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Glass transition plays a critical role to determine the dynamic behaviors of amorphous shape memory polymers (SMPs). 

However, the fundamental relationships between shape memory effect (SME) and dynamic glass transition have not been well 

understood, even though this topic has been studied for decades. In this study, we apply a mean-square displacement function 

of Adam-Gibbs (AG) domain size model to explore metastable glass transition between normal glass state and rubbery state of 

amorphous SMPs, based on both mode-coupling theory and mean-field model. A statistic viscosity equation is formulated to 

study the dynamic glass transition of metastable AG domains in an amorphous SMP. A dynamically spinodal model is also 

developed to connect dynamic glass transitions to thermomechanical processes, based on statistic viscosity equation and phase 

transition model. Furthermore, using the spinodal models, multiple shape memory behaviors have been predicted for amor-

phous SMPs with dual-, triple- and quadruple-SMEs, resulted from their different routes of themomechanical evolutions. Fi-

nally, the proposed models are verified using the experimental data reported in literature. 
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1  Introduction 

Inspired by varieties of structures, functionalities, behaviors 

and interactions of organisms in nature, smart soft matters, 

which can sense and respond to the environmental changes 

[1], have been developed [2-7] to respond to external stimu-

li [8-13], possess highly designable properties [14-16], and 

achieve excellent biocompatibility [17]. These soft matters 

have found various practical applications in biomedical de-

vices [18-21], flexible electronics [22,23], smart robotics 

[24] and space deployable structures [25,26]. Being one of 

the most popular smart soft matters, shape memory poly-

mers (SMPs) have attracted extensive attention due to their 

distinguished characteristics of designable shape memory 

effect (SME) and tailorable shape recovery behaviors 

[27,28]. 

Glass transition is one of the key dynamic factors to de-

termine the SME in an amorphous SMP, and it is mainly 

resulted from the strain energies being preserved and/or 

released by the molecular soft segments [29,30]. In the last 

three decades, many studies have attempted to formulate the 

fundamental relationship between SME and glass transition 

temperature (Tg) of the amorphous SMPs. For example, Li 

et al. [31] developed a constitutive model of glassy-rubbery 

phase transition to predict the dual-SME for the amorphous 

SMPs. Nguyen et al. [32] and Yu et al. [33] introduced mul-

ti-branch Maxwell models to analyze multi-SMEs in amor-

phous SMPs undergoing multi-stage glass transitions. Xie et 

al. [34] synthesized amorphous Nafion SMPs, which exhib-

ited dual-, triple- and quadruple-SMEs, with wide plateau 

ranges of Tg. However, so far, there are few studies which 

have been conducted to explore spinodal dynamics in an 

amorphous SMP, of which the glass transition is governed 

by the non-equilibrium dynamics while can reveal the equi-

librium of SME.  

In this study, the Langevin process [35] in Adam-Gibbs 

(AG) domains [36] is employed to investigate metastable 

glass transitions in amorphous SMPs. A constitutive rela-
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tionship between the mean-square displacement and dy-

namic viscosity is firstly formulated to describe the AG 

domains undergoing their metastable glass transitions, based 

on the mode-coupling theory and mean-field model [37], as 

well as the scaling theory [38]. A dynamic spinodal model is 

then developed to explore the connection between thermo-

mechanical process and glass transition of the metastable 

AG domains, based on the statistic viscosity equation and 

phase transition theory [39]. Furthermore, multiple shape 

memory behaviors have been studied using the dynamically 

spinodal model, which is verified using the experimental 

data reported in literature [34,40].  

2  Theoretical framework 

According to the AG domain size model [36] and scaling 

theory [38], glass transition is defined to present evolutions 

of spinodal regions in the amorphous polymer. As shown in 

Figure 1(a), there are three types of AG domains, i.e., meta

stable glass state (in the spinodal region), normal glass state 

(below the spinodal curve) and rubbery state (above the 

spinodal curve). Figure 1(b) illustrates the molecular struc-

tures of these three types of AG domains. In Figure 1(c), the 

dynamic mean-square displacements are used to describe 

these AG domains, and constitutive relationships between 

mean-square displacement and relaxation time (τ) for these 

three cases have been plotted in this figure [41].  

