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Dynamics of contentment
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Abstract

This work formulates a mathematical model aimed at prediction of tem-
poral evolution of joint probability density of wealth and contentment in a
society. A continuous variable changing between 0 and 1 is introduced to
characterise contentment, or satisfaction with life, of an individual and an
equation governing its evolution is postulated from analysis of several fac-
tors likely to a ect the contentment. As contentment is strongly a ected by
material well-being, a similar equation is formulated for wealth of an indi-
vidual. Subsequently, an evolution equation for the joint probability density
of individuals’ wealth and contentment within a society is derived from these
two equations and an integral representation of marriage e ects. As an illus-
tration of this model capabilities, e ects of the wealth tax rate over a long
period of time are simulated for a society with an initially low variation of
wealth and contentment: the model predicts that a higher taxation in the
longer run may lead to a wealthier and more content society. It is also shown
that lower rates of the wealth tax lead to pronounced strati cation of the
society in terms of both wealth and contentment and that there is no di-
rect relationship between the average values of the latter two variables thus

providing an explanation to the Easterlin paradox.
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Introduction

Taken at a level of an individual, the satisfaction with life, i.e. oneself,
own environment, current economical situation, and many other factors some
of which are eeting and minute, may be considered as a strongly uctuating
guantity. There exist several measures of individual well-being and life satis-
faction formulated in distinctly di erent ways. The simplest measure is when
an individual grades his own happiness, satisfaction with this or that factor
or life in general, on a prescribed scale; the resulting value is usually coarsely-
grained and it is usually di cult to discern how it is in uenced by individual
subjective or objective factors. This di culty prompted development of more
complicated measures such as the TSWLS ( Temporal Satisfaction With Life
Scale) [1], a sum of grades given to several questions about life satisfaction
in the past, present and future. The di erent questions have an equal weight
and the outcome is an integer variable taking values between 15 and 105 and
a number of works demonstrated that TSWLS averages are comparable to
other similar questionnaire-based measures. Another example of life satis-
faction measures is the National Time Accounting, or the U-index, where
U stands for \unpleasantness or the fraction of time spent in an unpleasant
state or activities": the monograph [2] provides a very comprehensive intro-
duction of this measure, its connection to other measures of the well-being,
and a critical appraisal of assumptions on which it is based. It should be

noticed that the calculation of the U-index does introduce weights of dif-



ferent activities taken as some subjective \intensity of unpleasantness thus
facilitating quantitative analysis of how di erent factors a ect the life satis-
faction. There are also numerous other criteria of subjective well-being often
lacking precise mathematical de nition, see e.g. [3] and references therein.
It should be noticed that all these criteria are, by construction, average
guantities with an averaging period which may vary between several hours
and many years. It is hardly surprising that attempts to establish a statistical
correlation of such parameters with objective factors a ecting an individual
met only partial success, [4]. Typically, a model aimed at predicting such a
\happiness' factor would be a more or less sophisticated algebraic regression,
[5], combining subjective assessment of one own well-being with external fac-
tors a ecting the latter. At the same time, neglect of the subjective factors
is commonly made in the economic theories and it usually leads to a some-
what reductionist view of the individual life satisfaction assuming that it is
determined by the utility functions to which an individual would necessarily
seek an extremum, see e.g. [6, 7] as representative samples of this approach.
In this economics-based framework, life satisfaction goes hand in hand with
the level of consumption and increasing nancial wealth, yet there is ample
evidence [8] that this is not so and there are some strong transient e ects
in that relationship: this essentially constitutes the well-known Easterlin’s
paradox. Very lucid and concise critical comparison of the economics and
psychology approaches to description of the well-being may be found in [9].
Yet, it is obvious that, regardless of how it may be quanti ed, an indi-
vidual’s happiness is not an entirely subjective variable as it is also strongly

in uenced by external agents, e.g. the current state of economy or level of



cultural activity. What is more, presence of intrinsic uctuations in one’s
personal life satisfaction strongly suggests the need for an investigation at
the level of a \society", that is an ensemble of individuals sharing the same
daily activities, an ensemble su ciently large so as to admit a statistical de-
scription. Ultimately, it is the ensemble statistical properties of a suitably
quanti ed life satisfaction which matter for a society: as an example, the im-
portant societal issue of growth of inequality cannot be described in terms of
individual or even average well-being as it requires at least knowledge of the
second-order moments, some sort of \root-mean-square happiness”. Thus,
there is a clear need for a quantitative description of distribution of life satis-
faction in a society and response of this distribution to changes in individuals’
circumstances: this works aims exactly at developing such a description.

Rather than building on one of the existing de nitions for individual
happiness departing from subjective factors, it seems convenient to introduce
a new variable and rather than trying to de ne it in terms of subjective
perceptions of an individual, this new variable is de ned through an evolution
equation taking into account the major factors a ecting well-being. The term
\contentment" for this new variable is used to distinguish it from the already
existing measures of well-being such as U-index or TSWLS, or various utility
functions use of which is rmly associated with variational problems [10].
Essentially, the contentment is de ned here as a solution of an evolution
equation postulated for an individual as an ordinary di erential equation
(ode) including a number of factors.

