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Species competition model is coupled with climate model to describe the influence

of environmental temperature on ecosystems.

This coupled model can be asymptotically equivalent to a special multispecies

Lotka-Volterra system.

The model shows how ecosystems influence biome formation and fragmentation

under critical environmental changes.

We apply the proposed model to study the warm-temperate mixed forest biome

location in the past.
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Abstract

Critical phenomena in the climate system can cause drastic changes in the state
of planetary ecosystems as well the entire biosphere. There also are mechanisms
through which the biosphere can make an effect on climate. In this manuscript,
we study the nonlinear dynamics of the interaction of the climate system with
the biosphere by linking an energy balance climate model to different species
competition models. We develop an asymptotic approach to these models and
investigate how migration strengthens biome stability and biodiversity. More-
over, we derive relations describing biome boundary shifts under global warm-
ing (or cooling) and check those relations against paleo data on plant biome
location. Finally, the models demonstrate that critical rates of changes in the
environmental temperature dynamics may shift biome stability.

Keywords: biosphere, climate, stability, temperature, critical, biome.

1. Introduction

We aim to propose a model describing nonlinear interaction between plan-

etary climate and a biosphere consisting of many ecosystems integrated into
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biomes where many species compete for a few of the same resources. The ex-
istence and stability of such food webs on a global scale is a key problem in
ecology [1, 2]. It becomes even more pressing to understand in the context of
extinctions and mass extinctions in such systems under climate changes [3]. Re-
source competition models link the population dynamics of competing species
with the dynamics of the resources. As it was mentioned in [4] an attractive
feature of resource competition models is that they use the biological traits of
species to predict the time evolution of competition. In fact, many rigorous
results [5-7] show that, in a general situation, a single species survives, while
to obtain the coexistence of many species one needs very special assumptions
made to the species parameters (mortalities and resource consumption rates).

Note that ecosystems present a class of dynamical systems exhibiting com-
plex dynamics, bifurcations, and strange attractors (see, for example, [8] and
[9] for an analytical proof). On the other hand, climate also presents a com-
plicated dynamical system [10]. Recent observations have shown that climate
change may be a leading factor influencing ecosystem behavior [11]. To simplify
climate modeling, Energy Balance Models (EBMs) were proposed [12-15] that
allow us to describe current climate change and paleoclimate. The stochastic
effects in such models‘are investigated in [16]. Other interesting phenomena in
these models atise as'a result of multistability, see [17, 18].

Here, we develop a mathematical approach to investigate effects in nonlin-
ear climate-biosphere interaction by a model that takes into account spatial
heterogeneity, species migration, and self-limitation, and as well simple climate
dynamics. We describe the biosphere with the help of models like the paradig-
matical MacArthur model, and climate by the classical EBM with thermal con-
ductivity. The coupling of two systems goes through planetary albedo [19]. We
find that migration increases the growth rate function by a term that is propor-

tional to 7 °

m

where 7, is a time needed for a species to migrate through the
whole species habitat. Further, ecosystem multistationarity may lead to a fast
biome formation and heterogeneity under climate variations when migration

effects are weak.
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We obtain equations describing a shift of the ecosystem boundaries under
environmental temperature changes. There exist two regimes, slow and fast
climate temperature variations. For heterogeneous ecosystems, slow climate
variations (relatively uniform over habitats) can weakly change species habi-
tats. On the other hand, too great a heterogeneity in the ecosystem can cause
instability under random and periodic climate oscillations so one can envision
that there is an optimal level of biosphere heterogeneity. Finally, we confirm
the GAIA hypothesis that climate and biosphere can evolve together in a con-
vergent manner: the biosphere has become increasingly diversified and spatially
heterogeneous due to climate change that, in turn, has increased the stability
of both climate and biosphere.

The paper is organized as follows. In the next section, we describe differ-
ent classical models of ecosystems where competing species share resources and
extended models that take into account climatic factors, migration, and self-
limitation effects. In Section 3 it is shown that for large turnover rates the
long term behavior of all these models can be described by asymptotic solu-
tions. These solutions show that all these models can be reduced to a special
multispecies Lotka-Volterra (LV) model that is well studied [9, 20-22]. In addi-
tion, we restate some results on the LV system, where we show how to realize
prescribed polynomial dynamics by an LV system using a nonlinear oscillator
concept. Section 4 states an averaging method that allows us to estimate bio-
diversity for systems without migration. To obtain these estimates we need
no information on the attractor structure, they hold for any oscillating large
time dynamics. Further, in Section 5 we extend these estimates on spatially
extended systems with migration effects. It allows us to obtain the following
important result: the effects of migration can be described by adding a term to
the growth function that is proportional to the time it takes for the species to
migrate throughout the entire ecosystem. At last, in Sections 6, 7, and 7.1, we
describe how environmental temperature warming affects species habitats and
apply analytical results to interpret data on evolution of the vegetation biomes

of Europe from 16 4 million years ago (Neogene period). We show that there
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arises two cases: F and S. The case F corresponds to a fast climate variation
with respect to species adaptation rate and S a slow climate variation. In the
case of F the species have no time to adapt, and the habitat boundaries move
at the same speed as the isotherms. In the second case, the speed of habitat
boundary movement may be much less than the speed of isotherm change. The
analysis of paleodata by our approach (both cases F and S) shows that biome
evolution under cooling was rather fast than slow.

The main result is that a complicated spatially heterogeneous biosphere split
into a number of small different ecosystems shows high stability with respect to
slow climate variations but that the biosphere may be volatile with respect to

rapid climate changes. So, a rate-induced (R) tipping point [23] may appear.

2. Models

In this section, we describe some conceptual climate and biosphere models

and connections between themn.

2.1. Energy balance climate models

The energy balance models are basic for such climate applications as tem-
perature warming and paleoclimate [15]. In the simplest case when we consider
the average temperature of the Earth’s surface, the main equation has the form
[13] :

% =21 (—eaT4 + “OTIO(l - A)) , (1)
where A is thermal inertia, 7" is the averaged surface temperature, t is time,
and A is the average albedo of the earth’s surface. On the right-hand side, the
first term is the outgoing emission and the second term represents the incoming
Sun’s radiation. Generally, incoming radiation to the Earths surface is modified
by a parameter, po, to allow for variations in the irradiance per unit area, I
(the solar constant), or for long-term variations of the planetary orbit. The
outgoing emission depends on the fourth power of temperature, the effective

emissivity e and a Stefan—Boltzmann constant o.
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This model can be coupled with biosphere’s dynamics as follows. The com-
plete averaged albedo A can depend on the biosphere state. For simplicity, we
consider ecosystems in which species are competing for several resources. We
will consider a more complicated model than in [19], which is spatially extended
and takes into account species migration.