Dynamic equilibrium of the Langevin process is then 

employed to describe the mean-square displacement for 

amorphous polymers [35,42],  
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where D is the initial mean-square displacement of the AG 

domain [37], d is the spatial dimensions, m is the mass of 

the AG domain [37], r(τ) is the mean-square displacement 

as a function of the relaxation time (τ) at Tg [37], ζ is the 

friction coefficient for relaxation of AG domain [35,42], 

M(τ) is the relaxation time function determined by the 

thermomechanical process of the AG domain [35,42], T is 

the temperature, and u is the integral variable of relaxation 

time.  

 

Figure 1 Schematic illustration of the metastable glass state, normal glass state and rubbery state in amorphous polymer, using three types of AG domains, 

respectively. (a) AG domains; (b) Molecular structures; (c) Effect of the mean-square displacement on the glass transition.



  

According to the mode-coupling theory, there is a consti-

tutive relationship between the relaxation time (M(τ)) and 

mean-square displacement (r(τ)) at Tg [35], 

2( ) ( )M r =                 (2) 

Based on the mean-field model [35], the viscosity of 

amorphous polymer (η) can be obtained,  
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where φ=ρVD is the weight fraction, VD is the volume, and ρ 

is the density of the AG domain [35]. 

Equation (3) can be re-written as, 
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Substituting equation (2) into (4), the viscosity (η) can be 

expressed as a function of the mean-square displacement 

(r(τ)) as, 
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The mean-square displacement can predict the existence 

of a dynamical glass transition, and r(τ) is a simple function 

of τ alone (essentially, r(τ)~τ2) when the polymer segment 

only vibrates around the equilibrium position. Simultane-

ously, the mean-square displacement has another form of τ 

when the segment starts to relax and the glass transition 

starts to occur. Therefore, the mean-square displacement 

function (r(τ)) can be written using the following equations 

[35-38], 
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where rmi and τmi are the mean-square displacement and 

relaxation time of the ith plateau in glass transition region, 

respectively. B is a material constant [35,42], and b is an 

exponential constant [35,42].  

Combining equations (5) and (6), the viscosity can be fi-

nally obtained as, 
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where t is the integral variable of time. 

Based on the phase transition theory [39] and equation 

(7), the relationship of the stored strain (εs) and pre-stored 

strain (εpre) can be expressed by the viscosity (η) as, 
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where εs=ε-ε0 (ε is the total strain and ε0 is the initial strain). 

The total strain (ε) can be expressed as, 
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(9) 

According to the phase transition theory [39], the strain 

will be released from the deformed strain εload,j to stored 

strain εsj, and the strain can therefore be expressed as, 
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where j represents the jth metastable AG domain.  

Furthermore, the extended Maxwell model [43] is em-

ployed to formulate the constitutive stress-strain relation-

ship, and the results are shown in Figure 2. Figure 2(a) il-

lustrates the effects of mean-square displacement (r(τ)) on 

the relaxation time of normal glass state, metastable glass 

state and rubbery state. As shown in Figure 2(b), the extend 

Maxwell model is incorporated of two branches in parallel, 

i.e., an equilibrium branch and a non-equilibrium one. A 

spring in the equilibrium branch represents the linear elastic 

behavior of rubbery state in the amorphous polymer. 

Whereas the non-equilibrium branch is used to describe the 

nonlinear viscoelastic behavior of dynamically metastable 

and normal glass states in the amorphous polymer, where 

there are three dashpots and one spring have been used to 

describe the metastable and normal AG glass transition do-

mains, respectively.  
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Based on the above-mentioned Maxwell model, the con-

stitutive stress-strain relationship can be expressed as,  
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where σ and ε are the stress and strain of the polymer, and 

Eeq and Eneq are the moduli of the equilibrium and 

non-equilibrium branches, respectively. 