Rather intensive literature search revealed only one attempt [11] to formu-

late a mathematical model for temporal evolution of individual’s happiness.



That work [11] took as a departure point a simple linear dynamic system
proposed in [12] for evolution of a ection in a couple, the description later
developed in [13, 14, 15]. Arguing that the happiness should be proportional
to the accumulation of true feelings, [11] postulated a couple of non-linear
oscillator model equations for it and while their solutions exhibit a variety
of regimes, their realism is di cult to gauge owing to lack of connection be-
tween those model equations and any observable quantity. In contrast with
that approach, every term in the evolution equation developed in this work
for contentment represents an observable and eventually measurable factor,
the characteristic time of which may be identi ed and estimated.

Life satisfaction depends upon, among other factors, and to a large extent,
the objective quality of life and its subjective perception by an individual.
Both objective life quality and its perception depend on the relative standing
of this individual within the society and the rate at which this standing im-
proves; one may assume that the latter is correlated with the self-ful Iment.
To characterise this standing a variable representing wealth is introduced;
while it is most readily associated with monetary wealth and such an associ-
ation is used here for mathematical expression of speci c factors a ecting the
dynamics of contentment, the notion of wealth may be generalised to include
other factors a ecting the individual’s standing in the society, e.g. level of
skills or some other non-pecuniary forms of societal recognition. Similarly
to the contentment, the temporal evolution of the wealth of an individual
is described in terms of an ordinary di erential equation. The ode’s for the
wealth and contentment of an individual are coupled and from them is de-

rived a partial di erential equation (pde) for the joint probability density



function (pdf) of the contentment and wealth within the society. However,
following this approach, the e ects of marriage, essentially a pairwise inter-
action, cannot be easily included in the ode’s for an individual’s wealth and
contentment and these e ects are represented as an integral term entering
directly the joint pdf equation.

Owing to the lack of the fundamental conservation laws for the wealth
and contentment, the mathematical model for these variables may only be
postulated but not derived; the approach adopted here is to approximate
the rate of a particular e ect with a simplest mathematical expression com-
patible with everyday experience. The reasoning here is done in terms of
characteristic times of each factor a ecting wealth or contentment. Values of
adjustable parameters entering such an expression are chosen so that, taken
individually, the e ect in hand produces the expected rate of change of wealth
or contentment. This approach is entirely empirical and ad-hoc, however, it
allows, rstly, a simple comparison of the magnitude of individual e ects,
and secondly, a straightforward means of improving every expression when

additional data becomes available.

Development of the model

Let C, a real variable varying from 0 to 1, denote the contentment so that
a perfectly unhappy person be attributed a zero value and someone at the
state of perfect bliss unity. Clearly, a unit of contentment may be established
by attributing a speci ¢ value of C, say between 0 and 1, taken as degree
of satisfaction with life resulting from a particular objective and observable

event, however, this is not pursued here. Use of continuous rather than dis-



crete variable is convenient as it allows subsequent comparisons with diverse
previous measures ranging from 3-point scale of [9] to 105-point TSWLS [1].
The unit of time, t, is taken here as one year.

While the real variable quantifying \wealth™ M is not, sensu stricto,
bounded from either above or below, as one may, at least in theory, have an
in nitely large debt or fortune, it is taken here as non-negative, i.e. debt
is neglected. Its unit is taken here as half of the average household wealth
as it makes it easier to formulate the model so that it yields the temporal
evolution of wealth compatible with the relatively well documented trends,
e.g data from the Bank of England, [16], or O ce for National Statistics in
the UK, [17]. For the numerical simulations illustrating the model, it is taken
bounded from above by a positive value, Mnax, Of the average wealth of the
upper decile in the UK in 2018.

Evolution of contentment of an individual

It is assumed that the rate of change of contentment for every individual
comes from several additive factors, namely, satisfaction with own wealth
W, and income W,, satisfaction with the infrastructure of the society Ws,
quality of the neighbourhood W,, and dissatisfaction with high taxes Ws and
inequality in the society Wg. Besides, there are two additional terms, one, W5
describing the fact that everyone is seeking and nding satisfaction in things
independent of the wealth and another Wg representing rapidly changing and
statistically uncorrelated events a ecting contentment. The rate of evolution
of the individual contentment is then simply a sum of these factors:

dt o

(1)