To take into account the dependence of T' on latitude, we use the classical
EBM model [12-14] and following [15] we insert a term describing a heat con-
duction into (1) and extend (1) equation to a PDE adding a.spatial dimension.
Let y be a latitude, y € (—m/2,7/2). Then the corresponding extended equation
reads

dr

I
= :A-1<—eaT4+%(1—A)+DABT), 2)

where D is the thermal conductivity coefficient, and Apg is the Laplace-Beltrami
operator, which in the one-dimensional case, where we take into account the

latitude only, has the form:

Ag = cosy_lé%(cosya%/)v

where y is the latitudes which ranges from —m/2 (the South Pole) via y = 0 (the
equator) to /2 (the North Pole) (if y € (0,7), where 0 is the North pole, then
sin y should stand.instead of cos ¢). The boundary conditions at the poles have

the form

o0, y=+n/2. (3)

2.2. Standard ecosystem model
We consider the following system of equations that extends the known model
[8, 24], taking into account diffusion in space (species migration) along latitude

(representing species response to global temperature change):

%I;Z zdiABui—l—ui(qSi(v)—,ui), i=1,...,N, (4)
v M
aitksz(Sk_vk)_chi Uq (;51-(1)), k:]-a"'vna (5)

i=1
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Here u = (u1,usg,...,un) is the vector of species abundances, u; = u;(z,t),
t >0,z €2, v= (v1,...,v,) is a vector of resource amounts. The domain
2 C R where d = 1,2 is bounded and has a smooth boundary 92. In egs.
(4), (5) unknown vy is the resource of k-th type consumed by all ecosystem
species, u; is the species mortalities, Dy > 0 are resource turnover rates, Sj is
the supply of the resource vy, Dyvi(Sk — vg) is the supply rate for k-th resource
and ¢;; > 0 is the content of k-th resource in the i-th species. We suppose that

resource supplies Sy are slow smooth functions of z, ¢:
Sk =5:(X,7), X =€z 71=eét, (6)

where €; > 0 are small parameters. Such a slow dependence may describe
variations of resource supplies in time and space that can appear as a result
of climate and environmental changes. For example, one can suppose that for
plant ecosystems Sy depend on the temperature 7' and precipitation level P,
mean annual values of these parameters can slowly evolve in time: 7' = T'(7)
and P = P(7). So, such ecological factors can be included in our model.

We consider general ¢; that are bounded, non-negative and Lipshitz contin-

uous
10 (v) — ¢;(0)] < Ljlv — 7 (7)
and

¢p(v) =0, vedRY, k=1,..n. (8)

Conditions (7) and (8) can be interpreted as a generalization of the von

Liebig law, where

I U1 Un
¢i(v)_azmln{bil+U17“.7bin+vn}7 (9)

where a; and b;; are positive coefficients, ¢ = 1,..., N. The coefficient a; is the
maximal level of the resource consumption rate by i-th species and coefficients
bij, where j =1,...,n, defines the sharpness of the consumption curve ¢;(v).

We complement system (4), (5) by non-negative initial conditions

u(0) = u(X), v(0) = v(X), (10)
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where

>0 i=1,...,N, and 0< 0, < Sk, k=1,...,n. (11)

and the zero Neumann boundary conditions

Vui(z,t) - n(z) =0 x€dN (12)

Vog(z,t) -n(x) =0 =z € df, (13)

where n = n(z) denotes the normal vector with respect to J2 at the point x.
Note that for a biome of relatively small area we can neglect curvature effects
and replace the operator Ag by the usual Laplace operator A. Our results can

be extended to the general case in a quite straightforward way.

2.8. MacArthur consumer competition model

The MacArthur model is another paradigmatical model of ecology for sys-
tems with sharing resources; discussed recently in detail in [25]. It is similar to
the standard model but here the growth rate functions and resource turnover

coefficients are linear. In our notation the spatially extended MacArthur model

reads:
Ou; :diAui—l—eiui(iwkcikvk —,ui), 1=1,...,N, (14)
ot Pt
ov N
({Tt’f :Dkvk(sk_vk)_;@ciuivk , k=1,...,n, (15)

where ¢;1 is the successful encounter rate of species i searching for resource k,
r; is the maintenance cost or threshold consumption level for growth, wy, is the
per capita weight or nutritional value of each resource, e; is the quantity of

nutritional value required for the reproduction of a given species.

2.4. Contemporary niche model and models with self-limitation
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The other variant of the MacArthur model is proposed in [25], where the

turnover rates do not include the factors vy:

5;? =d;Au; + eiui(;wkcikvk - ,ui), i=1,...,N, (16)
3vk N

- =D - - i U =1,...,n. 1
En w(Sk — vk) ;:1 Chitivy, k=1,...,n (17)

We will show below that these models without migration encounter some
difficulties when we try to explain high biodiversity in some ecosystems. We
can improve the situation by incorporating self-limitation effects. For example,

the previous model can be modified as follows:

862? = diAui + ei“i(; WhCikVE — Hi = 27, i=1,...,N, (18)
v N
#:Dk(sk_vk)_;%wkui k=1,...,n. (19)

3. Reduction to special Lotka-Volterra system

Here, in the case of a large turnover Dy, we reduce all the models to special
Lotka-Volterra (LV) systems that are well-studied in [9, 20]. First, we consider
the resource competition model. Assume that Dy oc D, where D is a large
parameter.that allows us to proceed a time-scale analysis. We set Dy, = Dy /D
and, to balance the first term on the right-hand side of eq. (5), we put in that
equation

v =Sk — DM + ..., (20)
where 75, are new unknowns. We substitute the relations (20) for v into our
system (4) and (5). Then, by matching principal terms and neglecting terms
which have the order O(D~2), one obtains

ou;

o diAu; +ui(¢;(S — D7) — ), i=1,...,N, (21)
_1a'l~)k A~ o —1~
D W:fD,CUHZ%mgz%(SfD D)4+ Vi, k=1,...,n, (22)

=1
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where

oS,
Vi (X, 1) = *6287:.

and ey, 7 are defined by relation (6).

A given u, system of eqgs. (22) for ¢; has an asymptotic solution

M
3 = Dt (D eni wi 64(8) + O(D™) + O(e2) ) (23)

i=1
Removing terms << D~! and << €3 and substituting (20) into eq. (21) we see
that system (22) takes the form

O _ g Ay + g7 — Ky ), (24)
at
where §
Kij =Y AiBy, Ti(S)=—p+ i(S) (25)
and -
40(8) = D7 22 5 (9) = cuy0(5),

ASs

where 1 < n < N. So, the interaction matrix K with entries K;; can be
factorized

K = AB, (26)

where A, B are matrices of size N x n and n x N, respectively. Note that by
the change u = Du we can replace the large factors D, >> 1 by normalized

turnovers Dy, = Dy, /D that gives a LV system without small parameters, where

9:(S)
aS,

Analogous results can be obtained for the MacArthur and contemporary models.

Ay =Dt

(27)

Let us consider, for example, the MacArthur model. In fact, we note that for
D >> 1 the resource vy is close to Sk, thus we can replace the coefficients
Do by DySk. In a similar way, we then obtain that this system (14)-(15)
reduces to the LV system (24), where the factorization (26) takes the place of

the parameters
n
Aik = eiciks,  Brj = wicjr,  Ti=ei(—p; + Zwkciksk)- (28)
k=1
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So, we conclude that, in a sense, all models are asymptotically equivalent to
LV systems for large supply turnovers. If we take into account self-limitation
effects then

K=AB-TI, I =diag(y,v2, ., IN)-

4. Biodiversity in models without migration

In this section, we present estimates of ecosystem biomass and biodiversity.
These estimates are based on the concept of permanency and the averaging
method. We need no precise information on the kind of dynamics, i.e., estimates
hold for chaotic, oscillating, or convergent dynamics. In fact, in Appendix 1 it
is shown that the dynamics of ecosystems can be complicated.

