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Abstract

Nonlinear integrable systems emerge in a broad class of di erent problems in Mathemat-
ics and Physics.

One of the most relevant characterisation of integrable systems is the existence of an
in nite number of conservation laws, associated to integrable hierarchies of equations.

When nonlinearity is involved, critical phenomena may occur. A solution to a nonlin-
ear partial di erential equation may develop a gradient catastrophe and the consequent
formation of a shock at the critical point. The approach of di  erential identities provides
a convenient description of systems a ected by phase transitions, identifying a suitable
nonlinear equation for the order parameter of the system.

This thesis is aimed to give a contribution to the perspective o ered by the approach
of di erential identities. We discuss how this method is particularly useful in treating
mean- eld theories, with some explicit application. The core of the work concerns the
Hermitian matrix ensemble and the symmetric matrix ensemble, analysed in the context
of integrable systems. They both underlie a discrete integrable structure in form of a
lattice, satisfying a discrete integrable hierarchy. We have studied a particular reduction
of both system and determined the continuum limit of the dynamics of the eld variables
at the leading order.

Particular emphasis has been given to the study of the symmetric matrix ensemble.
We have unveiled an unobserved double-chain structure shared by the eld variables
populating the lattice structure associated to the ensemble. In the continuum limit of a
particular reduction of the lattice, we have found a new hydrodynamic chain, a hydrody-
namic system with in nitely many components. We have shown that the hydrodynamic
chain is integrable and we have conjectured the form of the associated hierarchy. The
new integrable hydrodynamic chain constitutes per se an interesting object of study. In-
deed, it presents some properties that are di erent from those shared by the standard

integrable hydrodynamic chains studied in literature.
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Introduction

Nonlinear integrable systems emerge in a plethora of phenomena pertaining to the realms
of Physics and Mathematics. Concerning integrability, a general conventional de nition

is not given [32] 67]. Instead, depending on the context, one or more features commonly
shared by integrable systems are considered as a suitable characterisation of it. Over
time, several methods to approach integrability have been introduced, each of them fo-
cusing on one particular facet of the issue [63] B8] 3] 90| 92|, [86]. A crucial step in the
study of integrability is the discovery of in nitely many conservation laws [94], associ-
ated with hierarchies of nonlinear integrable equations. In this thesis we will encounter
several integrable hierarchies, either associated with discrete systems (the Toda lattice

and the Pfa lattice) or with continuous ones (systems of hydrodynamic type).

Random matrix ensembles are typically introduced within the framework o ered by
random matrix theory [91]) but they constitute an interesting object of study in the con-
text of integrable systems as well. In this thesis we will deal with the Hermitian matrix
ensemble [5] and the symmetric matrix ensemble [L1], following the approach estab-
lished by Adler and van Moerbeke in their proli ¢ production on the topic (e.g. [12,[116,

6], [10]). The ensembles show two di erent underlying integrable structure, the Toda lat-
tice for the Hermitian ensemble and the Pfa lattice for the symmetric ensemble. These
structures are introduced in terms of hierarchies in the Lax formulation and can be in-
terpreted as emerging from an algebra splitting, in virtue of the Adler—Kostant-Symes
theorem [9]. The connection with the matrix ensembles is realised via the introduction
of suitably de ned  -functions, that in turns satisfy speci c integrable hierarchies. In
both the Hermitian and the symmetric case, the specic -function is proportional to

the partition function given in terms of an integral on the real eigenvalues of the matri-
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ces. The eld variables composing the elements of the Lax operator for the two lattices
are written in terms of functions of the sequence of -functions. We study suitable re-
ductions of these structures, leading to the emergence of hierarchies for the continuum
limit of the eld variables, that will assume the form of two very di erent systems of
hydrodynamic type.

In [49] 113], Dubrovin, Novikov and Tsarev give a geometric interpretation of hy-
drodynamic systems in nitely many components, describing the manifold spanned by
their solutions. In the context of Hamiltonian formalism and Riemannian geometry, they
relate integrability of hydrodynamic systems to geometric properties of the manifold, in
terms of metrics, connections, and torsions. A geometric point of view is applied also
in the case of hydrodynamic chains, a particular class of hydrodynamic systems with in-

nitely many components. In [59],IFerapontov and Marshall treat integrability of hydro-
dynamic chains within the geometric framework with the introduction of the Nijenhuis
and Haantjes torsions.

One of the most relevant aspects of hydrodynamic type systems is the occurrence of
critical phenomena, when solutions develop a gradient catastrophe as an e ect of non-
linearity [119]l Since a discontinuity is generated, the solution exists in a weak sense
only. This solution takes the name of a shock solution. The discontinuity can then be
resolved by an appropriate mechanisms of regularisation, giving rise to either viscous
shocks or dispersive shocks [54]. The rstis modelled as a travelling wave solution to an
ordinary di  erential equation, whereas the second give rise to a more complex structure,
represented by a modulated periodic train wave.

The fact that the theory of nonlinear integrable systems o ers a suitable tool to de-
scribe critical phenomena is the main underlying idea for the development of the method
of di erential identities [95]] The latter has its foundations in a new perspective to de-
scribe systems in the realm of Statistical Mechanics, typically a ected by phase tran-
sitions. It is indeed possible to outline a proper correspondence between the typical
features of Thermodynamics and those of nonlinear hydrodynamic systems. With some
general assumptions on the properties of the thermodynamic system, the method of dif-
ferential identities provides the equation of state as the solution to a nonlinear partial

di erential equation. The nonlinear character of the system induces a gradient catastro-



phe and gives rise to a shock solution [40, [21]. The approach has been successfully ap-
plied to several mean- eld theories in a series of recent publications [66, 14, 89, 27]. In
these cases, the suitable di erential identities are de ned at the partition function level
and then the corresponding nonlinear equation for the order parameter is provided. The
shock solution for the order parameter emerging in the context of mean- eld theories is
regularised by a viscous term.

A completely di erent phenomenon emerges in the study of the Hermitian matrix
ensemble [22]. Here, a particular reduction of the Toda lattice is considered, obtained
by the selection of the even coupling constants in the partition function de ned for the
ensemble. The resulting structure depends on one type of eld variables only and at
the leading order in the thermodynamic limit a quasilinear hierarchy is obtained. The
behaviour of the solution for di  erent scenarios in the space of parameters is then anal-
ysed. It develops oscillating patterns, observed in [77] and there interpreted as a chaotic
behaviour. In [22] these patterns are instead qualitatively described as a manifestation
of a dispersive regularisation mechanism, giving rise to a dispersive shock solution.

The aim of this work is to provide a contribution to the development of the new
paradigma based on the approach of di erential identities. In particular, we will focus on
the study of the symmetric matrix ensemble and a suitable reduction of it. The original
results collected in this thesis are part of a recent publication [23].

The thesis is organised as follows.

Part | - Background  The rst part is devoted to the introduction of the general theories
constituting the grounds of the objects of study of this work, i.e. integrable systems and
random matrix ensembles.

In chapter [[jwe provide an overview of the di erent perspectives that have been
developed to approach integrability in nonlinear systems over time. We focus on the
existence of in nitely many conservation laws associated with integrable systems and
describe the related integrable hierarchies.

In chapter PJwe present the random matrix ensembles and the main tools that will be
used in the core part of the thesis. We display the procedure leading to de ne the parti-

tion function for the Hermitian and symmetric matrix ensembles. These ensembles are



intrinsically related to the integrable structures of Toda lattice and Pfa lattice respec-

tively. We study how these structures emerge from an algebra splitting and investigate

the realisation of the connection between the matrix ensembles and the lattices via the
-function.

In chapter B]we study the theory of integrable hydrodynamic systems. We introduce
the Hamiltonian formalism and the generalised hodograph method to treat integrabil-
ity in hydrodynamic systems with nitely many components. Then we de ne the hy-
drodynamic chains as a patrticular class of hydrodynamic systems with in nitely many
components and discuss their integrability.

In chapter #|we deal with critical phenomena, emerging from the occurrence of a
gradient catastrophe dynamically induced by nonlinearity. We describe the breaking of
the solutions to a quasilinear conservation law and analyse the consequent formation of
a shock. Then we introduce the viscous and the dispersive regularisation of the shock

solution and delineate the main features of their associated structures.

Partll - Case studies  This partis dedicated to the description of shock solutions emerg-
ing at the leading order in the thermodynamic limit in the context of mean- eld theories
and the Hermitian matrix ensemble. In the rst case the shock solution is regularised by
viscous corrections, in the second case by dispersive corrections.

In chapter p|we introduce the method of di  erential identities as a suitable tool to
describe phase transitions in thermodynamic systems. Equations of state are de ned as
solutions to nonlinear hydrodynamic type equations, after a rede nition of variables and
a precise correspondence between Thermodynamics and nonlinear systems is outlined.
The method of di erential identities is explicitly applied to the Curie-Weiss model and
we study the shock solution regularised by a viscous term, this being a typical feature
observed in several mean- eld theories.

In chapter pjwe study the Hermitian matrix ensemble and we present the construction
of the associated integrable hierarchy, i.e. the Toda lattice hierarchy. This is shown in the
Lax formulation of in nitely many commuting ows. We focus on a suitable reduction
of the system, i.e. the Volterra lattice. The associated hierarchy will be composed of even

ows only. We investigate the continuum limit of the lattice and at the leading order



we nd a scalar nonlinear integrable hierarchy. We restrict our study to the case of the
rst three times and analyse the solution in the parameters' space, where we detect the

occurrence of a dispersive shock.

Part lll - Results  This part is aimed to present the original results of this work [23].

We consider the symmetric matrix ensemble and its related integrable structure via
a suitable algebra splitting, i.e. the Pfa lattice. We analyse the structure of the lattice
in terms of the eld variables, whose evolution is inspected for di  erent ows of the
associated hierarchy. We introduce a speci ¢ notation for the elds aimed at emphasising
the underpinning observed double-chain structure.

We focus on a suitable reduction of the Pfa lattice, for which the thermodynamic
limit of the rst ow is studied. At the leading order, this is represented by a new
hydrodynamic chain. We investigate the diagonalisability and the integrability of the
hydrodynamic chain and de ne the corresponding Gibbons—Tsarev system. The new hy-
drodynamic chain is interesting in itself since it presents more than just one seed, as in
the case of standard integrable chains.

We verify that for the two next ows the form of the leading order in the thermody-
namic limit is a chain as well. We conjecture that this is indeed the case for every ow
of the suitable reduction of Pfa , de ning a new hydrodynamic chain hierarchy. Finally,

we present a comparison with the Hermitian random ensemble.

Part IV - Explorative studies  This part collects some applications of the method of
di erential identities on systems describable in graph theory.

We introduce the basics aspects of simple graphs, their main features and the corre-
sponding adjacency matrices. We study the speci ¢ example of the two-star model with
a classical mean- eld approach and with the method of di  erential identities.

We look for di erential identities in the one-dimensional Ising model, for which we
de ne a partition function in terms of the trace of the associated adjacency matrix. We
analyse the form of the symmetric factors appearing in the partition function, encoding
information about automorphisms of graphs. Lastly, we consider the case of the expo-

nential random graph theory.






Part |

Background






Chapter 1

Nonlinear PDEs and integrability

This chapter is devoted to the introduction of the theory of integrable nonlinear systems.
Firstly, we will approach the issue of integrability giving an insight into the di erent ways
in which it has been studied. In section 1.1 }ve will brie y refer to the crucial steps in the
development of the theory of nonlinear systems by introducing two of the equations that
we will encounter in di  erent context throughout this work, i.e. the Korteweg-de Vries
eqguation and the Burgers' equation.

We will mention the various aspects of integrability, from the Inverse Scattering
Transform methods, to the bi-Hamiltonian structure and the existence of in nitely many
conservation laws (in section fL.2).

Finally, in section L.3]we will introduce the concept of integrable hierarchies, with

emphasis on those that we will encounter in the following chapters.

1.1 Nonlinear integrable systems

Partial di erential equations (PDEs) are fundamental for the study of problems in the
realm of mathematics and for the description of a plethora of phenomena in physics.

There is no general theory concerning the solvability of all PDEs, instead the research
focuses on several particular cases that are relevant for applications in a broad variety of
elds. The possible solvability of PDEs is related to their integrability and here too there
is no a general conventional de nition of what integrability is. Dating back to Poincaré,

to integrate a di erential equation means to nd a general solution expressible in a nite
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Chapter 1. Nonlinear PDEs and integrability

number of “elementary” functions [106].] The emphasis given to the word nite relates
integrability to a general knowledge rather than a local knowledge of the solutions [67].
This is in some sense connected with the idea of the universality of nonlinear integrable
systems.

Calogero describes this concept in [32], focusing on the fact that some integrable
nonlinear PDEs share the aspects of universality and wide applicability. Indeed, a large
class of nonlinear evolution equations can be mapped into certain universal nonlinear
evolution PDEs via rescaling and asymptotic expansion. In particular, the focus is on
PDEs of the form

Du(X;t) = F[U; Uy; Ut Uy Uges 237 5 (1.2)

in terms of the eld variable u(x;t) with x 2 R;t 2 R and its spatial and time deriva-
tives. The left hand side (i.e. Du) corresponds to the linear part that is constructed to
be dispersive and otherwise arbitrary. The right hand side (i.e. F[:::]) is the nonlinear
part, for which the only constraint is that it is an analytic function of the eld variable
and its derivatives. The universal equations obtained by the limiting procedure appear
in several contexts and they are widely applicable. Moreover, this procedure generally
preserves integrability, and the universal equations are likely to be integrable. An exam-
ple of universal equation is the celebrated Korteweg-de Vries (KdV) equation [83]lin its
nondimensional form [

Ut +6U Uy + Uyyy =0; (1.2)

introduced to describe the propagation of one-dimensional, long surface gravity waves
with small amplitude in a shallow water channel. The KdV equation arises in many dis-
parate contexts, such as strati ed internal waves, ion-acoustic waves, plasma physics,
lattice dynamics, gravity. The universal character of the equation is signaled by the fact
that it emerges whenever the governing equation is a ected by weak quadratic nonlin-
earity and weak dispersion [L].

One of the basic features of integrable systems is their solvability and in [32,167]a
heuristic distinction between two procedures applied to solve those systems is given.

In the rst approach, nonlinear systems can be reduced to a linear form (integrable)

lwith the notation of the expression (for KdV Du(x;t)=u; +uyxx and F[u;:::] = 6uuy .
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Nonlinear integrable systems

via a speci ¢ change of variables. The archetype of this procedure is given by the inte-

grability of Burgers' equation [31]

U +UUy = U yy; 0< 1; (1.3)

that is linearised through the Cole-Hopf transformation

uix;ty= 2 @In (x;t); (1.4)

giving the heat equation in the new eld variable (x;t)

t= xx- (1.5)

In the second approach, the system is linearised in terms of integro-di erential equa-
tions through the method of the Inverse Scattering Transform (IST), discovered by Gardner—
Green—Kruskal-Miura in [63]/for KdV and generalised by Lax in [88].]In [3]._the scheme
describing the method is built mimicking the Fourier transform and the name IST is
coined. The main idea of the procedure relies on the connection established between the

KdV equation (L.2) and the linear time-independent Schrédinger problem

wrHuxt)y = (1.6)

where u(x;t) is solution to the KdV equation and here it plays the role of a potential,
the time t is treated as a parameter and (x) is the eigenfunction of the scattering prob-
lem. The procedure of the inverse scattering is borrowed from the realm of Quantum
Mechanics. This method leads to the reconstruction of the potential from the scattering

data. The evolution of the function  is described by a second equation, i.e.

t=( +tu) (4 +2u) (1.7)

with  being an arbitrary constant. We assume being a function of time = (t). We

derive with respect to t and (1.7) twice with respect to x.
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Chapter 1. Nonlinear PDEs and integrability

Imposing the compatibility condition

txx = xxts (1.8)

the constraints on  and u(x;t) are @ =0 and u(x;t) satis es ([L.2). Hence, the equa-
tions and are compatible if the eigenvalues are constant in time and the poten-
tial is a solution to the KdV equation.

The asymptotic behaviour (for jxj! 1 ) of eigenfunctions and the set of their as-
sociated eigenvalues determine the the scattering data S(; 0), which in turn depends
on the potential u(x;0). The direct scattering problem consists in the mapping from the
potential to the scattering data. The time evolution equation takes the initial scatter-
ing data S(; 0) to S(;t ), whereas the inverse scattering problem is to reconstruct the

potential from the scattering data [1]!

Direct scattering
u(x;0) ~ S(k;0)

Integrable Linear time evolution
nonlinear PDE of scattering data

Inverse scattering
u(x;t) < S(k;t)

In the generalisation of the method provided by Lax, equations (1.6)|and (1.7)|are

rewritten in terms of the linear operators L; M as

L =
(1.9)
t = M :
The compatibility condition is expressed via the Lax equation
Ly =[M;L]; (1.10)

this becoming the key point for the treatment of integrable nonlinear PDEs. The opera-
tor L in equation ([L.10) satis es the isospectral property: its spectrum is preserved with

the evolution in time.
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Nonlinear integrable systems

Over time, several approaches to tackle integrability have ourished, each focusing
on the latest features discovered in the context of integrable systems.

In [94], Miura discovered the existence of in nitely many conservation laws associ-
ated with the KdV equation, introducing nonlinear transformations, that are now known
as Miura transformations and will be described in section 1.2.]This feature has also been

of crucial importance in the developing of the IST method described above.

Another milestone in the theory of integrable systems is the discovery of solitons, a
kind of solution that emerges in many exactly solvable models. The presence of soli-
ton solutions, intended as structures that interact elastically preserving the spectral por-
trait, was considered to unveil the integrability of the system E] They were introduced
by Zabusky and Kruskal in [123]/to address the solitary waves observed in the study of
the continuum limit of the Fermi—Pasta—Ulam—Tsingou lattice [62].] The discrete model
is a lattice of coupled anharmonic oscillators with xed ends and its continuous limit
is described by the KdV equation. The solitons preserve their shape and velocity upon
nonlinear interactions with other solitons and they are solutions to the KdV equation.
Then Hirota, in [70], proved the existence of solutions with an arbitrary number of soli-
tons for KdV, developing the powerful formalism of the bilinear relations named after
him. The Hirota bilinear formalism has a pivotal role in the representation of integrable
hierarchies, as we will see in section[2.4.

In [L11], Toda constructs the rst example of nonlinear discrete integrable system,
in contrast with the Fermi—Pasta—Ulam-Tsingou lattice, integrable in the continuum
limit. He describes a one-dimensional chain of particles with an exponentially shaped
rst neighbours interaction, that is now known as Toda lattice. In [115] the integrable
Toda lattice hierarchy is de ned via the Hirota formalism [70] in terms of a suitable -
function [74], that we will introduce in section 2., |

In [92] B3], a symmetry approach is established, where nonlinear perturbations to
linear equations are introduced. In particular, the conditions leading to the emerging
of nontrivial groups of local symmetry transformations are studied for a class of PDEs.

Also, the existence of a few symmetries implies that they are actually in nitely many.

2We emphasise that soliton solutions have been later found in non-integrable systems as well, but in that
case their interaction is not elastic anymore.
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Chapter 1. Nonlinear PDEs and integrability

In another approach [90], the bi-Hamiltonian property is considered as the identi er
for integrability. In particular, it concerns systems that can be formulated as a Hamilto-
nian dynamical system with respect to a Hamiltonian structure via a certain Poisson
bracket. The bi-Hamiltonian property consists in the possibility of the system to be
written in two di  erent Hamiltonian structures. If these two structures are compati-
ble, meaning that the sum of the Poisson brackets of the two structures is still a Poisson
bracket, the system is integrable. Here, integrability is intended in the sense of the exis-
tence of in nitely many conserved quantities in involution with respect to both Poisson

brackets.

Finally, we mention the approach of integrability involving to the study of mon-
odromy, where the integrability of a system of PDEs is related to the study of the sin-
gularity structure of the solutions. The rst observation in this context dates back to the
end of 19th century, when Kovalevskaya [86] discussed the problem of the integrability
of atop in a gravitational eld. Motivated by this observation, she discovered that many
integrable systems can be integrated in terms of elliptic functions, hence meromorphic
functions that do not show movable critical points. These results were recovered several
decades later and the coeval works by Dubrovin [45] and Matveev and Its [73]/posed the

basis for what now is called nite-gap theory.

In the following, we will encounter several integrable systems of di  erent nature. We

will consider the integrability of systems of hydrodynamic type [49]
uf = V) (U) uy; (1.11)
where the eld variables u'(x;t) depend on the space coordinate x and time t both in

componentsi 2 N . Inthe rst case integrability is related to the semi-Hamiltonian prop-
erty [L12] satis ed by the characteristic speeds in the context of the treatment involving
the Riemann invariants, as we will see in section In the second case, the system takes
the name of a hydrodynamic chain [59] and integrability is discussed introducing the

concepts of the Nijenhuis and Haantjes tensors [85], as we will see in

Moreover, we will study the discrete integrable systems of the Toda lattice in chap-
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Conservation laws and Lax equation

ter [land Pfa lattice in chapter 7] the underlying structures of the Hermitian matrix
ensemble [5] and symmetric matrix ensemble [L1], respectively. We will see how these
structures are intimately related to the hierarchies written in terms of  -functions in the
formalism of the Hirota bilinear relations. In particular, we will see how the Toda lattice

is related to the KP hierarchy in section 6.1.2jand the Pfa lattice to the so called Pfa -KP
hierarchy in section

1.2 Conservation laws and Lax equation

One of the main properties of integrable systems is the existence of in nitely many con-
servation laws. This aspect was rstly discovered by Miura in [94], where some nonlinear
transformations are applied to KdV allowing one to recursively construct the associated

conservation laws.

In general, it is possible that with a PDE
GX;t;U; Uy Up; Uyy; Uge ;23] =0 (1.12)
is associated a conservation law [1,/96] of the form
@ '+@g =0; (1.13)

satis ed by all the solutions to ( In (1[I3)] '(x;t;u) is called the conserved density
and g (x;t;u) the relative conserved ux. If the solution u ! Oasjxj ! 1 su ciently
rapidly and g (x;t;u) belongs to the Schwartz class, the integration of (L.13) yields

Z, Z

@ i(x;t;u)dx=0 =) i(x;t;u)dxzci; (1.14)
1 1

with ¢ the conserved quantity. For KdV (L.2) the rst conservation laws are

(u) + 3 + Uyy « =0

u? o 4ul+2uuy, U2 =0 (1.15)

1 9
ud ZuZ + Zut+3uUy BUUZ  UyUgy t

2 t 2 l"I)%X :0’

X

N -
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Chapter 1. Nonlinear PDEs and integrability

related to the conservation of the mass, the energy, and the Hamiltonian of the system
respectively. As anticipated above, Miura conjectured that these conservation laws are

actually in nitely many. In [94], he studied the so called modi ed KdV (mKdV) equation
My 6M?my + Myyy =0 (1.16)
observing that if mis a solution to ([L.16), the following expression for u
u= m? my; (1.17)

satis es the KdV. The equation ({.17) takes the name of Miura transformation. It is worth
noticing that every solution to the mKdV equation leads to reconstruct a solution to the
KdV equation, but the converse is not true. We consider now a generalisation of ({.17)|
given by

u=w "w, "2w?: (1.18)

The eld u de ned in this way is solution to the KdV equation if ~ w satis es
Wi+ 3w? 2"2W3 + Wy, =0: (1.19)

The solution u does not depend on", whereas the solution w depends on it. Given the

arbitrariety of the choice of the parameter ", we can consider the following formal series

X
w(x;t;")= wp(x;t)"": (1.20)
n=0

Since (1.19) is posed in a conservation form, we can write the equivalent of (L.14)

Z Z
w(x;t;")dx=c =) Wq(x;t)dx = ¢y (1.21)
1 1

With the substitution of (120)fin the KdV equation for  u obtained assuming and
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Conservation laws and Lax equation

equating the coe cients of the powers of ", we get

Wo=Uu
W1 = (Wp)y = Uy

(1.22)
wa = (W), +W% =Uyx * u?

W3 = (W2)y + WoWy1 = Uyyx +4U Uy

Going further in powers of " gives the in nitely many conservation laws.

We will now see how to construct the corresponding Lax equation (1.10)|for KdV. The
rst consideration is that (1117) ican be seen as a Riccati equation for m in terms of u. It
is known that the Riccati equation can be linearised via a change of variable, that will

imply a new expression for u as well
m= X :) u= _XX. (123)
and rewriting the second relation we obtain

+u =0: (1.24)

XX

The KdV equation is invariant under a Galilean transformation
xtuxt)! (x 6t tu (xH)+ ); (1.25)

for a constant . We then obtain the equation seen in the previous section ([.6) and ([L.7)

xw Fuxt) =

t=( +uy) +(4 +2u) ;

whose compatibility condition  yx = xxt, With the assumption that the eigenvalues are
constantintime =0, will lead to the KdV for the potential u and the introduction of

suitable operators that will be the elements of the Lax equation (1.10)] In particular, the
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Chapter 1. Nonlinear PDEs and integrability

linear operators L and M for KdV are

L=@+u

M= 3u, 6u@ 4@:

(1.26)

As we have already mentioned, the equation is obtained by the compatibility con-
dition and imposing the isospectral property on L. The potential u, then, satis es the
KdV equation([L.2].

In the following section we will see how the expression (1.10)|is of fundamental im-

portance in one of the possible representations of hierarchies.

1.3 Integrable hierarchies

The nonlinear PDE representing an integrable system conceals an underlying associated
integrable hierarchy. The latter is represented as a collection of equations commuting
with each other, also known as commuting ows. This nomenclature refers to the fact
that the hierarchies are displayed as in nitely many equations in terms of in nitely many
“times”. In particular, the in nitely many conservation laws associated with an inte-
grable system can be thought as Hamiltonians generating time evolution in a multidi-
mensional time space.

One way to represent the KdV hierarchy relies on the introduction of a so called

pseudo-di erential operator [42]

X=@+-X f,@"; (1.27)
nl
where @B @ and the negative powers of @refers to a sort of formal integration. The
pseudo-di erential operator X, then represents a point on the in nite dimensional man-
ifold M [ with coordinates given by the set of functions ffq;f,;:::g Taking the opera-
tor L introduced in the previous section in (1.26)] we consider its “square root” such
that X = L12. Evaluating X? yields

X n

X X
X?=@+2 f,@"+ (@He"+ fn @fm @™ "' (1.28)

n1i n 1l m;n 1;1 0
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Integrable hierarchies

Comparing this expression with L we obtain

1
fi=—
1= 53U
1
fz— ZUX
- 1,2 (1.29)
fz= g U Ux .
1 3
fa= 1_6uxxx+§uux

The KdV hierarchy can be formulated by introducing the in nitely many parameters  t;
in the Lax form

@ N ay 1
o L7 5L =2 (1.30)

Given the explicit expressions for the rst three ows

@1u = uX
1 3

@,u = ZUXXX + Eu Uy (1.32)
1 5 1 15

Qu-= EU(5)+Z uxuxx"'zuuxxx +§U2Ux;

we can see that the rst equation corresponds to the identi cation of t; with x, the second

is the KdV equationE]and other ows are the higher KdV ows.