Notice that the above ode does not include change of contentment resulting
from marriage, or formation of family, which is treated later. These factors
cover a mix of subjective, objective, direct, and indirect aspects [18].
Contentment due to wealth increases or decreases when the wealth is
greater or smaller than the average and, in absence of other factors, it usually
takes about several years before this di erence of wealth is considered as
permanent and it leads to a lasting improvement of own satisfaction with

life. Therefore, one may use a simple linear expression for W;:
Wi(M) =Ki(M  hMi) (2

where K is a reciprocal of the characteristic time for this factor and the
angular brackets denote average for the society. As postulated, it is obvious
that, should both the individual wealth M and the society average wealth
hM i stay constant, this term alone would lead to a change of the individual
contentment proportional to time as C(t) = C(t = 0) + Ky(M hMi)t.
For an approximation of K;, one may think that material comfort of life for
someone with twice the average wealth would lead to a perfect contentment
within 10 years, thus K;  0:1 { this value is retained in what follows.
That the contentment should increase with income may sound contro-
versial, e.g. it has been argued that income has no in uence as may be
derived from data obtained when tracing satisfaction with life of di erently
educated groups of population, taking the education for proxy measure of
income, see e.g. Fig. 4 in [9]. However, the same data do show a signi -
cant increase in contentment for both the more and the less educated groups
at ages where one may expect a rapid career growth with stagnation after-

wards corresponding again to an age where most careers tend to achieve a
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plateau. Besides, it seems natural that not all sources of individual’s income
contribute equally to contentment: it is di cult to imagine that the income
from welfare contributes to satisfaction with life even though it may cover the
material necessities. While the analysis of in uence of income on happiness
show that it changes with the age of an individual [9], the age distribution of
the society is not considered in the present model. Furthermore, what mat-
ters is not the magnitude of income as such but the excess of the disposable
income Iy over the cost of living L, or what is generally perceived to be a

\good income™ G. Thus, one may tentatively suggest:
W2(M; C) = Kx(1¢(M;C)  G) ®)

A speci c expression for the disposable income 143(M; C) is formulated later;
the reciprocal of the characteristic time for thise ect K, 0:1 0:2, i.e. the
estimation that a very comfortable income takes 5 to 10 years to bring a full
swing of contentment; in what follows the value K, = 0:15 is used.

The term related to the satisfaction with the infrastructure W5 at this
level of generalisation should re ect the fact that it does not depend on the
individual circumstances but on the general level of the expenditure of the
society on the common use facilities such as education, culture and sport in-
stitutions. Rather importantly, it is this term here which includes investment
of the society into the health care, thus indirectly it also includes the impor-
tant contribution of good health into the contentment. All such expenses are
assumed to come from the general taxation and their bene ts spread evenly
among the individuals; this choice is an idealisation re ecting the UK NHS

model but more re ned expressions may be easily formulated for applications



of the model to other circumstances. Thus
W3 =Kz |T¢ (4)

where T is the total tax intake in the society and , is the fraction of it
going into infrastructure. Re ecting the fact that the infrastructure projects
have relatively long time scales of order of 10-20 years, the estimation for the
product ;K3 0:05 may be made.

As the taxation is always positive, the above term leads to a uniform
increase of C while the dissatisfaction with the high taxation Ws should
decrease C in proportion to the tax paid by the individual T(M;M(M;C))
which may depend on the individual’s wealth M and total gross income
M(M;C):

Ws = KsT(M;M(M;C)) (5)

The characteristic time of this term should be of order of the time between
the general elections, at least for the democratic societies as the pledge to
decrease taxes often proves to be an election winner: this fact indicates that
the dissatisfaction with the tax level may overtake other considerations! As

the overall tax burden in the OECD countries is somewhere between 30-60%,

10ne of the reviewers raised the point that the terms describing contentment with the
infrastructure and discontent with the taxation should be related as one may expect that
taxes cause less discontent if they are seen as well spent. It is correct up to a point, but
the fact nonetheless remains that the tax burden on the individuals is concentrated at the
upper deciles of the wealth distribution, at least in the OECD countries, while the bene ts
of the infrastructure are spread more or less uniformly across the society. Therefore,
keeping these terms separate would enable the model to simulate the di erential rates of

contentment change produced across the di erent strata of the population.
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the K5 value should be somewhere in the range 0.3 to 0.7; Ks = 0:5 may
thus be suggested.

The \quality" of the neighbourhood is an integral characteristic of the
society, and the average contentment hCi is taken here as its proxy, making
straightforward to approximate the term accounting for change of satisfaction

from communal relationships:
.1
W, =K,y hCi E (6)

This expression also subsumes the stronger tendency of the more contented
society to take better care of its members as compared with a society in strife
characterised by low values of hCi.

Along with the well-known Gini coe cient, the wealth inequality, i.e.
the width of the marginal probability density P (M) in the society may be
characterised by the root-mean-square (rms) value [19]:

1=2

Mmax

M2 2 = (M hMi)2P (M)dM
0

where Mpax is the upper bound, possibly in nite, on the wealth in the society;
prime is used herebeneath to denote the deviation from the mean value.
However, it is not the rms magnitude of the wealth of society per se but
rather its ratio to the mean wealth, or \intensity of the inequality” which
seems to cause the discontent. While there seems to be no study directly
supporting this assumption, it may be inferred from the fact that, while
the inequality in the OECD countries is at the same level as in the 1930’s
[20], now owing to increase in average wealth this ratio is lower and the

large-scale economic protest movements and trade unions are much weaker
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than they were back then; there is certainly no economic movement in any
OECD country now even remotely approaching Jarrow Crusade in the UK
or French Front Populaire in scale and mobilisation of the society. Thus
one may suggest for the term Wg describing e ects of discontent caused by

inequality:

hM 2t
hMi

where Kg  0:05 0:1 as the time scale for this e ect is 10 20 years as

We = Ks (7

evidenced by the timescales for raise and fall of large-scale social protest
movements. Kg = 0:1 is retained here.

