]‘10) e, (fic, —Cfo )+ £ (exc, —cey,) ]/CO,
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St :[cl (fies—efu)—e(fics —fi )+ (e —cgel_,))]/C0
su=a(feu—efs)-e(feu—cha)+fi(ecu—cen) /Gy
Sh :|:c1 (few —efis)—e(fies —C.fis )+ £ (e56ss —c3e15)]/C0
S =[c1(f3e efu)—e (fiCs —C:fuu )+ £ (556 —c3ele)]/C0;
S [cl (fien—efis)—e (ficy —Gfs)+fi(ecy —caeﬂ)] /C.. (A3)

t, =[—c1f2e4 +e.fic, +f(ce, —e2c4)]/C0

l‘zz[cl(ezf4 —fe)—e (cf, —f2c5)+f1(czes—e2c5)]/co;

taz[cl(ezf5 —fes)—e,(c.fs —fzcs)+f1(cze6—ezcs)];

t, =[—c1f2e7 +e f,c, +f,(c,e,—eg, )] /C,;

t. =[c (e,f;—fe )— (czfs—j‘2c8)+f1(c2e8—ezcg)]/C0
[c( e.f,—fe)-e(cf, —j‘zc_c))jtj‘l(czeg—ezc_q)]/C0
[cl(ezf8 few) (czfs—fzcm)+f1(c2e10—ezcm)]/CO;

t, —[cl(ezfg ~fen)—e(cf, —fzcll)+f1(czell—ezcll)]/Co

t, —[c( e,fo—fen)—e(Gf —fzclz)+f1(c2e12—ezclz)]/CO;

t, [c( e.fu—fes)—e (G —fies)+ fl(czels—ezcl_:,)}/ C,

11:[‘31( e,f, —few)—e(6f, —ficuw)+fi(ce, —e2c14)]/C0;

tlzz[c( &.fis—feis)—e (G fis—ficis ) +fi (6o — ]/Co;

t13=|:c1 e,fu—fes)—e(cfiu —fic 16)+f1(ce16 X :|/ (A4)

where C;=c,(e,f,-ef,)-c,(e.fs e fy)+c (ef, e, f,).

2
1 1
b, =D, +A,;b, :Dlsl +_(Am +Bm);b3 =—E,;b, :&11(02;[)5 :(&j By +Ila)2;b6 :zn_XBn;
2 2 a a a
n ’ n
b, =B, ;b, =l,0";b, =—>1,0’; b, (—j (D, +A,)—La’;b, =—2-2(D,, +A,,);
a a a
2
1
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Appendix B

The stress resultants in Eq. (5.13)
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Appendix C:

The coefficients in Eq. (5.39):
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