The discovery of the KdV hierarchy is accompanied by that of many others [44]] The
Kadomtsev-Petviashvili (KP) [85, L07] hierarchy has been found unifying all the gen-
eralised KdV hierarchies. These were then generalised involving matrix equations and
generating the so called multi-component KdVs and KP. The latter are so called scalar
hierarchies, generated by di erential or pseudo-di erential operators of arbitrary or-
ders. Equations of another kind are generated by matrix rstorderdi  erential operators
with a linear dependence on a spectral parameter. The 2 2 matrix version is named
after Ablowitz—Kaup—Newell-Segur (AKNS) [Z]land their n n generalisation is due to
Dubrovin [46]l A further in generalisation is realised by Zakharov—Shabat (ZS) [125] for

hierarchies generated by linear operators with a rational dependence on a parameter [43].

3The di erentcoe cients compared to the form of the KdV previously mentioned can be obtained by a
suitable rescaling of the variables.
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Chapter 1. Nonlinear PDEs and integrability

In the following, we will run into several hierarchies represented in di ~ erent ways.
We will present the hierarchies associated to the Toda lattice in chapter § and the Pfa
lattice in chapter T |respectively. The hierarchies will be written in form of Lax equations

for commuting vector elds

where p is a particular projection. These hierarchies can be described by an algebraic
approach invoking the Adler—Kostant-Symes theorem [9], as we will see in section
We will encounter equations belonging to the KP and Pfa -KP hierarchies expressed
in terms of the -functions for KP and Pfa an -functions and related to Toda and Pfa
respectively. These will be introduced in section 2.4 |n their formulation with the Hirota

symbol

5+4(@ %@1@m n(t) n(t)=0; k=0;1;2;:::;
3640 3@@. 0 2= 2 2) 2w k=012

In addition, we will deal with hierarchies in the context of hydrodynamic systems
associated with the leading order in the thermodynamic limit for random matrix ensem-

bles. We will see how the Hopf hierarchy
U, = GUuy; k2N

will emerge in the context of Hermitian matrix ensemble in section 63."]

Finally, we will de ne the hierarchy

k X k, P X k kp, _k k+p
Uty = apUx + a pUx taUx g k2Z;092N;
p= (@ 1) p=1

for the discovered hydrodynamic chain structure arising in the study of the symmetric

matrix ensemble in section
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Chapter 2

Random Matrix Ensembles

This chapter is devoted to introduce random matrix ensembles, typically studied within
the framework of random matrix theory [9L].IFirstly, in section 2.[L, We will de ne a gen-
eral classi cation of matrix ensembles considering their general features. Then we will
present the main tools that will be used in chapter § &nd in chapter 7] where we will
follow the scheme proposed by Adler and van Moerbeke [5,] L1] to describe the Hermi-
tian matrix ensemble and the symmetric matrix ensemble in terms of their underlying
integrable structure. The starting point of their approach is to determine the partition
function for the ensemble, which is proportional to a suitable de ned -function. The
latter is de ned in terms of a moments matrix constructed on a convenient inner prod-
uct. The decomposition of the moments matrix leads to build the Lax operator L and
the latter represents the underlying integrable lattice. The associated lattice hierarchy is
given in terms of an in nite set of commuting vector elds

@L_
— = L Lo 2.1

ar 0 (2.1)
where pis a particular projection. The elds composing the matrix L are expressed in

terms of the above mentioned -functions, which in turn satisfy an integrable hierarchy.

In section we will consider the random matrix ensembles described as tangent
spaces to symmetric spaces([116] and we will give the expression for the associated par-
tition function. We will then present the AKS theorem [9][ that leads to the emergence of

lattice hierarchies of the form (2.1)|from an algebra splitting, in section 2[3."]
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Chapter 2. Random Matrix Ensembles

In section the -function will be introduced as the realisation of the connection
between the lattices and the matrix ensembles. As mentioned above, the -function will
be de ned for the matrix ensembles in terms of a suitable moments matrix. The mo-
ments are de ned considering the orthogonal (for the Hermitian ensemble) and skew-

orthogonal (for the symmetric ensemble) polynomials, that we will present in section 2.5. |

2.1 Wigner ensembles and rotational invariance

Random matrix ensembles consist of N n matrices M with entries in the elds of real
numbers (R), complex numbers (C) or quaternions (Q), with real eigenvalues. By def-
inition the Wigner ensemble consists of matrices whose elements M;; are independent

random variables. The joint probability density function takes the form

Yn Y
P(M)/ fi(Mii) f” Mij . (22)
i=1 1 i<j n
Assuming the ensembles exhibit a rotational invariance, for which any two matri-
cesM and M %are related by the nonsingular similarity transformaton M ! M%=KMK 1

share the same probability

P(M)dM = P(M%YdM; (2.3)

condition (£.3) produces a constraint on the form of the joint probability density func-
tion P(M) [91, [117]. The invariants of a n n matrix under a similarity transforma-
tion M! MP%= KMK 1 can be written in terms of the traces of the rst n powers of M.
Hence, the joint probability density function for a rotational invariant ensemble has the
form

PM)=f (tr M;tr M2;:::5tr M"): (2.4)

The Haar measure dM is invariant under the transformation M ! M9 by conjugation
on K.

For K 2 U(n), we de ne the Hermitian matrix ensemble H,, (or Unitary ensemble),
for K 2 O(n) the symmetric matrix ensemble S, (or Orthogonal ensemble) and for K 2

Sp(n) the symplectic matrix ensemble T,, (or Symplectic ensemble).
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Random matrix ensembles as tangent spaces to symmetric spaces

In these cases, in particular, we have
PMM 2dM)=c,e "VMgm; (2.5)

where dM is the Haar measure respectively onH,; S, and T, and V (M) is the potential

describing the speci c ensemble, with derivative given by a rational function [116].

If the probability density P(M) satis es both the above conditions, then
P(M) =g arM#btrM+c. \yith a-p: 2 R; (2.6)

obtaining the Gaussian ensembles [91]: the Gaussian Unitary ensemble (GUE) forK 2
U (n), the Gaussian Orthogonal ensemble (GOE) forK 2 O(n) and the Gaussian Symplec-
tic ensemble (GSE) forK 2 Sp(n).

2.2 Random matrix ensembles as tangent spaces to symmetric

spaces

Hermitian, symmetric, and symplectic ensembles emerge as tangent spaces to symmetric
spaces [116]. For the purpose of the present work we will focus on the Hermitian and

symmetric ensembles.

Following [75], a symmetric space M can be de ned as the quotient group G=Kof the
semi-simple Lie group G by the Lie subgroup K invariant under an involution :G! G,
ie. 2=1

K=fg2G; (9)=9¢ (2.7)

so that for G=Kwe have

G=K fg (g) !; with g2Gg (2.8)

The involution  inducesamap on the Lie algebra g of the in nitesimal isometries on
the symmetric space M

cg! g; with( )?=1: (2.9)
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Chapter 2. Random Matrix Ensembles
The Lie algebra g can be expressed as the direct surfﬂ
g=t p; (2.10)

where t and p can be interpreted as the eigenspaces corresponding to the eigenvalues

of

t=fa2gj (ay=ag

(2.11)
p=fa2zgj (@= ag
and since (2.9) these are 1. The Lie bracket for t and pare
[ttt [t pi PRl T (2.12)

Hence, 1 is a Lie subalgebra of g, since it is a subset closed with respect to the Lie bracket
and p, as a vector space, is isomorphic to ToM , the tangent space to the symmetric
spaceM at the identity. The group K acts on p by conjugation kpk 1 p and induces
a root decomposition «

p=a p (2.13)
2

where a is a maximal abelian subalgebra of pand is the set of roots of p with respect
to a

p =fx2pj[a;x= (a)x forall a2ag (2.14)

In section .T]and[7.1}, we will show how this approach is developed for H, and S;, re-
spectively. Taking into account the probability (2[5),|this approach will lead to determine

the partition functions for both ensembles

) Z v yn
Zn ' (t) = ¢y Z 7 t (z) dzc; (2.15)
R'1 i<j n k=1
in terms of the eigenvalues z,, the weight (z) and with =1;2 for S, and H, respec-

tively. We will se that the coupling constants t = fty;t,;:::gon which the partition func-

1Also called Cartan decomposition
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Integrable systems emerging from algebra splitting

tion depends via the weight {(z) are called “times”.

2.3 Integrable systems emerging from algebra splitting

The ensemblesH , and S,, are deeply related to the integrable systems called respectively
Toda lattice and Pfa lattice, as we will see in detail in chapters ¢ and T.] Here, we will
brie y review how these integrable structures emerge from an algebraic point of view
and the next paragraph will be devoted to describe their connection to matrix ensembles
viathe functions.

The Adler-Kostant-Symes (AKS) theorem states that vector space decompositions of
Lie algebras into subalgebras lead to integrable systems [13,[19]. We will brie y review
this theorem in the version presented in [9]] where the starting point is a Lie algebra g
for which g g, via an Ad-invariant non-degenerate bilinear form, thatis h; ig 4! C
such that

HX; Y];Zi =bX;[Y; Z]i; X;Y;Z22q: (2.16)

We introduce r F(L) 2 g the gradient of F at L for functions Fong ¢
dF(L) = hrF(L); dLi; (2.17)
and the Kostant—Kirillov Poisson structure E]on g gwithrespectto h; i
fF;HgL) =h;[r F(L);r H(L)]i : (2.18)
The Hamiltonian vector elds | ong gtake the Lax form
p(L)=fH;Lg=[r H(L); L] : (2.19)
Let us consider a vector space decomposition of the Lie algebra

9=0+ ¢ (2.20)

2The Kostant—Kirillov Poisson strycturg on ,g is such that it mimics the Lie structure on g. Given a
basis f"3gthe Lie structure on gis "&"0 =" _f@"C with f@0 structure constants. The corresponding

P
Kostant—Kirillov Poisson structure on g is f'&;"Pg=" @0 ¢ (see e.g.[[16)).
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Chapter 2. Random Matrix Ensembles
and, due to the non-degeneracy of h ; i, we have

? ?

9 9 ¢ o; 9 9; (2.21)

with g? the orthogonal complement with respect to h; i of g . The restriction of the

Hamiltonian vector elds on g? is then given by

?

HLjg =P Ir HL):L;  L2g%; (2.22)

with P projections onto g? along g? . Analogously, we have for the Lie group G associated
with the Lie algebra gthe decomposition in groups G . In addition, with the decomposi-
tion g=g+ g ,we introduce the projections P g! g .Wedene R=P, P andthe Lie
algebra

[L1; Lol = 5 (R Lol # Ly RL]) (2:23)

We can then state the AKS theorem ong.

Theorem 2.3.1 Suppose thag =g, g is a Lie algebra splitting and thath ; i is an Ad-

invariant non-degenerate bilinear form oy, leading to a vector space splitting

?

9=9; ¢°'9g 0o (2.24)

The Hamiltonian vector elds y B f ; Hg are given by

H(b) = %[L;R(VH(L))F [L; P (rH(L)]: (2.25)

For the purpose of this work, we are interested in the discrete integrable systems of
Toda and Pfa lattice. Each system arises from a particular decomposition of the general

linear algebra gl(1 ) =g+ g ,with h; i the Frobenius inner product
PA; Bi =tr (AB): (2.26)

Applying the AKS theorem to the speci ¢ algebra splitting, the Hamiltonian vector elds
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The connection between lattices and matrix ensembles \Waunctions

are
L
% B HK = [P r Hk; L] X (2.27)
k+1
with Hy / PR conserved quantities in involution [4, B4]. We obtain
L h [
%: P LKL : (2.28)

The matrix Lisgivenby L=K K 1 with K2 G, and =f ij 14 ij<1 the shift
operator.

We will see how the Toda lattice emerges from the splitting gl(1 ) =s b, with s
skew-symmetric and b lower triangular projections, in section 6.1.2.|Section 7.1.2 ill be
devoted to the study of Pfa lattice from go(1 )=t p, with t the projection on lower
triangular matrices with 2 2 blocks along the diagonal proportional to the identity

and p=sp(1).

2.4 The connection between lattices and matrix ensembles via

-functions

The matrix L= K K lintroduced above, in the case of the Toda lattice, satis es
L (t;2)=z (t;2); (2.29)

with times t = fty;t,;:::g eigenvalues z, and where (t;z) is a wave vector constructed

from the operator K

1 P 1 i
(tz)=Kez =% (2); @ =( @2z = @2z : (2.30)

The wave vector admits a representation in terms of a vector of ~ functions = ( )07

0

1
(t,Z) - e%PilzltiZi %ﬂ B I’l(t [Z 1]) E : (231)
n(t) n+1(t) n2z
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Chapter 2. Random Matrix Ensembles

as discussed by Adler and van Moerbeke in [5], having the form of a Baker—Akhiezer
function expressed in terms of the -functions via the so called Sato formula [19,] 41],
with

t z%Y=t ZzK: (2.32)

In the case of the Pfa lattice [8], it is necessary to introduce two wave vectors  4(t;z),
»(t; 2), that admit a representation in terms of  -functions as well.

What is a -function? As pointed out in [97]) there are di erent de nitions of -

functions, but all of them are related to a speci c realization of the following idea: a
-function is a generating functional of all the matrix elements of some group in a par-
ticular representation. One of the main aspects shared by -functions relevant in this

context is that they satisfy a set of bilinear equation, the Hirota bilinear relations.

The -function has been introduced by Jimbo—Miwa—Ueno in [14]] following the lead
dating back to Riemann regarding the concept of deformations preserving monodromy
properties in the context of linear ODEs. In particular, the  -function is presented as an
analogue of the Riemann -function associated to nonlinear deformations of ODEs. In
their paper, the authors also discuss the emergence of a connection with the AKNS hierar-
chy. Two years later, Sato [107] proposed a geometrical interpretation of the -functions,
establishing a connection with the in nite dimensional Grassmannian [} The -function
in this context coincides with the so called Pliicker coordinates of the Grassmannian. The
latter are not independent and they satisfy the Plucker relation. This can be written in
terms of the Hirota bilinear formalism and gives rise to the KP hierarchy.

As previously mentioned, in the discrete cases of the Toda and Pfa lattice, the wave
function admits a representation in terms of a sequence of suitably de ned  -functions

n(t) (see [115, 5] for Toda and [8] for Pfa ). The corresponding hierarchies written in

terms of -functions are produced requiring that
Res-1 ( (zt) (zt)=0 8t (2.33)

from which the set of in nite di  erential equations is written in the compact formalism

3In [L20] the Sato theory is presented in pedagogical terms, starting from the simplest non-trivial case of
the Gr(2;4) and showing the generalisation for the construction of the Sato theory for in nite dimension.
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The connection between lattices and matrix ensembles \Waunctions

of the Hirota bilinear identity [19, 48, 120].

The sequence of ,(t) de ned for Toda satisfy the KP hierarchy

s+4(@ %@1@k+3 n() n()=0;  k=0;1;2;:::; (2.34)

as it will be shown in section Analogously, the sequence of ,(t) de ned for the
Pfa lattice satisfy the Pfa -KP hierarchy (following the nomenclature by Adler and van

Moerbeke)

364@ 3@,@. n0 20=3@ 2 2) e k=012 (235)

that we will study in section 7.1.2.]It is worth mentioning that in the literature the Pfa -
KP is also called BKP hierarchy (introduced in [38]land see also [36] 71} 114! 20, [79]).
The expressions [2.34) and [(2.3%) involve the Hirota operator

"=08i
(2.36)
the operator @ @,;1@,; £@,;::: and the Schur polynomials, de ned as
I:)l n )Q- H
e mh? = g(t)z: (2.37)
j=0

The hierarchy (2.34) is written in terms of the so called KP  -functions, while the one
of in terms of Pfa an -functions. This allows to establish the connection with
the matrix ensembles H, and S,,. In particular, the KP  -function is proportional to the
partition function de ned for H

kP 7@ (2.38)

introduced in (2.15)with =2, as it will be described in section On the other side,

the Pfa an -function proportional to the partition function de ned for Sy

MRz (2.39)

i.e. (2.15) with =1, as we will see in section[7.1.1].
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Chapter 2. Random Matrix Ensembles

In the context of the matrix theory, for H, the -function is introduced as the deter-
minant of a Hankel moments matrix with respect to a symmetric measure, for S, is given
by the Pfa an of a skew-symmetric moments matrix with respect to a skew-symmetric

measure, as we will study in sections [6.1.2/and [7.1.2, respectively. The moments matrix

is of signi cant importance in the approach that we will present in the following, leading
to de ne the elements in the matrix L representing the systems of Toda and Pfa lattice
in terms of sequences of the respective -functions. Finally, it is worth mentioning that
both Toda and Pfa lattices can be seen as reductions of the 2 Toda lattice, where the ini-
tial condition is given by a moments matrix that is a Hankel matrix for the Toda lattice
and a skew-symmetric matrix for the Pfa lattice [L1] 12].

The -function approach has also lead Witten to elaborate his conjecture in [121]
(generalised in [122]) and then proved in [82] for which the generating functional of
correlators in the model of 2-dimensional gravity coincide withthe  -function of a matrix

model and obey to the KdV hierarchy.

2.5 Orthogonal and skew-orthogonal polynomials

Orthogonal and skew-orthogonal polynomials are an established tool in the theory of
random matrix models. The theory of orthogonal polynomials [110] is well known and
has applications in many areas, while it is not the same for the theory of skew-orthogonal
polynomials, emerging in the context of symmetric and symplectic matrix ensembles and
deeply connected with the underlying Pfa  an structure. We will brie y mention the
main aspects of orthogonal polynomials and then provide the standard introduction of

orthogonal and skew-orthogonal polynomials in the context of the random matrix theory.

A sequence of polynomials fpr,(x)gLO is orthogonal in the interval | a;l with respect

to the positive weight function  (x) if

Pn(X)Pm(x) (x)dx = (2.40)

a

8
Z b %0 n, m
:

The interval ] a; is de ned interval of orthogonality and it can be either nite or in nite,
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Orthogonal and skew-orthogonal polynomials

provided that the convergence of the integral is ensured. The weight function  (x) is

continuous and positive on the interval, so that the moments |, exist, with |, given by
Z
n= (x)x"dx: (2.41)

a

It is worth emphasising that the sequence of polynomials is uniquely de ned up to nor-
malization and they can be determined starting from initial conditions with the Gram-
Schmidt orthogonalisation procedure. A fundamental property of the orthogonal poly-

nomials is the fact that they satisfy a three-term recurrence relation of the form

Pn+1(X) = (@ X+ b)pn(X)  Cpn 1(X) n=0;1;:::: (2.42)

Notable examples of orthogonal polynomials are the Hermite polynomials and La-

guerre polynomials.

. The Hermite polynomials H,, are de ned by the generating function

e2xt t2 _ X Hp(x)t" .

, (2.43)
=0 n!
and have the explicit form
R=2 ( 1)k n!
— . n 2k.
Hn(X) = Ko 201 (2x) : (2.44)
k=0
The orthogonality property of Hp(x) is
Ho)HmO)e X dx=2"n!" 1 pm; (2.45)
1
and they satisfy the recurrence relation
Hpr1(X) =2xHL(X) 2nHp 1(X); n 1: (2.46)
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. The Laguerre polynomials L,, are de ned by the generating function
Xt >q_
@ t) lert=  L,00t"; (2.47)
n=0

and have the explicit form

(+Dn T ( n)exk
nt O HDK

L (x) = (2x)" 2 (2.48)

with (@), =a(a+1):::(a+b 1). The orthogonality property of L,(x)is

Z
1
L ()L ()X e Xdx= % - (2.49)
1 .
and they satisfy the recurrence relation
(n+1)L,,,(xX)=(1+2n+ X)Lp(x) (n+ )L, 1(X); n 1: (2.50)

In the context of random matrix theory, orthogonal and skew-orthogonal polynomi-
als were introduced by Mehta [91] in relation to the partition functions for Gaussian
ensembles de ned at the end of section the GUE with orthogonal polynomials,
the GOE and GSE with the skew-orthogonal polynomials. The connection has been ex-
tended (especially for the orthogonal polynomials [26,]121]) and has led to a consistent
description of the Hermitian, symmetric, and symplectic ensembles combining random
matrix theory, -functions and the theory of orthogonal and skew-orthogonal polyno-
mials [6] L1] 586} 25| [28] associated with the aforementioned integrable structures. In
particular, as recalled in [9], the Toda lattice is the natural integrable system underpin-
ning the deformation of GUE of random matrix theory as well as constituting the natural
deformation class of orthogonal polynomials. Analogously, the Pfa lattice is associated
with the natural deformations for GOE (and GSE) and provides the natural deformation

for skew-orthogonal polynomials.

In this context, we introduce the t-deformed weight (2)

(2) = (z)epktkZk : (2.51)
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Orthogonal and skew-orthogonal polynomials

We consider the symmetric inner product de ned on  ((2)

z
(f@:92) B Rf (29(2) (2)dz (2.52)

and the sequence of polynomials fpn(z;t)(‘:fﬁ+0 orthogonal with respectto {(2)

Z
Pz pe(z30) = RIOj(Z;t)IOk(Z;'[) t(2)dz=j hy; (2.53)

where

Pn(z;)= (O)Z"+ , 1()Z" T+ (2.54)

that is called monic if ,(t) = 1. For a monic sequence of orthogonal polynomials with

respect to a positive measure (z)dz, there exists the recurrence relation

Pr+1(Z:) = (Z  an(t)) pn(z;t) bn(t)pn 1(z:1); n=0;1;:::; (2.55)

with initial conditions p 1(z;t) =0, po(z;t) = 1. The recurrence coe cients are given by

(Zpn(z:D) 5 pn 2(z 1) .
(Pn 1(Z:1);pn 1(Z31))

_ (zpa(z:1); Pa(z ), .

%(t) = (Pn(z:1); Pn(z; )

by (t) = (2.56)

Recurrence coe cients can be collected in a tridiagonal matrix J,, known as Jacobi ma-

trix [26]
a IOb_l 0O 0 O :
pb_l & "B 0 O
é 0 pb_z ag pb_s 0
41= 0 0 pb_3 ay pb_4 ; (2.57)
oy
Py a

We note that this matrix coincides with the Lax operator L(t) of the Toda lattice, which
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we will build in section 6[1.2.IThe recursion relation can be formulated as

L(t)p(z;t) = zp(z;1); P(z;t) = (Pn(Z:Y))pon - (2.58)

The orthogonal polynomials can be therefore interpreted as eigenvectors of the Toda
lattice. They admit an integral representation [110]/and for what is stated in the pre-
vious section, they can be expressed in terms of KP -functions [5, L16]. It is worth

noticing that in presence of an even weight function, the term a,(t) in the recurrence
relation (P.55) vanishes.

Similarly, the connection between the Pfa lattice and the skew-orthogonal polyno-
mials is established in [11]. The skew-orthogonal polynomials are de ned with respect to
a skew-symmetric weight “i(y;2) = "¢(z;y), for which the corresponding inner product
is 7 7
hf (y); 9(2)i+ B sz ) 9(2) "t(y;Ddzdy: (2.59)

A family of monic polynomials fq,(z; t)g%:o is skew-orthogonal with respectto "(z) if [LO]

hdom(Y;t); on+1(Z: )it = h don+1(Z1); Pm(Y; )it = nmfm

(2.60)
haom(y;t); tn(z: )it = homea (Y3t); Genva (z;1)i¢ = 0:
It is worth noticing that the relations (2/60) are invariant under the transformation
Oom+1(Z;1) 7! Gom+1 (Z )+ 2m Gom(251); (2.61)

for an arbitrary 5, hence the skew-orthogonal transformations are not unique up to

this mapping.

As in the case of the Toda lattice, for the skew-orthogonal polynomials a recurrence

relation is established [L05], that can be written as

Lt)az:t) = zdz:t);  (Gn(ZiDnon (2.62)

with L(t) a lower triangular matrix with non-zero elements on the above diagonal. This

matrix coincides with the Pfa lattice and the skew-orthogonal polynomials are eigen-
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vectors of Pfa [116] 11], as we will see in section[7.1.2. Finally, also in this case, they
admit a representation in terms of the Pfa an -functions.

It is worth noting that, at this stage, the maindi  erence between the Toda lattice and
the Pfa lattice relies on the number of recurrence coe cients necessary for their repre-
sentation. The Toda lattice is represented by a symmetric tridiagonal matrix, completely
describable by de ning two recurrence coe cients uniquely determined. Instead, in the
Pfa lattice case, the form of the matrix leads to consider in nitely many recurrence
coe cients, that are not uniquely determined because of (.

In chapter pland chapter [/] the recurrence coe cients here mentioned will be simply
called eld variables for both lattices. We will study the discrete equations they sat-
isfy considering several ows in the Toda and Pfa hierarchy of the form (. In the
continuum limit at the leading order we will nd hierarchies expressed in terms of the
continuum version of the eld variables. For a suitable reduction of Toda, we will nd
a scalar hierarchy, expressed in terms of one type of eld only. Whereas, for a specic
reduction of Pfa , we will observe a hydrodynamic chain hierarchy, given in terms of
in nitely many eld variables. In both cases, we will deal with systems of hydrodynamic

type, that we will present in the next chapter.