Accordingly, the strain can be obtained as a function of 

stress for the amorphous polymer as,  
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Figure 2 Schematic illustration of the extend Maxwell model. (a) Schemat-

ic illustration of mean-square displacements (r(τ)) of normal glass state, 

metastable glass state and rubbery state; (b) The extend Maxwell model. 

Figure 3 shows the analytical results of the strain (ε) as a 

function of relaxation time at different temperatures and 

stresses obtained using the equations (10) and (12). Param-

eters used in the equations (10) and (12) include Eeq=5 MPa, 

Eneq=1000 MPa [29], η=20 MPa·min, rmn=1, τmn=1 min, 

ρ=-8.5 MPa·K, B=5.5 min, and b=0.6 [35,37,42]. For pro-

gramming shape deformation of the amorphous Nafion 

SMP [34,40], the stored strain (εs) is gradually increased 

from 0 to 0.25 when the temperature is decreased from 413 

K to 363 K at a constant stress (σ) of 2 MPa. Results show 

that the SMP takes 9 mins to achieve the relaxation of 

stored strain (εs) from 0.25 to 0.62, and the temperature is 

decreased from 363 K to 326 K at a constant stress (σ) of 3 

MPa. Afterwards, the stored strain (εs) of SMP is increased 

from 0.62 to 1.58 at a constant stress (σ) of 5 MPa, and the 

temperature is decreased from 326 K to 296 K.  

As another example for shape recovery of the amorphous 

Nafion SMP [34,40], a three-step shape recovery behavior 

is studied, i.e., the stored strain (εs) is gradually decreased in 

three steps, i.e., from 1.58 to 0.63 at 326 K, from 0.63 to 

0.26 at 363 K, and from 0.26 to 0.01 at 413 K. The shape 

fixation ratio (Rf) and shape recovery ratio (Rr) can be cal-

culated based on: Rf,i=100%×(εsj-εsj-1)/(εload,j-εsj-1),and 

Rr,j=100%×(εsj-εrecj-1)/(εsj-εsj-1) [34], where the jth pre-stored 

strain (εpre,j) is equal to εsj -εsj-1.  

Effects of viscosity (η) and relaxation time (τmn) of the 

nth plateau on the shape deformation ratio and shape fixa-

tion behaviors for the amorphous SMP were analyzed using 

the proposed models based on equations (10a) and (12), and 

the obtained results are plotted in Figure 4. Parameters used 

in the equations (10a) and (12) include Eeq=10 MPa, En-

eq=6000 MPa [29], σ=6 MPa, T=363 K, ρ=-10 MPa·K, 

rmn=1, B=5.5 min, and b=0.6 [35,37,42]. As shown in Fig-

ure 4(a), the shape deformation ratio is decreased from 

100%, 94.91%, 88.14%, 81.36% to 74.58%, with an in-

crease in the viscosity (η) of amorphous SMP from 50 

MPa·min, 75 MPa·min, 100 MPa·min, 125 MPa·min and 

150 MPa·min, at the same relaxation time (τmn) of 20 min. 

These analytical results reveal that the shape deformation 

ratio is gradually decreased with an increase in the viscosity.  
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Figure 3 Shape deformation and recovery processes of the amorphous Nafion SMP [34,40] with the strain as a function of relaxation time. 



  

On the other hand, Figure 4(b) shows the analytical re-

sults of recovery strains as a function of relaxation time. 

The shape fixity ratio (Rf) of the amorphous SMP is de-

creased from 77.97%, 74.58%, 69.49%, 64.41% to 54.24% 

with an increase in the relaxation time (τmn) from 1.91 min, 

1.92 min, 1.93 min, 1.94 min to 1.95 min, at a constant de-

formation strain (εload) of 0.59. These analytical results re-

veal that a high mean-square displacement causes a low 

shape fixity ratio (Rf) for the SMP. 
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Figure 4 Analytical results of the strains as a function of relaxation time. (a) 

For shape deformation of SMP with η=50 MPa·min, 75 MPa·min, 100 

MPa·min, 125 MPa·min and 150 MPa·min; (b) For shape fixity of SMP 

with τmn=1.91 min, 1.92 min, 1.93 min, 1.94 min and 1.95 min. 