Recall the fundamental concept of permanency [20]. A system is permanent

(i.e., ecologically stable) if there exist positive constants ¢ and C such that
lim inf w;(t) 246 Vi=1,..,N.
t—4c0

and

lim sup w;(t) <C Vi=1,..,N.

t—+oo

This implies § < w;(t) < C for all sufficiently large ¢. Let f(t) be a function
such that f(¢) > 0 for all ¢ and for some C one has f(¢t) < C for all t > 0. Let
us denote by .
r=1 [ f(s)ds,
0
and

T
(f) =lim _inf T_l/o f(s)ds.

T—+o0

Suppose that our ecosystem is permanent and the resources do not vanish:
vp(t) >0p >0 VEk,Vt>0 (29)

for some dr > 0. Note moreover that the equations (15) for vy imply a priori
estimate

us(t) < Sp Wk, VE > 0. (30)

10
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We consider the MacArthur model with self-limitation coefficients v; > 0.
We divide the i-th equation (18) with d; = 0 by u,; and proceed averaging for
the resulting equations. Then the permanency condition implies that
((dui/dt)u; )p — 0 as T — +oc. Therefore, using (29) and (30) one obtains
from (18) that

Zwkcik@k) — i = yi{w;) Vi (31)
k=1

Repeating the same trick for v equations one has

N
Di(Sk — (v)) = Zcik<ui) V. (32)

These averaging equations for averages of u; and v lead to interesting con-
sequences. Let first «; = 0, i.e., there are no self-limitations. Then relations

(31) produce a linear algebraic system for means (vg):
Zwkcik(vk) =p; Vi (33)
k=1

For generic wy, ¢;x, this system has a solution only if N < n, i.e., the species
number is not more than the resource number. This means that the competi-
tive exclusion principle works. However, many real ecosystems consist of many
species sharing a few resources. To avoid this paradox, we can take into account
migration (see below) or self-limitation. Let us consider the second case. Then
for v; > 0 egs. (31) and (32) lead to the following system of nonlinear equations
for averaged resources (vg) € (0, Sk):

n

Di(Sk — (i) =Y ey (D wjei () — i), (34)

i=1 j=
where z;y = max{0, z}.
Similar equations can be obtained for the resource competition model. For

large Dy, one has

N
Di(Sk — (vk)) = > ey (6i(S) — i) - (35)

i=1

11
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Systems (34) and (35) allow us to estimate biodiversity By. For (34) this

number, B, equals the number N; of indices ¢ such that
n
> wieii{vg) > i,
j=1

and in the case (35) the quantity N; is the number of indices ¢ such that

¢i(S) > i (36)

5. Migration and biodiversity

The averaging method and results of the previous section allow us to esti-
mate the effects of migration (diffusion) species on biodiversity. Consider i-th
equation (4) under conditions that the system (4), (5) is permanently uniform

in space, i.e. there exist positive constants ¢ and C such that
lim inf wi(z,t)>0 Vi=1,..,N Ve,
t—-+oo

and

lim sup w;i(z,t) <C Vi=1,..,N, Vxel

t—-+o00

Let us divide the both sides of this equation on u; and integrate over all

z € 2 and t € (0,T). The averages over = and ¢t we denote by

(e =tert [ [ s

and let us set

((f)) =lim_inf ((f))r.

T—o0

Then we obtain

di((Augu; ) + (((¢i(v) — yiwi))) — ps = 0. (37)

Let us consider the first term. Using the boundary conditions (12) we observe

that
/Aui(x,t)u;ld];:/ vui($,t)2’ui_2dx.
@2 (9]

12
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Therefore, (37) is equivalent to

di (Vg )2)) + ((6i(0) = 7iua))) — ps = 0. (38)

For large D), we can replace ¢(v) with ¢(S). The first term admits the
following rough estimate by a scale analysis. Let us consider, say, an ecosystem
where u;(x,y) depends on latitude y, which changes from Lg to L;. Then
the average of (Vu;/u;)? can be roughly estimated as (L1 — Lg)~2 and thus
d;(Vu;/u;)? can be evaluated as a time needed for the species migration across
the entire ecosystem (along the latitude direction). So, we obtain that when we
take into account the migration effects, the main eq. (35) should be modified

as follows:

N
Dy(Sk — ({vk))) = Z vy ((@lSN) + 75 — i) (39)
where the correction 7; is equal to
o= (((Viu; 1)),

The quantity 7; can be interpreted as a migration rate of the species across the
entire ecosystem. We observe that for systems with self-limitation the migration
always increases biodiversity and this effect can be described by an additional

term in the growth function.

6. How climate affects ecosystem boundaries

In this section, we use the results of previous sections and the niche theory
approach. Using eqs. (39) we can describe how climate affects biodiversity and
rate tipping point effects. The main idea can be outlined as follows. We consider
two modes of interaction. If climate changes at the same rate as the adaptation
of species, or more slowly, then the movement of biome boundaries is rather
slow. If the climate (for example, the average annual temperature) changes too
quickly, then even a large enough biome can disappear for several million years.
Thus, one can formulate a hypothesis that biosphere-climate interaction can

lead to an R-tipping point.

13
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To simplify the statement, let us consider a simple model, where the main
resource S depends on is the temperature T, averaged over a year and over the
ecosystem, but in principle we can take into account precipitation, light, nutri-
ents, and others. Note that, temperature is usually viewed as an environmental
factor rather than a resource. We can easily extend our basic model to include
such a parameter, which is important for defining an ecological niche. In addi-
tion, in some works, temperature is considered as a resource (see, for example,
the work [26]).

We set, to simplify, S = S = T,. We model the growth function by a

Gaussian approximation
6i(8) = asexp (= (Tu = Topn)*/207), (40)

where a;,0; > 0 are parameters.

This growth function corresponds to a species for which the optimal temper-
ature equals T,y ;. Suppose that parameters T, ; are distributed according to
a probabilistic density function (pdf), for example, a Gaussian N(Er,or) one

with parameters Ep, o or a log-normal density. Then Eq. (36) reduces to
exp (— (Tu — Topri)*/207) > 13, (41)

where 7; = ¢ 1,uiai. By adjusting parameters 15, 4, i, BT, 07 We can obtain a
complex distribution of biodiversity in space. In the next section, we use the

obtained results to analyze paleodata of the plant biomes.

6.1. Slow movement of species habitat boundaries under climate variations.

General relations

Let us consider the ecosystem boundary motion under a climate impact.
The main idea to define the ecosystem boundary is as follows. Consider, say, a
plant ecosystem (for example, forest or tundra). In these ecosystems we have
different sets of species. Let us consider a species growing in tundra, its local

growth function at the point (x, y), where z is the longitude and y is the latitude,

14
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is defined by the expression
éi(xa Y, Topt,i) = a; €Xp < - (Ta(xa Y, t) - Topt,i)2/2oz‘2)' (42)

One can expect what are the most favorable conditions for species survival
available in the species habitat center whereas at the habitat edge the growth
function vanishes.