37



38

Chapter 2. Random Matrix Ensembles



Chapter 3

Hydrodynamic type systems

In this chapter, following [49],/we will introduce the Hamiltonian formalism for the de-
scription of hydrodynamic systems. We will start considering systems with nitely many
components, in section [3.1. We will de ne the Poisson brackets and describe the mani-
fold spanned by the solutions to the system via the Riemann invariants and the associated
characteristic speeds. We will introduce the generalised hodograph method [112]/and the
related semi-Hamiltonian property, encoding the integrability of this type of systems.
Section[3.7 is dedicated to the study hydrodynamic chains, i.e. a class of hydrody-
namic systems composed of in nitely many components. We will follow the approach
established in [59] concerning the integrability of hydrodynamic chains via the prop-
erties of the Nijenhuis and Haantjes tensors. The latter are involved in the de nition of
diagonalisability and integrability in the sense of an in nite number of hydrodynamic re-
ductions of the system. Finally, we will introduce the Gibbons—Tsarev system, encoding
the information about the integrable chain in a system of equations in terms of charac-

teristic speeds, Riemann invariants, and the seed of the chain.
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Chapter 3. Hydrodynamic type systems
3.1 Hydrodynamic systems with nitely many components

In this section, we will brie y review the Hamiltonian theory for systems of hydrody-

namic type with a nite number of components
uti:vji(u)u&; i=1;::::N; 3.1

as described in [49]. In particular, in section 3.1.1 fve will give the structure of the Poisson
bracket of hydrodynamic type on the manifold M with local coordinates u?;:::;uN, and
in section we will describe the generalised hodograph method, in the context of
integrability of systems of kind (3/1)]

We start by recalling the main features of the nite-dimensional Poisson bracket.
Let M be aN -dimensional manifold, called the phase space. A Poisson bracket f ; gis
de ned as an operation on the space of smooth functions on M manifesting the proper-

ties
(&) bilinearity

ff +g;hg= ff;hg+t fg;hg

;  =const (3.2)
ff; g + hg= ff;ggt ff;hg
(b) skew-symmetry
ff;gg=fo.fg (3.3)
(c) Jacobi identity
fff;gg hg+tffh;f gggtffg;hgfg=0; (3.4)
(d) Leibniz identity
ffg;hg=ffg;hg+tgff;hg (3.5)
Considering local coordinates y*; :::; YN on the manifold M , a Poisson bracket is de ned
by a skew-symmetric (2;0) tensor
hiy)=fy';ylg  ij=1;:0N: (3.6)
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For the Leibniz property the Poisson bracket can also be de ned as

i oy @Y) @gy)
ff;gg=h'(y) —= —=; 3.7
gg=h'(y) @y @y (3.7)
and the Jacobi identity implies for the tensor hil to satisfy the relation
N - o
@n h'k + Cly hi + o h' =0: (3.8)

@y @y @y

If det hil , 0, the constraint (B.8) is equivalent to endowing M with a symplectic struc-
ture, since the inverse matrix hjj = h' contributes to de ne the 2-form = h; dy' »
dyl , non-degenerate and closedd =0. The manifold M with a non-degenerate Poisson

bracket is then called symplectic.

The existence of a Poisson bracket leads to write the Hamiltonian equations as

@y _ i .
G- ViHMg (3:9)

where H (y) is the Hamiltonian of the system (3.1)] Any integral F of the system satis es
the property
fF(y); H(y)g=0: (3.10)

In terms of the eld variables u'(x;t) appearing in (B.I), we now introduce the so called
local Poisson bracket, that is de ned for a class of functionals on u' (x;t) with x = xLoooood
In particular, they are de ned for functionals of local elds and of their derivatives (when

they exist) at a point. The Poisson bracket takes the form
ful);u(y)g=h(xy);  ij=1;:N; (3.11)

where the tensor hil (x;y) is now characterised not only by the integer indices i;j, but also

by two continuous indices x;y. For functionals | [u], J[u], we have

z

fl;Jg= ! J

ui(x) ul(y)

hl (x;y) d9% d% ; (3.12)
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with variational derivatives given by

z
I[u+ u] 1[u]= u:(X)ui(x)ddx+o(u): (3.13)
We consider local eld functionals
Z
I[ul= P xu); u(l)(x);::: ; u(k)(x) d9x; (3.14)

where P is a polynomial (or more in general an analytic function) in terms of the vari-
ables u; u®::::; u® | called the density of the functional. A natural class of local eld

theoretic brackets is introduced as

X
fui(x); ul (y)g= B:i X; u(x); u(l)(x); i u(”k)(x) @ x vy, i;j=21;::0;N;
a (3.15)

k
where k = (ky; i k), jKj= ke +  +kg, @ = @—@>£ T @—%kdanthheorderofthe

bracket. The derivatives of the Dirac delta function (x y) are formal symbols de ned

as Z
) Qx y)dly=dif (0: (3.16)
Introducing the operator
X -
Al = B:i ;0 (3.17)
ikj K
we have for (3.12) Z
I TN
fl;Jg= — Al __—__d9xddy; 3.18
g 00" Ui y (3.18)
and the Hamiltonian equations take the form
Y fi e Al T g
uf(x)=fu'(x); Hg= A" — i=1;::0;N; (3.19)

ule)’

where H = H [u] is a local functional of the kind (3.14)]
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3.1.1 Hamiltonian formalism and Riemannian geometry

A system of hydrodynamic type is represented by an equation of the form [49]
u{:vji (u)uj; i=1;::::N; =1;::::d; (3.20)

with u! = @U=@xfor a d +1 system with N elds u'. Considering an invertible smooth

change of eld variables
u=u RL:RY i=1::: N (3.21)

the coe cients vji foreach transform as a (1;1)-tensor

. P - i
vl () 7! vg (u)=%vj' (u(R))%: (3.22)

Let us introduce the manifold M N where the elds ul(x;t);:::: uN(x;t) take values for
eachx;t. With this in mind, (3[2I)Jcan be interpreted as a change of coordinatesin M N.
For simplicity, let us restrict to the 1+1 dimensional case. Moreover, let us assume the
system described in (3:20) is strictly hyperbolic, i.e. all the eigenvalues vi=1;:::;\WN =
N of the matrix vji are real and distinct. If it is possible to reduce the system (3.20),

via the change of coordinates (3.21)), to the diagonal form
R =V (R)R!; i=1::::N: R= RL::::RY (3.23)

the variables R%; :::; RV are called the Riemann invariants for (8.20), while the coe -
cients vi(r);:::; W(r) are the corresponding characteristic speeds. ForN = 2 it is always
possible to obtain the diagonal form in terms of Riemann invariants, while for N 3
this is not true in general. The same considerations can be done in the case of complex
eigenvalues, involving complex changes of coordinates (3.21).

The study of Hamiltonian systems involves a rich geometry, as it was rst pointed out

by Dubrovin and Novikov in [51].
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For a system of hydrodynamic type

(a) the Poisson bracket is de ned as
n. .0 0 i ‘
u'(x);ul(y) =g¥ (u) T(x y)+b (u)ut (x y); (3.24)

where g (u), b:(j (u) are certain functions, i;j;k =1;::::N, =1;::::dand Yx)is
given by with k=1;

(b) functionals are de ned as 2

Hul= h(u)d9;; (3.25)
where the density h(u) is independent of derivatives u ;u ;::;

(c) if Hamiltonian, it takes the form

n . (0] @(u)

W)= U'0sH = gl () ey @m)k

Dy =2k i=1;00N; (3.26)

with f ; ga Poisson bracket of hydrodynamic type (B.24).

In the case of a system of 1+1 dimensions, omitting the index , it can be shown [49]

the following

(a) the class [3.24) of Poisson brackets of hydrodynamic type is invariant under changes

of eld variables of the form (3[21)] u' 7! vi(u);

(b) under these changes of variables, the coe cients gl (u) transform as tensors of

type (2;0)
@V @Y

@u@”'um; p;q=1;::1;N; (3.27)

gP(u) =
(c) assuming that the metric g (u) is non-degenerate and de ning i}( from
o= ') fW; ik =10N; (3.28)

then under the change of variables it transforms as a di erential-geometric

connection
@v @l @ | @¥¢ @&ul

p .
“)= gi @9 @v )" @i @@y’

(3.29)
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If the metric is non-degenerate then det g , 0 and the corresponding Poisson

brackets are called non-degenerate. The latter property is invariant under transforma-

tions (3.21).

Theorem 3.1.1 In the non-degenerate castet g , 0, the expressior{3.24) de nes a Pois-
son bracket if and only if the tensog' is symmetric, i.e. it de nes a pseudo-Riemannian
metric on the manifoldM N. The connection jik of the form is compatible with the
metric g and has zero curvature and torsion. Therefore, there exist local coordinates
vi uli:ouN i =150 N such thatg!l = const and b:(j =0. In these coordinates the Pois-

son bracket(3.24)) is constant
L O DA . i _ i _ .
VI(X);v(y) =gy X y), gy = 9y =const: (3.30)

To consider the conditions for which a hydrodynamic system is Hamiltonian in a more ex-
. n. o]
plicit form, we start from the observation that the system u{(x) = u'(x); H , with Hamil-

tonian (B.25) (d = 1) and Poisson brackets (3.24), can be formulated as
ule)=viuk; Vi@ =riThu); (3.31)
where r ; is the covariant di  erentiation operator
r u' = @ui + jik uk; (3.32)

with @ = @=@uln addition, the controvariant operator is obtained raising indices r =

g’ r  and the operators r ;, r | commute because of Theorem|3.1.1.

Proposition 3.1.1 The systerru{ = vji (u)ui is Hamiltonian if and only if there exists a non-

degenerate metrig' (u) of zero curvature, such that

9ij ij = Gk Vik (3.33)

Vo=V (3.34)

wherer ; is the covariant di erentiation generated by the metrig' .
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In 1983, Novikov conjectured that for a nite-component system of hydrodynamic
type to be integrable needs to be Hamiltonian, i.e. it admits a metric as described in the
proposition This was later demonstrated by Tsarev, who established a less strict
condition for hydrodynamic systems to be integrable — the semi-Hamiltonian property —
and outlined a prescription to integrate these systems called the generalised hodograph

method, that we will analyse in the next section.

3.1.2 The generalised hodograph method

In this section we will brie y review the hodograph method [96], With focus on the ap-
proach elaborated by Tsarev [112], leading to a generalization of the procedure for multi-

component systems.

For a 1+ 1 dimensional system of hydrodynamic type u; = v(u)uy, with two compo-
nents u = ul;u?, it is possible to de ne a linearization of it through the hodograph
transformation

x=x ul:u? : t=t ul;u? : (3.35)
In particular, the original system of hydrodynamic type

2

%u u)ux +v2(u)ux
; 3.36
§ (3.36)

uZ = vZ(u)ug +vi(u)u?

is transformed into the linear version

% Vi(u)tyz + V2(U)ty
(3.37)

§xul =vE(U)tyz  VE(U)ty

The method proposed by Tsarev for the integration of two-component systems is suitable
for generalizations to multi-component systems. We start by analysing a two-component
system (3.3@) that is strictly hyperbolic in some region of the space of coordinates ul;u?,
i.e. the matrix vji (u) has two distinct real eigenvalues v4(u) and v,(u). Hence, it is possible

to write the system (B.36) in a diagonal form, under a smooth change of coordinates. For
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simplicity, let us consider the case in which the system is already diagonal

8
%u& = vy (u)ug
% (3.38)
Pu2 = vy(u)u?
We introduce wy(u), w,(u), solution to the system
@wy @vy : @w; Q@v; (3.39)
Wy Wi Vo Vi Wy Wi Vo Vi
Then we have that
(a) the functions ul = ul(x;t), u?=u?(x;t) de ned by
%Wl ul;u? =v; ul;u? t+x
g ; (3.40)
T-u? t+x

are solutions to the system (3.38), and every smooth solution to (8.38) can be deter-

mined in this way;

(b) the system of hydrodynamic type

8
%ul wq(u)ug
g ; (3.41)

2 2

W (U) ug

u

de nes a symmetry of the system (8.38] (uti = Uit ), and all the symmetries of the

class of systems of hydrodynamic type can be determined in this way.

To show|(a), we consider the hodograph transformation applied to the system (3.38)]

leading to

@x+vi(u)@t=0
; (3.42)

" XXXK/ /AXXXXX/ OO

Z@x+vy(u)@t =
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that can be reformulated as

8
%@(Vl“‘x):t@Vl
:

(3.43)
@ V2t +Xx)=t@QVv>
With the introduction of elds
wi(u)=viut+x; i=1;2; (3.44)
we get for the variable t
p= 1 W2, (3.45)
Vi V2

The substitution of (3.45) into (3.43)| yields ( Conversely, if we di  erentiate the
implicit functions  ul(x;t), u?(x;t) from (B.40) and we use (3.39), we get the system [3.43).
For part [b)|let us introduce a symmetry of (3.43)

u' =Wji(u)u£<; i=1;2: (3.46)

From the symmetry property uti = uit , it follows that the matrix uji commutes with the

diagonal matrix Vv, J' hen(:ewji = W J' is diagonal as well. Moreover, this property im-
plies that wy, w, satisfy (3.39). As mentioned abovove, for a a multi-component system
of hydrodynamic type, Novikov conjectured that the combination of the existence of the
bracket with non-degenerate metric and the diagonalization implies the integra-
bility of the system. Then Tsarev proved the conjecture in [112,1113]land introduced
a generalization of the hodograph method to integrate these systems. We will briey
review this approach.

Let us consider a multi-component diagonal Hamiltonian system of hydrodynamic
type

ul =viuul;  i=1;:N; (3.47)

with mutually distinct elements and gl (u) the corresponding metric (assumed to be non-

degenerate) describing the Hamiltonian structure.

Lemma3.1.2 Letul;:::;uN be elds variables of a diagonal Hamiltonian system of hydro-

dynamic type. Then the corresponding metrig (u) is diagonal as well.
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This is proved by (B.33). From a di erential-geometric point of view, a diagonal metric
corresponds to a curvilinear orthogonal system of coordinates in a at space (Euclidean
or pseudo-Euclidean). On the other side, if we choose an arbitrary system of curvilinear

orthogonal coordinates, then a family of Hamiltonian systems is associated with it.

Lemma 3.1.3 Letu?;:::;uN be asystem of orthogonal curvilinear coordinateg;,(u) = g (u) jj
the associated metric, anqj (u) the generated connection. Then all diagonal systems of hydro-
dynamic type

ul =wiuul;  i=1;:N; (3.48)

Hamiltonian with respect to the Poisson bracket

2 3
n. 0 y -
u'(x); Ul (y) =g (u) 1E” ™y Uk y)% (3.49)
are determined by the relations
@wg= Swi w); i, ke (3.50)

All these systems commute pairwise and they are parametrised locally by functions of one

variable.

We consider the condition (.34 for the system to be Hamiltonian and uji = W J'

— k kK — k k kKol o 1k kol
0—riuj r jui—@uj Qu;" + aYo U Ut gu
I=1 (3.51)

— k k k
=@Qw | Qwi it wiow

This is an identity in the case of i;j; k all distinct, since ” = 0 because we have zero
curvature and torsion. The non-trivial relation is given for the case j =k, i, yielding
to (3.50).

For a generic diagonal metric g; = g j;, we have

=@mp@; (3.52)
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and inserting this in (3.50)|we obtain the relations

! !
Qwy - _ @wy

Wi Wk _@ Wi Wk

@

i, kij, k; (3.53)

leading to the de nition of a semi-Hamiltonian system. In particular, a diagonal sys-
tem of hydrodynamic type uti = w;(u)ul, i =1;:::;N, is called semi-Hamiltonian if its
coe cients satisfy (3.53). For N = 2 the relations (B.53) reduce to identities, hence ev-
ery diagonal system is semi-Hamiltonian. For N 3 every Hamiltonian system is semi-
Hamiltonian, but the converse is not true. Thenitis su  cient for a system of hydrody-
namic type to be diagonalizable and semi-Hamiltonian in order to be integrable, as it is

stated in the following theorem.

Theorem 3.1.4 Let

utizvi(u)uL; i=1;:::;N; (3.54)
be a diagonal semi-Hamiltonian system of hydrodynamic type, amgl(u); ::: ; wy (u) arbitrary
solutions to the system

@we= S wy); i, k; (3.55)

with K= @% coe cients of a hydrodynamic ow commuting with(3.54).

ki Vi Vg

The functionsu®(x;t), :::, uN (x;t) determined by the system
wi(u) = vj(u)t +x; i=1;::0;N; (3.56)
satisfy (3.54); in addition, every smooth solution can be obtained in this way.

To show this, we di erentiate (3.56) with respect to t and x, obtaining

8
%Pk(@wi t@vi) uk = v,
:

P (3.57)
(@w t@vi)ux=1
Introducing the matrix M (u), with elements
Mix(u) = Qw; tQvi; (3.58)

50



Hydrodynamic systems with nitely many components

by (3.55), they can be formulated as

Mik(u) =

vi@v\i/i W wp t(ve Vvi)); i, k: (3.59)

If u=u(x;t)is asolution to (B.56), we have
Wk Wi:t(Vk Vi) :) M =0; i, k: (360)
Therefore, the only terms remaining are those for which i = k and (3.57) becomes

8
%Mii(u)u{ = Vi _ _
§ ) Ui =viuuy; i=1;:0N; (3.61)

Mii (u)uf =1

and u = u(x;t) is a solution to the system as well. Also, because ofM;; (u)ul = 1, we

have that ul , 0 for any smooth solution to (3.54)

Conversely, let us consider u = u(x;t) a solution to (B.54) such that u} , 0 in the
neighbourhood of the point ( xq;tg) for i =1;:::; N. Taking u}) = u'(x;tp) to be the initial

condition of the Cauchy problem for the original system (3[54),/we have
Wi (Up(x)) = Vi (Ug(X)) to + X; (3.62)

on the curve ug(x). Since by assumption ug . (Xg) , 0, there exists a unique solution w;(u)

to (3.55) with initial condition (362). [We introduce the function
i(u;x;t)=wi(u) vit)t x=0; i=1;:::;N: (3.63)

The Jacobian matrix is non degenerate in (u(i);xo;to)

% =@Qw; to@QVi =My (3.64)
:
0 i, k

My = (3.65)
-
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We di erentiate ; with respect to x at the point ( u(i);xo;to)

Mi up  1=0 3 MiF%v 0: (3.66)

Due to the theorem of implicit function, there exists a unique smooth solution U’ (x;t) in
a neighbourhood of (u},;xo;to). By construction u(x;tg) = u(x;tg) and from the previous
part, u(x;tp) is a solution to (B.54). Hence, u(x;t) = u(x;t) in a neighbourhood of ( xg;to)
by the uniqueness of the solution to the Cauchy problem.

Therefore, thanks to the theorem the integration of a system of hydrodynamic
type (B.54) is reduced to that of the linear system (8.55) with the functions uli:o N
implicitly determined by (3[56).] In this sense, it is evident that this consists in a gen-
eralisation of the hodograph method, thus called generalised hodograph method. Inte-
grability for a multi-component system of hydrodynamic type with a nite number of
components follows from the diagonalizability of the system and its semi-Hamiltonian
property. In the next section, we will investigate the case of systems of hydrodynamic

type with an in nite number of components.

3.2 Hydrodynamic chains

Let us now move to systems of hydrodynamic type with an in nite number of compo-
nents. They are called hydrodynamic chains [69] 100} 101] and are formulated as quasi-

linear partial di erential equations
uti:vji(u)ui; i=1;2;:::; (3.67)

, > n. q _
with u= ul;u?;::: "~ anin nite vector and v(u) = vjI (u) o1 al 1 matrix. The pro-

totypical example of a hydrodynamic chain is given by the Benney's moments' equation
ul =ult+(n 1u" tul; n=1:2;:::: (3.68)

introduced in [24]/to study long waves in shallow uid with free surface in a gravitational

eld.
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In general terms, a hydrodynamic chain takes the form [100]

n_:»n.,1 N n+l. N T YR N .
Uf =" JTUg+  +' Uy s n=1;2;:::, ne1 o 05 (3.69)
where ' j” =" j” ul::::: U™ | The class of conservative hydrodynamic chains of the type
ut=u2; ui=f ul;uz;u3x; ul=g ul;uz;u3;u4x; s (3.70)

has been extensively studied (e.g. [104,101]). In this case, the function f ul;u?;us

determines all the other equations of the chain (8.70) and the related hierarchy.

We will follow the approach established in [59] for the discussion concerning the in-
tegrability of hydrodynamic chains, motivated by the theory of nite-component systems
of hydrodynamic type that we have treated in section 3.1.]As we have seen, for those sys-
tems, the requirements of being diagonalizable in terms of the Riemann invariants and
semi-Hamiltonian are su cient for the system to be integrable. The theory established
in [59] relates to the criterion of classi cation of (2 + 1)-dimension integrable systems
grounded on the existence of in nite hydrodynamic reductions [58]. This is based on the
observation that dispersionless limits of integrable systems in 2 + 1 dimensions possess
in nitely many hydrodynamic reductions. Moreover, if the dispersionless system is not
linearly degenerate, in [60] it was shown that hydrodynamic reductions of dispersionless
limits of integrable systems can be deformed into those of the dispersive counterpart in
2 +1 dimensions. In [61], a de nition of integrability for 2 + 1-dimensional systems is
given, claiming that a 2 + 1-dimensional system is integrable if all the hydrodynamic re-
ductions of its dispersionless limit can be deformed into reductions of their dispersive

counterparts.

Ferapontov and Marshall [59] introduce a tensorial criterion for diagonalisability,
based on the construction of the so called Nijenhuis tensor and the Haantjes tensor and
they extend this concept to in nite-component systems of hydrodynamic type. Their
idea comes from the results obtained by Nijenhuis [99] and Haantjes [69]. Their research
was aimed to nd the conditions for which for a eld of endomorphisms of the tan-

gent bundle of a manifold, with the assumption of simple eigenvalues, the distributions
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spanned by pairs of eigenvectors are integrable [85]. Ferapontov and Marshall in [59]
formulate the main result in [69] as a theorem, in the eld of integrable systems, as we
will see in the following. Their statement is that a system of hydrodynamic type, with
mutually distinct characteristic speeds, is diagonalisable if and only if the corresponding
Haantjes tensor vanishes identically. The connection relies on the fact that, for systems
with nitely many components, the solutions form a manifold in the theory of Riemann
invariants. Then they extend the result to in nite-component systems.

For a system of hydrodynamic type with nitely many components, we consider the

matrix vji (u). The Nijenhuis tensor of the matrix vji (u) is a (1;2) tensor de ned as
Nji = vjp(u)@v,L(u) Vi) @V (u) vp(u) @vi(u) @vjp(u) : (3.71)

with @ = @=@u The Haantjes tensor of the matrix vji (u) is a (1;2) tensor that takes the

form
Hj = NpgVy (U viu) N vp(u)vi(u) Ngkv},(u)vjq(uw N vi(U)vp(u): (3.72)

The diagonalizability condition for strictly hyperbolic systems can be formulated as the
following theorem, introduced in [69] and reformulated by Ferapontov and Marshall in

the context of hydrodynamic systems.

Theorem 3.2.1 A diagonalizable system of hydrodynamic type with mutually distinct char-
acteristic speeds is diagonalizable if and only if the corresponding Haantjes terf30f2) is

identically zero.

It is remarkable that these tensors can be de ned in the in nite-component case (3/67) |

as well, provided that the matrix vji (u)is “su ciently sparse”.

n. o
De nition 3.2.1  An in nite matrix V(u)= vj' (u) =1 belongs to the clas8§ (chain class) if

it satis es the properties

(i) each row oV (u) contains nitely many non-zero elements;

(i) each matrix element of (u) depends on nitely many eld variablesu' (x;1).
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For matrices belonging to class C, the sums on repeated indices in (3.71)) and (3.72) re-

duce to a nite number of terms, hence every component of the tensor Hjik is well de ned
and can be computed. In particular, for a xed value of the upper index i, we have only

a nite number of components of Hj‘k that are non-zero.

De nition 3.2.2 A hydrodynamic chain(3.67)) with V (u) 2 C is diagonalizable if all compo-

nents of the Haantjes tensq8.72) are zero.

As we will show in the following section, the vanishing of the Haantjes tensor is a heces-
sary (and in some cases su cient) condition for a hydrodynamic chain to have an in nite
number of nite-component diagonalizable hydrodynamic reductions.

This approach, based on the construction of the Haantjes tensor has the advantage to
be “intrinsic”, in the sense that it is not required any knowledge of “estrinsic” objects,
like the Hamiltonian structure, the Lax pair or the commuting ows for the system. As
we will see in the following, the diagonalizability condition is necessary for the system

to possess su ciently many hydrodynamic reductions.

3.2.1 Hydrodynamic reductions and Gibbons—Tsarev system

A hydrodynamic reduction of an in nite hydrodynamic chain is represented by paramet-

ric equations in a nite number m of components, as
ul=u! RL::::RY u?=u? RL:: R ud=ud RL:: R i (3.73)
where R®;::: :R" are the Riemann invariants. They solve the diagonal system
R{z i(R)Ri; i=1;:::m; R= RY::R" (3.74)

and the characteristic speeds '(R) satisfy the semi-Hamiltonian property (3[53) that we

recall | |

k. k.
@j@k:@i@k: (3.75)

All the equations of the chain are satis ed modulo (3{74),/hence the in nite-component
system reduces to a nite-component one. The notion of hydrodynamic reductions un-

derpins the de nition of integrability.
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De nition 3.2.3 A hydrodynamic chain of clas€ (3.67) is integrable if it admits m-phase
solutions of the form

uk=uk RL: ;.o R" (3.76)
for arbitrary m.

In [64], Gibbons and Tsarev show that the Benney chain possesses in nitely many m-
component reductions, parametrized by m functions of a single variable. Integrability of
more generic hydrodynamic chains has been investigated in [104| 100] with the method
of hydrodynamic reductions, that we now brie y review.

We consider the method of hydrodynamic reductions as described in [64,/65], applied

to the Benney chain for illustrative purposes. The rst equations of the chain are

u?=ud+utul
ud = uf+2u?u} (3.77)

ut = up +3udu}

We look for solutions of the form u' =u' RY;::::R" , where R!;:::; R" are the Riemann

invariants, satisfying the diagonal system (8.74) that we recall
Ri= '(RR}:
Using this ansatz in the rst of equations ( we obtain

Qu'R; = Qu°R;
Qut 'R = @QuPR;
R, '"@u! @u? =0

@UZ — i@ul;

(3.78)

fori=1;:::;mand with @= @=@R
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Applying the ansatz recursively in the other equations (3.77)] we get

@u?= ' @ul

@ud= | 2 u @ul

@ui= Suio2u? @u? (3.79)
@uS = P4y 1% o2 0 3,8 @u’

Imposing the compatibility conditions

@@Qu* = @@u*; (3.80)

for k =2;3;4 in the expressions in (3.79) yields

@ i

aqu= P aui+-1

FQu
@ i@ul+@ j@ul= ; (381)
i@ i@ul+ j@j@ul+@u1@u1:0:

Solving in @ ', we get the so called Gibbons—Tsarev system for the Benney chain
(3.82)

All the compatibility conditions (3.80) for  k >4 in (8.79) are satis ed modulo ( and
the semi-Hamiltonian property ( s automatically ful lled. Hence, the Benney chain

is integrable and the m-component reductions of the chain are described by (B.82).
This approach can be applied to any hydrodynamic chain of the class C and this has

lead Ferapontov and Marshall to formulate the following theorem, stated in [59].

Theorem 3.2.2 The vanishing of the Haantjes tensor is a necessary condition for the existence

of in nitely many hydrodynamic reductions and, thus, for the integrability of a hydrodynamic
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chain.