Regardless of wealth or income, everyone seeks solace nding it in various
things, so that it may be assumed that there is a general tendency of increase
of contentment and this increase is the larger the smaller is the contentment,
decreasing to zero at C = 1. In common terms, one would seek and often

nd an inner peace and the term W corresponding to this would include
e ects of religion, hobbies, and voluntary work for good causes,and other
feel-good factors independent of material circumstances. The simplest form

of W7 re ecting this would be:
W, =K;(1 C) (8)

where > 1 to ensure the smoothness of W; at C = 1. The characteristic
time scale for this term depends on the probability distribution of C but if
to consider that it takes several, say between 2 and 10, years for someone
initially at full discontent to nd solace, K; 0:1 0:5; the values of K; =
0:15and = 2 are adopted in what follows.

Finally, there are always uctuations in anyone’s satisfaction of life the

12



time scale of which is very short in comparison with any term introduced
above. These may be caused by multitude of events, big and small, ranging
from a burnt toast to a life-changing lottery win with no causal relationship
between them. Some of those events decrease and some increase contentment
but their net e ect on the average contentment is zero; they produce rapid
random changes of individual’s contentment ultimately reducing variation of
contentment within the society. Assuming their independence of the individ-
ual’s circumstances, the contribution of such events to the contentment may

therefore be described as a stochastic function of time (t):
Wg = (1) 9)

such that h (t)i = 0 at any time and h (t) ()i = (t t°) where (t) is
Dirac’s delta-function and is the magnitude of the uctuations of the con-
tentment induced by these random events. Owing to the normalisation of C
to unity, the characteristic time scale for reduction of the contentment varia-
tionsis 72 [19]. The levelling of the contentment variations caused by this
random events happens at the time scale of the same order as the average life
expectancy, say 75 years, thus 0:11. One may conclude with the caveat
that, obviously, the numerical values of the rate factors in di erent terms in
Eq. 1 are approximate; moreover, one and same factor would a ect di erent
individuals at di erent magnitude. It is possible to formulate more re ned
mathematical formulation, for example assuming some statistical distribu-
tion of parameter values, but the resulting complexity seems unwarranted at

this stage.
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Evolution of wealth of an individual

Clearly, both the distribution of wealth within the society and the indi-
vidual’s wealth in uence the distribution of contentment, thus investigation
of the dynamics of the latter should be conducted jointly with the consider-
ation of the temporal evolution of the wealth and its statistical distribution.
Even though the \wealth" and \income™ a ecting the contentment are not
necessarily pecuniary, the model formulation is much easier to perform asso-
ciating these notions with the aggregated form of monetary wealth making
no distinction between various types of nancial means, property, pensions
etc. The main assumption made here is that the rate of change of an indi-
vidual’s wealth equals the sum of his productivity U;, some amount of the
added value U, produced by others that he alienates from them, taxes Us,
and welfare assistance U,. The only coupling between the contentment and
the rate of change of wealth may come from the fact that the productivity
of an individual with very low contentment is low but is increasing, more or
less rapidly, as his contentment rises, whereas, obviously, neither taxes nor
welfare payment depend on the contentment.

The dependency of the productivity U;(M; C) on the contentment C is
approximated with a power function re ecting fast drop in productivity as

C tends to zero and much slower rate of change as C tends to one:
Ul(M; C) = I—lC PtM P2 (Mmax M) P (10)

The dependency of the productivity on the wealth M is approximated here
with a polynomial such that the productivity has a broad maximum for M

in between 1 and 2 and decreases to zero when M tends to either O or its
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maximum value Mpax. For low values of M, this functional form re ects the
statistical correlation between the destitution and unemployment, ill-health,
lack of education and any other factor contributing to low productivity. It
should be mentioned that the usual statistical data, see e.g. [17], clearly
demonstrate this correlation between the income and wealth, however, they
do not allow one to disentangle easily the individual’s own productivity from
other contributions to the rate of change of his wealth. The value of the factor
L, governs the overall productivity of the society; in what follows it is xed
such that the productivity of an individual of average wealth M = 1 is about
0:2M. The value of ,; determines how steep the decline of productivity is
with the discontent: with the value ,; = 1=3 retained here, with decrease
of C, decrease of U; is slow at rst, down to approximately 60% of the
maximum when C = 0:2, followed by a very rapid precipitation to zero for
lower C. The choice of the power exponents ,, and pz determine how

at is the dependency of U; on M: for the values adopted here p, =1
and 3 = 3 the prodictivity stays within 20% of its maximum value in the
interval 0:8 M  2:8.