Let us define optimal T, ; that gives the maximal species abundance. Using
results of Sections 4 and 5 we obtain that these optimal values T, ; are defined

by the relation

[ @iy T )dady = BT = max. (43)
£2;
Then one has
aRi(Topt 7.)
7 0. 44
aCropt,i ( )

We insert (42) into the last equations that gives finally

<Ta(m7y7t)>ﬂi = Topt,i(t)v (45)

where we use the following notation for averages:

(f(@,y)a = (//01 ¢i($7yaTopt,i)fdwdy) (//(21 @i(x,y,Topui)dmdy)_l.

The relation (45) defines the center of the Hutchinson box (see [27]). If an
interval of evolution goes on for sufficiently long enough and the dependency
T, (x,y,t) on time ¢t is slow, one could expect that almost all the species in the
ecosystemn have growth functions with optimal parameters defined by (45). We
will see below that this conclusion is consistent with certain paleodata.

One can think that the boundary is located at the points (z,y) where
®,;(x,y) = r;. Then we obtain the following equation for the habitat bound-
ary:

Ta(l‘, Y, t) - <Ta>9i = bi, (46)

where b; are constants which can be found by empiric data. If we suppose

that only the temperature plays a role in the system, and there is no species

15
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adaptation, we obtain the simplest equation
Ta (x7 Y, t) = 5i7 (47)

i.e. the habitat boundaries coincide with isotherms. This result permits us to
check a hypothesis that cooling or warming are the main factors determining
the evolution of the species habitats.

Note that there are two different cases: (F), when we have a fast climate
variation with respect to species adaptation rate and the case (S) corresponds
to a slow climate change. In the case F the constants b; do not change because
the species have no time to adapt, and then the motions of habitat boundaries
go with the same speed that the isotherm moves: In the second case, the speed

of habitat boundary motion may be less than the isotherm speed.

6.2. Fast and slow climate changes: a comparison

First, we consider an approximation of the temperature profile on the lati-

tude y.

6.2.1. Temperature profile
We follow the manuscript [15] (see Chapter 5 in there). By linearization
of the term with 7T, we can reduce eq. (2) to a linear equation. This can be

resolved by the Legendre polynomials that give an approximation
T(y) = Ty + Ty sin®(y), (48)

where T > 0 and T3 are constants. When climate changes these constants very
slowly evolve. We assume that they depend on the slow time 7. Further, we

consider a more general approximation
T(y,7) = To + at + Ty (y), (49)

where a > 0 corresponds to a globally uniform warming and « < 0 describes a
globally uniform cooling. In the coming subsection we apply the relation (49)

to compare the cases F and S.
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6.2.2. Rapid climate variations

Suppose the species area occupies the domain, where the latitude y ranges
in the interval (y_(7), y+(7)) and T, depends on y,t¢ only: T, = T,(y,t). Then
for the right habitat boundary y, (7) one has

8Ta (y+a t) aT‘a (y+) t)
o TV gy

where Vj, = dy, /d7 is the velocity of the boundary. Using (49) we see that eq.

=0, (50)

(50) reduces to

Vi = a(Ti (1), (51)
where ¢'(y) = %. This quantity may not be small for a small habitat size
L =yy —y_. From the last equation we obtain a rough estimate for the biome

boundary shift Ay under the temperature change:

Ay ~ const AT i AT (52)

biome’

where AT, is a change of temperature under the climate variation and the
constant const = 2, ATpiome 1S a change of the local temperature along the

latitude within the entire biome (from the biome center to boundaries).

6.2.3. Slow climate variations
Let us consider the case S, where the analysis is more sophisticated. Then
instead of eq.. (47) we have

Ta(ya T) - (Ta(T»i = B’h (53)

where according to (45)

Yt Yt -1
@umi= ([ mwnena)( [ eena) . 6y
Y- Y-
In the general case for V}, one obtains a complicated equation, but if we consider

an approximation (49) and suppose that o; is large enough, then the boundary

shift velocity V; does not depend on the climate change rate a:

Vi = O(o; 1), (55)

’L

So, one can expect that in the case S the biome is stable under climate change

impact and biodiversity increases the stability.
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7. Handling real data

In this section, we use real data to apply the approach stated in previous
subsections. As an example, we use the vegetation biomes of Europe from
16 4 million years ago (Neogene period). This time interval is characterised
by warmer-than-present climate conditions, but with a general cooling trend
towards present day [28, 29]. Against this background global cooling trend,
the type of vegetation biome across the majority of Europe remains relatively
unchanged with a dominance of the warm-temperate mixed forest [29-33]. Pro-
gressive loss of species over this time interval is known, especially amongst plants
requiring permanently humid and warm conditions [34].

Paleo-biome data was reconstructed from paleobotanical sites from across
Europe covering the Langhian Zanclean stages (16 3.6 million years ago).
These come from [29-32] and references cited in these. Details of individual site
dating, fossil content and biome reconstruction techniques are presented in the
aforementioned manuscripts. Reconstructions of mean annual temperature and
mean annual precipitation used nearing living relative techniques. These are
based upon the simple overlapping range concept applied by the widely used
Co-existence Approach [35]; although some use probability density functions
[36]. The nearest living relative techniques use the climate tolerance of a fossil
plants extant relatives to reconstruct past climates. The overlapping envelope
of all fossil taxas climate tolerance is then taken as the reconstruction for a
paleobotanical assemblage [35, 36].

In Section 6, we obtained a method to compute the complex distribution of
biodiversity in space. Here, we use the obtained data to find the biodiversity

distribution of warm-temperate mixed forests (wtf), which is shown in Fig. 1.

7.1. Likelihood approach

Let us consider a set of species with random parameters T; distributed ac-
cording to a probability density function (pdf) p(7). For example, we can

take the normal p, where T; are distributed according to Norm(ET, st), where

18



Journal Pre-proof

IS
&
~
S

IS a -3
S 3 3

biom percentage
8

biom percentage

n
S

=)

0 0 —
1.2 3 4 5 6 7 8 9 10 11 12 13 12 3 4 5 6.7 8 9 10 11 12 13
latitude latitude

Figure 1: The latitudinal distribution of the wtf biome within the period 16 — 10 mya
(A) and 104 mya (B). In the Neogene period, this wtf biome occupied a broad region
across Europe and Asia with minimal and maximal latitudes 33° and 56°, respectively.
We decompose this interval [33°,56°] of the latitudes into 13 small subintervals. The
bars show the percentage of data points occupied by the wtf biome within each lati-

tudinal subinterval (z-axis).

Norm(a, s) denotes the normal law with the mean a and the standard deviation
s (another variant is log-normal distribution, where log 7; € Norm(a, s)).
We define niche optimal parameters by the maximal likelihood principle [37]

(this standard procedure is outlined in Appendix 3).

7.2. Data analysis and comparison with the theory

The first result is that the theoretical relation (45), that defines the Hutchin-
son niche center, is confirmed by the likelihood estimate described above. It can
be illustrated by Fig. 2. The likelihood estimate gets worse when the normalized
value T,y is shifted far away from the origin 0.

Let us consider shifts of the warm temperate mixed forest (wtf) biome under
climate cooling within the period 16 — 4 million years ago (mya). Palacobotani-
cal data are difficult to obtain and quite scarce. We have only about 200 points
in Eurasia where we have data on average annual temperature and precipita-
tion. Accordingly, the estimates of the dynamics of biome boundaries are rather
rough.