To prove the theorem, let us consider a conservative hydrodynamic chain (8.70) written
in the form

u™ = vi'(u)uy; mn=1:2;:::: (3.83)

We apply the ansatz described above, so we look for solutions dependent of a nite num-

ber of Riemann invariants. We get

@U™R = v @u"R.;

o _ (3.84)
@™ 'R =vI@u"R,;
and equating the coe cients of Rix, the previous becomes
vil@u'"= T@u™; (3.85)
or expressed in vector form as
vu)@u= '@u: (3.86)

Hence, the characteristic speeds ' can be considered eigenvalues of the in nite ma-
trix v(u) and @u the corresponding eigenvectors. To impose the compatibility condi-
tion (B.80), we make use of the operator @ with j , i acting on (with the nota-

tion vy = @vp)

v @uk@u"+vir@au"= @ ' @u™+ '@@Qu™; (3.87)
and we exchange the indicesi $ |, yielding

vii@uk@u'+virg@au"= @ ! @u™+ l@@u™: (3.88)
The compatibility condition, then, gives

Cegn= @@ @) QU+ Vi W, Gugu’
[ i m m 3.89
o @) (389)

AR,
@@u™= — j@um+ j@um+”'i—j’”@uk@u”:
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Substituting the latter in (3.87)) we obtain

Q@ ' Q@ | M Vi Vi
VI QUi @u" + Vi @u" + i QU+ ——— - Qu' Qu = 390
i ; m m '
@ ! k Vi
:@I@um+j@ I |@um+ i ; |@um+ nl jn |@un@uk
Using (3.85) we get
. . i VURVANERV
@ '@u"+@ ' Qu = —— v, Qu @u¥+ —— =" @u' Qu* .

I \ym m
Vn Vnk Vien

i @un @Uk;

i

and using the twice on the rst term of the right hand side we obtain

. . 1
@ 'QU"+@ QU= ——— ViVl ViV V'l Vi) @UT QU (392)

Since the Nijenhuis tensor is

m — | \m Iym
Npk = VnVig - ViV

n;l +Vlm Vll‘l;k VII<;n (3'93)

we have

@ i@vm+@ j@vm: il\l—nnl](j@un@uk: (3.94)

where, as usual, the sum is on the reiterated indices, except for i;j .
We now determine the Gibbons—Tsarev system for the hydrodynamic chain. To do so,

we let the matrix V] (u) act on both sides of (3.94) in all the possible ways and using (3-85),

we obtain the systent]
'@ 'au"+ 1@ l@um= VFrJnNr?ki @an@uk (3.95)
'@ 'ou™+ '@ l@u™= VﬁNqui@u?@uk (3.96)
@ 'eum+ 1@ Igum= VENYTpi@Ur.]@Uk: (3.97)

J

IHere we compute the expressions for the components of tensors explicitly rather than showing them in
a vector form, as reported in [59].
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Considering the subtractions side by side of (8.95) (3.96) and (3.97) we have

NMyP NP ym
i k'n k*p
@ 'Qum= p(i 7 @u" @u* (3.98)
. NP NP ym
@ 'gun=1 Xk __KP gun@uk: (3.99)

(T

As we can easily observe, [(3.99) can be obtained from|(3.98) exchanging the indices $ j.
Finally, we show that the Hantjees tensor is zero, starting from the equation (3.94)]

Let us consider twice the action of the matrix vji (u) on both sides of the equation in all

the four possible ways

m,,9n P n k
2 m=qupNnk@u @u
i .

@' ! ‘oum+ @ | Qu , (3.100)
@' ! 2aum+ @ i @um = VFV’?N‘?"@?H@UK (3.101)
@ igu+ @) | 2@um= VanVENr?q@?n@uk (3.102)
@' 'leu"+@! 'l@u"= VﬁVENE’?q:@?n@Uk (3.103)

Now, considering the expression given by (3.100) (3.101) (3.102)+ (3.103), we have

0= vMAINP  vVINP vy INP 1 PyEND Qu"Qu* 3104
= Vg Vp'Nnk Vp ValNgk Vg VkNng*Vn Vi Npq ——5—- (3.104)
Given the form of the Hantjees tensor (8.72), that we recall,
m _ \nmy,Pya P\ m.d pm,A p \m,da.
Hok = NpgVn Ve NngVp vy quVp Vn+ Ny Vg Vp; (3.105)

we have HT =0 and the demonstration of the theorem 3.2.2Js completed.
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The Gibbons—Tsarev system is then formulated in terms of explicit indices as

Q' Q@ ! vk Vi
Q@QuT= 5 QuT+ T QuT+ " Qu"Qu" (3-106)
vap Np Vm
; k'n k'p
@ '@um= p( i J.;Z @u" @u*; (3.107)
. Ny NP oy
@ ‘@um=-L"K KNP qur@uk; (3.108)

(")
and the semi-Hamiltonian property for the characteristic speeds (3.75)|is satis ed.

It is worth noticing that it is possible to build diagonalizable systems that are not

semi-Hamiltonian. An explicit example is given in [59], with the hydrodynamic chain
ul = ul™ +putyul +u tul: (3.109)

The Haantjes tensorHjik is zero in all its components, hence the system is diagonalizable
and it is possible to construct in nitely many hydrodynamic reductions, governed by
the same equations valid for the Benney chain. The di erence with Benney is that the

Riemann invariants satisfy, in this case, the system
R= '(R+p u! R,; (3.110)

and the characteristic speeds do not ful Il the semi-Hamiltonian property.
Finally, we emphasize that the vanishing of the Haantjes tensoris alsoasu cient con-
dition for the integrability of the hydrodynamic chain if the spectrum of the matrix v(u)

is simple in the characteristic speeds, as stated in the following theorem.

Theorem 3.2.3 The vanishing of the Haantjes tensor of a hydrodynamic chain is a necessary
and su cient condition for the existence of two-component reductions parametrized by two

arbitrary functions of a single variable in the simple spectrum case.

In the study of chains, it is worth mentioning that there exists an equivalence between
chains and multi-dimensional dispersionless systems. As an example, the Benney chain

is related to the dispersionless version of KP (dKP) [124]| B1]. The KP hierarchy can be
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written as

—=("),;z; (3.1112)

where z = z(p;t) is a complex function depending on the complex variable p and the in -

nite set of complex parameters t = ft{; t5; :::g It is assumed to have a Laurent expansion

(3.112)

inp!1l . The (z"), is the polynomial part of the expansion in powers of p and the

Poisson bracket is

ff;00=@f Qg Q@Qf @g;  x=tj: (3.113)
The compatibility for equation (3,111) is given imposing the zero curvature condition

az"), @z,

T an + (2", ("), =0; m, n: (3.114)

From (3.111) we can obtain the Benney equation for n = 2

(@) * @ne2)tNag=0; t= 2ty: (3.115)
For n = 3, we obtain the dKP equation

3 3
Uy Euuxxzzuyy; u=2ap;t=t3;y=t,: (3.116)

In section we will use the de nitions and the approaches here described to dis-
cuss the diagonalizability and the integrability of the new hydrodynamic chain emerging
from the study of the Pfa lattice in the context of the ensemble of random symmetric

matrices.
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Nonlinear breaking of critical

phenomena

One of the main aspects of the dynamics of nonlinear systems is the emergence of sin-
gularities dynamically developed as a result of a gradient catastrophe. In this chapter,
we will consider the occurrence of such a phenomenon in section f#.1]and its regulari-
sation via higher order corrections. In particular, we will address two di  erent types of
regularisation that will give rise to very di  erent behaviours: the viscous regularisation
in section {.2]and the dispersive regularisation in section In the context of hydrody-
namic systems, viscous corrections lead to the breaking of the local Hamiltonian struc-
ture, while this is not the case for the dispersive ones. We will deal with two equations
that we have already encountered in section i.e. the Burgers' equation (fL.3) and the
KdV equation ([L.2). Finally, in section 4.4,|we will brie y discuss the approach of inte-
grable perturbations to quasi-linear hydrodynamic systems and the universal behaviour

of solutions close to critical points.

4.1 Gradient catastrophe
The prototypical nonlinear PDE is the Hopf equation

U +uuy,=0; 4.1)
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also de ned to be quasi-linear since the coe cient of the highest order derivative of the

function u (DX with k = 1) depends at most on u itself (DK 1).

The solution to the equation (4.1} is obtained via the characteristic method. Expres-

sion (4.1) can be seen as a total derivative ofu(x;t) along a line with slope

dx du
gr Ukt o =0; (4.2)

at each point of the plane (x;t). We consider the initial condition for the Cauchy problem
u(x;0)=f (x); X2R; (4.3)
and hence the solution can be written as
x+ut=f Y(u); (4.4)

where f 1(u) is the inverse function of the initial datum f (x). On the axis (x;0) for
x = (0) we have u(x;0) = f ( (0)), where (t) parametrises a point on the characteris-
tic line. We denote by F( ) the slope of the characteristic curve intersecting the axis at

the point , so that the solution is
x= +F()t: (4.5)

In this context, a characteristic curve in the space (x;t) describes the point-like propaga-
tion of the initial datum with velocity — u(x;t). The solution at a generic time t is given by

moving each point on the initial curve u = f (x) at a distance F( )t to the right.

Where the propagation velocity is a decreasing function, as in the case represented
in gure 4.1 [a), the prole of u(x;t) undergoes a steepening process, and eventually
it breaks giving a multi-valued solution. The breaking occurs when the pro le of the
solution develops an in nite slope, i.e. uy,!1 , aso called gradient catastrophe. At the

time
1 .
FY )’

the breaking of the pro le emerges on the characteristic where FY )< 0 and jFY )jis a

t= (4.6)
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@ (b)

Figure 4.1: (a) The solution to the Hopf equation (4.1) is shown for the initial condi-
tion u(x;0) = (1 tanh(x))=2 evaluated at di erent values of time in the plane ( x;u). (b)
Characteristic curves for the Hopf equation (4.I)with initial condition  u(x;0) = (1+x?) 1
in the plane (x;t). The characteristic line corresponding to the occurrence of the pro le
breaking is drawn in magenta.

maximum, for = . In gure 4.1 {b), the family of characteristics (8[42) |n the param-
eter is shown for a speci c initial condition. The region correspondingto FY )<O0is
the one where the characteristics converge. In the presence of an increasing initial condi-
tion the characteristics diverge after the breaking point and the emerging phenomenon
is called a rarefaction wave [119].

In the following we will analyse the shock waves arising from two possible mecha-
nisms of regularisation, i.e. viscous and dispersive. We will see how the di erences in
their structure and evolution re ects the necessity of a di  erent mathematical descrip-
tion of the two phenomena. As pointed out in [54],'their modelling represents the essence

of their distinction:

. the viscous shock wave ( gure (a)) is described by a travelling wave solution to

an ODE,

. the dispersive shock wave ( gure 4.2|(b)) is represented by a modulated periodic

train wave.
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() (b)

Figure 4.2: (a) The structure of a viscous shock: a smooth steady transition propagating
with shock speed U and width proportional to the viscous parameter . (b) The structure
of a dispersive shock: an unsteady nonlinear wavetrain con ned to an expanding region.

4.2 Viscous shock wave

The viscous shock wave is the phenomenon emerging from a dissipative regularisation of
the gradient catastrophe previously described. It consists of a travelling wave solution,
whose evolution is characterised by a xed width and a single speed. The width depends
on the viscous parameter , whereas the speed is given by a balance of physical integral
of motion across the shock and it is independent of the details of the shock internal

structure [L19].

The Burgers equation is the archetype of a viscous nonlinear integrable PDE
Ut +UUy = U yy; 4.7)

where > 0isthe viscosityﬂ parameter. It provides the viscous small amplitude approx-

imation of the Hopf equation P|@.1).

As we mentioned in section the Cole-Hopf transformation

u= 2 @log'; (4.8)

1The terms viscosity, di usion and dissipation are all used in literature to name this kind of corrections.
2The Hopf equation ( is also known as inviscid Burgers' equation.
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yields the heat equation in the new eld variable '
T (4.9)
We consider a decreasing initial condition for the Cauchy problem
u(x;0) =1 (x): (4.10)

The heat equation is then solved via the Poisson formula in ' . Recalling the Cole-

Hopf transformation we recover the expression for the solution to the Burgers' equa-

tion (§.7) 7
1 1 x
=R G( )= .
u(x;t) = Ry soZ g . 1 e d: (4.11)
1

In the previous expression

x )

G( ;x;t)= o

z
+ F(9d % (4.12)
0

where F( ) is the function appearing in (8.42)| With the assumption that there exists one

solution to the equation

%G: =F() XT=0; (4.13)
the leading order for the solution (! 0) is obtain by the Laplace transform. Writing the
solution as

uix;ty=u (x;t)+0O( ); (4.14)

the leading order u (x;t) satis es the following

(x;1)

ugt)= T =F( (D) FeR L (4.15)

Assuming that G( ) has a local minimum at u and that the function F( (x;t)) is invert-
ible, at least locally

X ut=F(u): (4.16)

Hence, in the inviscid limit ! 0 the leading order of the solution to the Burgers' equa-
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tion is given by the Hopf equation (4.1)|] The latter is then a good approximation of the
evolution of the solution before the critical time, when the hodograph equation admits
one solution.

The viscous shock wave emerges when the equation|(4.18) admits multiple solutions.
In the inviscid limit, the dominant behaviour is given by the value m(X;t) for which

G( ) takes the lowest value. We thus have locally

Un(X;t) = F( m(xt): (4.17)
There exist subsets of the(x;t) plane where the equation

G( (1) =G( ((x1)) (4.18)

has solution for di erent indiceslf]l and r. Equation represents the viscous shock
trajectory, the curve representing the jump of the solution form the value that on the left
isu, = F( (x;t)) and on the right u, = F( ((x;1)).

Recalling (4.12), we recover the equal areas rule for F

ZI’
F()d =

(FCO+FCNCr 1) (4.19)

NI

In particular, the viscous shock position is given by placing a discontinuity cutting the
solution to the Hopf equation into two lobes of equal areas (as in gure 4[3).] This is
evident mapping the solution back to t =0 following the characteristics [119]!

It is worth noting that the viscous shock wave inthe ! 0 limit, induces the conser-
vation of the quantity
Z

u(x;t)dx = const; (4.20)
1
that remains constant also for nite values of . Since in this case the expression for the
ux is quadratic, the so called shock condition is such that the shock velocity U is given
by
1 -
U= ZF()+F(): (4.21)

SLeft and right are intended with respect to the position of the gradient catastrophe.
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(@) (b)

Figure 4.3: Equal area realisation. In (a) at initial time t =0 in the plane ( ;F ), in (b) after
the breaking of the pro le in the plane ( x;u).

The dynamics of a viscous shock wave is described by the propagation of the discontinu-
ity front with velocity given by the shock condition. The solution at the time  t is given
starting from the initial prole  F( ) and then translating this of a distance F( )t to the
right, as shown in gure 4.3.|The shock cuts out the parts | < < . The shock is en-
tirely described by the function F( ) considering all the chords constructed via the equal
area property. In particular, the pairs = |, = | corresponds to those characteristics

that meet on the shock.
The problem is then described by

ur+q(u)y=0; conservation law
(4.22)

U [u]+[g(u)] =0; shock condition.
The ux q(u) is q(u) = 1=2u? for Hopf. The second expression refers to the compact

notation of

q(s ;t) a(s"t)= u(s;t) u(shit) s (4.23)

where s(t) represents the position of the shock evolving in time and s* and s represents
the limits x, ! s and x, ! s". The symbol [ ] in (§.22) denotes the jump across the
discontinuity and U (t) = s(t). The shock solution is a weak solution of the conservation

law.

This construction based on the introduction of viscous perturbations allows us to de-
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ne suitable solutions to equations of hydrodynamic type, to regularise the discontinuity
due to nonlinearity. A solution u(x;t) is considered admissible if there exists a sequence

of solutions u(u;t; ) to the Burgers' equation (§.7) such that [50]
u(x;t; ! o u(x;t): (4.24)

We will encounter viscous shocks in the context of the mean elds described with the

formalism of the nonlinear PDEs in chapter .|

4.3 Dispersive shock wave

Dispersive shock waves appear as a dispersive regularisation mechanism [54] of the
gradient catastrophe emerging from nonlinearity. The KdV equation constitutes the

paradigmatic example of a dispersion nonlinear integrable PDE
Up + U Uy = "2 Uy ; (4.25)

and it serves as the small dispersion approximation to the Hopf equation (4.1)] After
the occurrence of the wave breaking that we have discussed in the previous section, the
solution to the equation (4.25) takes the form of a modulated locally periodic wave ' (see

gure 4.2 b)), whose form will be
" #)=a+bdn?(#); (4.26)

where dn is a Jacobi elliptic function and # will encode the modulation. In particular, at
the leading edge it exhibits a solitary wave, while close to the trailing edge it transforms
into linear wave packet of vanishing amplitude. The unsteady nature of the dispersive
shock is manifested by the fact that it expands in time.

The modulation of the dispersive shock is obtained invoking Whitham modulation
theory [118] and matched asymptotic analysis. Without going into too much detail, we
brie y describe the modulation procedure, following [54]._$tarting from the conservation

laws associated with the original dispersive equations, the slow modulations of periodic
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nonlinear waves are determined by averaging those conservation laws over a family of

periodic travelling wave solutions. Given a n-th order nonlinear evolution equation

q=K a;g;:d? (4.27)

for the Whitham method, there exists a n-parameter family of periodic travelling wave

solutions

ax;t)=" (#;u);  with (4.28)

#=k(u)x ! (u)t:

The vector u of n components represents the parameters,' is the phase,k(u) and! (u)

are the wave number and the frequency respectively. Imposing a xed periodof 2  on

the spatial and temporal periods are determined as

L(u)= T(u)= : (4.29)

The assumption for the Whitham method to be applied is the existence of at least n 1
conservation densities P; [g] and corresponding uxes Q;[q], constituting the conserva-
tion laws

(P +(Qi)y=0; i=1;::5n 1: (4.30)

The modulation equations are derived with the assumption of slow evolution of the pa-

rameters u = u(x;t) both in space and time

. cooduj,
; ud 5 (4.31)

juj

=

jUxj

~|

With the introduction of (4/28) |n (4/30),|we obtain the modulation equations
5i[']t+ @[']t:o; i=1;::5;n 1; (4.32)
where the averaged expressions are given by

1 Z 2
F[']= 7, F [ (#;u)] d#: (4.33)

71



Chapter 4. Nonlinear breaking of critical phenomena

To completely reconstruct the modulated wave, we need to consider the modulated wave
number #, = k(u) and frequency #; = ! (u). The compatibility condition brings the

conservation of waves

#xt = Hix ) k(u)+! (u)=0: (4.34)

The Whitham equations (#.32) and (#.34) are dispersionless and they can be represented

as a system of a hydrodynamic equations

Ui +A(U)u,=0; (4.35)

where the matrix A(u) encodes the information about the nonlinearity and dispersion of
the original system.

In the case of the KdV equation (#.25), the modulation requires the introduction of
three parameters, the amplitude a, the wave number k, and the average of the wave
. Whitham realised that the modulated system for KdV can be written in terms of
Riemanninvariants R; R, Rj3and relative characteristic speeds, that we have de ned
in section The modulated parameters may be expressed in terms of the Riemann

invariants as [54]

a=2(R; Ry)

_PRRL R R 216
6K(m) Rs Ry (4.36)

— E(m) .

=R1+R; R3+2(Rs Ry) K(m)

where E(m) and K(m) are complete elliptic integral of the rst and second kind respec-

tively

Z =2 Z :2q

K(m) = q1:dz; E(m) = 1 m?sin?(z)dz: (4.37)
0 1 msin?(2) 0
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The periodic wave can be expressed as

K(m) |

"#)=R;+R, R3+2(Rg Ry)dn? ——#:m ; (4.38)
where dn is the so called delta amplitude, a Jacobi elliptic function, as anticipated above.
In the limit m! 1;the wave takes the form of a soliton

r |

=" +agsect? %(x Vst #o) Vs '_+a§s: (4.39)

Inthe limit m! O, the solution becomes a vanishing harmonic wave
: :'—+%(cos(kx o) D+0 a2 ; lo="k K (4.40)

The Whitham method reduces the complexity of the problem, producing a nonlinear
modulation system of quasi-linear hydrodynamic form (4[35) With free boundary for the
leading and trailing edges of the dispersive shock. The boundary conditions are given
by matching the solution of the mean dispersive shock with the dispersionless external
solution along double characteristics to the modulation system. In [68], this approach
is followed for KdV and the dispersive shock wave arises as a rarefaction wave for the
Whitham system.

In gure 4.4,|two dispersive shock waves are shown, arising from di  erent initial
conditions. In (a), the “Martini glass” shape is obtained for a Riemann problem for KdV,
as it was considered in [68]. In (b), the “Bordeaux glass” is produced for KdV in corre-
spondence of a cubic wave breaking, in this sense the latter can be seen as an universal
mechanism of dispersive regularisation [54].

In the following, in section 6.4, we will observe the emerging of a structure similar to

the one shown in gure 4.4 {b) in the context of the Hermitian matrix ensemble.

4.4 Universality

The Burgers' and the KdV equations represent the universal asymptotic regularisation

mechanisms, for viscous and dispersive corrections respectively. An extension to non-
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Chapter 4. Nonlinear breaking of critical phenomena

(@) (b)

Figure 4.4: (Adapted from [54] with authors' permission.) (a) In blue it is shown the dis-
persive shock wave for KdV-type equations in a Riemann problem. The dashed red line
represents the mean value of the wave. (b) In blue the dispersive shock wave emerging
after the cubic wave breaking for KdV-type equations. The dashed red line represents
the modulation solution in terms of the three Riemann invariants.

integrable systems introducing the concept of approximate integrability up to a nite

order in the perturbation modelled via a small parameter was introduced in [47].

In 1+ 1 dimension, the perturbation system is given by
h [ h i
Ug+a(u)uy+" by(u)uyy, + bZ(U)UE +2 b3 (U) Uyxx + ba(U) Uy Uyy + bs(u) U)? + =0; (4.41)
where the unperturbed system is the nonlinear hyperbolic system
us +a(u)u, =0: (4.42)
This system admits a Hamiltonian description as

Ho _
u(x)

Ut +fu(x); Hog= U + @ 0; (4.43)

with the Poisson brackets

fux);uy)g= % y): (4.44)

The solutions to the perturbed equations in (4.41)|are considered up to the Miura trans-

formation
X

u7lu+ "ka u;ux;:::;u(k) ; (4.45)
k 1
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Figure 4.5: In a (2 + 1)-dimensional hyperbolic system, the asymptotic universal be-
haviour of the function U (X;T) is shown. The function speci es the asymptotics of the
Riemann invariants and it is a special solution to P|2 ('gure taken from [53]).

with F u;uy;:::;u®  polynomial in the derivatives of u of degree k. Any Hamiltonian

perturbation of the equation (4.42)|can be reduced to the form

H
ut+@—u(x):o; H=Hg+"Hy+"?Hy+:::: (4.46)

We report part of the conjecture formulated in [53].] The main idea underlying the

conjecture is the universality of the asymptotic approximation at the leading order.

Conjecture 4.4.1 The solution to the generic syste(d.43) with generic" -independent smooth
initial data near a point of cusp catastrophe of the unperturbed hyperbolic syst@#?2) is de-

scribed in the limit" ! 0 by a particular solution to theP|2 equation.

Hence, it is conjectured that the critical behaviour close to the gradient catastrophe is
independent of the choice of the initial data and the exact form of the Hamiltonian per-

turbation. In particular, the solution for (4.41) With a generic  "-independent smooth
initial data near a point of cusp catastrophe of the unperturbed hyperbolic system (4/42) |
is described inthe limit " ! 0 by a particular solution to the P|2 equation (Painlevé) [53].

In gure 4.5, it is shown the pro le for the solution U (X;T) entering in the asymptotics
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Chapter 4. Nonlinear breaking of critical phenomena

for the Riemann invariants and being the solution to the P?, that is

1 1 1
X=UT 6U3+ﬂ UZ +2U Uxx TR (4.47)

The function U satis es also the KdV equation, in the form

1
UT+UUX+EUXXX =0: (448)

The critical behaviour for dispersive hydrodynamic systems has been studied in [52]
for scalar hyperbolic systems and generalised in [63] for (2 + 1)-dimensional hyperbolic
and elliptic systems. Similar results concerning the universal behaviour of solutions close
to critical points hold in generalised viscous systems. These have been explored in [72]

and expanded in [50] and [L7].
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Chapter 5

Mean- eld models

In this chapter, we describe the method of di  erential identities [40,/121]land its rst ap-
plications to problems in the realm of Statistical Mechanics. The main underlying idea
is that the phase transitions typically emerging in thermodynamic systems can be de-
scribed in terms of nonlinear waves. In particular, we will see how the nonlinear PDEs
formalism provides the natural framework to obtain and describe the equations of state.
In section after some preliminary observations, we will present the connection estab-
lished in [95] between the main features of thermodynamics and those of nonlinear PDEs
theory. Then the method of di erential identities will be explicitly applied to treat the
Curie-Weiss model in section studying the critical behaviour of the order parameter
with the formalism developed in chapter 4 |We will see how the model is intrinsically
related to the Burgers' equation and how viscous shock waves emerge and can be treated
in this context.

The approach has been successfully applied to model mean- eld theories in a broad

class of system [14/6639/89[ 27], as we will see in sectior] 5.3.

5.1 Di erential identities and Statistical Mechanics

A novel approach to solve problems historically of competence of Statistical Mechan-
ics relies on the theory of nonlinear PDEs via the method of di erential identities [95]
A general class of thermodynamic systems can be e ectively described by the theory of

nonlinear integrable conservation laws. This approach leads to the description of rst or-
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(@) (b)

Figure 5.1: (a) The real gas isotherm is shown for a temperature T < T, with the solid line.
The points A and B de ne the range in the volume V where the phase transition occurs,
for a constant value of the pressure P. The dashed line represents the metastable state
predicted by the van der Waals model. (b) Van der Waals curves as nonlinear wave so-
lution to a hyperbolic PDE. Beyond the critical temperature the solution is multi-valued
and the shock wave emerges.

der phase transitions in terms of shock waves, interpreted as solutions of nonlinear PDEs
encoding the whole information on the evolution of the system with respect to some ap-
propriate tunable parameters. In general, it establishes a correspondence between phase

transition phenomenology and shock wave dynamics.

The rst observation in this direction is reported in [40], where a new perspective is
suggested to interpret the occurrence of phase transitions in the van der Waals model.
The latter represents the simplest mathematical model providing the description of a
phase transitions in a thermodynamic system. For a thermodynamic system in equilib-

rium, the energy balance equation takes the form
dE=TdS PdV; (5.1)

with E the total energy, T the temperature, P the pressure, V the volume and S the
entropy, determining the state of the system. The equation of state of the system is given
by [87]
@F :
P+@;V;T)=O; with F=E(S;V) TS: (5.2)

The equation of state can be interpreted as a stationary point of the Gibbs potential as a
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Di erential identities and Statistical Mechanics

function of V

=F+PV: (5.3)

The system is in a state of stable equilibrium when the Gibbs potential has a minimum
for both P and T constant. The existence of points at which the second derivative of
with respect to V vanish identi es the phase transition.