The term U,(M) describing redistribution of the income within the society
towards the elites must necessarily be negative for low M and positive for
large M, thus there should be a value M? such that U,(M?) = 0 as there is
no reason to assume U, discontinuous. Because this term only redistributes
wealth, it must not change hM1. Its extremum values may only be attained
at the ends of the interval [0; Mmax]. While there is an in nite number of

possible functions satisfying these requirements, a simple exponential form
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is adopted here:

M M7
U,(M) =L, exp Y 1 (1)
S

where the parameter Mg determines how fast is the growth of pro t from cap-
ital. Equation 11 means that this growth is faster than linear re ecting the
correlation between higher levels of investment, risk and return open to the
wealthiest [21]. For the developed countries, the ratio between the average
income and the nominal gross domestic product per capita is approximately
0.7-0.8 suggesting that L, 0:2 0:3. For L, = 0:2 the value Mg = 2:5 yields
pre-tax rate of the wealth increase of the UK top wealth decile individuals
considered here, M = 7:0, of approximately 20% in line with the average
values reported for the developed countries, e.g. [21], but use of Eq. 11 with
xed values of L, and Mg may produce income distribution across society
outside the spread observed in the OECD countries in the last sixty years.
Equation 11 has three parameters, L,; M’ and Ms. As this redistribu-
tion term should not a ect hMi, hU,i = ROMmaX U(M)P (M)dM = 0 where
P(M) = Rol P (M; C)dC is the marginal pdf of the wealth. From this:
M
M’ = MslIn exp M

S

and the values of L, and Mg are determined so as to satisfy two additional
constraints. The rst constraint is the prescribed rate of the wealth increase
for individuals with M = Max; this rate, 12% per annum is taken as the
average rate for the top 1% derived from the UK statistics, [17]. The sec-
ond constraint is the alienated added value per worker. Taking again the
UK as the representative of OECD countries and using the O ce for Na-

tional Statistics gures, one see that in 2018 75.8% of the population were
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economically active, and the GDP per capita was 33,140: this means that
the productivity per worker was 43,800. The mean pre-tax income of the
worker was 34,200, thus the fraction of the total GDP redistributed to the
wealthiest is approximately 0.22. As P (M; C) evolves, the values of the two
constraints L, and My also change and are found iteratively to satisfy these
two constraints.

While there exists a great variety of tax regimes, the simpli ed treatment
used here assumes a at tax on income supplemented with a wealth tax T,,

imposed on individuals with the wealth above a threshold M,,:
Us = Lt (U + Uy) + Ty (M)

where Lt is the total rate of income tax including direct, and indirect, e.g.
value-added, taxation. Ly = 0:5 is taken here as an approximation to the
sum of the current basic rate of the UK income tax, National Insurance
contribution and Value Added Tax, for a person of average income making

little savings. The wealth tax is approximated as:
8

<0 iftM M,
Tw(M) = _ (12)
- Ls exp ((M MW)(Mmax M)) if M Mw

Even though most OECD countries currently have no direct wealth tax, they
do have inheritance taxes and Eq. 12 includes those too. Its combination with
a at income tax also describes progressive taxation to some extent, e.g. as-
suming delayed capital gains tax etc. Equation 12 yields progressive decrease
of Ty, for very large values of M Mo« representing e ects of tax evasion
and avoidance by the wealthiest individuals. While it is straightforward to

include a progressive income taxation in the description, it is thought that
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the simpli ed representation of the taxation split into two parts, one de-
pending on the wealth M and the other on its rate of change, is su cient for
illustration of tax e ects on the contentment dynamics. Values of L3 were
varied to demonstrate its e ects on the temporal evolution of P (M; C).

At the same level of simpli cation, the welfare payments are assumed
here to supplement income of individuals with M < hM1 tapering to zero at
M =hMi: s

<L 1 M 7 M hMi

Us(M) = _ "M (13)
= 0 if M hMi

where variation of the power exponent , achieves representation of the
di erent welfare policies: values of , >> 1 means most of the welfare
concentrating around M 0 with steep decrease of U, for M hMi, i.e
an alms-type welfare. 1=2 w 1 produce nearly linear decrease of Uy;

w = 1=2 is used in what follows. The value of the L, factor is so determined
that U, compensates exactly all other factors except marriages resulting in
zero net change of wealth at M = 0.

Finally, the rate of change of an individual’s wealth may be written as

MMCY= L) UMC)+U(M))  Tu(M)+UsM)  (14)

This expression with the values of di erent parameters speci ed above pro-
duces overall yearly increase of the average household wealth of approxi-
mately 8% in line with the average UK trends over the period 1998-2008.
Following the argument made above that the welfare payments should
not directly contribute to increased contentment, the income I4 a ecting the

contentment as given by Eq. 3 may now be written as:
la=(1 L7)Ui(M;C)+Ux(M)) Tw(M) (15)
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and the \good" income G may simply be taken as the average %—"t" .

Representation of e ects of formation of family/marriage

From the view of society as an ensemble of individuals and neglecting
polygamy, the marriage, or more generally, formation of a family is a pairwise
interaction process. In terms of evolution of wealth of individuals this pro-
cess results in redistribution of wealth of the interacting pair into two equal
parts; this leaves the average wealth unchanged and decreases its variance.
E ects of marriage on wealth are remarkably similar to the phenomenon of
scalar small-scale mixing in a turbulent ow, the subject of numerous inves-
tigations, see e.g. [22]. Based on this similarly, a convenient starting point
for expressing how P (M;C;t) is a ected by marriages is provided by the
so-called integral models of mixing pioneered in [23] and [24].