Our analysis proceeds as follows: we divide the entire time interval into two
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equal intervals (i) and (ii). We select several points corresponding to time points
from the first interval with the highest latitudes (say, 10 points) and find the
average latitude. We consider the average of these latitudes as the boundary
of the biome in the first time interval. We do the same for the second time
interval. Calculating the difference between these averages, and dividing that
difference by the time lag between the points, we get a rough estimate of the
speed of movement of the biome boundaries.

As mentioned at beginning of Section 7, paleo-biome(data are taken from
[29-32] see also references cited in these works. We split that time period 16 —4
mya into two intervals: (i) 16 — 10 mya and (ii) 10 — 4 mya. This division
roughly corresponds to the major shift in cooling associated with a decrease in
marine tectonic activity [38]. Within period (i), the mean annual temperature
was 16.18°C, the maximal temperature across all biomes in Europe was 19.5°C
and the minimal temperature was 9.5°C. For mean annual precipitation, one has
1135 mm, 1434 mm, and 659 mm, respectively. Within the period (ii) one has
mean annual temperatures of 15.8°C; 24.2°C, and 9.5°C and for mean annual
precipitation: 1080 mm, 1630 mm, and 400 mm. We see that there is a light
cooling but deviations in temperature and precipitation across the biomes are
essentially higher for the second period (ii). The shifts Ay, and Ay defined by
10 edge biome points at the northern and southern boundaries are —2 and —6
degrees of latitude, respectively, i.e., the south boundary is shifted further. The
theoretical values computed by relation (52) is —1.6.

The main conclusions of these computations are as follows:

i. slow climate variations are not so dangerous for the biosphere;

ii. the biodiversity and heterogeneity help survival because small areas are
warmed up more evenly.

So, biosphere heterogeneity can help mitigate uniform temperature warm-
ing. However, too strong heterogeneity makes ecosystems unstable against fast
periodical and random fluctuations [39]. In the next section, we show describe
a possible mechanism for heterogeneity formation, which can be emerged via a

fragmentation process. This mechanism is a result of the existence of competing
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Figure 2: This plot shows the dependence of the likelihood L on the parameters Top:.
The real values of T" are normalized in such a way that the normalized range T coincides
with interval [—1; 1] (it can be done by the linear transformation, Thorm = k(T — T)
with k = AT, AT = (Timaz — Trmin)/2 and T = (Tmaz + Timin)/2, where Timq, and
Tmin are maximal and minimal values of T, respectively). Then, in these normalized
coordinates, the relation (45) means that the optimal values T, are centered at 0.
We see that the most probable values obtained by experimental data via the maximum

likelihood estimate are close to zero that is consistent with estimate (45).
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ecodynamical attractors.

8. A dynamical mechanism of biosphere fragmentation.

In the previous section, a mechanism of ecosystem extension (shrinking)
under a climate effect was investigated. This mechanism describes slow non-
catastrophic changes that reduce the evolution of biome boundaries. There is
another mechanism connected with bifurcations producing fast changes. This
second mechanism leads to a relatively fast biome formation.

We use an asymptotical theory developed in [40] assuming that migration
effects are weak: d; << 1. This approach works for all reaction-diffusion sys-
tems with small diffusion coefficients if the global attractor of the corresponding
shorted system (without diffusion terms) consists of a few local attractors, i.e.,
there is a multistationarity. We have seen above that multistationarity is pos-
sible even for a single resource (see remark (iii) to Theorem 9.1).

Let us consider the system (24). Let first d; = 0, i.e., diffusion is absent.
Suppose that this shortened LV system has local attractors A;, | = 1,...,ma4,
ma > 1. Then one expects that there exists separatrice sets Sj; that separate
attraction basins B; of attractors A;. We suppose that these sets (which are
attractor basin boundaries) are unions of N — 1 dimensional submanifolds in the
u-phase space R¥ (butiliere it is necessary to note that in the case of competing
chaotic attractors there is a possibility that our assumption is violated, see
[41, 42]).

Now we consider the map U : x — @(x) defined on the domain (2 by the
initial data for system (24). Let us define the set (2, as preimages of S;; under
the map U:

D ={ze2: ulzx)e Sk}

Basic theorems of differential topology assert (see [43]) that if this map is, in a
sense, generic, and Sy, is a manifold having codimension 1 in RY then the set
(2. also is a manifold of codimension 1 in the domain §2. This means that for
dim{2 = 1 that set is a point and for dim{2 = 2 it is a curve separating two

subdomains (2} and (2;, which are preimages of attraction basins for competing
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local attractors Ay and A;, respectively. As a simple example, we can consider

the well studied scalar Ginzburg-Landau equation [44]
up = dAu + u — u?,

with d = € << 1. Then local attractors are Ay = {£1} and the saddle set
is Sy _ = {0}. Correspondingly, the points with initial data @(xz) > 0 go to
A, and the points such that @(z) < 0 tends to A_ while the preimage 2, _
of the saddle set Sy _ under the map z — u(z) is a set in the z-space. In
general, according to the celebrated Whitney theorem, the set {2, _ may be
very complex, but for ”generic” u(x) this set is locally a smooth manifold of
codimension 1, i.e. for d =1 it is a union of points and for d = 2 this set is a
union of curves. These curves can slowly move and change their forms [44].
Then we obtain that for large ¢ u(z,t) approaches to A; if the initial data
@(z) € B, and u(zx,t) approaches to Ay if @(xz) € By. Therefore, the sets
1. can be interpreted as boundaries between different ecosystems, which can
emerge within a short time period 7, which, when species migration is weak

and coefficients d; are small, can be estimated as follows:
7, = max O(Ind;)) (56)

This logarithmic estimate is obtained in [45], see also Appendix 2. The dy-
namics within ecosystems can be quite different. This mechanism of biosphere
fragmentation into biomes is illustrated by Fig 3.

9. Conclusions

In this paper, we find a possibility of chaos and oscillations as a result of
global climate warming. We study biome formation and fragmentation. We
conclude that small biomes are disadvantageous because they are too unstable
under fluctuations. For the ecosystems, we find that the rate of reversal occurs
due to climate change.

In summary, the main results are:

1. It is shown that three main models of ecosystems where species compete
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oscillations
eCIu'b'brum

Figure 3: The model presented is capable of creating a complicated ecological pattern

x\
>

consisting of different biomes with different dynamics. The domains shown on this
image are located in the geographical plane (the horizontal axis z is longitude, and
the vertical axis y is latitude). These domains are preimages of the corresponding
domains in the phase space under the map (z,y) — 4(x,y), which defines the initial
data for species concentrations. For example, if ecological dynamics generates two
local attractors, for example, one is a rest point and another is a limit cycle, then
the formation of two neighboring biomes is possible, where we observe stationary and

periodic dynamics, respectively.
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for a few resources are asymptotically equivalent to a special multispecies
Lotka-Volterra system.

2. The estimates of biodiversity are obtained for systems with migration
and without migrations; they show that migration increases the growth
function by a term which is proportional to 7,1, where 7, is a time needed
for a species to migrate through the whole species habitat.

3. The ecosystem multistationarity can lead to a fast biome formation and
heterogeneity under climate variations when migration effects are weak.

4. We derive simple equations describing motions of the boundaries of the
climate habitat; it is shown that there exist two regimes, slow and fast
climate variations. For heterogeneous ecosystems, slow climate variations
(relatively uniform over habitats) can weakly change species habitats. On
the other hand, too big a heterogeneity can cause instability under random
and periodic climate oscillations [39] so one can envision that there is an

optimal level of biosphere heterogeneity.