The classical example of a phase transition is the change of state of matter from gas
to liquid. In gure 5[1 (@), an isothermal curve below the critical temperature is shown.
The phase transition takes place between the points A and B. The shape of the solid
curve between A and B is given by the van der Waals model and it corresponds to a non-
observable metastable state. The correct behaviour of the isotherm is recovered via the
Maxwell principle or the equal areas rule. The constant value of the pressure at a phase
transition is that for which the area of the lobe AC is the same of that for the lobe CB, in
gure 5.1 {a).

The description provided by the equal areas rule is similar to what we have seen in
section[4.2 in the context of the viscous shock wave. This is even more evident if we con-
sider the isothermal curves displayed in gure 5[1 (p), after an interchange of the vari-
ablesP and V and a re ection. At the critical temperature T, the gradient catastrophe
occurs, then the solution becomes multi-valued. Hence, the behaviour of the isotherm
provided by the van der Waals model for V as a function of P can be interpreted as the

solution to a hyperbolic PDE [40]

@v_,
ot

@v,

V) gp (5.4)

In section we have studied the solution to this equation for * (V)= V, i.e. the Hopf
equation. The behaviour of the solution is such that after the gradient catastrophe de-
velops a discontinuity and then it exists in a weak sense only. The position of the shock
is obtained via the tting procedure described in section 4[2, for which the chord cuts

o0 two lobes of equal area. In particular, in [40], it is shown that the function V(T ;P)
is solution to an equation of the form (§.4)|under the assumption that the entropy is a
separable function, i.e. it can be decomposed into the sum of a function of V and a func-

tion of T. Then the hyperbolic equation (5.4) is equivalent to the balance equation (5.I)
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Thermodynamics

Isothermal / isobaric curves
Critical point
Phase transition

Maxwell principle
Clayperon equation

Triple point

Universality

Chapter 5. Mean- eld models

Nonlinear conservation laws

Nonlinear waves
Gradient catastrophe
Shock

Equal areas rule
Shock condition
Shock con uence

Universality

Table 5.1: Correspondence between the main features in the framework of thermody-
namics and nonlinear conservation laws [95].

The method of characteristics provides an implicit solution for the equation (5.¢) and
corresponds to the equation of state of the thermodynamic system.

In [95], this framework is expanded and a precise correspondence between phase
transition phenomenology and shock waves dynamics is given (see table[5.1)). In partic-
ular, it is emphasised the connection between universality in the context of the critical
behaviour of wave breaking (see section[4.4) and the notion of universality in thermo-
dynamics. The method of di erential identities leads to determine the equation of state
via a direct integration of the Maxwell's relations with the above mentioned assumption
on the entropy, rather than using the ansatz on the asymptotic expansion of the Gibbs
potential or its scaling properties.

In [21], it is shown how the approach here described leads to construct the partition
function for a nite size system of n interacting particles. Starting from a suitable equa-
tion of state de ned outside the critical region, the associated partition function is well
de ned in the whole space of thermodynamic variables and conceals the equal areas rule.
The model consists in a uid of n particles of mass m

M= Xo ﬁ_z 1 X0
2m

. 2.
i=1 =1

(F )+ P Wf i R); (5.5)

where p is the momentum of the i-th particle, (# ;%) a potential shaping the two-body

for a con guration f¥;:::;% g The partition function for the canonical ensemble can be
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Di erential identities for Curie-Weiss model

written as ~ z .
7= e H, dn B dn_r_l - en(xv+ta=v+-|n(v b))dV, (56)
b
with t = =n,x= P =n given that the expectation value of the volume hvi satis es the
van der Waals equation |
a
P+— hi b =nRT; 5.7

outside the critical region. Then the partition function will be solution to the Klein—
Gordon equation

=n?az; (5.8)

and hencehvi satis es the nonlinear viscous conservation law

avi _ @ a+1@nh/i!_

@ @xhvi n @t

(5.9)

Here the underlying assumption is that, for any point in the space of parameters ( Xx;t),
di erent con gurations occupying the same volume v appear with the same probability
density and that the logarithm of the probability density is linearin ~ x and t.

The general character of the assumptions considered above makes the approach so

developed applicable to a broad class of mean- eld theories.

5.2 Di erential identities for Curie-Weiss model

We apply the method of di erential identities to one of the classical example of mean-
eld theory, the Curie-Weiss model, as presented in [96]/ We will see how the latter is
connected to with the Burgers' equation [[} that we have studied in section
We will start considering the interaction that models the physical system with a nite

number n of components and we will identify the order parameters in the thermody-
namic limit, in the limit n!1 . Then we will introduce suitable di  erential identities
satis ed by the order parameters and valid for nite  n. We will de ne a reasonable initial
datum and provide nite n solutions. Taking the thermodynamic limit of the equations

n!1l ,we will derive conservation laws in form of hyperbolic systems for the order pa-

Lin [B3], the interpretation of the mean- eld theory in terms of the the Burgers' equation was explicitly
given.
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rameters. The solutions to this hyperbolic system will represent the equations of state for
the model. As we have mentioned above, the shock trajectories will identify the phase
diagrams for the order parameters of the system.

The Curie-Weiss model is introduced as the mean- eld theory for the Ising model.

We consider the Hamiltonian for a system of nspins ;= 1,with i 2f1;:::;nginteracting

31X X 3 X X
Hn(f g\],h): ﬁ i h i= = i h i- (510)

i<j i i;j i

The sum refers to a given spin con guration f gand the corresponding partition function

is obtained considering the Gibbs distribution

X
Zn(;3;hy= e Halt o2y (5.11)
fg

with  =1=Tand T the temperature. From the partition function, the free energy is
1 1
fa(;3;h)= = L(;3J;h); n(;J;h)zﬁInZn(;J;h): (5.12)

In the following we will call n the free energy of the system, even though the physical
one is f,,. The order parameter of the theory is the magnetisation of the system m( ),

determined in the thermodynamic limit n!1 for a speci c con guration

. X
m( )—rllllrln Mg ( )—rlll!rln 0 1 i (5.13)
1=
The expected value is de ned in terms of the patrtition function as
1 X
mi==— m()e "n: (5.14)
Zn f g

We now look for the di  erential identities for nite  n [96].
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We introduce the variables

t=J ; x=h; (5.15)

and the partition function written in terms of  m,,( ) takes the form
X +Lm2
Z,(x;t)=  ellxmarzmi). (5.16)
fg

Therefore, the partition function satis es the di  erential identity

@ _ 13z,
@t 2n @R’

(5.17)

i.e. the partition function for the Curie-Weiss model is a solution to the heat equation.

The initial condition is constructed by considering t =0, hence turning o the two-

body interaction
X

Z,(x;0)= €™ = (2 coshx))" : (5.18)
fg

Given the expression (5.17), the free energy |, satis es the following equation

@n _

i (5.19)

P
@.°, @.
@x

1 1
2 @R’ 2n’

that resembles the Burgers' equation (4.7). The corresponding initial datum is given by
Zy(x;0)
n(X;0)=In2+In cosh(x): (5.20)

The derivatives of the free energy are related to the statistical moments of the order

parameters. In particular, we have

@
@x
@ n
@%

= hmy,i
(5.21)
=n hm2i hmyi? =var(m,):

Di erentiating with respect to x the equation (5.19), we get

@m,i @myi
=i ot g (5.22)

@m;i
(@l
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hence,hm,i satis es the Burgers' equation. The corresponding initial datum is
hm,(x;0)i =tanh(x): (5.23)

Then, in the thermodynamic limit, we have for any point where

jim @Ml _ 4
nil @x

9 Mn var(my)=0: (5.24)

Therefore, there exists a suitable region in the plane (x;t) for which the viscous term
can be neglected in the thermodynamic limit and the order parameter satis es the Hopf

equation
@m( )i

am( )i .
@t '

=m( )i =g

(5.25)

Following the approach developed in section we can consider the method of the

characteristics and the equation of state takes the form
X +hmi t = arctanh(hmi): (5.26)

As we have already seen, the solution to the Hopf equation, due to nonlinearity and in
presence of a decreasing initial datum, develops a gradient catastrophe at a nite time H
as in equation (4.6). We have

@mi 1 hmi? 1 5 R S
@x 1+t(mi2 1) K "1 hmi2’

(5.27)

The minimum time for which the gradient catastrophe arises gives the critical value for
the order parameter

hmi.=0: (5.28)

The critical point, where the phase transition occurs, is identi ed by the coordinates

t.=1; Xc=0; mi.=0: (5.29)

2The variable that mimics the time in the hyperbolic equation is related to the temperature T, fora xed
value for the coupling constant J. Thus, the gradient catastrophe occurs for a nite value of the temperature.
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(@) (b)

Figure 5.2: (a) The solid lines represent the set = 0 sector, splitting the parameter space
in two regions. The > 0 region (in orange) corresponds to a multi-valued solution for
the magnetisation. Inthe < 0 region, the solution is single-valued. (b) The shock jump
for the magnetisation is depicted for T' J=1.

We will now study the shock structure in the proximity to the critical point, as in

section[4.2. We introduce the function

S
G(x;t; )= Incosh( )+ ot : (5.30)
The equation of state (5.26) is recovered for
@c =0: (5.31)
@ =arctanh(x)
The expansion ! 0inthe (5.31) givesE]
1.3
§t t 1) x=0: (5.32)

The discriminant  of the expression (5.32) identi es the regions in the space of param-
eters for which the solution is either multi-valued ( > 0) or single-valued ( < 0), as
shown in gure 5.2 (a). The con uence of the two lines with equation =0 corresponds
to the critical point.

We call the solutions in the multi-valued region  1(x;t); »(x;t); 3(x;t). The order

SWe consider the rst term in (5_ = Incosh( ). Its derivative is f { )= tanh( ) and its expan-
sion for ! Oglvesf =3+0( )
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parameter is given by

hmi = Xf(xt) (5.33)

where s the zero such that the function G(x;t; ) reaches the minimum value. The

position of the shock is determined by the equal area condition (4.18)]
G(x;t; i(x;1)) = Gt j(X;1)); i, i, hj2f1;2;3g (5.34)
This is explicitly represented by the relation

Rj=t(i+j) + [ 6+6(2x ; )=0: (5.35)

Close to critical point, Ry, = 0 is satis ed for x;t 2 R and de nes the trajectory of the
shock.
Finally, using the roots 1; ,; jitis possible to evaluate the jump m developed by

the order parameter and shown in gure 52 (b)

8 q____
§2tanh 31 % 0 T<J

m= (5.36)
.§O T J;

going back to the original coupling constants.
The method of di erential identities represents then a suitable tool to describe the
main features emerging in the Curie-Weiss model, taken as an example of a mean- eld

theory.

5.3 Viscous regularisation in mean- eld theories

The approach described above has been successfully applied in the study of di erent
statistical systems that admit a description via a mean- eld theory. Starting from the
observation in [40], the theory of the van der Waals model with the method of di  erential
identities has been extended in [21], where the possibility to produce solutions at nite
size is emphasised. In [66], a multi-parameter extension of the van der Waals theory is

given, introducing two more deformation parameters.
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The procedure is e ective in tackling problems in di  erent elds. In [14]] the model
of information processing in biochemical reaction is studied. Here, the approach is in-
voked to provide explicit nite-size solutions in the context of the biochemical reactions.
The system is modelled considering the underlying similarities among the collective be-
haviours in chemical kinetics (biology), spin models (statistical mechanics), and opera-
tional ampli ers (cybernetics).

The extension to systems of higher dimension in terms of order parameters is pro-
posed in [39] with the study of liquid crystals, a liquid substance possessing a microstruc-
ture that is the result of their molecular anisotropy. Here, phase transitions are de ned
in terms of the spatial orientation of the crystals. The order parameters are the so called
molecular directors. The emergence of a uniaxial phase (the directors point on average in
the same direction) and a biaxial phase (simultatneous orientation along two orthogonal
axis) is studied. The shock wave corresponding to phase transitions is a shock wave in
(2 + 1)-dimensions in the space of parameters.

In [B9], the Potts model is considered, i.e. the extension of the Curie-Weiss model for
g > 2 admissible values for spins. The model with q = 3 is analysed with the introduc-
tion of two order parameters, whose behaviour is studied via the method of di  erential
identities.

More recently, in [27] the procedure has been applied to the theory of exponential
random networks. In particular, the so called p-star model is considered, for which the
partition function satis es the heat hierarchy. The order parameter of the theory is de-
ned to be the connectance, obtained as a solution to a nonlinear viscous PDE.

All these examples refer to mean- eld theories, that can be modelled via the method
of di erential identities. At the leading order of the order parameter of the theory we
always nd the Hopf equation, whose solution after a suitable choice of the initial datum
develops a gradient catastrophe. The emerging shock wave undergoes then a viscous
regularisation and its trajectory in the space of parameters models the critical behaviour
of the system.

In the following, we will illustrate the Hermitian matrix ensemble and the symmetric
matrix ensemble. In the case of the Hermitian ensemble, the Hopf equation will emerge

again but with a regularisation mechanism consisting in the formation of a dispersive
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shock wave.

90



Chapter 6

Hermitian Matrix Ensemble and

dispersive shocks

In this chapter, we analyse the Hermitian matrix ensemble H, following the description
given by Adler and van Moerbeke in [%,17.]116] using the tools described in section
In section we will construct the associated discrete integrable structure, the Toda
lattice, and observe the emergence of the KP hierarchy for the Toda -function, propor-
tional to the partition function of the ensemble H,,. Then we will focus on the study
of a particular reduction of the Toda lattice, following [22],_called Volterra lattice. This
reduction represents the structure arising by selecting the even coupling constants only
from the Toda lattice, as we will see in section 6.2] In section 6.3) we will consider the
the thermodynamic limit and we will study how the evolution in di erent even times
of the lattice elds takes the form of the Hopf hierarchy. In section 6.f, We will restrict
our analysis to the M ® model, for which the order parameter of the theory expressed in
terms of -functions undergoes a phase transition in the space of coupling constants near
the critical point. Finally, we will see how the singularity can be resolved in terms of a
multi-dimensional dispersive shock of the order parameter, leading to the emergence of

the already observed chaotic behaviours [77,[108].
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Chapter 6. Hermitian Matrix Ensemble and dispersive shocks

6.1 Hermitian Matrix Ensemble

6.1.1 H, as atangent space and partition function

According to the scheme described in section[2.2, we consider the non-compact symmet-

ric spaceM = G=K with G = SL(n;C) and the involution map de ned on K as

@= 3 (6.1)

so that the subgroup K is given by
K=fg2SLn;C)j (9)=99=fg2SLn;C)jg =g g=SU(n): (6.2)
The symmetric spaceM can be expressed as

SUn;C)=sUn) fgg” j g2SLn;C)g
(6.3)
= fpositive de nite matrices with det=1 g

The involution map  inducesthe map inthe corresponding algebra, for which  (A) =
A> and the subalgebra t is hence su(n), consisting of n n traceless skew-Hermitian
matrices. The vector spacep tangent to M at the identity is given by the space of n n

Hermitian matrices H,, where (A)= A>. The algebra decomposition is then given by
sl(n;C)=t p=su(n) H ,: (6.4)

For any matrix M 2 H,, the diagonal real elements M;; and the real and imaginary part
of non-diagonal elements ReMj; ; Im M;; with 1 i <j narefreevariables. The Haar

measure onM 2 H, reads

Yn Y
dM B dM;; dReMij dim Mij . (6.5)
i=1 1i<j n
A maximal abelian subalgebra a p= H, is given by the subset of diagonal matrices z =

diag(z;; 2;:::; %), where z with 1 [ n are eigenvalues. In particular, since the

matrices are Hermitian, they can be diagonalised through the action of a unitary operator
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and any M 2 H,, can be expressed as
M=UzU 1; U 2K = SU(n): (6.6)

The unitary operator can be expressed via the exponential mapasU =e?, with A 2 t = su(n),

a traceless skew-Hermitian matrix ( A> = A). So,A takes the form

X

A= (& (&g 8k) +iby (& +ex)); (6.7)
1 k<l n

with g, isthe n n sparse matrix with ( k;1) = 1 the only non-zero element and a; b 2 R.

From and considering a small A, we have
dM =d fze” =d@z+[A;Z]+::) (6.8)

To evaluate the commutator [A; z], we rst consider that both the matrices ¢, gx andi (g +€y)
are elements oft = su(n). In addition, with z 2 p and recalling the Lie bracket (2.12), we

have

& e =2 z)(eg+eax)2p=Hy

(6.9)
lilaatex);Zd=i(z z)(aa @k)2p=Hp:
The commutator [A; z] is thus given by
X .
[ArZ]=(z Z) a (& tak) +iby (e @k)2p=Hp: (6.10)
1 k<l n
Including this result in (6[8) and referring to (6.5), ve have
Yn Y
dM = dz d((z zdan)d(z z)bw)
i=1 1 k<I n
o v (6.11)
= 7@ dz day dby ;

i=1 1 k<l n
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Chapter 6. Hermitian Matrix Ensemble and dispersive shocks

where (2) is the Vandermonde determinant, de ned as

Y
n(2) = Z z (6.12)
1 j<k n

The ,(2)? in (6.1I) can be seen as the Jacobian determinant of the mapM ! (z;U)

and dM can be written in polar coordinates as
dM = 2(2)dz dz :::dzdU; U 2SU(n): (6.13)
As we have seen in sectiorf 2.1 H , is associated with the probability (2.5)|
PM 2dM)=P(M 2dM)=c,e "VMgm; (6.14)

where the trace can be expressed as a function of the eigenvalues only

xo
trviM)= V(7); (6.15)
i=1
and we introduce the weight

(dz)=e V@dz: (6.16)

Since ) depends on the trace, the angular part of the polar coordinates dU can be

integrated out. Considering an interval E R, we de ne
H,(E)=fM 2 H, with spectral points 2Eg H ,; (6.17)

and the probability associated with the ensemble is obtained by the following matrix
int I
integra 7

P(M 2H,(E)) = ;
( B e e 22 oy (dZ)

Q
2(z) M.
e TVMigm = & @ e (@20 (6.18)

where ¢, is the contribution of the integration of the angular part.
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Hermitian Matrix Ensemble

The free theory partition function for the ensemble is then given by E]

Z Z
(2 2 A 2 i V(z)
ZP0)=0 )  [dw=a @ eV®@dz: (6.19)

R" Rn

k=1 k=1

The weights appearing in the previous expressions are suitable functions
(2)dz=e V@dz (6.20)

de ned on an interval F = [A; B] 2 R for which the logarithmic derivative is given by a

rational polynomial function

1 9(2) .

@ @=@V(@)=2%. 6.21
5@ @0=av@= {3 (6.21)
and with boundary conditions
im f(2) (=0  forall k O: (6.22)
z! AB
Considering the t deformation of the integral in (6[19)] we have
(2 z 2 v z 2 v Vz)+ Lotz
Zn (1) = ¢y n(2) t(dz) = cq f2) e V@ ialAdg (6.23)
R k=1 R? k=1

where the elements in t = (tq;t,;:::) play the role of coupling constants in the formal

series.

6.1.2 Toda lattice

Following the approach presented in section 2.3] the Toda lattice arises from a suitable

decomposition of the algebra of invertible matrices [9]

gll)=9+ g =b s; (6.24)
1The labeling of the partition function refers to the fact that the considered integral is a integral
for = 2. The parameter is associated with the power of the Vandermonde determinant in the integral.
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where the subalgebrass and b are

b = f lower triangular matrices with diagonal g
(6.25)

s = f skew-symmetric matrices g;

and the inner product bA; Bi =tr (AB) . Recalling (2.21) we haveg g’ , that in this case

are given by

g, = b’ = f strictly lower triangular matrices g
(6.26)

? ? . .
g’ =s’ =f symmetric matrices g;

The induced Hamiltonian structure (2022)Jon s is represented by the equations for the

Hamiltonian vector elds
L =P [rHL);L];  reHL2b; (6.27)

reminding that P is the projection onto g along g’ (see sectior] 2.3). Setting

(o _ LtrLkt 2.
Ho = 54577 L2s% (6.28)

the equation (2.27) for the AKS theorem reads

@L_ 1 « ., _ 1 v . .
o S Lgb= Sl (6.29)
The matrix L is built from the dressing of the shift operator =fij 14 ij<1 as
L(t) = S(t) S(t) *; (6.30)

with S belonging to the group G, associated with the algebra g,, as stated in the end of

the section[2.3, being a lower triangular matrix with non zero diagonal.
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As anticipated in the end of section £.4] we follow the approach described in [5, 1[16]
to determine the matrix L in terms of suitable -functions, that are proportional to the
partition function (6/23) [given in terms of the weight  ((2)

Z yn

0= i@ (@2 (6.31)
k=1

The weight {(2) is considered to de ne the following inner productin R

Z
(%= T@@) (@dz  with (@=e =27 @)=e VO LiZ. (637
R

The corresponding moments matrix is thus given by

ma(t) = (t) = 72,2 ; (6.33)

0 ij<n to ij<n’

that is symmetric being a Hankel matrix, since j; depends oni +j. Because of the form

of the weight, it is easy to see that the moments j; (t) satisfy

@

G C (6.34)

leading to the following, for the corresponding semi-in nite moments matrix ~ m;y (t)

@m (1) _
Q@i

Kmy (t); (6.35)

where is the shift matrix previously recalled. The moments matrix so constructed

admits a Borel decomposition in a lower and upper triangular matrices, as

my (t) = S(t) 'Sy 1 (6.36)

with S(t) a lower triangular matrix with non zero diagonal.
In the following, we will state the theorem due to Adler and van Moerbeke concerning

the -function for the Hermitian ensemble.
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Chapter 6. Hermitian Matrix Ensemble and dispersive shocks

Theorem 6.1.1 The -functions de ned as determinants of the moments matrix
17 n
2
(B detm®= 1 3@ (@)dad Zn); (6:37)
H n k:l

(i) satisfy the equation in the KP hierarchy

s+4(@ %@1@m n(t) n()=0; k=0;1;2;:::; (6.38)

(i) constitute the elements of the Toda lattidgt) = S(t) S(t) !

(6.39)
@L_ 1 « ., _ 1 v @ .
- S LgL= S ULy (6.40)
(iii') enter in the de nition of the two classes of eigenvectorslof
. P(t2) = (pn(t;2), o satisfying
L(t)p(t;2) = zp(t;2); (6.41)

where p,(t; z) are then-th degree polynomials irg, orthonormal with respect to
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the t-dependent inner product

(pt:2);p(t:2) = Wi (6.42)

which admit the representation, with (z)= 1;z; 2

t [z1]
P62 = (S0 @=2h 2 with hy= 20 (g4g)
n(t) n(t)
. q(t;2) = (an(t;2)), o, Satisfying
L(t)a(t;z) = zq(t; 2); (6.44)
whereq,(t; z) are de ned as the Cauchy transform qf,, (t; z)
n(t:2) = 2 p;(t;uz) (u)du: (6.45)
Rn
and admit the following representation
L ont+[z 1]
Wmtz)= st z! =znp 2" (6.46)
n n(t)
To show (6.37) we write the Vandermonde determinant as
0 1
1 1 1
Y .z .
_ _ _ 1 :
n(2) = z z =det : 5 : = det zj' L on (6.47)
1 i;j n . . .
rl‘l 1 Zg 1 ZR 1

Using the de nition of the determinant and the property (det(A))2 = det (A)det(A”) =

det(AA)
X n X Yn
1) 1
2= (1) &5 (n° "
25, k=1 2s, I=1 (6.48)
— I+k 2
ZSndet M0 1
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Chapter 6. Hermitian Matrix Ensemble and dispersive shocks

with , 9permutations belonging to the symmetric group S, with n! elements. In the
partition function Z,(12)(t) (6.31), the Vandermonde determinant appears in the n-fold

integral, that can be written as

‘ 2 v X z I+k 2
n(2) t(z¢) dz = det z', 1kl n t2® dz ()
RP k=1 2s, R '
X z !
= det ZIJr(IlE) 2 t Z (k) dz (K) (6.49)
25, RN I n

=nldetm,(t)=n! 4(t):

We now focus on property (i)} The -functions satisfy the bilinear Hirota identity (6.88), |

coming from the relation

n (0]

Res—; ot [zY ,t%+[zY]e®®™ =0. 8t:t%2C; (6.50)
X

tz)=  th2"; (6.51)
n=1

consisting of all the evolution equations of the KP hierarchy. The functions , t [z 1]

are written in terms of the Schur polynomials

>4 i I:)l n
%(t)ZJ —e n=1tnZ : (652)
j=0
and @= @;3@;3@,;::: as
X g
nt 2= s(@atz™ (6.53)
n=0

We consider the change of variables (t;t9) ! (x;y)

(6.54)

%tzx y
%

O=x+y;
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the Hirota derivation

_. @ @. . . .
s(@f g=s @y @y f(t+y)gl(t y)yzo, (6.55)

the Schur polynomials (.52} and the expressions (6.53) to evaluate the residue (6.50)

n . o]
0=Res-; e<2yz> n Xy [z oox+y+[z Y
1

10
I
- P
:% CdZ ZS( 2y) g % @Ee W@ n(X)  n(X)
| 0 ! (6.56)
- L dzg<1 2is( 203 B M8 0 o
0 c i;j=0 1
:gj S 2y)s54 @ E K@ (x)  a(X):
1=0

Considering s( 2y)s; @ = @, and a Taylor expansionin y = (t t9=2, we have

0 v 10 % 1
o+ 508 240y B w@+0yE.0 w020
= 1 (6.57)

X ~
%14_ Yk @ @, 251 @En(X) n(x)+0O y2 =

k=1

Since @, n(X) n(x) =0 and the coe cient of y, is trivial for k = 1;2, with x! t we
obtain the Hirota bilinear representation of the KP hierarchy (6[38).]

The rst part of property ( [ii)} i.e. the explicit form of L(t) in terms of -functions
follows from its de nition via the decomposition (6.30). The second part of property (

is a consequence of[(6.30). Indeed we have

L(t)=S(t) S(t) *=s(t) S@t) 'si)” sy
=S(t) my (t)S(t)” =S(t)my () ~ S(t)” (6.58)

= S()S) 1st)” 1 7st)” = st) sl =L);

henceL(t) is symmetric and thus tridiagonal.
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Conjugating (6.35) with S(t), we have

!