 

Furthermore, equation (10b) was used to predict the 

quadruple shape recovery behavior of the SMP in order to 

identify the effects of relaxation time (τm3) and mean-square 

displacement (rm3) of the 3th plateau on the recovery strains. 

The obtained analytical results are plotted in Figure 5. Pa-

rameters used in the equation (10b) for calculations of 

stress-relaxation time include ρ=-8.5 MPa·K, rm2=1, 

rm1=1.13, rm0=1.2, B=5.5 min and b=0.6 [35,37,42]. As 

shown in Figure 5(a), the SMP takes 83 min, 75 min, 63 

min, 51 min and 27 min of relaxation time to complete their 

shape recovery, with an increase in relaxation time (τm3) 

from 1.91 min, 1.92 min, 1.93 min, 1.94 min to 1.95 min, in 

the first shape recovery process of the SMP at 326 K. 

Therefore, results shown in Figure 5(a) clearly reveal a tri-

ple-shape recovery behavior achieved.  

On the other hand, Figure 5(b) shows the effect of 

mean-square displacement (rm3) on recovery stains of the 

amorphous SMP. It is revealed that the SMPs take 8 min, 10 

min, 22 min, 26 min and 30 min to complete their shape 

recoveries at a constant recovery ratio of 50%, whereas the 

mean-square displacements (rm3) are 10-0.006, 10-0.004, 10-0.002, 

1 and 100.002. The relationships of relaxation time (τm3) and 

mean-square displacement (rm3) are illustrated in Figure 

5(c). With increases in both the relaxation time (τm3) and 

mean-square displacement (rm3) of the 3th plateau, the SMP 

takes a longer relaxation time to complete the shape recov-

ery, mainly resulted from the increase in viscosity and de-

layed relaxation of the AG domains. 
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Figure 5 Effects of relaxation time (τm3) and mean-square displacement 

(rm3) of the 3th plateau on the recovery behavior of SMP. (a) Effect of 

relaxation time (τm3); (b) Effect of mean-square displacement (rm3); (c) 

Schematic illustrations of working principles of relaxation time (τm3) and 

mean-square displacement (rm3) in metastable AG domain. 

3  Experimental verifications of SMP undergo-

ing multi-SME 

Experimental data reported in Ref. [34,40] for the Nafion 
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SMP were used to verify the analytical results obtained us-

ing our newly proposed model. The experimental conditions 

are listed as follows. During the shape deformation, uniaxial 

tension measurements were conducted using the Nafion 

SMP at a cooling rate of 5 K/min, while the externally me-

chanical force was removed during the shape fixa-

tion/recovery at both a cooling and heating rate of 5 K/min. 

The stress curves were plotted as a function of temperature 

as shown in Figures 6, 7 and 8. 

To verify the newly proposed model based on equations 

of (10) and (12), the reported experimental data [34] for 

amorphous Nafion SMP with a dual-SME have been em-

ployed to compare with the analytical results obtained using 

the proposed model. All the values of parameters used in 

equations (10) and (12) are listed as follows: Eeq=0.5 MPa, 

Eneq=900 MPa [34], σ=2.3 MPa, η=1.5 MP·min, T=333.15 

K, ρ=-8.5 MPa·K, rmn=0.918, τmn=1.94 min, B=5.5 min, and 

b=0.6 [35,37,42].  
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Figure 6 Comparisons of analytical results of equations (10) and (12) and 

the experimental data [34] of Nafion SMP with dual-SME. (a) For the 

strain-relaxation time curves; (b) Error of analytical and experimental 

results.  

 

Figure 6 shows both the analytical and experimental re-

sults, which are in well agreements. As shown in Figure 6(a), 

the deformed strain (εload) of the Nafion SMP (with Tg of 

293 K) when cooled down from 333 K to 293 K, was in-

creased from 0 to 0.59 under the external stress of 2.3 MPa. 