Finally, we can formulate a hypothesis that climate and the biosphere evolved
together in a convergent manner: the biosphere has become increasingly diver-
sified and spatially heterogeneous due to climate change, which increased the
stability of both climate and the biosphere.

Understanding biome fragmentation is important in the research of paleo-
data. To further complicate our understanding, the majority of terrestrial fossil
sites have a high degree of uncertainty in their dating resolution (e.g. [46]).
Attempts have been made to get around this via likely biomes in warm-wet and
cold-arid orbital phases [31] and through high-resolution studies [47]. These are
not feasible for all paleobotanical sites and therefore restrict our geographical
understanding of the response of biomes to climate change. We expect that the

proposed approach can help to reconstruct paleobiomes.
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Appendix 1. Dynamics of reduced LV systems without migration

In Section 3, it is shown that all the models can be reduced to a special

Lotka-Volterra (LV) system. This system has interesting properties.

9.1. Lotka-Volterra system with many resources
We remove diffusion and self-limitation terms, and ignore the dependence

on slow variables X, 7. Then LV system (24) takes the form

du; N
dtz = (7 — ZKijuj)v (57)
j=1

in which we have N species with populations u; for ¢ =1 to V.
We consider this system in the positive cone RQ’ ={u=(ug,...;un): u; >
0}. Notice that this cone is invariant under dynamics (57). Below we assume

that initial data for (57) always lie in this cone:

u(0) =u € RY. (58)
We also assume
7i(S) = D nk(S)Ain(S) (59)
k=1
for certain ux(S), k = 1,...,n. This condition is necessary to provide coexis-

tence of many species. For a biological interpretation of this assumption see [9].

Note that this condition holds if ¢; are linear functions of Sj.
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Under the above assumptions, eqs. (57) can be represented as a model with

n resources:

dCZi =wYi(u), i=1,..,N, (60)
where
n N
Yi(u) =Y AwRi(u), Ri(u)=px— Y Brju;. (61)
k=1 j=1

This means that all the growth coefficients S; depend on resources R;(u) that
are linear functions of u. The coupling with climate energy balance models can

go via dependence of A and B on temperature.

9.2. Dynamical complexity

In [9] the following Theorem is proved:

Theorem 9.1. Let FO, 1 =1,...,p, be C'-vector fields on B,, directed inward
on OB,, and having compact invariant hyperbolic sets TV . Then there exist a
positive integer N, p € R™, matrices A, B of sizes N xn and n x N respectively
and C € RY such that system (60) has compact invariant sets K(CW) C
Qn(C(l)), which are homeomorphic to T! . These sets are hyperbolic for the
flow Sty |ic(cwy and, moreover, the flows Sty |ccwy and St |z are orbitally

topologically equivalent.

In other words, if a finite family of hyperbolic dynamics is given, a sufficiently
large Lotka-Volterra model with appropriate parameters can generate this family
by a variation of initial data. These hyperbolic dynamics may be chaotic.

Remarks.

(i) For C sufficiently close to C'V the manifold Q,,(C) also contains a com-
pact hyperbolic invariant set K(C') homeomorphic to Z(®).

(ii) Since the matrix D can be chosen uniformly bounded, the entries of
the matrices A, B (and hence the coefficients K;;) are also uniformly bounded
with respect to N. From the biological point of view this means that one can
generate complicated dynamics within a large population with restricted species

interactions.
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(iii) Even for a single resource, n = 1, there is possible a multistationarity.
Dynamics defined by this equation produces either non-bounded trajectories or
convergent ones, when the trajectory tends to an equilibrium. Multistationarity,
i.e., the coexistence of many stable equilibria can occur if coefficients a; = Ay
have different signs.

Note that chaos and oscillations can emerge only for models (4), (5) with
a complicated non-monotone dependence of the growth functions on resource
v and if the number of resources > 2. For the MacArthur model, the chaotic
or periodic dynamics are impossible because this model is gradient-like [25].
Moreover, the chaos and time oscillations vanish under strong self-limitation.

(iv) The main idea of the proof of Theorem 9.1 is to use the Volterra variables

t N
a(t) Z/O (ZBljUj(S) — pu)ds,

that gives

N n
dq,
= +;szuj‘(0) eXp(—kz::lAjqu)- (62)

The sums of exponents in the right hand side can approximate any smooth func-
tions in compact domain and moreover by (62) we can reproduce all polynomial
systems.

Let us consider an example of how to realize a prescribed polynomial dy-
namics by an LV system. The case of the Lorenz system is considered in [9]
where N = 11 species are used to represent the Lorenz equations. We consider

another fundamental system

d.Tl o dCCQ o 3
i 1 + . (63)

We consider this system in the domains Do = {z : |z1| < Ci,|z2| < Ca},
where C1,C3 > 0 are constants. This system describes a nonlinear oscilla-
tor, so, we observe here periodical oscillations and also homoclinic solutions
z; = +tanh (a(t —to)), where v = 1/4/2, which correspond to oscillations with
infinite period. Existence of such homoclinic solutions shows that small per-

turbations of system (63) can exhibit a chaotic behaviour (heteroclinic chaos)
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[48]. The most natural way is to make a variable change in eqs. (63) by
x; = exp(b;q;) — C; that immediately leads to a vector field of the form (62). In
fact, then we obtain that egs. (63) take the form

d
51% = exp(bagz — biq1) — Cs, (64)
d
bo "2 = (CF — ) exp(—bagz) + (1 — 3C%) exp(brga — bagz)+
dt (65)

+3C1 exp(2b1q2 — baqz) — exp(3b1gz — bagz).

It is clear that we can adjust such N, A, and Bj; that system (63) with
n = 2 coincides with (64) and (65). The minimal possible species number is

N =5, and entries Aj; take values —by, —by, b2, 201, 3b;.

Appendix 2.

Following [45], let us outline the derivation of the estimate (56). For sim-

plicity let us consider a single reaction diffusion equation
w, = dAu+ f(u), u(z,0)=1u(z) (66)

where z € {2, d << 1, u is a smooth function and we set the zero Neumann
condition at the boundary of 2. we assume that the pure reaction dynamics,
defined by the Cauchy problem for v = v(x,t) (where space variable z is a

parameter)
vy = f(v), wv(z,0) =u(x) (67)

generates different competing local attractors, say, rest points veq = ut. We
note that if we have at least two local attractors for (67) and initial data @(x)
lie in different attraction basins for different value x, then |v,(x,t)| increases as
exp(aot), where ag > 0 is a constant corresponding to the maximal positive Lya-
punov exponent for a saddle set S corresponding to two competing attractors
(an escape rate). Therefore, the term dAv grows as dexp(2apt). This term be-

comes essential for times ¢ of the order 7, < Ind. In fact, for ¢ > 7, we must take
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into account in (66) not only the reaction part but also the diffusion part. The
quantity 7, is a characteristic time needed to create a spatially heterogeneous
structure or a traveling wave connecting states v = uy and v = u_.

To justify these estimates, we put u = v + @ in (66) and by (66), (67) one

obtains the following estimate for a unknown correction :
Ut) = sug la(z,t)| < dClug|c2 () exp(at),
TE

where C, a are positive constants depending on f [45]. From this last inequality
we see that the norm of perturbation U(¢) remains small oni the interval O(Ind).