@m (t)
@t

=S@t) @) st)* @@i S(t) sy 1 os(t) (6.59)

QS 1 > 1 @$)> .
o S(t) 1+ S(t) @

0=S(t) (*my (t) S(t)”

=L)<+

Taking into account the projections () , selecting the upper/lower triangular part of the
matrix respectively plus the diagonal and (), the projection selecting only the diagonal,

we can construct the two projections constituting the algebra splitting (6

8
%(a)b =2(a) (a)
-§(a)s =(a), (a) :

a=(a),+(a) (6.60)

From (6.60) and (6.59), we obtain the ows equations for the Toda lattice (§.40)]

Finally, we consider the property ([iii )] The Borel decomposition of m; (t) (6.36) in-
duces the orthonormality of the polinomials pn(z;t) = (S(t) (2)),

Z

Pz Pz D g 1y 0™ RS(t) (2 (@7 S(t) (2)dz 661
61

= S(t)my (t)S(t)” = S(t)S(t) 1S(t)” 1s(t)” =1:

In particular, p,(z;t); ¥ t=0for0 k n 1. Introducing hy(t) = ( nea(t)= n(t)*2, a

classical result [L10] is that they admit the integral representation

1 ¢ v
ha()Pn(z:0) = O AU (z u) (u)dug
S _RE k=1
Z
2N 5 Yn m
= (u) 1 —  (udug
npt) go " 1 z !
_2 CX det uk¥! 2 " (U du (6.62)
- n! n(t) RN 2s, K 1 kil nk=l V4 ek K .
N Z x 0 uk+|l 1L
= T det%k%z () E t(u (k))du (k)
nl q(t) gn s z DT
z" 1
=—_det i(t) = ia(t
n(t) I,j() z I,J+l( ) 0 01
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The expression in the parenthesis is

z
1 . u
ij (1) < ijea(t) = u™ 1 = ((u)du
4 R Z
z
= ueos 2) (u)du
ZR P
- t iuk
uI+je k tkook (U)du

R
ot [zl

hence (6.63) becomes

h o nt [z .
n)pn(z;t) =2 T

An analogous computation can be done for qy(z;t) de ned in (6.45)} giving

n t+[z 1] .

hy(t)an(z;)=2z " 0

Recaling (2)= 1;z;2;:: - and the shift operator
2=z (2); > (z2N=z @Y ze;
with e = (1;0;0;:::)”, the vectors
pz:h=St) @; azh=sty ' Y
are eigenvectors of the Toda lattice

Lt)pz;)=S(t) Sit) 'St) @=St) @

=z3(t) (9=1zp(z:Y);

L) az:)=St)” * s)”st)” * zhH=st)” ' ()

=z8(1t) * (zY) zS(t) e =zqzt) ze:

(6.63)

(6.64)

(6.65)

(6.66)

(6.67)

(6.68)

(6.69)
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Chapter 6. Hermitian Matrix Ensemble and dispersive shocks
Since for (6.57) L(t) = L(t)” we have

((Lt) zl)p(z:1),=0; n O

((Lt) zl)a(z:t),=0; n 1:

(6.70)

So far we have reviewed the fundamental features and general aspects of the theory to
describe the H,,. In the following, we will consider the description provided in [22],
de ning a suitable reduction of the Toda lattice, corresponding to the selection of the

even times only in the coupling constants in the expression for the partition function.

6.2 From Toda lattice to Volterra lattice

We recall the form of the Toda lattice, associated to the study of the H,, introduced in

section[6.1.2

12 L
@1 log —3 02 0 0 0
E 12 12
e @, log -2 1,3 0 0
E 12 12
= 13 3 2 4
Ln=§ © z @log= 0 . (6.71)
z 1=2 1=2
E O 0 4t @logt A
2)
where the elds entering the matrix are explicitly reported in terms of -functions of the

system. The matrix L(t) representing the lattice satis es the Lax equations (§.40)

@L 1 ,
—= - L ;L : 6.72
@lt 2 S, ( )

The matrix L(t) is by construction symmetric and the projection s acts on a generic sym-

metric matrix aas
@s=@. @ ; (6.73)
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where the projections () selects the upper / lower triangular part of the matrix respec-

tively, giving a skew-symmetric matrix.
The -functions appearing within the elements of the Toda lattice are proportional to
the partition function for n n Hermitian matrices (§.23)

(2 z 2 M z 2 Yh 122+P; tz
Zn'(t)=cn n(2) t(dz) = ¢, n(2) e2”7 =ifdz; (6.74)

Rn Rn

k=1 k=1

as described in section[6.1.]. As we can see, in[(6.74) the free theory is given by the

Gaussian Unitary Ensemble, obtained setting all the coupling constants t; to zero.

The -function is de ned as the determinant of the moments matrix
n(t) = det (my(1)) ; (6.75)
built via the symmetric inner product (6{32), |as

Ma(t) = ijz(t) 0; i} n_ Z;2 t o i n

s (6.76)

o L, .

z:2 = zZe 2 iz gz;
R

6.2.1 Initial condition with the GUE

We now consider the Lax matrix of the Toda lattice at the initial condition, with t = 0.
Looking at the structure of its elements and following a notation commonly used in the

literature, we distinguish betweentwo di  erent elds, a,(t) and b,(t). The elds a,(t) oc-
cupy the positions along the main diagonal and they are de ned in terms of  -functions

as

an(t) = @, log n(t); (6.77)

whereas the elds by, (t) appear in the rst above and lower diagonals of L(t) and they are

given by o
e
n+1(t) n 1(t) .
n(t)?

The expressions in (6.77) and [6.78) can be evaluated fort = 0, when the Hermitian

b, (t) = (6.78)

matrix ensemble reduces to the GUE. Following [91], the typical integrals appearing in
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the representation of -functions for Gaussian ensembles att = 0 can be given in terms

of a Selberg's integral. In particular,

z yn yn
1+k
| OF e Mdx=(2 (a0 w2 AT g4,
R? k=1 k=1 (1+)
Inthis,case =1and a=1=22

Z oo yn

(x)?> e 2%dx,=(2 )" (1+Kk): (6.80)
RO k=1 k=1

Recalling thatthe -function is given in terms of the determinant of the moments matrix,

we have
L K
Q=@ ) (6.81)
k=1
and we can compute b,(0) as
h=
b,(0) = n+1(0) n 1(0) :pﬁ; (6.82)

n(0)?

To evaluate the elds a,(0), we observe that if we enable the t; interaction in the -

functions, we have

Y
n(t1;0,0;:) =2 Pez (6.83)
k=1 n:
Then we have
a(0)= @, log n(t1;0;0;::7), _,=0: (6.84)

The corresponding Lax matrix representation of the Toda lattice at t = 0 is entirely de-
scribed by the elds b,(0), while the elements of the main diagonal vanish. In the next
section, we will see that if we set the elds along the diagonal to zero also after the initial

time, we obtain the Volterra lattice.
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6.2.2 Discrete equations for the elds in the Volterra lattice

The Volterra lattice emerges from Toda by letting all the elements of the main diagonal

be identically zero for t, O. It was introduced in [78]land its Lax operator takes the form

1
0 b)) 0 0 0

byt) 0 by(t) O 0
L=H 0 b(t) O byt) 0

0 0 bs(t) O byt)

'J)

with t = (ty; ts; ::2). It is worth mentioning that the model involving odd weights di

from the case here studied and it has been analysed in [55].

The Lax equations representing the Volterra lattice are the following

@3

NI

[
N
x~

-

~

11
_H
N

@L
k
In terms of the eld variables of the lattice the previous equation reads

@Rk _ by

~n bn+1 LZk 1

@i 2

b L2k 1 :
ntln2 N1 n Ln

Multiplying both sides of the equation by b, (t) and introducing the notation

8
28, = BA()
:

13
Va0 = bn(®) LX) |

the equation (6.87) becomes

(2K)

@Iﬁan Vi VrEZI? ; k=1;2;::::

@«

(6.85)

ers

(6.86)

(6.87)

(6.88)

(6.89)
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The eld variable B,(t) is addressed as the order parameter of the system. In particu-
lar, the elds V,SZK)(t) can be obtained as linear combinations of products involving the

variable B,(t). For the rst three terms we have

VrSZ) = By
Vi =v? v v ey @ (6.90)

© - y@ yOy@ L@ @, @

n+l n+l °

Considering the theory of the orthogonal polynomials described in section 2[5, we have
that the eld variables are essentially the coe cients of the recursion relation (2.55).
This result is in this context established in [30,]26]land gives rise to the so called string
equation. We will refer to its expression given in [29],] which in the case of even times
only takes the form

® (2k)

n= B, 2kt Vi (6.91)
k=1

In particular, the form of the operator in the second term of the right hand side of (6.91) |

is produced imposing the string equation
[L;P]=1: (6.92)
In (6.92), the operator P is expressed as

1 X 2k 1
P= §(L)S+ Kty L o (6.93)
k 1

In the following we will study the behaviour of the order parameter via the expres-
sion selecting the model where ty = 0 for k > 3, evaluating the thermodynamic
limit (for n!1 ). The order parameter will develop a singularity, that is regularised by
oscillations, observed in [[7] 108] and interpreted as a chaotic behaviour. In [22]] this
chaotic phase is instead interpreted as the occurrence of a propagating dispersive shock,

the regularisation mechanism described in £.3]
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6.3 Thermodynamic limit and scalar hierarchy

We introduce a typical scale of the system N and the rescaled eld variables

(2k)

B
Un= 1 TasNStag W= St (6.94)
Then the expression (6.97) reads
n X
N = Un 2k To W2K: (6.95)
k=1

We de ne the interpolating function  u(x) that will be the continuous eld variable

(6.96)

n 1
with x=—and" = —:
N N

8
%u(x) = Up
?

ux ")=up 1

As previously mentioned, we will focus on the case for which only the rstthree termsin
the corresponding coupling constants are on. In particular, the coupling constant Tg <0,
so that the convergence of the integral in the partition function (6,74) |s ensured. The

Taylor expansion for " ! 0 gives at the leading order
x=(1 T,)u 12T,u?® 60Tgus: (6.97)

We consider the continuum limit evaluated for the Volterra lattice equations (6.88) tb
better understand the evolution of the solution to the recurrence relation  u(x). Itis worth
noting that u(x) is indeed an order parameter, since in the thermodynamic limit it can be
express in terms of the derivative of the “free energy” of the system (recalling that is

essentially the partition function)

uX)= @In (x): (6.98)

Using (6.94) in (6.88), we get the corresponding expression involving the interpolation

function u(x)andu(x ").
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Evaluating the Taylor series for " ! 0, the hierarchy can be written as
® (k)
ur, = ""on (U; Qu; iz @u); (6.99)
n=0
with g,ﬂk) di erential polynomials of u. In the thermodynamic limit, with " ! 0 the

previous expression at the leading order gives us the Hopf hierarchy (also known as
Burgers-Hopf hierarchy [80])

)k(2n+1)!!_

U, = GUNUy; with 6= ( D5

(6.100)

The solution to this equation is implicitly given by (6.p7). JFrom the latter, we can deter-

mine the condition for extremising the free energy

Z
Flu]= fo(u)dx; >0
0 (6.101)

1
fo(u)= xu+3(1 To)u? 4T,u® 15Tgu?:

The number of local minima and maxima of the free energy density depend on the sig-

nature of the discriminant  of (6.97), such as

8

% >0 two local minima and one local maximum ;

§ =0  boundary of the multi-valued region ; (6.102)
7 >0

one minimum :

The phase transition occurs at the critical point, represented by the cusp point in the g-
ure (a). For a given choice of T, T4 in the plane (x;Tg) the colored region represents
the condition for which (6.97)]has three di  erent solutions, corresponding to the station-
ary points of the free energy density, displayed in (b) for two di  erent values of Tg as a
function of the eld variable u.

All the gures reported in this section are reproductions of those appeared in the
work [22].

The behaviour above described was expected from equation (6.100), since a generic

solution to the Hopf hierarchy develops a singularity for nite value of the time vari-
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(@) (b)

Figure 6.1: In (a) the critical set =0 for T, =0, T, =0:1 in the plane (x;Tg). The lled
region corresponds to the case > 0, where admits multiple roots. In (b) the free
energy density is depicted as a function of the solution u for the points (0:22; 0:0051)
and (0:22; 0:0067) identi ed in (a), in the region >0.

ables Ty, as we have seen in sectiorj 4.]L.. In particular, we will see how the singularity
is associated to the occurrence of a dispersive shock induced by dispersive corrections
to the Hopf hierarchy, as discussed in section Approaching the gradient catastro-
phe, the dispersive corrections appearing in (p.99) induce oscillations manifesting the

emergence of a dispersive shock, as discussed in the following section.

6.4 Dispersive regularisation and possible scenarios in the mul-

tivalued region

In gure €.2a) (e), it is shown the evolution of the solution u(x) to (6.97) and of uy,
evaluated via the recurrence relation (p.95) with k 2 f1;2;3g Recalling that u, = "B, the

recurrence relation becomes
n=8, 2T,V 41,v\? 6T5"2: (6.103)

where Vrfz); ,$4); ,fe) are given by the relations (6.90).
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The initial constraint of the recurrence relation are given by the elds

v (toitaitg) o 1(toitgrt ;
I+l( 2:44, 6.) I. 1(22’ 4 6)' i=1:2:3; (6104)
i(to;ts;16)

Bo(to:its;ts) =0 Bi(to;tarte) =

with ;=1and ; as de ned in (§.75) with only nonzero times ( t3;t4;tg).

In gure 6.2 [a) the behaviour of the two overlapping solutions is represented for
values of T,; T4; Tg such that the order parameter is single valued (i.e. in the region <0
in gure §.1 {a)).

In gure €.2 {b), in proximity to the gradient catastrophe, we observe a deviation in
the evolution of the two functions and the pro le representing the exact solution devel-
ops oscillations, that become evident in gures 6.2 {c) (e). Figure[6.] (a) illustrates the
passage from the region <Q0to >0.

The micro-oscillatory behaviour reveals the occurrence of a dispersive regularisation.
The ostensible chaotic phase, as it was interpreted in [77),[108], is then describable as the
onset of this mechanism of regularisation, for the presence of higher order corrections
to the leading order in (6.97). In [77]] the phase transition is interpreted in terms of
the spectral distribution associated to the matrix model, extending to the M © theory the
approach laid out in [26] for the M# theory. In particular, the single valued phase is
connected to a spectral distribution with one single cut, whereas the multi-valued phase

corresponds to a spectral distribution with three cuts.
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Dispersive regularisation and possible scenarios in the multivalued region

(@) (b)

©) (d)

(e) ()

Figure 6.2: The function u(x) and u,, are shown for constant values of T,; T, and " = 0:01.
In (a) the behaviour of the function at a point in the < 0 region is represented. In
(b) =0 in correspondence of the gradient catastrophe, from (c) to (e) it is shown the
solutions at the selected points of the region > 0in gure
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Chapter 6. Hermitian Matrix Ensemble and dispersive shocks

We now analyse the region > 0, for which (6.97) admits three real and distinct
solutions. Here, di erent scenarios are possible, depending on the ranges associated to
the coupling constants T,;T4; Ts, obtained studying the sign of the coe cients in (6.97).
As it was mentioned above, to ensure the converge of the integral to evaluate the -

function, the time Tg must be strictly negative. We identify the possible three cases

(1 2T,)<0;T4>0 scenario 1,
(1 2T,)>0 scenario 2, (6.105)
(1 2T,)<0;Ty4<0 scenario 3.

Scenario 1 Itis represented in gures c) (e) and it constitutes the same case anal-
ysedin [76] [77]. Sinceu(x) 0, only non negative branches of the eld variable represent
admissible states of the system. In particular, the three branches of the cubic, corre-
sponding to stationary points of the free energy density, are positive. We can observe a
complex structure that qualitatively looks like a dispersive shock wave, but displaying

an additional so called beating pattern [34]]
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(a) (b)

(c) (d)

Figure 6.3: In (a), u(x) isreported for (1 2T,)>0; T, > 0. In (b), it is also represented uy,
for " =0:01, where it is visible the propagation of the dispersive shock originated in the
region x < 0. The same is shown in (c) and (d) for the sector (1 2T,)>0; T, <0.

Scenario 2 The solution u(x) to is shown in gure §.3 [a) and (c) for di erent
values of T4, while the parameters T, and Tg are kept constant. The function is three val-
ued, but one of the roots is negative and it does not lead to a stable state for the system.
Nonetheless, the existence of two other possible states, one stable and one unstable, leads
to the emergence of the dispersive shock, visible in gure §.3 {b) and (d). This is the case
even if in the region x > 0 there exists a non-negative branch of the cubic only: the gra-
dient catastrophe occurs for x < 0. In this case, the pro le of the regulation mechanism
gualitatively resembles the one of the dispersive shock wave appearing in KdV with a

cubic wavebreaking [54] (the so called Bordeaux glass pro le, see section4.3).
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Chapter 6. Hermitian Matrix Ensemble and dispersive shocks

(@) (b)

Figure 6.4: In (a) u(x) is shown for (1 2T,)>0; T, > 0. In (b) it is also represented up,
for " = 0:01. There is no dispersive shock in this case and the solution for u > 0 is single
valued.

Scenario 3 The solution u(x) is multivalued with only one positive branch for  u(x) >0,
as represented in gure 6.4a), hence the system can be in one state only. In this case, the
two solutions shown in gure 6[4 (b) overlap and there is no oscillation. Then one can
conclude that the regularisation mechanism given by the dispersive shock is associated
with the existence of accessible both stable and unstable states.

The emergence of a dispersive shock is a speci c feature of matrix ensembles, whereas
viscous shocks are a speci ¢ feature of classical magnetic and uid models. In section
we have observed the onset of a viscous shock in the order parameter for mean- eld
statistical mechanical models. In this case, the underlying hydrodynamic system at the
leading order in the order parameter is given by the Hopf equation (e.g. equation (5/25) |
for the Curie-Weiss model). In the context of the Hermitian matrix ensemble, at the
leading order in the thermodynamic limit, we encounter the Hopf hierarchy (6.100) if
even slow times T,,. This may suggest that from this point of view, the two systems are
speci ed by the initial condition for the di erential identity.

In the following chapter, we will show how ensembles of symmetric give rise to more
complex structures, i.e. hydrodynamic chains, compared to the scalar hierarchy emerg-

ing for the Hermitian matrix ensemble.
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Chapter 7

Symmetric Matrix Ensemble and

hydrodynamic chains

This chapter is dedicated to the study of the symmetric matrix ensemble S, and a new as-
sociated hydrodynamic chain [23]. Firstly, in section 7.1,Jwe will use the tools developed
in section to describe the discrete integrable structure associated with the ensemble,
referred to as Pfa lattice. We follow [11,112,/116] and we will see how the KP-Pfa  hier-
archy emerges for the Pfa an -function, the latter being proportional to the partition
function for the ensemble S;,. In section we will introduce a suitable notation for
the eld variables of the Pfa lattice with the aim of unveiling the existing underlying

double-chain structure.

Then, in section [7.3] we will describe the lattice emerging by selecting the even inter-
action terms only. This Pfa reduction is realised with the aim of reducing the complexity
of the problem, passing from a double-chain structure to a single-chain one. In the ther-
modynamic limit at the leading order, the resultant system of equations for the evolution
in the rst even time (i.e. t,) can be recast in the form of a hydrodynamic chain, as we
will discuss in section Then we will investigate the integrability of the new in nite
hydrodynamic chain, following the approach developed in section 3[2. Jn section 7[5, jve
will conjecture that generalised hydrodynamic chains can be found at the leading order

of the continuum limit for higher even ows as well, i.e. with respectto times  t4; tg; 11
Finally, section [{.6]is devoted to the comparison between the hierarchies emerging at
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Chapter 7. Symmetric Matrix Ensemble and hydrodynamic chains

the leading order of the thermodynamic limit in the case of the Volterra lattice and the

corresponding even time reduction of the Pfa lattice.

7.1 Symmetric Matrix Ensemble

7.1.1 S, as atangent space and partition function

Similarly to the Hermitian case treated in section §.1.1,|we follow the approach pre-
sented in section[2.2. We consider the non-compact symmetric spaceM = G=K with G =

SL(n;R) and the involution map de nedin K as
=g (7.1)
so that the subgroup K is in this case given by
K=fg2SLmR) | (9)=99=fg2SLnR)jg *=g” g=SOn): (7.2)
The symmetric spaceM can be expressed as

SUn;R)=S@n) fgg jg2SLn;R)g

= fpositive de nite matrices withdet=1 ¢

(7.3)

The involution map induces the map (A) = A~, the subalgebra beingt = so(n),
of n n traceless skew-symmetric matrices. The tangent vector spacepto M at the iden-
tity is the space of N n symmetric matrices S,,, for which  (A) = A”. The algebra de-

composition is

si(mR)=t p=so(n) S ,: (7.4)
The free variables in M 2 S, are the real entries M;; for 1 [ i n and the Haar
measure onS, is
Yn
dm = dMij . (75)
1 i j n

Also in this case, a maximal abelian subalgebra a p = S, is given by the subset of

diagonal matrices z =diag (z1;2;:::; %), where z; with 1 i n are eigenvalues. Any

120



Symmetric Matrix Ensemble

symmetric matrix can be diagonalised through an orthogonal operator, so that

M=0z0?! 02K=S0O(n): (7.6)

The orthogonal operator can be expressed via the exponential map asO = e, with the
matrix A suchthat A 2 t = so(n), a traceless skew-symmetric matrix (A> = A). Then A

takes the form
X

A= (& (&g 8K)); (7.7)
1 k<I| n

with the same formalism used in section In this case, we have
X
[AiZl=(z z) ay (8 *+8K) 2Pp= Sp; (7.8)
1 k I n

so that the Haar measure on S, becomes

Yn Y
dM =  dz d(z zYay)
i=1 1 k<l n
| ™ v (7.9)
=] n(2j dz day :

i=1 1 k<l n

Here,j n(2)jis the Jacobian determinant of the map M ! (z; O) to the polar coordinates

dM =j ,(2jdzdz :::dz, dO; 02S0O(n): (7.10)

Similarly to the Hermitian case, we have

z " @i, @
P(M 2 S,(E)) = e TVMdm = B ——g= : (7.11)
Hn(E) RnJ (Z)J k=1 (de)
and the free theory patrtition function is de ned as
Z yn 4 yn
1 . . : .
0= i a@ @20z @ e'®dz: (7.12)
RP k=1 RA k=1
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Chapter 7. Symmetric Matrix Ensemble and hydrodynamic chains

Deforming the potential we obtain
z i z

(1) P, R RV L ara
Zp'(t)=cn | n(2)i tdz)=c, | n(@ e 7 miAdy: (7.13)
RP k=1 RO k=1

7.1.2 Pfa lattice

As in the case of Toda, the Pfa lattice emerges from a suitable decomposition of the
algebra gao(1 ) of invertible matrices Eksee section). It is seen as composed of 2 2

blocks [9] and then it admits the natural decomposition
gol)=d dy di=d dy df di; (7.14)

where dy has 2 2 blocks along the diagonal and zeros elsewhere,d are the subalgebras of
upper/lower triangular matrices with 2 2 zero blocks along the diagonal. In addition, dy

can be further decomposed into

dy=fall2 2blocks 2d, are proportional to Identity g

(7.15)
dg =fall2 2blocks 2d, are tracelessg:
We introduce the skew-symmetric semi-in nite matrix J
1
g 0 1 0 0 0 0
21 o/ 0 0 0 o0
2 0 0 (0 1| 0 O
J=B 0o o |1 0| 0 o (7.16)
20 0 0 0 |0 1
2 0 0 0 0 |1 O
2) s
and the associated involution :gol1)! gal)
ca7! (@=Jad: (7.17)

1in [B7] go(1 ) is addressed as the algebra behind the so called BKP hierarchy for the corresponding -
functions (here called Pfa -KP), as well asgl(1 ) is the one for the KP hierarchy in the associated -functions.
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To apply the AKS theorem, we consider the splitting

gol)=9+ g =t n; (7.18)

where the subalgebrast and n are

t=d d,=flower triangular matrices with 2 2 diagonal blocks / 1Id g

(7.19)
n=d) d.=fa2gol)ja=JaJg=sp(l);
and the inner product hA; Bi =tr (AB) . Setting
Ho = 317 (7.20)
the equation (2.27) for the AKS theorem reads
e._ N, _h o
o Lt,L— L n,L. (7.21)
The matrix L is, in this case, built from the dressing of the shift operator ~ =f j; 1g ij<1
as
L) =Q) Q) *; (7.22)

with the matrix Q 2 G,, belonging to the group associated with the subalgebra g,, thus
being a lower triangular matrix with the 2 2 blocks along the diagonal proportional to

the identity. The projectors entering in (7.21)|are explicitly given as follows. Given a2
gl(1)

a=(a) +(@y+(a),
= (a); + (a)y, (7.23)

= @ J@II 4y @ J@FI + @ rI@II g @+ @ I
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Chapter 7. Symmetric Matrix Ensemble and hydrodynamic chains

We now will follow the approach shown in [11, 12, 116] to express the Pfa  lattice in
terms of the corresponding Pfa an -functions. As for the Toda lattice, the  -function is

proportional to the partition function for the symmetric ensemble determined in (7.13) |

Z yn
1 . .
zZ0=c i a@i  (dz): (7.24)
R™ k=1
Let us introduce the inner product on the skew-symmetric weight  ((y;2) = (z;y)
ZZ
hf; gi = Lf 9@ «(y:9dydz
z z¢ (7.25)

P S
= W@y eV V@A Ll dydz;
R2

where " (x) =sgn(x) and " (0) = 0. The moments matrix is, in this case, given by

- = hvi A -
mu(t) ij (t) 0 ij<n hy'; Z iy 0 ij<n’ (7.26)
that is skew-symmetric. Due to the form of the inner product, for the moments ij () we
have
@ ..
—@:é = ek toijeke (7.27)
For the corresponding semi-in nite moments matrix m; (t) this leads to
@m (t
o= tmwem© (7.28)

where is the shift matrix mentioned above. The moments matrix so constructed ad-
mits a unique decomposition in terms of the inverse of the matrix of the aforementioned

group G, and the semi-in nite matrix J, as

my (1) =Q(t) IQt)” *; (7.29)
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with the matrix Q(t) of the form

1
E 0 0 0 0 n
Qaznn 0 0 0 o
E 0 Qan: 0 0 o
Q(t) = E o (7.30)
: Q2n+2:2n+2 0 B
E 0 Qonv2in2 | 10
We can now state the theorem by Adler and van Moerbeke[?]
Theorem 7.1.1 The -functions de ned as Pfa an of the moments matrix
1
20(t) B pfmpn(t) = (detmpy (0)*2/ Z5)(t); (7.31)
(i) satisfy the equation in the Pfa-KP hierarchy
~ 1 ~
%4(@ 5@ @.; () 2O)=5(@ 2ne2() 20 2(); k=012
(7.32)
(i) constitute the elements of the Pfdattice L(t) = Q(t) Q(t) *
1
1 0 0 0 0
=
@, log » 4—20 0 0 0
2
@, log » 1 0 0
L(t) = 12 . (7.33)
@log 4 2 0 -
4
@, 109 4 1