Results show that the Nafion SMP has a shape fixation ratio 

(Rf) of 98.31%. For programming shape recovery, the stored 

strain (εs) of this SMP is gradually released from 0.58 to 

0.01 with an increase in temperature from 293 K to 333 K, 

resulting in a shape recovery ratio (Rr) of 98.23%. The di-

vergences between the analytical and experimental results 

were calculated, and the correlation index (R2) is 93.93% as 

shown in Figure 6(b). These results indicate that the pro-

posed model can be applicable to predict the experimental 

results for the Nafion SMP with dual-SME, where the error 

is limited to ±5%.  

Equations (10) and (12) have been further used to predict 

the triple-SME of the Nafion SMP. The calculation results 

were further compared with the experimental data reported 

in Ref. [34,40], both of which are plotted in Figure 7.  All 

the values of parameters used in the calculation based on 

these equations are listed in Table 1, and ρ=-8.5 MPa·K, 

B=5.5 min, and b=0.6 [35,37,42]. As shown in Figure 7(a), 

a clear two-stage shape recovery for the Nafion SMP with a 

triple-SME (e.g., the first stage of transition is originated 

from the decrease in recovery strain (εr1) from 1.05 to 0.43 

at 326 K, while the second one is due to the decrease in re-

covery strain (εr2) from 0.43 to 0.04 at 413 K) has been well 

predicted using the equations (10) and (12).  

The thermomechanical process of shape deformation is 

defined as follows. The Nafion SMP was firstly deformed 

under a stress load of 0.35 MPa and strain of 0.49, resulting 

in a stored strain (εs1) of 0.42 and a shape fixity ratio (Rf1) of 

85.71%. Then the SMP was deformed under an external 

stress of 4.35 MPa and strain of 1.07, resulting into a stored 

strain (εs2) of 1.05 and shape fixity ratio (Rf2) of 94.03%. 

The divergences between the analytical and experimental 

results [34] were calculated based on their correlation index 

(R2), and the obtained data is 98.72%.  

Table 1. Values of parameters used in equations (10) and (12) for Nafion 

SMP [34,40]. 

Nafion Shape deformation 
Shape 

fixation 

Shape re-

covery 

Stage Eeq(MPa) Eneq(MPa) η(MPa·min) rmn 
τmn 

(min) 
rmn 

1 1.3 

900 1.5 

1.62 

1.94 

0.97 

2 3.84 1.63 0.93 

1 0.71 

900 

1.3 0.97 

1.94 

0.97 

2 6.64 2.6 0.91 0.93 

As shown in Figure 7(b), another two-stage shape recov-

ery of Nafion SMP with a triple-SME (e.g., the first stage of 

transition is originated from the decrease in recovery strain 

(εr1) from 0.92 to 0.26 at 333 K, while the second one is due 

to the decrease in recovery strain (εr2) from 0.26 to 0.01 at 

373 K) was predicted using the constitutive model, where 

the SMP was undergone a different thermomechanical pro-

cess. In this case, the shape deformation of this SMP was 

programmed as follows. The Nafion SMP was firstly de-

formed under a stress load of 0.8 MPa and strain of 0.44, 

resulting in a stored strain (εs1) of 0.25 and a shape fixity 
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Figure 7 Comparisons of analytical results of equations (10) and (12) and experimental data of Nafion SMP [34,40]. (a) For the strain-relaxation time curves 

of the Nafion SMP with triple-SME [34]. (b) For the strain- relaxation time curves of the Nafion SMP with triple-SME [40].
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Figure 8 Comparisons of analytical results of equations (10) and (12) and experimental data of Nafion [34] for the strain-relaxation time curves of the 

Nafion SMP with quadruple-SME. 

ratio (Rf1) of 56.82%. Then the SMP was deformed under a 

stress load of 2.4 MPa and strain of 0.94, resulting into a 

stored strain (εs2) of 0.92 and a shape fixity ratio (Rf2) of 

97.10%. The divergences between the analytical and ex-

perimental results [40] were assessed based on their correla-

tion index (R2), which is 98.87%. This shows that the ana-

lytical results of the proposed model agree well with the 

experimental data of Nafion SMP with various thermome-

chanical histories [34,40].  