Note that if there are no competing attractors for (67); then we can take
a = 0 and under some conditions we obtain uniform in ¢ estimate for U(t).
Moreover, these arguments can be extended on the case of reaction-diffusion

systems [45].

Appendix 3. MLE

Given observed data theaximum likelihood estimation (MLE) finds the
parameters of an assumed probability distribution. To obtain those parameters
we maximize the likelihoed function L so that, under our statistical model, the
observed data ig most probable. Our list of parameters is P = {¢., ET, s7}.
We define the likelihood L(P) by

LP)= [[ v@yP). (68)
(z,y)€D

Here ¢(z,y) is the probability that a species located at (x,y) survives in the
Hutchinson box (niche) with the parameters P (see about the Hutchinson box
concept in [27]). For the points (z,y) belonging to warm temperate forest biome
this probability is
vl P)= [ pmr, (69)
H(z,y,P)

where the Hutchinson box H(z,y) at the point (z,y) is defined by
H(z,y,P) ={T: [T = T(z,y)| < ¢c}. (70)
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For the points (x,y), which are not belong to warm temperate forest biome, this
probability is
Vo P)=1- [ . (71)

H(z,y,P)

Practically we can compute the integrals (69) and (71) by the Monte-Carlo
method sampling T; by the pdf p.

References

[1] G. Hardin, The competitive exclusion principle, Science 131 (3409)
(1960) 1292-1297. arXiv:http://science.sciencemag.org/content/
131/3409/1292.full.pdf, doi:10.1126/science.131.3409.1292.

URL http://science.sciencemag.org/content/131/3409/1292

[2] G. E. Hutchinson, The paradox of the plankton, Amer. Natur. 95 (882)
(1961) 137-145.

[3] D. H. Rothman, Thresholds of catastrophe in the earth system, Science
Advances 3 (9).

[4] J. Huisman, F. Weissing, Biodiversity of plankton by species oscillations
and chaos, Nature 402 (6760) (1999) 407-410, copyright - Copyright
Macmillan Journals Ltd. Nov 25, 1999; Last updated - 2012-11-14; CO-
DEN - NATUAS.

[5] S. Hsu, A survey of constructing Lyapunov functions for mathematical
models in population biology, Taiwanese J. Math. 9 (2) (2005) 151-173.
URL https://doi.org/10.11650/twjm/1500407791

[6] D. Tilman, Resources: A graphical-mechanistic approach to competition

and predation, Amer. Natur. 116 (3) (1980) 362-393.

[7] H. L. Smith, P. Waltman, The theory of the chemostat, Vol. 13 of Cam-
bridge Studies in Mathematical Biology, Cambridge University Press, Cam-
bridge, 1995, dynamics of microbial competition.

URL https://doi.org/10.1017/CB09780511530043

31



Journal Pre-proof

[8] J. Huisman, F. Weissing, Biodiversity of plankton by species oscillations

and chaos, Nature 402 (6760) (1999) 407-410.

[9] Kozlov, V., S. Vakulenko, On chaos in lotkavolterra systems: an analytical

approach, Nonlinearity 26 (2013) 2299.

[10] M. Ghil, V. Lukarini, The physics of climate variability and climate change,
Reviews of Modern Physics 92 (2020) 035002-77.

[11] G. R. Walther, Community and ecosystem responses to recent climate
change, Phil. Trans. R. Soc. B 365 (2010) 20192024. doi:http://doi.
org/10.1098/rstb.2010.0021.

[12] W. D. Sellers, A global climatic model based on the energy balance of the
earth-atmosphere system, J. Appl. Meteorol 8 (1969) 392—-400.

[13] K. Fraedrich, Catastrophes and resilience of a zero-dimensional climate
system with ice-albedo and greenhouse feedback, Q.J.R. Meteorol Soc. 105
(1979) 147-167.

[14] M. I. Budyko, The effect of solar radiation variations on the climate of the
earth, Tellus 21 (1969) 611-619.

[15] G. R. North, K-Y. Kim, Energy Balance Climate Models, John Wiley &
Sons, Ltd, 2017.

[16] V. Lucarini, L. Serdukova, G. Margazoglou, Lévy noise versus gaussian-
noise-induced transitions in the ghil-sellers energy balance model. nonlinear
processes in geophysics, Nonlinear Processes in Geophysics 29 (2) (2022)
183-205.

[17] V. Lucarini, T. Bodai, Global stability properties of the climate: Melan-
cholia states, invariant measures, and phase transitions, Nonlinearity 33

(2020) R59-R92.

32



Journal Pre-proof

[18] U. Feudel, A. N. Alexander N. Pisarchik2, K. Kenneth Showalter, Multi-
stability and tipping: From mathematics and physics to climate and brain-

minireview and preface to the focus issue, Chaos 28 (2018) 033501.

[19] I. Sudakov, S. Vakulenko, S. V. Petrovskii, D. Lukichev, Stability of a plan-
etary climate system with the biosphere species competing for resources,

Phys. Rev. E 103 (2021) 022202.

[20] J. Hofbauer, K. Sigmund, Evolutionary Games and Population Dynamics,
Cambridge University Press, 1998.

[21] Y. Takeuchi, Global stability in generalized lotka-volterra diffusion systems,
Journal of Mathematical Analysis and Applications 116 (1986) 209-221.

[22] E. C. Zeeman, M. L. Zeeman, From local to global behavior in competitive
Lotka-Volterra systems, Trans. Amer. Math. Soc. 355 (2) (2003) 713-734.
d0i:10.1090/S0002-9947-02-03103~-3.

URL http://dx.doi.org/10.1090/S0002-9947-02-03103-3

[23] P. E. O’Keeffe, S: Wieczorek, Tipping phenomena and points of no return
in ecosystems: Beyond classical bifurcations, STAM J. Appl. Dyn. Syst
19 (4) (2019) 23712402.

[24] J. Huisman, F. Weissing, Biological conditions for oscillations and chaos
generated by multispecies competition, Ecology 82 (10) (2001) 2682-2695.
doi:10.1890/0012-9658(2001)082[2682:BCFOAC]2.0.C0;2.

URL http://dx.doi.org/10.1890/0012-9658(2001)082[2682:BCFOAC]
2.0.C0;2

[25] R. Marsland III, W. Cui, P. Pankaj Mehta, The minimum environmental
perturbation principle: A new perspective on niche theory, The American

Naturalist 196 (3).

[26] J. J. Magnuson, C. L. B., P. A. Medvick, Temperature as an ecological
resource, Amer. Zool. 19 (1979) 331-343.

33



Journal Pre-proof

[27] G. E. Hutchinson, Concluding remarks, Cold Spring Harbor Symposia on
Quantitative Biology 22 (2) (1957) 415427.