2The theorem here presented is in the form reported in [116]] where the results of several works are
collected (see e.g.[[11[ 12] 6]).
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Chapter 7. Symmetric Matrix Ensemble and hydrodynamic chains

for which the commuting equations in dierent ows are (7.21))

@_ h, T h o 0
G- L sL= ¢ gL (7.34)

(iii’) enter in the de nition of the class of eigenvectors bfq(t; z) = (as(t; 2)),, o, satisfying
L(t)a(t;z) = zo(t; 2): (7.35)

Here, g,4(t; z) are then-th degree polynomials irz, skew-orthonormal with respect to

the t-dependent inner product
hoi (t:2); g (6 2)ig = J; (7.36)

They admit the representatiofiq, (z;t)),, o= Q(t) (2), with (z2)= 12,2 >,and

L oot [21] . t
Gon(t;2) = 22" h, 2 — with hy, = 2”+it())
2n ! 2n (7.37)
L 1 @
Oon+1(t;2) = 22" hyn™ o Z+@i ot [27]:
n

In order to prove the formula ( we consider the integral in the de nition of the
partition function Zr(,l)(t) in (7.13). Itinvolves the Vandermonde determinant (see (6.47))

4 en
j 0@ (@)dze=
R2n k=1
5 | . (7.38)
= (2n)! det 7! (zk)dz;
1 <z1<z,<:i:<zy<1 Lo i 2n 1k=1 t

where we impose an ordering of the eigenvalues to remove the absolute value of the de-

terminant and, as a consequence of this, a factorial factor appears in front of the integral.
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We consider a shift of the indices i and j

Z _ en
(2n)! det Z (zZ)dz =
1 <z1<z,<:u:<z7,<1 i*1 o Ljo2n 1k=1 t
A ' en
= (2n)! det 7 * L i 2 t(z)dz (7.39)
1 <z1<z,<::<z,<1 ’ k=1
Z 2n
= (2n)! det z ~ ((z) , on

| dz:
1 <zy3<zy<:ii<z,<1 i k=1

Given the ordering of the eigenvalues and the fact that z; appears only in the rst column

of the matrix zji 1 () . 2n,this can be integrated for each element as
Z 2 .
Fi(z,) = (z1)Z, tdz;  8i=1;:::;2n (7.40)
1

and i-th element of the column substituted with  F;(z,)

t(21) t(22) o t(Z2n)
71 +(z4) z; 1(22) s Zon t(zon)
i1 _
det z * (7)) | o o
2" @) "' @) i DY i(zan)

(7.41)
After the substitution, the eigenvalue z, appears in the rst two columns. We can reiter-

ate the procedure for z3, substituting the third column with

Z 2
Fi(z4) = (za)zy 1dzg;  8i=1;:::;2n; (7.42)
1
and then subtracting Fi(z,)
z Z4 .
Fi(z4) Fi(z)= (27 ldz; 8i=1;::;2n: (7.43)
Z

In this way, all the variables z;; z3; z5; ::: can be integrated out and the expression in the
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last row of (f.39) becomes

VA yn
(2n)! t(Z2k) d 2ok
1 <2,<z4<um<z;p <1 g (7.44)

det Fi(z2):2: Fi(za) Fi(22)i:iF(zan) Fizon 2)i%n o | 0 4

We introduce the function

Z z . .
Gi(2=FY2)= @@Z ) X' ((X)dx=2Z" ((2); (7.45)

and using the invariance of the determinant with respect to the addition and subtraction

of columns, the expression in ([7.44) takes the form

4 Y
(2n)! det Fi(z2); Gi(z2); 20  R(zen): Gi(zen) ,  ,,, dZx=
1 <z,<z4<:ii<z,<1 ! n k=1
(2n)!Z yn
=T et R@)iG@)R @) G o g,y dE
. n k:l
(7.46)

where in the last step the ordering of eigenvalues is removed invoking the symmetry of
the expression and this last can be seen as a sum oven terms of the kind

Z
ij = . Fi(9Gj(2 F((©@Gi(2) dz

= Gi(Y)Gj(x) Gj(y)Gi(x) dxdy

1 <y<x<l1

8
7 %1 z>0

(7.47)

:% R2Gi(X)Gj(Y)"(X y)dxdy; with "(2)=3 1 <0

0 z=0;

using ([7.45).
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Thus, the (7.46) brings to

@2n)! X il
T (1) ) (k+1) =
T2, k=0
|
1 X 212 P iy ’
= (D x Wy Ce 0 x y) () (axdy 49
n! 25, k=0 R2

= (2n)!pf man(t) = (2N)! 2n(t);

where we recognize the Pfa an -function, that in the case of a matrix with an even

number of rows and columns is given by

pf My (t) = (det man(t))*

(7.49)
The Pfa an -functions satisfy the bilinear identity [12, 6]
n 0
: 0 0 (7.50)
+Res,—g  ons2(t [2]) Zm(t0+[z])e (t° t:2) ,2n 2m =0: 8t:t%2C:

with  (t;z) de ned in (§.51)} Considering the change of variables ( t;t9! (x;y)asin (6.54),

the Schur polynomials (5.52) and the Taylor expansionin y =(t t9=2, we obtain
1 | P

— e K on X Y [2Y omep X+y+[z Y 22" 2M 245
21 5,4 |
1

tom e n( Y [F) amlxry+[2) 2N PMdz=

z=0
% X
. P

:i_ ZJ%( 2y)ekyk@

2 I z=1 ]=0

I %

Z (@ 2n(X)  2me2()Z2" 2™ 2dz
k=0

1 j P y@>Q Kea (/7 2n 2m
to—  zZlg@)e K@ (@ o) ()2 MMdz (751
2=0j=0 k=0
X P ~
s5(2y)e MO ( @ 2n(X)  2me2(X)

j k+2n 2m=1

X
+

P ~
s@y)e YO (@ 2n42(¥)  2m(X)
k j+2n 2m= 1

=Y 28,8, %@ w00 ;m00+S @ 22l 220 *

With x! t, imposing that the coe cients of y, are zero, we identify the Pfa KP hier-
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achy (7.32).

The procedure to build the Pfa lattice from the matrix Q(t) described at the be-
ginning of the section allows us to write the elements in the diagonal and in the above
diagonal showed in ([7.33) in terms of the sequence of Pfa an -functions explicitly. The
lower triangular part is composed of terms involving combinations of Schur polynomials
whose form is not speci ed. In what follows, we will focus on a speci c reduction of the
Pfa lattice, obtained selecting the even times only in the weight of the inner product,
mimicking the way in which Volterra is obtained from Toda. A study of the equations
of the ows obtained for the rst even times in the reduction shows that the above men-
tioned expressions given in [B] for the elds occupying the rst lower diagonal are valid

only up to a truncated nite lattice for n =4 and cannot be generalise(ﬂ

For the last part of the property ([ii)} we consider the equations for the ows of the

moments matrix (7.28] in conjugation with the matrix ~ Q(t)

|
@m (t)

0=QM *myO+my () T* =g QW
= Qo ket 3 IQw t Rewra 3+ Elom by s @gg 33
| I
- 1w+ Eont 3w+ ERen 3
(7.52)
where we use the de nition of the Pfa lattice and the property J? = |. Evaluating the

projections ()g and () , corresponding to selecting 2 2 blocks along the diagonal and
uppetr/lower triangular part with zero elements in the 2 2 blocks along the diagonal

respectively, we obtain the equations for the commuting vector elds (7

Finally, for (iii )} from the skew-Borel decomposition, we get the skew-orthonormality

of the polynomials q,(z;t)

hak(z:D); 6z o= QM) Y5 Zic | QWM™ =QMm: (HQ®)” =J:  (7.53)

3Whenever we have explored an aspect of the lattices here reported, we have of course considered a
truncated version of the lattices, for which the boundary e ects have been neglected.
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Then, using the rst of (6.66)|and the de nition of the Pfa lattice, we get

LMaz:h=Q1) Q) Q) @=Q1) @

(7.54)
=zQ(t) (2=zqz:1):
Hence, the skew-orthogonal polynomials are eigenvectors of the Pfa lattice.
7.2 Lattice equations in the rsttwo ows for the Pfa hierar-

chy

In the following, we will introduce a suitable notation for the elds constituting the Pfa
lattice. This is meant to highlight how certain elds evolve similarly, and will be helpful

later on in clarifying the underlying double chain structure for the eld variables.

We start by recalling the form of the Pfa  lattice introduced in section

1
B 0 1 0 0 0 0
E 1=
@log , +° 0 0 0
z 2
: @, log » 1 0 0 -
: @log 4 —5 0
z 4
E @log 4 1
2)

with the elds of the main diagonal and the upper above diagonal explicitly given in

terms of -functions of the system. The matrix L(t) satis es the Lax equations ([7.34)
== Lk L (7.56)
From (7.23) the action of the projection labelled by t in (7.56) ona2 2 blocks matrix a

@= @ @45 @ I@I; (757)
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where J is the skew-symmetric matrix (7.16), () is the projection selecting the up-
per/lower triangular part without the 2 2 blocks along the main diagonal and () ¢ selects

the 2 2 blocks along the main diagonal.

The -functions are proportional to the partition function describing S, for 2n  2n

symmetric matrices
z en z en P
(1) ey — : : _ : : 12471 1,2 .
Zyn(t)=Cn | 2n(2) tdz) =cn | (2 e 2% =h%dz;  (7.58)
R2n k=1 R2n k=1

as discussed in section[7.1.1, see in particular equation (7.13). Setting to zero the cou-
pling constants t; in (7.58), we nd the free theory given by the Gaussian Orthogonal

Ensemble. We recall that the -function is de ned as the Pfa  an of the moments matrix

an(t) = pf (M2n (1) = (det (Myn (1))

X 1l P o
0= 5 (D) x )y (g 302 LGy n iy yydxdy -
n! 25, k=0 R2

' (7.59)

We observe that Lax equations for the Pfa lattice (7.56) can be recast in the form of a

two-component in nite chain. We introduce the following notation for the entries of the

lattice 0 1
5 1 0O 0O O 0O O 0 O
vV w$ 0o 0 0 0 0 O
wi v 1.0 0 0 0 O
% vi w8 v wd 0 0o o0 o0
HO= g wi w,bwl v 1 0 o0 o0 (789
g viow,? v owgt v w0 o0
g we v, wzovpt owloovl 10

)

We distinguish between the entries in the odd and even diagonals of the lattice, respec-
tively wX and vk, with k2Z and n2N. The rst upper diagonal is the highest non-zero

odd diagonal of the lattice, and the non-constant elds belonging to it are named ~ w9.
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The main diagonal is populated by the elds V0. For the elds appearing in the lower
triangular part of the lattice, the upper index in absolute value identi es the diagonal to
which the eld belongs, and negative and positive values refer to odd and even positions
of the diagonal respectively. Hence, the elds w¥ occupy the odd positions of the (2 jkj 1)-
th below diagonal for k < 0 and the even positions for k > 0. The same is valid for the
elds v,'§ in the (2jkj)-th below diagonal. From (7.56), we can investigate the evolution
for the elds vk and w with respect to the di  erent times. With the chosen notation the

structure characterising the matrix Lin2 2 blocks is evident

1 0 0 0 0 0 0 0 o :
Vil wd o 0 0 0 0o 0
wil | v 1 0 0 0 0o 0
vilw,t v wd o 0 0o 0
HO= wal vt owg | v 1 0 0o 0
V2 w2 ovE ] fwgt v wd o o
wilfv,2 o owi| (vt owi v 1| o

We can rewrite this in terms of 2 2 blocks by; as follows

. 1
. 0 0 0 0
ot 0 00
P Boi s ° ° ; (7.61)
b by by O
b1j+1 boj+1 O

where the blocks are given in terms of the previously introduced elds vK and wk, as

L(t) =

eD

0 1

0 1
Wil Vi jl+1 WjO o
bij = X boj = X with j i;i O: (7.62)
[ 0
1

i
Viear Wi Vi
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In the following, we will display the equations for the rsttwo ows ( t;;ty) interms

of the elds v'rf and wﬁ. We start by considering the equations for the t;-ow in the

elds vk
k-1 o 0 .0 0 Kook 1 0y (k+1)
@1Vn‘§ Vo 1tVn Vo k1 Voken Vnt Wy WnWp 11
K 1
wh w6 wl 1wn(1 ), k< 1

1_ 0 0 1 2 0 1,,,1 0 2
@1Vn =5 Vi1 Vasr Voo FWRS O Wh WitW, o W W

R 0 R §
@1Vn—Wan

1_1 o 0 1 2.0 11,00 w2
@1Vn—§ Viotr Vo1 Va Wpo tWp+ Wi Wh + Wi g Wy

1
_ 0 0 0o ,,0 K 0 k 1 1,k
@, Vn ) VientVien 1 VYn Vo1 Vant Wi (Wn 7 H W i Wi
0 k+1 (k+1), .
+ W Wh Whn : k>1:
The equations for the elds Wr'ﬁ in the time t4 are
k-1 o 0 0,0 K, 0 ke2 0, (k+2)
@Wn=5 Vnk 1¥Vn k2T VntVn 1 Wn* Wy oVn = WpVpyy
1 k+1 1,, (k+1) 0 k 0 k .
+W, " 1Vn Wj,"Vp Wy 1Vn Wh 1V k< 1
1_.,0, 1 0 1
@1Wn =WnpVp Wn 1Vn 1
@ w 10 040 WO
19Wn — 2 n+1 n nl n
@wk = L0 0 L0 wKevk vk K>0:
1Vn — 2n+k n+k 1 n nl n n n .
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Lattice equations in the rsttwo ows for the Pfa hierarchy

For the second ow in the time t, we have for the elds vk

1
k — k 0 2 0 2 02 0 2 0 1 0 1
@2Vn - Evn (Vn k) (Vn k 1) (Vn) +(Vn 1) tw Wn k 1Wn k 1

nkWnk

0,1 0 1 0 k1 0 k+1 0,,k+1 0 k 1
Wp Wy +W, (W, +Wn kVn Wh k 1Vn +WpV Wy 1Vp 1

n n+l
0 0 k 1 0 0 1 k
+Vnkvnk1Wn Vn Va1 Wp™ Wy
k+1
nghﬂ Wg 1Vn(1 ) Wnk; k<O

@,Va = Wq Vy+ V!
1
k — k 0 2 0 2 0y2 0 2 0 1 0
@zvn - EVI’] (Vn+k) (Vn+k 1) +(Vn) (Vn 1) +Wn+kWn+k W,

+wlwl wl o wl o +wl vkt WO vk Tewluk, wl vkl

n1 n+k n+k 1 nVn+1
0 0 1,k 0o ,,0 (k+1)
* Vork Vinek 1 WoikWn Vno Vpo1 Wn
0 (k 1) 0 k 1 k.
* WnikVnsk Whek 1Vn+k 1 Whs k>0

Finally, the evolution of the elds wK in t, is given by the equations

1
@wn=5wWh (Vp i 1)° (Vp P+ (R (v 1)

0 1 0 1 0,1 0 1
+Wnk1Wnk1 WnkZWnk2+Wan Wp 1Wp g

0 K1 0 K+1 0kl
tWnk aWn T W g 2Wn T FWRW

n+1
wl Wl T v VR o Wl VT V) Vg v
H VR e v, D v
wovkZ w0l y (2 e o

L0 0 2 40 2,00 il 0 1 0. 1 1
@ZWn_EWn (Vne1)™ (Vp 1)+ Wpeg Whyg Wy qWo g +Wo Woig Wooy

1
1_ 1 0 2 0 2 0 1 0 1 0 2 042
@zwn - EWn (Vn+1) (Vn 1) + Wn+1 Wn+1 W 1 W 1 + Wn+1 Wh (Wn)

n n

0,,,0 0 2 0 0o ,1 0 0 1
+Wan+1 Wn 1Wn l+ Vn+l Vin Vi Vi Vn 1 Vi

1
n+k 1Wn+k 1
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Chapter 7. Symmetric Matrix Ensemble and hydrodynamic chains
1
@wn= SWh (Vpud® (pue D2+ (D7 (W) D+ Whay Wiy

0 1 0,1 0 1 0 k+1 0 k 1
Wn+k 1Wn+k 1+Wan Wn an 1 +Wn+kWn Wn+k 1Wn

0k 1 0 k+1 0 0 k 0o 0 k. .
tWaWnii Wn aWn 1% Yok Vaska Vao Va Vi1 Voo k>1:

We can see how the complexity of the equations increases for higher ows, comparing
the evolution of the eldsin t, with those in t,. Nevertheless, it is worth noticing that the
number of elds on which these expressions depend remains nite. In the following we
will see how the number of elements of every equation reduces if we consider a particular
restriction, inspired by the form of initial condition of the Pfa lattice related to the

symmetric matrix ensemble.

7.3 The even Pfa lattice

We look for a suitable reduction of the Pfa lattice with the aim of simplifying the struc-
ture, inspired by how the Volterra lattice is determined starting from the Toda lattice.
We consider the initial datum t = 0, for which the number of eld variables entering the

lattice is considerably reduced. In particular, only the elds Wh

survive in the new con-
guration. Then we look for a suitable selection of the coupling constants such that the

expression for the lattice is completely given in terms of wX, the even Pfa lattice.

7.3.1 Initial condition with the GOE

We now consider the initial condition for the Lax matrix  L(t = 0). From ([7.33), we have
the explicit form in terms of  -functions for the functions w9(t) and v(t). Speci cally,

the component wd(t) can be expressed as follows

!
2m2(t) 20 20)

O(t) =
WI"I() 22n(t)

(7.63)

and the component vi(t) as
Va(t) = @, log 2n(t): (7.64)
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The even Pfa lattice

Both expressions can be evaluated fort = 0, emphasising that in this case the symmetric
matrix ensemble reduces to the GOE. We will consider again the Selberg's integral (p.79),

with in thiscase =1=2anda=1=2, giving

Z yn yn k

i 0 e Xdx =2 )" (1+32). (7.65)
: ‘ @y’
R k=1 k=1 2
and since (1+1=2)= P= 2 we have
z vn \h "
i () e zXdx =222 ()2 145 (7.66)
R" k=1 k=1

Recalling thatthe -function is in this case written in terms of the Pfa  an of the moment
matrix with a skew-symmetric inner product and using the properties of the Gamma
function, we have
Y1
()= "2 2 QK (7.67)
k=0

Therefore, equations (7.63) and (7.67) imply

w0(0) = 2p_p 2n(2n 1): (7.68)

To evaluate (7.64), we consider only the dependence ont; in the expression of the Pfaf-
an -function. Recalling that t = ftq;t,; t3; :::g we have
ntf Y1
on(t10:0;:) = "Rez 2 Kk (7.69)
k=0

Hence, the elds constituting the main diagonal of the Pfa  lattice vanish

2 W1
@, ) =nt; "Pe? 2%k =0 =) v0(0)=0: (7.70)
t=0 k=0 t=0
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We observe that the elds vk(0) for k, 0 vanish att = 0 as well. This can be seen by

considering that the moment matrix m,,(0) in the case of a symmetric weight is

E 0 oa O o3 O 0:5
g o1 O 12 0 14 O
; 0 12 O 23 O 25
M@= i o =B o O s 0 g4 O B (771
g 0 14 O 34 O 45
; o5 O 25 O 45 O

&

because of the skew-symmetry of the inner product.
When considering the decomposition of the moment matrix to obtain the matrix — Q(0)

that allows to build the Pfa lattice (see equations (7.29) and (7.30)), we have

Qoo O 0 0 0 0 ;
0 Qo O O 0 O
Qz1 0 Qup O 0 0
Q(0) = 0 Q2 0 Q O 0o B (7.72)

‘\\|IlIlIlllllIlIlllllIlIlllllllIlllIlllIlllIlllIllllllo

<&

and the corresponding Pfa lattice has the form

1
2 0 1 0O O O 0O 0 0 0 ::
Bw,) 0 w0 0 0 0 0 0 0 ::
o w 0 1 0 0 0 0 0 ::
B w,2 0 w! 0 wJ 0 0 0 0 ::
L(O)=E : (7.73)
5 0 wf 0 w3 0 1 0 0O 0 :
; w2 0 w,> 0 wi! 0wl o o
2 0 w} 0 w; 0 wi 0 1 0 ::
?) SR
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The even Pfa lattice

In what follows, we will study the Pfa lattice in the speci c restriction for which the

elds that are zero at t =0 remain zero for di erent times.

7.3.2 The even reduction

We consider the symmetric matrix ensemble S, with even power interactions speci ed

by the partition function (7[13) ]

Z en P .
Dy = ; ; 2171, :
Zyn(t)=Cn | (2] e 77 mEAdz: (7.74)
R2n k=1

We are going to show that it provides a solution to a reduction of the even Pfa lattice,
i.e. the commuting ows (7.56)associated to the even times t,, only. We will see how the
notation we have introduced is suitable for the description of this system, involving one
type of elds only.

In this case, the equation ,(t) = pf( myp(t)) still holds with Mo, (t) = ( i (1))o i 2n 1

and in the inner product we select only the times labelled by even indices

ZZ
o . P
i =m;yi = Xyl (x y)e k1t g 365 gy gy (7.75)
R2

Hence, the moments matrix m,,(t) reads as

1
5 0 oo O o3 O 05 i
g o1 O 12 0 14 0O
; 0 12 O 23 O 25

man()=ij 4 2 1: o3 O 23 O a0 E (7.76)
g 0 14 O 34 O 45
g os O 25 0 45 O

for all times t = ft,; t4; tg; :::g The moments (7.75) satisfy the evolution equations

@ jj
@_)SL: i+2kj b oij+2k (7.77)
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which imply for the semi-in nite moment matrix

—@@ri = &my+mp % (7.78)

We consider the reduction of the Lax equation (7.56) of the form

L h i
@%: (L)L (7.79)

with

L(t) = (7.80)

i.e. the Lax matrix associated with S,, with even power interactions is obtained from the
general one by setting the variables v, vr'f identically equal to zero for any t. In other
words, the partition function gives a solution to a reduction of the even Pfa  hierarchy

which preserves the zeros of the initial Lax matrix L(0) given by the expression (7.73).

140



Thermodynamic limit and integrable hydrodynamic chain

The evolution equations for the rst non trivial ow  t, of the elds constituting the even

Pfa lattice read as

k_ 1 ko001, k.0 1 KO ol Ky,,0 1
@Wn = 5 WnWaWn + WnWp (o Wy g WnWp (Wo g WaWp y oWy o
k+1,,,0 k 1,,,0 k 1,,,0 k+1,,,0 .
F Wi gWn +Wn "W o1 Wi tWh g Wn "Wy g 05 k< 1
2
1_ 0 Lol 2,0 0 1,1 2 0
Wit = wh wolwh+wpZ+w o wd g wptwl o rw? o wl g
WO_}WO wi oo owl owl, wl+ wl o ow. 1w 7.81
zn_2 n+1Yn+1 n1%n 1 %n n+1 n n ()
wi= 20wl owd v owiwl o 4wl w2 wl w2
2n_2 n 1% 1%n n+1""'n"n+1 n+1'%n n 1% 1
@ wK = L0 wdh wkew®, who owk wOwlwk wO wlwk
2 n_2 n 1% 1%n n+tk 1"n+k 1°'n n™n*n n+k 'n+k"'n
Ok 140 kil o0 kil 0 K 1. .
+Wan+1+Wn+kWn Wn 1Wn 1 Wn+k 1Wn ' k>1:

7.4 Thermodynamic limit and integrable hydrodynamic chain

We now consider the continuum limit of the equations for the Pfa  lattice, exploring the
asymptotic properties of the symmetric matrix ensemble S, for large n, with a focus on
the case of even power interactions, where the Pfa lattice is given by (F.80}, satisfying

the Lax equations (7.79).

As mentioned above, the lattice equations for the reduced even Pfa hierarchy (.81}
constitute an in nite chain for the variables wﬁ, where k 2 Z identi es the components
of the chain and n 2 N labels points on the lattice. As n!1 , for the variables wk we

have

w, wk=0("); "t o0 (7.82)

with " such that x = "n remains nite. In the following, we derive the continuum limit
equations for the chain and study the integrability at the leading order with respect to
the " expansion. We illustrate the result for the rst equation of the hierarchy given by
the t,- ows. Our considerations extend tothe owsin t, andtg as well, and we conjecture

they hold for any equation of the hierarchy.
We introduce the interpolation function wK(x=") with x = "n so that wX(n) = wX, and
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de ne

X
uk(x) =wk =

n

with uk(x ")=wkK ,. Substituting uk(x) into the equations (F.81), expanding in Taylor
seriesfor" ! 0and settingt = "t 5, at the leading order O("°) we get the following system

of PDEs

u'l( — (k+2)uk+1 kuk 1+uluk u0+u0uku1+u0uk 1+u0uk+l k<0

2
ul = ulutul+ u® “ul+uu,t

(7.83)

2
ut=2u? ul” u? uwlulul+ulu?

= k+Dut ko pukt ouluk u? uOukud+uluf T+ uluftt k>

with the notation f; = @f , fy = @f . In particular, we note that the system ( is an
in nite chain of quasilinear PDEs of hydrodynamic type. In fact, the equations of the

chain are of the form

= k0 ok 1y ok k1 k+1.
=aggUy tay Uy +a 4 Uy +ak+luX ; (7.84)

or equivalently in vector form

U = AU)U;  u= iu bl (7.85)

n

Gl
where A(u) = g

k= 1 is an in nite matrix such that a]!‘ =0if j <f0;1;k 1;k+1lgand

+2)u u +u-u I < 8
(k+2) ktl gk 1 1,k if k<O
%uouk if k 0

%

if k=0 a =
§ . uk if k1
(k+21)ukt (k uk 1 uluk if Kk 1
%

8
u if k, 1 %uo if k, O
uz U2 if k=1 § %2 if k=0
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Thermodynamic limit and integrable hydrodynamic chain

By applying the same procedure, one can construct a hierarchy of in nitely many com-
muting ows, each of them in the form of a hydrodynamic chain from the thermody-

namic limit of the higher ows of the hierarchy (7.79). |

The hydrodynamic chain (7.83) is integrable as it possesses an in nite hierarchy of
commuting ows. In the following, we show that the hydrodynamic chain (7.43) ig di-
agonalisable and integrable according to the criterion introduced and discussed in sec-
tion namely the existence of integrable hydrodynamic reductions in an arbitrary

number of components.

Referring to de nition 3[2.1 describing the chain class, and bearing in mind the form

of the matrix A(u) as speci ed in (f.4), we have the following

Proposition 7.4.1 Given the chain(7.83), the associated matrid(u) in (7.85) belongs to the

chain class.

Now, we can construct the Nijenhuis and Haantjes tensors of the in nite (su  ciently
sparse) matrix A(u), to study the diagonalisability of the chain, as described in sec-

tion We state the following proposition.