To further verify the model, experimental data [34] of an-

other group of Nafion SMP showing a quadruple-SME have 

been employed to compare with those analytical results ob-

tained using the proposed model based on the equations of 

(10) and (12).  All the parameters used in the equations are 

listed in Table 2, where ρ=-8.5 MPa·K, B=5.5 min, and 

b=0.6 [35,37,42]. In the shape deformation process, the 

strain of Nafion SMP is increased from 0 to 0.44 under the 

stress load of 0.3 MPa, when the temperature is decreased 



190  

from 413.15 K to the 363.15 K, as shown in Figure 8.  

Table 2. Values of parameters used in equations (10) and (12) for Nafion 

SMP [34]. 

Nafion Shape deformation 
Shape 

fixation 

Shape 

recovery 

Stage 
Eeq 

(MPa) 

Eneq 

(MPa) 

η 

(MPa·min) 
rmn 

τmn 

(min) 
rmn 

1 0.67 

900 

0.8 0.96 

1.94 

0.94 

2 1.61 1.5 0.93 0.95 

3 6.76 2.1 0.91 0.93 

The obtained stored strain (εs1) is 0.25 and the shape fixi-

ty ratio (Rf1) is 56.82%. Moreover, the strain of Nafion SMP 

is increased from 0.25 to 0.88 under the stress load of 1.0 

MPa, with a decrease in temperature from 363.15 K to 

326.15 K, resulting in a stored strain (εs2) of 0.60 and a 

shape fixity ratio (Rf2) of 55.56%. Furthermore, the strain of 

Nafion SMP is increased from 0.60 to 1.23 under the stress 

load of 4.2 MPa, with a decrease in temperature from 

326.15 K to 293.15 K, resulting in a stored strain (εs3) of 

1.20 and a shape fixity ratio (Rf3) of 95.24%. Following the 

thermomechanical processes of SMPs, a three-stage shape 

recovery of Nafion SMP with a quadruple-SME are 

achieved, and the experimental data have also well been 

predicted using the constitutive model. The details of shape 

recovery processes are given as follows. The first stage of 

transition is originated from the decrease in recovery strain 

(εr1) from 1.20 to 0.61 at 326.15 K. The second one is due to 

the decrease in recovery strain (εr2) from 0.61 to 0.26 at 

363.15 K. Then the third one is resulted from the decrease 

in recovery strain (εr3) from 0.26 to 0.01 at 413.15 K. 

Whereas the shape recovery ratios of these three transitions 

are Rr1=98.33%, Rr2=97.22% and Rr3=96.15%, respectively. 

Finally, the correlation index (R2) between the analytical 

and experimental results [34] were calculated to be 98.87% 

for the Nafion SMP with a quadruple-SME, indicating that 

good agreements between analytical results and experi-

mental data have been achieved. 

4  Conclusions 

In this study, a spinodal dynamic model of metastable 

glass transition is established to investigate the working 

principle of thermomechanical process in multi-SME of the 

amorphous SMPs. Mean-square displacement of metastable 

AG domains plays an essential role in linking dynamic glass 

transitions to multiple shape recovery behaviors of the 

amorphous SMP. Then a dynamically spinodal model is 

developed to understand the effect of thermomechanical 

process on the dynamic glass transition, based on the statis-

tic viscosity equation and phase transition model. Further-

more, effect of thermomechanical process on shape recov-

ery behavior has been investigated using the relaxation time 

function in the SMP, in terms of mean-square displacement, 

temperature, heating/cooling rate, stress load, shape defor-

mation ratio and shape recovery ratio. Finally, the proposed 

model is able to predict the dual-, tripe- and quadruple-SME 

in amorphous SMP undergoing multiple shape recovery 

behaviors and verified using the experimental results of 

Nafion SMP reported in the literature. This newly devel-

oped model provides an in-depth insight into the spinodal 

model in the dynamic nonequilibrium of glass transition, 

which governs the SME and shape recovery behavior of the 

amorphous SMPs. 
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