[28] H. Dowsett, A. Dolan, D. Rowley, R. Moucha, A. M. Forte, J. X. Mitrovica,
M. Pound, U. Salzmann, M. Robinson, M. Chandler, K. Foley, A. Haywood,
The prism4 (mid-piacenzian) paleoenvironmental reconstruction, Climate
of the Past 12 (7) (2016) 1519-1538. doi:10.5194/cp-12-1519-2016.
URL https://cp.copernicus.org/articles/12/1519/2016/

[29] M. Steinthorsdottir, H. K. Coxall, A. M. de Boer, M. Huber, N. Barbolini,
C. D. Bradshaw, N. J. Burls, S. J. Feakins, E. Gasson, J. Henderiks, A. E.
Holbourn, S. Kiel, M. J. Kohn, G. Knorr, W. M. Krschner, C. H. Lear,
D. Liebrand, D. J. Lunt, T. Mrs, P. N. Pearson, M. J. Pound, H. Stoll,
C. A. E. Strmberg, The miocene: The future of the past, Paleoceanography
and Paleoclimatology 36 (4) (2021) €2020PA004037. doi:https://doi.
org/10.1029/2020PA004037.

[30] U. Salzmann, A. M. Haywood, D. J. Lunt, P. J. Valdes, D. J. Hill, A
new global biome reconstruction and data-model comparison for the
middle pliocene; Global Ecology and Biogeography 17 (3) (2008) 432-447.
doi:https://doi.org/10.1111/j.1466-8238.2008.00381.x.

URL https://onlinelibrary.wiley.com/doi/abs/10.1111/j.
1466-8238.2008.00381.x

[31]/U. Salzmann, A. M. Dolan, A. M. Haywood, W.-L. Chan, J. Voss, D. J. Hill,
A Abe-Ouchi, B. Otto-Bliesner, F. J. Bragg, M. A. Chandler, C. Contoux,
H. J. Dowsett, A. Jost, Y. Kamae, G. Lohmann, D. J. Lunt, S. J. Picker-
ing, M. J. Pound, G. Ramstein, N. A. Rosenbloom, L. Sohl, C. Stepanek,
H. Ueda, Z. Zhang, Challenges in quantifying pliocene terrestrial warm-
ing revealed by data—model discord, Nature Climate Change 3 (11) (2013)
969-974. doi:10.1038/nclimate2008.
URL https://doi.org/10.1038/nclimate2008

34



Journal Pre-proof

[32] M. J. Pound, A. M. Haywood, U. Salzmann, J. B. Riding, Global vege-
tation dynamics and latitudinal temperature gradients during the mid to
late miocene (15.975.33ma), Earth-Science Reviews 112 (1) (2012) 1-22.
doi:https://doi.org/10.1016/j.earscirev.2012.02.005.

URL https://www.sciencedirect.com/science/article/pii/

S0012825212000165

[33] T. Utescher, A. R. Ashraf, A. K. Kern, V. Mosbrugger, Diversity patterns
in microfloras recovered from miocene brown coals of the lower rhine basin
reveal distinct coupling of the structure of the peat-forming vegetation
and continental climate variability, Geological Journal 56 (2) (2021) 768-
785. arXiv:https://onlinelibrary.wiley.com/doi/pdf/10.1002/gj.
3801, doi:https://doi.org/10.1002/gj.3801.

URL https://onlinelibrary.wiley.com/doi/abs/10.1002/gj.3801

[34] E. Martinetto, A. Momohara, R. Bizzarri, A. Baldanza, M. Delfino, D. Esu,
R. Sardella, Late persistence and deterministic extinction of humid ther-
mophilous plant taxa of east asian affinity (hutea) in southern europe,
Palaeogeography, Palaeoclimatology, Palaeoecology 467 (2017) 211-231, re-
constructing Cenozoic vegetation from proxy data and models a NECLIME
synthesis. doi:https://doi.org/10.1016/j.palaeo.2015.08.015.

URL https://www.sciencedirect.com/science/article/pii/

S0031018215004514

[35] T. Utescher, A. Bruch, B. Erdei, L. Franois, D. Ivanov, F. Jacques, A. Kern,
Y .-S. Liu, V. Mosbrugger, R. Spicer, The coexistence approachtheoretical
background and practical considerations of using plant fossils for climate
quantification, Palaeogeography, Palaeoclimatology, Palaeoecology 410
(2014) 58-73. doi:https://doi.org/10.1016/j.palaeo.2014.05.031.
URL https://wuw.sciencedirect.com/science/article/pii/

50031018214002879

[36] M. E. Gibson, J. McCoy, J. M. K. OKeefe, N. B. Nuez Otao, S. Warny, M. J.

35



Journal Pre-proof

Pound, Reconstructing terrestrial paleoclimates: A comparison of the co-
existence approach, bayesian and probability reconstruction techniques us-
ing the uk neogene, Paleoceanography and Paleoclimatology 37 (2) (2022)
€2021PA004358. doi:https://doi.org/10.1029/2021PA004358.

URL https://agupubs.onlinelibrary.wiley.com/doi/abs/10.1029/
2021PA004358

[37] R. J. Rossi, Mathematical Statistics : An Introduction to Likelihood Based
Inference, John Wiley and Sons. New York, 2018.

[38] T. D. Herbert, C. A. Dalton, Z. Liu, A. Salazar, W. Si, D. S. Wilson,
Tectonic degassing drove global temperature trends since 20 ma, Science

377 (6601) (2022) 116-119. doi:10.1126/science.abl4353.

[39] L. Roques, R. Stoica, Species persistence decreases with habitat fragmen-
tation: an analysis in periodic stochastic environments, J. Math. Biol. 55

(207) 189205.

[40] I. A. Molotkov, S. A. Vakulenko, Sosredotochennye nelineinye volny. (Rus-
sian) (Localized Nonlinear waves), Leningrad State University, Leningrad,

1988.

[41] V. Lucarini, T. Bodai, Edge states in the climate system: exploring global
instabilities and critical transitions, Nonlinearity 30 (2017) R32.

[42] 'T. Bodai, V. Lucarini, Rough basin boundaries in high dimension: Can we

classify them experimentally?, Chaos 30 (2020) 103105.
[43] M. W. Hirsch, Differential topology, Springer-Verlag, New York, 1976.

[44] P. de Mottoni, M. Schatzman, Geometrical evolution of developed inter-
faces, Transactions of the American Mathematical Society 347 (1995) 1533~
1589.

[45] S. A. Vakulenko, Nonlinear waves and localized structures. Thesis for Doc-

tor es Sciences, Saint Petersburg State University, 1993.

36



Journal Pre-proof

[46] M. J. Pound, J. McCoy, Palaeoclimate reconstruction and age assessment of
the miocene flora from the trwyn y parc solution pipe complex of anglesey,
wales, uk, Palynology 45 (4) (2021) 697-703. doi:10.1080/01916122.
2021.1916636.

URL https://doi.org/10.1080/01916122.2021.1916636

[47] S. Panitz, U. Salzmann, B. Risebrobakken, S. De Schepper, M. J.
Pound, A. M. Haywood, A. M. Dolan, D. J. Lunt, Orbital, tectonic and
oceanographic controls on pliocene climate and atmospheric circulation
in arctic norway, Global and Planetary Change 161 (2018) 183-193.
doi:https://doi.org/10.1016/j.gloplacha.2017.12.022.

URL https://wuw.sciencedirect.com/science/article/pii/

50921818117304873

[48] J. Guckenheimer, P. Holmes, Nonlinear Oscillations, Dynamical Systems,
and Bifurcations of Vector Fields, Vol. Applied Mathematical Sciences book
series (AMS, Vol. 42), Springer-Verlag, 1983.

37