There is some evidence that, on average, married individuals show sat-
isfaction with life slightly higher than the celibate ones, however, this e ect
seems to be transitional and of the same magnitude as the spread of the
\mean happiness™ see e.g. Fig. 3 in [9], therefore, an assumption is made
here that the e ect of marriage on the contentment is to equipartion it,
producing equal probability of any value C regardless of the initial content-
ment. Secondly, it is assumed that the probability of marriage between two
individuals depends only on their wealth but not contentment. The depen-
dency of the probability of marriage on the di erence of the wealth of the
two individuals is described with a weight function ¥, unity for zero di er-
ence, and decreasing to zero when this di erence becomes very large. It is
thought that introduction of such weight function re ects the general ten-

dency of marriages within the same social strata. Root-mean-square value
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of the wealth in the society is chosen as the measure for the disparity of the
wealth resulting in decrease of the probability of marriage. For an individual,
the marriage happens with the characteristic time scale ¢ which is simply
the average life expectancy divided by an average number of marriages over
the lifetime; the latter is currently about 1 in the UK so ¢ 80.

With these assumptions, the expression for the rate of change of P (M; C),

caused by marriages, denoted here as I¢+(M; C), may be written as:

P(M; 1
L(M;C) = &R (M;C) 1
dC'P(M;C" ¢
% M YA 1 Z 1
dzf z; M® dc'’P(M +z;C» dC"P(M z;CYH
0 7 0 7 0
. Mmax 1
w dzf(z; M%) dC'P(z;C") (16)
0 0

where the rst integral describes generation of probability at given M and C
from all admissible marriages of individuals at any contentment and wealth
M; and M, such that M;+M, = 2M and the second term { removal of states
from those marriages. It may be shown that Eq. 16 preserves normalisation of
P and hMii if Rol dzf (z;hM"i) = 1. In what follows, exponentially decaying
weight function was used:

1=2 Z

. 02 — 02
fzz M = M exp —(hMOZi)1:2 (17)

and it should be noticed that use of other alternatives for £ had not led to

qualitatively di erent results.

Evolution egquation for P (M; C)

The established evolution equations for the individual’s contentment,

Eqg. 1, and wealth, Eq. 14, allow one to write an equation describing temporal
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evolution of the joint probability density function (pdf) P (M;C;t) of these
two variables for the entire society, [25, 26], as:

oP M CiH) + c Cjld—l\t/l(l\/l;C;t) P (M;C;t)

ot oM
@ dC = . ~. .
* & ZE(|v|,c,t) P (M;C;t)
@2 ! 0 dC el dC el e
o Odt gt MG - (M Cit) P (MiCit)
= 1:(M;C;t) (18)

where the term I+ (M; C;t) is given by Eq. 16. Equation 18 is a truncated
Kramers-Moyal equation where the dropped terms are identically zero owing
to the structure of Egs. 1 and 14. It should be noticed that formulation
of a partial derivatives equation for the probability density is an approach
alternative to the population dynamics methods, see e.g. [27] in which the
pdf carrier is partitioned and an ode for the number of individuals in each
partition would be solved: both method would be very similar in computa-
tional requirements for one-dimensional pdf, but clearly the latter method
would require a very large set of ode to represent a two-dimensional pdf.
The conditional averages in Eq. 18 are trivially found for all terms in
Eq. 14 and all terms in Eq. 1 but Wg. The latter term upon averaging yields
only a di usion-like term with the second partial derivative with respect to

C. The nal equation for P (M; C; t) thus becomes:
LA #
P MiCy , 8 X

ot ac i:lWi P (M;C;t)
£ I LD UMIO) +Ua(M) Tu(M) +U(M)IP (M;Ci
2 el
craney Pg\g’zc’t) + s (M;C;Y) (19)
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where is the rms magnitude of the random events, see Eq. 9. The boundary
conditions imposed on P are zero normal derivatives at C = 0;1 and M =
0; Mmax lines ensuring the preservation of normalisation of P. It should,
however, be noticed that non-zero dd—'\t" (M;C;t) and P at M = M,ax would
require dynamic adjustment of Mo« (t) = maxc%—'\{' (Mmax; C; t) but this is
not attempted here. The main reason for keeping large but constant Max
is that, as will be seen later, P (M;C;t) is small and concentrated in a
fairly small vicinity of the point (Mnax; 1) a ecting little the dynamics of
contentment in the regions of large P representing most of the society. The
second reason is that numerical methods for computational domains with
moving boundaries are more complicated and the extra complexity is not

warranted at the stage of the formulation of the model principles.

Illustration of the model: evolution of an initially homogeneous

society

Numerical implementation for P (M; C)

The computational domain C 2 [0;1] M 2 [0; Mmax], With Mpax = 12,
was covered by uniform grid on which Eqg.19 was discretised using control
volume method with implicit upwind expressions for the uxes on the bound-
aries of grid cells, the time derivative was calculated with simple rst-order
approximation. Averages and root-mean-square values and the integrals in
Eq. 16 were calculated explicitly using method of overlapping parabolas im-
plemented in DAVINT routine [28]. The resulting sparse algebraic system of
equations was solved using Gaussian elimination with partial pivoting and

LU decomposition and preconditioning implemented in SUPERLU-MT set
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of routines [29]. The sensitivity to the grid size and the time step selected so
that equivalent to CFL criterion in uid mechanics does not exceed 0.8 were

veri ed to ensure that the results were not sensitive to their choice.

Evolution of P (M; C) for homogeneous society: e ects of tax on wealth

The joint probability density P(M;C) for society completely homoge-
neous in terms of contentment and wealth is (M hMi) (C hCi). Joint
action of marriages and various random factors acting on a very short time-
scale, rhs of Eq. 19, broadens the initially in nitesimally narrow peak of
contentment distribution into a normal distribution which is then distorted
and clipped at the boundaries C = 0;1 until it attains a constant value of
unity between these boundaries. The model postulates that contentment
increases the productivity, Eg. 10, thus non-zero hC'2i*~* will produce broad-
ening of the wealth distribution and non-zero hM2i'™: the pdf carrier, i.e.
the domain where P(M;C) & 0, becomes a curve in M C space. Un-
der wealth-distributing action of the marriages, this P (M; C) carrier curve
will spread along constant C lines becoming two-dimensional area. In sim-
ple words, this model predicts that in a society where everyone was initially
equally rich or poor and equally satis ed with life, after a certain time there
will be a signi cant probability of meeting an individual at any state of con-
tentment or satisfaction with life together with a certain variation of wealth.
It is possible that a particular choice of welfare and tax rates and functional
shapes may produce a steady-state P (M; C) but this aspect is beyond the
scope of this work.

In reality, no society is completely homogeneous, thus a \nearly homoge-

neous" society is de ned here as having a normal distribution for P (M; C)
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with non-zero rms values hM2i'™ and hC®2i'™. By construction, the initial
value of hM1 = 1, and thus the initial average wealth becomes a unity for
scaling. However, the initial value of hCi remains arbitrary because no scale
is de ned for C between its extreme values of 0 and 1. The initial normal
distribution is clipped at the boundaries and renormalised to unity. In what
follows, the parameters of the initial P (M: C) are hM®2i*™ = 0:6, hCi = 0:5
hC2i'™ = 0:08; use of di erent values yields qualitatively similar results.
The simulations were run for the time period of 75 units (years), slightly
smaller that the current UK life expectancy.

In order to demonstrate its performance, the developed model is applied
to this nearly homogeneous society and a parametric study is conducted of
e ects on contentment of the tax on wealth given by Eq. 12, the magnitude of
which is governed by the Ls parameter. The lower limit at which the wealth
tax is levied is kept xed at M,, = 2:5. Figure 1 shows the temporal evolution
of the average and root-mean-square wealth and contentment for a four-fold
variation of the rate of the wealth tax. Initially, for the rst approximately
25 years or one change of generations, the wealth tax magnitude has very
little in uence: the the chosen initial P(M;C) corresponds to a very small
fraction of individuals with M M,,. This is corroborated with Figs. 2 and
3 showing the P (M; C) and its rate of change in the midst of this period for
the smallest and largest wealth tax. Figure 3 shows the iso-contours of the
P (M; C) superimposed on the eld of the its rate of change. One can see that
the society undergoes strati cation with appearance of noticeable fractions
of individuals who are nearly entire destitute, see the rather sharp peak

at M = 0;C = 0 but also those with more than twice the average wealth.
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Figure 1. Temporal evolution of the rst two central moments of the wealth: a) average
and c) root mean square, and contentment: b) average and d) root mean square. The
time, t, unit is one year. The values of the coe cient for the wealth tax in Eq. 12 are

shown in the legend.

Rather unsurprisingly, the model yields the destitute extremely unhappy and
the rich very content. What is less trivial is that, though both the average
wealth, and the wealth of the largest fraction of the population are steadily
increasing, this increase is accompanied with decreasing average contentment
and formation of very wide contentment distribution, see Fig. 3.

The model postulates that contentment increases the productivity, Eq. 10,

thus non-zero hC®2i'™ leads to a modest growth of hM®2i'™, see Fig. 1c).
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Figure 2: The joint pdf P (M; C) of the wealth M and contentment C at timet 12 for:
left) low wealth tax, L3 = 0:02, and right) high wealth tax, L3 = 0:08.

Figure 3: The ow in the wealth-contentment space induced by Eqgs. 1 and 14 at time
t 12 for: left) low wealth tax, L3 = 0:02, and right) high wealth tax at L3 = 0:08.

Values of P (M; C), see Fig. 2, are shown on the superimposed isolines.
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Figure 4: The joint pdf P (M; C) of the wealth M and contentment C for: left) low wealth
tax at L3 = 0:02, time t  38:3 and right) high wealth tax at L3 = 0:08, timet 38:3.

Figure 5. The ow in the wealth-contentment space induced by Eqgs. 1 and 14 for: left)
low wealth tax at L3 = 0:02; t 38:3 and right) high wealth tax at L3 = 0:08; t 38:3.

Values of P (M; C), see Fig. 4, are shown on the superimposed isolines.
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The initial growth of hC2i*™ is very fast owing to the combined e ects of
marriages, Eq. 16, random events, Eq. 9, and dependency of contentment
on income, Eq. 3 and wealth Eq. 2. At this moment, the e ects of the
wealth tax rate Lz are small: larger L3 lead to small decrease of fraction of
individuals with M 3;C 1.

These e ects, however, become more and more pronounced in longer run.
Even though the average individual wealth increases slightly faster for smaller
wealth tax for the rst 40 years, it attains a plateau and decreases afterwards,
while growth of hM 1 with larger wealth tax is continuous for the entire period
of simulations, cf. thin and thick solid lines in Fig. 1a). Rather curiously,
lower wealth tax with its faster growth of hMi does not yield proportional
increase in average contentment: for larger Lz, after the initial decrease hCi
stagnates and then decreases while it grows steadily for larger Lz, so that the

nal values of average contentment are about twice larger for larger wealth
tax, cf. thin and thick solid lines in Fig. 1b). Larger rate of the wealth tax
also decreases strati cation of the society meaning much slower growth and
smaller values of both root-mean-square wealth and contentment, cf. thin
and thick solid lines in Fig. 1c) and d).

Figure 4 illustrates the di erence in the strati cation of the society for the
instant when the smaller wealth tax leads to the stagnation in growth of the
average wealth. One may clearly see that, while unsurprisingly there is larger
probability of larger, M > M,,, individual wealth, there is also very much
larger fraction of the society in the destitution and discontent M 0;C 0.
Combination of two factors explain this increased strati cation: the rst

relates to the appropriation of the added value by the rich, Eqg. 11, and the
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Figure 6: The joint pdf P (M; C) of the wealth M and contentment C for: left) low wealth
tax at L3 = 0:02; t 72:4 and right) high wealth tax at L3 = 0:08; t 72:9.

second is that the redistributive action of marriage is ine ectual for reducing
the wealth extremes when their di erence exceeds two rms wealth values,
cf. Eg. 17. Even though the society at this instant is about three times
wealthier in average than it was at the initial time, the strati cation caused
by smaller wealth tax yields appreciably smaller average contentment. It may
be inferred from Fig. 5 that the added value is alienated by a progressively
smaller from a progressively larger fraction of the society.

These trends continue and towards the end of simulation, t 75, the
low wealth tax case show a fully strati ed society, see Figs. 6 and 7. The
high wealth tax society is more homogeneous, with zero probability of very
high individual wealth M 9 and much smaller fraction of the destitute;
Fig. 1 shows that this case has much higher average wealth and contentment.
Comparison of the temporal evolution of P (M; C) clearly shows that there

is no simple relationship between the wealth and contentment and only the
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Figure 7: The ow in the wealth-contentment space induced by Eqgs. 1 and 14 for: left)
low wealth tax at L3 = 0:02; t 72:6 and right) high wealth tax at L3 = 0:08; t 72:9.

Values of P (M; C), see Fig. 4, are shown on the superimposed isolines.

average values of these variables are not su cient to predict further evolu-
tion of the society. This provides a quantitative explanation to the Easterlin
paradox [8]. An interesting feature of the P (M; C) distribution in this case is
the fairly wide spread of contentment among the well-o part of the popula-
tion with noticeable probability of meeting simultaneously wealth well above

and contentment well below the average values for the society as a whole.

Conclusions

Use of a variable continuously changing between 0 and 1 for content-
ment, or satisfaction with life, of an individual allows to formulate an ordi-
nary di erential equation governing its temporal evolution. This equation
includes several objective and subjective factors of which the in uence is
expressed through simple expressions and estimations of their characteristic

times. From this individual’s contentment equation, and coupled to it equa-
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tion for temporal evolution of the individual’s wealth, it proves possible to
formulate a mathematical model, Eq. 19, describing temporal evolution of
the joint probability density of individuals’ wealth and contentment within
a society.

The model is constructed with resort to fairly general arguments about
time-scales of in uence of di erent factors on contentment and with invo-
cation of very simple expressions for action of those factors. Arguably, the
individual’s wealth equation is better founded as its terms re ect the current
productivity and tax regimes in the UK, still the representation is simpli ed.
Despite this very approximate reasoning, the model yields results which are
at least qualitatively plausible. It should be stressed that alternative expres-
sions for any of the factors a ecting contentment (or wealth) may be easily
incorporated into the model without a ecting its underlying principles. It is
hoped that the proposed model could be of use in further quantitative works
clarifying statistical characteristics of the satisfaction with life.

The rst application of the evolution equation for the joint distribution
of wealth and contentment is made here to illustrate the e ects of tax on the
wealth on the society. It is shown that the magnitude of this particular form
of tax has a signi cant impact on the degree of strati cation in the society,
in terms of both contentment and wealth, and the less strati ed society is, in

long run, wealthier and its members have generally the greater contentment.
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