Proposition 7.4.2  Given the chain(7.83), the Haantjes tensor of the associated matdyu)

vanishes.

The proof proceeds by direct inspection. We recall the form of the Nijenhuis tensor
in (870
Ni = () @a(u) au)@d () ah(u) @a(u) @a(u) :

Observing that, by de nition, Njik is antisymmetric under the exchange of j and k, a
direct calculation shows that Njﬁ =0 forany j and k. Similarly, for i, Othe only nonzero
elements of Njik are

No 1: NG NG 1iNg; o N'g; 1iNT 4y (7.86)

and their counterparts with the lower indices exchanged. These components can be com-

puted for a generic value of i, yielding
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. forijij>2
8
i %uo i Du'l (i+1)uit? if i>2
N01=§ _ _
u0 iu' b (i +2uitt ifi< 2
8
_ §(i Hu' T+ulu' (i +1)uitt if i > 2
Ny o=
01 § . . .
iu' T ou'ul (i +2)u'tt ifi< 2
N ;= sgn@)ulu’
Nb. = 4u®
Nije1 = Ny 1:(U0)2
Npi+1 = N 1= uu?
N'pj =Ny =0l
. forijij 2
NZ =u®ul 3u3) NoZi= 2u 3u°
NG ;=ul(@+u?) 3ud No% = 2u 3+( u 2+u%u?

144

N2 ;= u® 1+u?) N 2 =(u? uouO
NG, = 4u° No% = 4u°

NZ; = ulul Ng2g = ufu?

N2, = (u0)2 N, 2, = (U0)2

N? 5= u® N f3=u’

NG, = 2ul@2+u?) Noi= ul(u 2+2u°
Ng,=ulu?! Noli= u? 6u® u
NL, = (u)2 Ny L, = uoul

NL = (ul)2+2u2 N, L, = (u0)2

N, = ulul N {,=ul
Ni,=u® N 1 =ulut?



Thermodynamic limit and integrable hydrodynamic chain

We recall the expression of the Haantjes tensor given in (3.72)
Hji = Npga (W)ag(u) Nigap()a(u) Ngeap(u)a'(u)+ Nj a(u) ag(u):

The structure of Njik and A(u) induces constraints on the range of values the indices p
and g can take in the expression of the Haantjies tensor (3.72), and consequently on
potential nonzero elements. Indeed, the form of Njik, speci ed by the elements (7.86),
implies that

Hi, 05 12Z; jik2fo; 1; 2330 Li 20 3g (7:87)

Given the explicit expressions for a]!‘ in (7.4) and Njik above, a direct calculation demon-

strates that Hj‘k =0 for the listed values of the lower indices. This proves the statement.

We now study the integrability of the chain (7|85) py following the approach based
on the method of hydrodynamic reductions applied to the system (7,.83) jand reported in
section[3.2.1. We look for solutions of the form

uk=uk RLRZ::::RY (7.88)

. _ n o
for an arbitrary number N of components R' = R'(x;t). The functions R' ., are the

Riemann invariants and satisfy by de nition the diagonal system
R= "R RY R (7.89)

where the characteristic speeds ' are such that the system (7.89) possesses the semi-
Hamiltonian property, that is

@' @

@7 =@ 2 (7.90)

with the notation @ = @. The diagonal form of the system (.89) and the condi-
tion (f.90) guarantee that equations ([7.89) constitute a system of conservation laws [109]

which is integrable via the generalised hodograph method, described in section
Substituting the assumption (7.88) into the system (7.85) and using (7.89), we obtain the
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eqguations of the form

'Qu=AU)@u;  i=1;2;:0N (7.91)

the speci c sparse structure of the matrix A(u), the components of the eigenvectors @Qu
can be parametrised in terms of the components @u° and @u.

Let us consider, for example, the equations for @u 2, @u 1, @u? and @uS:

2 1
Qu "= oy

( i)Z uoul i U0(2U0+U 2+U lul) @UO i+u 1 @ul

u
@uzzio L2 202 @uo+io i+ u0u! @ul (7.92)
u u
1 )
Qu® = Wop h? 202 "+u® ul@+u?) 3 @
1 . . _
o2 ( D2+ulut T+O?W? 1) @ut; i=1;::1;N:

The compatibility conditions

@Qu °=@Qu ° @Q@u'=@Qu' @@u‘=@@u® @Q@u’=@@u’

lead to the associated Gibbons—Tsarev system. For our chain, this takes the form

¢ '- 4o

e %@UO (7.93)
aque= L S quogue
aqu= L 2D MY gugy L 2D U gugu:
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A direct calculation shows that the system of equations (7.93) is in involution, i.e. com-

patibility conditions of the form
Q@ =@ ' Q@@@u’=@Q@u’® @@@u'=@Qq@u’

are satis ed modulo the equations (7.93) for all permutation of the derivatives with re-
spectto R, RI, RK. A rst classi cation of Gibbons—Tsarev systems has been provided
by Odesskii and Sokolov [100, [101]. We note that, at the best of our knowledge, the sys-
tem has not appeared before in the literature and it is not included in the class

considered in the above mentioned works.

The compatibility of the Gibbons—Tsarev system (7.93) guarantees, that for any solu-
tion to the Riemann invariants system (7.83), it is possible to construct a solution to the

hydrodynamic chain, as reported in section

Therefore, the above calculations prove the following

Theorem 7.4.1 The hydrodynamic chair(7.83) is integrable in the sense of the hydrodynamic

reductions.

We will then explore the structure of the chains associated with higher terms in the

Pfa hierarchy.

7.5 Extension to higher ows and generalisation of the chain
As mentioned in section B.2] a hydrodynamic chain takes the form
=" ful+ o+ 0 Wt on2N; N O; (7.94)

where ' ' =" 1 ul; ;o u™! and the integrability of the chain is studied by analysing

the corresponding Gibbons—Tsarev system, as in [100,/101]. The most known example is

given by the Benney chain

ul =ult+(n 1u" tul; n=1:2;:::: (7.95)
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whose Gibbons—Tsarev system is given by |(3.82), that we recall

i _ @Qu'
@ T i
_ 1
@'= i@uj (7.96)
14y, 1
@@ulzzw;

]

in terms of the characteristic speeds !, the derivative with respect to the Riemann in-
variants R', and the eld u?, that we call the seedbf the chain.
The hydrodynamic chain associated to the continuum limit at the leading order of

the rst ow for the even Pfa lattice is given by
uf = afug +afug+af juf t+al, uxt k2z; (7.97)

and the associated Gibbons—Tsarev system is reported in ). The new chain associ-
ated with the symmetric ensemble is double in nite, unlike the Benney chain and other
known examples of integrable chains. In addition, the new chain is initialised by the two
central elements or seeds (the elds u® and u?) rather than one, as in the Benney chain.

From (7.97), we notice that the evolution of the the eld uk with respect to the rst
even slow time variable t depends on the spatial derivatives of the seeds of the chain u®
and ul and of its nearest neighbours uk 1 and uk*1. In the following, we will see that it
is possible to associate a hydrodynamic chain for the evolution of the eldsin t, and tg
as well, observing a nominal proliferation of the seeds of the chain and a dependence of
the dynamics on an increasing number of nearest neighbours.

We study the continuum limit for the evolution equations of the elds entering the
discrete Pfa lattice for higher even ows, t, and tg. We recall the Lax equations for the
even ows _

%zh qut;Ll; q="f1;2;:::9 (7.98)
in terms of the semi-in nite Lax matrix L, whose elements are given by the discrete

variables wX, with k2Z andn2N.
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Extension to higher ows and generalisation of the chain

We have veri ed that for t,4 and tg the leading order of the continuum limit can be recast
as

U, = AqU)Uy; U= uhuOuti T (7.99)

where we consider slow time variables tyq =" fzq and the interpolating functions uX(x) =
wk(x=") = wk(n) = w§, where " = 1=N, in the limit N !1 . The matrix Aq(u) is an in -
nite matrix of the chain class, for q=1;2;3. Since the ows of the hierarchy commute
pairwise, we have _

hAq ; ApI =0: (7.100)
We have veri ed by direct inspection (7.100) for the matrices for q;p2 f1;2;3g Therefore,
the continuum limit at the leading order can be written in terms of a hydrodynamic chain
for g=1;2;3 and this has led us to conjecture a generalisation for g > 3. In the following,
we will show the form of the hydrodynamic chains associated to the higher ows and the
possible generalisation. As we will see, the number of seeds of the chain and the number
of nearest neighbours in the interaction term increases with g. The explicit form of the

entries of the matrices is reported in appendix €.
« g=182A
ki loak k1, .k kel
X

uf = aug +afug +as ;U (7.101)

the seeds of the chain areu?; u! and the interaction is with rst nearest neighbours;

© q=2,82A;

k — Jk 1 k0 k, 1 k, 2
U, = @1 U™ +agUyx a5 Uy + 85 Uy

k k 2, .k k1, .k k+1 , K k+2 (7.102)
T Uy T Uy T U T G Ux

the seeds areu 1; u®; ul; u? and the interaction is with second nearest neighbours;
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i q=3,a]!2A3

2, K 1, k0 k1, k2, k3
aUy " tat Uy " tagUy +ag Uy + @ Uy +agUy

(7.103)

K k3, k k2, .k k1, k kil k  k#i2, ok k3
T gUx THE QU THE U TG U T G Ux Tt B g Uy

the seeds areu 2;u 1; u®; ut; u?; ud and the interaction is with third nearest neigh-

bours.

We can generalise the form of the hydrodynamic chain for the generic q th ow

k — X k, P X k kb, _k  ktp
Uty = apUx + 8 pUx g, Ux (7.104)
p= (q 1) p=1
with a]' 2 Ag. The generic hydrodynamic chain for the g-th ow of the even Pfa lattice

is then characterised by 2q seeds and interaction with g-th nearest neighbours.

7.6 Leading order of even times hierarchy for Toda and Pfa

We have studied the hydrodynamic system of PDEs emerging from the study of the sym-
metric matrix ensemble, consisting of in nitely many components in terms of the eld
variables. The system is described by an in nite number of order parameters. The order
parameters of the model with even order interactions satisfy a reduction of the even Pfa

hierarchy.

It is worth to emphasise that only the model with even rescaled interactions leads to

an integrable hydrodynamic chain hierarchy, given by (

k X kP X k KPyak kP, . _
Uty, = apUx + A pUx T pUx k2Z;q92N:
p= (q 1) p=1
This represents the main di erence with the case of the Hermitian matrix ensemble,

where the leading order in even slow times is described by a scalar hydrodynamic system,

i.e. the Volterra lattice. The collection of the equations representing the evolution at
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Leading order of even times hierarchy for Toda and Pfa

di erent times gives the Hopf hierarchy (6.100)
U, = GUXUx; k2N

In the context of the perspective 0 ered by the approach of di erential identities, we
have seen in section[6.4 the emergence of a dispersive shock. The latter characterises a
phase transition where asymptotic stable states are connected by an intermediate state,
where the dispersive nature of nite size corrections induce fast oscillations in the order

parameter. In this case, the description is possible in terms of one order parameter only.
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Chapter 8

Towards networks

In this chapter we will consider a particular case of symmetric matrices, the adjacency
matrices arising in the context of graph theory. Section 8.1 s dedicated to a brief intro-
duction of the subject. In section 8.2 we will address the problem of the so called two-star
model as presented in [102]. The same problem will be treated with the tools developed
in chapter plin section invoking the method of di  erential identities. We then will
consider the one-dimensional Ising model, in section and write a suitable partition
function constructed from the corresponding adjacency matrices. Finally, we will give
an insight on the automorphisms of di  erent con gurations in section §.5 and we will

discuss the form of the partition function for exponential random graphs in section 8.6. |

8.1 Graphs

A network is described in mathematical term by the graph, a collection of vertices con-

nected by edges [98]. Those primary elements acquire di erent nomenclature with re-

spect to the eld we are considering (nodes and links, sites and bonds, actors and ties).
We will focus on the study of the simple graph in gure 8.[, W}ith  n vertices and m

edges, without neither multiedges (more than one edge connects a pair of vertices) nor

self-edges (connecting a vertex with itself).

One of the possible way to represent a network is via its edge list, not so useful in terms

of a mathematical analysis. Another more proper way is to consider the adjacency matrix
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Chapter 8. Towards networks

Figure 8.1: Simple graph with n =6 vertices

of the graph representing the network, de ned by

1 if i and j are connected by an edge

8
Aj é (8.1)

0 otherwise

The adjacency matrix describing the graph shown in gure 8[1'i§
1

(8.2)

O O B kP O R
O O B O LB O
P P O KB L, O
O O B O O o

QO B O O

with every element of the diagonal is zero, since there are no self-edge and it is sym-
metric, due to the fact that if there is a connection between i and j, the same is for the

connection betweenj andi (A= A%).

In order to represent self-edges of speci ¢ vertices, once they are addressed with a
label, the related element in the diagonal will be twice the multiplicity of the edge: if

there is a simple loop connecting vertex i with itself, we have two legs on that vertex.

Sometimes it may be useful to consider edges with a certain weight. In that case, the
element corresponding to an edge will account for the weight of that connection. One can
pass from this kind of description to a multi-edge one, in which the weight is rearranged

in term of multiplicity in units of the minimum weighted edge in the network.

We now introduce the degree k; of a vertex i as the number of edges adjacent to it.
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The adjacency matrix depends on the enumeration of vertices, but of course di erent
enumerations are conjugates of each other via a permutation matrix. Also, the fact that

the matrix is symmetric implies that there exist an orthonormal basis of eigenvectors

Kmax 1 2 n Kmax with Kmax = q]z%x ki (8.3)

The multiplicities are taken into account, so that multiplicity 3 means that i= =

j+2- The ; are the zeros of the characteristic polynomial

p( )=det( 1, A) (8.4)

see that just by studying the adjacency spectrum we can have di erent information about
the characteristics of the graph.
A graph is named directed if its edges have a direction, they are represented by arrows

connecting the vertices and the adjacency matrix describing is

8
%1 if there is an edge from i to |
Aij =§ . (8.5)
-0 otherwise
corresponding to an asymmetric matrix. The undirected network can be seen as a di-
rected one where the undirected edges may be seen as two directed edges going in oppo-
site directions.
We will study the problem of the so called two-star model, that allow a description of
the Curie-Weiss model. We will review the problem both with the mean- eld approach
and via the method of di erential identities developed in chapter § and in particular

following the development of section
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8.2 The two-star model in the mean- eld approach

The two-star model appears in the context of statistical mechanics of networks [103,1102,
15]. With this approach it is possible to study di erent con gurations of a system by
considering an ensemble of networks, where every possible con guration is represented
by a graph G. We can associate a HamiltonianH (G) to any con guration and then de ne
a partition function Z for the ensemble, being this the starting point for a statistical

approach. For every graph the probability is given by

X
P(G) = : z= eHO; (8.6)
fGg

with the partition function de ned as the sum over all the possible graphs. The Hamilto-
nian is written in terms of the adjacency matrix elements taking into account the number

of edges connecting verticesm and the number of two-stars m,¢ for each con guration.

The two-star is an elemental structure that can be found in a graph, denoting a vertex
shared by two di erent edges. By counting these kind of subgraphs, it is possible to have
information about the way in which the edges are distributed in the entire graph, either

they tend to appear in clusters or they are randomly spread.

Given the form of Ag, one can de ne m and myg as

X 1 X
m= & =5 & (8.7)
i<j i, ]
X X X X X
Mps = k=5 & (aik +a): (8.8)
i gLk i kg

The hamiltonian for a con guration G can be written in terms of the Lagrange multipli-
ers , by using the de nitions in (8[7) and (8[8) |
1 X 1 X X
HG= 5 g 5 8 (Qik *+ qk): (8.9)

i,j i, ] K, i3]

In order to evaluate the previous expression, we adopt the mean- eld approach, replac-
ing all the quantities with their mean values on the graph. The mean value for the term

multiplying is given by (B.7) and we have to determine the mean value for the re-
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The two-star model in the mean- eld approach

maining term, multiplied by . The latter counts for all the possible pairs of vertices
in the graph connected by an edge. In the mean- eld approach, every pair of vertices
can be connected by an edge with a given probability p, so that what is actually xed in
the graph is the number of vertices N and the probability p. We can now evaluate the
expectation value of the two-stars, as

x T X X

g = heyl= p=(N 2)p Np; (8.10)
K, ij K, ij K, iij

for large values of N.

The probability associated to any graph in the ensemble with m edges andN vertices,

in terms of the probability that an edge connects two vertices p, is given by

N(N 1)

PG)=p"(1 p) >

m=pm p)) m. (8.11)

Itis possible to determine the expectation value of the number of edges hmi, by consider-
ing that the number of distinct con gurations with N vertices and m edges is equal to the
number of ways we can pick the position of edges among N(N 1)=2 distinct pairs. Ev-
ery graph enters in the ensemble with the same probability P(G), so that the probability
distribution for the number of edges m s

|
. !
Pm)= 2 pm@ p@ ™ (812)

hence the binomial distribution, with expectation value
hmi = p: (8.13)

Substituting the results (8.10) and (8.13) in (8.9), we obtain the mean- eld hamilto-

nian Hy

Hn(G)= ( +2 Np)m= #(N;p)m (8.14)

with the introduction of the function  #(N;p) in order to simplify the next calculations.

The partition function associated to the networks' ensemble in the mean- eld approach
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is given by
P X (N)
Zy= eMm@= ¢ 93 = e = 1+e” = 1+6* ¥, (8.15)
fGg faj g fa;gi<i i<j

In order to obtain a consistence relation involving the probability p, we can use the de -

nition of the expected value of the number of edges hmi via the partition function as

P ! !
Hy (G) #
. me "N 1 N N 1
tmi = —C 1@z, € - " _* . (8.16)
Zn(G) N O# 2 1+e* 2 1+e#
By considering the equivalence between (8.13) and (8.16), we get
! !
N N 1 1
5 p= > T+e ¥ 9) p_1+e#' (8.17)
We can write the previous in terms of the xed variables, N and p, as
-1 l+tanh =+ N : (8.18)
p= > > p :

By rescaling the parameters in the previous equation, with b= =2 and c= N=2, so that
the equation is

p= %[1+tanh (b+2cp)] ; (8.19)
that will be evaluated in terms of the parameters b and c.

In gure he behaviour of p(b) as a function of b is shown, with di erent values
for the parameter c. We can observe that in correspondence ofc = 1 a gradient catastro-
phe occurs, the function becomes multivalued for ¢ > 1, beyond the critical point. The
spontaneous symmetry breaking produces two di erent possible con guration for the
present graph for values of the parameter ¢ > 1. In particular, the network can be either

dense, with a high number of edges connecting vertices, or sparse.

By di erentiating the expression in (8.19] with respect to p on both sides we get

1= csectf(b+2cp)
. (8.20)
—=1 tanh?(b+2cp);

160



The two-star model in the mean- eld approach

(@) b)

Figure 8.2: (a) The probability that an edge connects two vertices p is shown as a function

of the parameter b, for di erent values of the parameter c. The dashed line represents

the gradient catastrophe, beyond which the pro le of the function (for
single-valued in b. (b) The phase diagram in terms of the parameters b and c.

¢ >1) is not more

using the fact that sech?(x) =1 tanh?(x). From (8.19) we can write as

1 @p 12==
¢ (8.21)
p? p+ = =0:
4¢c
The roots of the equation are easily found as
r
1 1
b= 1 = 8.22
P12 =5 S (8.22)

In order to produce the diagram for the phase transition observed, we write b from (8.19)

as a function of pand ¢

b=arctanh(2p 1) 2cp
r— g9 r—:yi (8.23)

b= arctanh 1 1 c% 1 }E
c c

These curves are the boundaries for the coexistence region shown in the right of gure

8.2, where the regions of the space of parameters are represented. The critical point is
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localised by the coordinates

b.=1; c=1: (8.24)

In the next section, we will tackle the same problem by considering the approach estab-

lished in chapter §]

8.3 Di erential identities for the two-star model

The same problem can be treated with the formalism of non-linear PDEs by starting
from the analogy with the Curie-Weiss system, mean- eld approach for the Ising model.
The two-star model can be seen as an Ising model, if we look at the Hamiltonian (
previously discussed, we can identify a term referring to en external eld and a term
related to the interaction between pairs. The elements of the adjacency matrix play the
role of spins, represented by the edges. In contrast with the original Ising model, where
spins can assume values inf+1; 1g here the set of possible values isf0;1g With the
Curie-Weiss approach the two-body interaction term is substituted by a mean- eld term,
as if every spin interacts with all the others. With this prescriptions, the mean- eld

Hamiltonian can be written as

X X X
J

Hn (G) =

where the rst term describes the mean- eld interaction, with the coupling constant J,
and the second refers to the interaction with the external eld h. The term referring to
the interaction between “spins” is long ranged and weak, of order 1 =N (since here we are

considering pairs of vertices). Since the indices are not correlated, the rst term of (8/25) |

0 1
X X
a ar=B af: (8.26)
[ ij

ij k

can be written as
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The order parameter is given in this context by the number of edges appearing in the
graph, normalized to the maximum number of possible pairs of vertices, as

2 X

M= NN D,

&;j - (8.27)
The aim is to determine a partial di erential equation in terms of the expectation

value of the order parameter hmi, in order to discuss the phase diagram of the system.
By using (8.27) the Hamiltonian becomes

Hy (G) = NN D (NN D N2 (8.28)
2 2 2
The partition function for the system is de ned, with =1=T, as
X X
Zy@G)= e "n@= g(t)(3tm*exm). (8.29)
G G
having rescaled the coupling constants Jand h as
t=J
(8.30)
x=h

By taking the derivative of Zy (x;t) with respect to x and t, we can write a di erential

identity for Zy

@@Z\It - N(N4 1) mZZN ; @z _ 1 @ZN 63
@BZy _(N(N 1))2 2z K @ NN 1) @R '
@R 4 N

hence the partition function satis es the heat equation. We have to involve an initial

condition, given by t =0. The evaluation is the same as in (8.15), so that we have

Zy (x:0) = (1 +e9)2) ; (8.32)
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The free energy of the system isfy

fn(x;t) = l N (X 1) with InZy : (8.33)

2
NTNNN 1)

By imposing the result of (8.31), we obtain the PDE satised by

_1 2 1
@ N—E(@ N) "‘m@ N

1 (8.34)
@ n=5@ N+ @
with  =1=N(N 1), multiplying a dispersion termin . The initial condition is given
by (8.32), as
. — 2 . — Xy .
N (X;0) = NN D N D INnZn(x;0)=In(1+¢€): (8.35)

By writing explicitly the rst and second derivatives of N With respect to x we can iden-

tify the expectation value of the order parameter hmi and the variance vartmi respectively

X
@ N:Zi me()0am+im?) _ pri (8.36)
& szizwg m?2 e(3) (e o) éx me(g)(xm“LEmz)gZ%:varhni: (8.37)
N - G G ’

We can now take the derivative with respect to x of the PDE (8.34), using the fact that

the order of derivatives with respectto x and t is not important, obtaining

@@ N)=(@ @@ N+ @@ n) (8.38)
hence, we have that the order parameter satis es the Burgers equation
@hmi = hmi @hmi + @2hmi : (8.39)

The initial condition is given by

e
1+eX

1+tanh X : (8.40)

m(x;0)i = @ n(x;0)= 5

N -
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The initial datum does not depend on the number of vertices N of the graph. In the
thermodynamic limit, in a neighbourhood of the critical point, we can neglect the viscous

term, proportional to var hmi, so that the Burgers equation reduces to the Hopf equation
@hmi h mi @hmi =0: (8.41)
The solution to this equation is implicitly given via the method of characteristics
X+ hmit=f (hmi); (8.42)

with hmi representing the characteristic speed. The form of the function f (hmi) is given

by inverting the function for the initial datum
tm(x;0)i = f 1(x)= % 1+tanh§ =) x =2arctanh (2hm(x;0)i 1): (8.43)

With this prescription for the initial pro le of the function, since the value of hmi is

(@) (b)

Figure 8.3: (a) Behaviour of the order parameter m as a function of the coupling x for
di erent value of the coupling t. (b) Magnetization in the space of parameters for spins
with values in f+1; 1g

constant along the characteristic curve, the equation is

X+ hmit =2arctanh (2mi 1) (8.44)
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In order to determine the coordinates for the critical point in terms of the parameters X
and t, we look for the gradient catastrophe, expected since the non-linearity of the equa-

tion (B.41). We take the derivative with respect to x
1+@bmit = 4seck? 2mi  1)@hmi; (8.45)

so that we get

1 1

hmi = = :
@ t 4seck’(l 2hmi) t 4+4tanh?(1 2hmi)

(8.46)

The critical time t. is de ned as the value of t for which the derivative @mmi!1l . This

is if the denominator of (8.46)|is zero. Hence
te=4 4tanh?(1  2tmi): (8.47)

The degeneracy condition corresponds to the half of the possible edges connecting ver-
tices, the most disordered phase. Since we are considering the normalized order param-

eter, this is given by hmi. = 1=2. The critical point is identi ed by the coordinates

te=4; Xe= 2: (8.48)

Finally, we can compare the result obtained with this description with that of the
classical Curie-Weiss problem, for which the spin values in f+1; 1g In the rst case
(Figure a)), we have that a shock wave is formed propagating backwards, towards
negative values of x. In the second case (Figure[8.3(b)), we observe a xed point in the

origin, since the reference frame corresponds to the characteristic curve.

8.4 Ising model in one dimension

In our search for di erential identities, following the Curie-Weiss model, we will try to
build the partition function for the Ising model in one dimension, starting from suitably

de ned adjacency matrices.
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We start by considering the Ising model in one dimension. The Ising model describe
a system composed ofN interacting spins , where ; assumes values inf+1; 1g In
one dimension the system is represented by a chain, with rst neighbours interaction

between spins. The Hamiltonian describing the model is
Hv=J iia h (8.49)

where the rst term describes the interaction between spins, with coupling constant  J,
and the second term refers to the interaction with an external eld, with coupling con-
stant h. In order to neglect border e ects, we introduce the periodical boundary condi-

tion, forwhich 41 = 1, the structure of the system modifying as in Figure

Figure 8.4: Chain of spins ; (left) with periodical boundary conditions (right).

By taking into account the constraint, the Hamiltonian reads as

x Y
Hy@3h=J P i+l
i=1 i=1

(it i+): (8.50)

The partition function Zy is given in terms of all the possible spin con gurations, for

which the Hamiltonian is de ned as

X
Zn@;h= e HnOED (8.51)
fg
with f grepresenting the set of con gurations and = 1xkgT) is related to the inverse

of temperature via the Boltzmann constant.

The standard procedure to de ne the partition function associated to the Ising model
in one dimension involves a2 2 transfer matrix and the solution is given in terms of its
the two eigenvalues  as

Zy= N+ N (8.52)
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where the eigenvalues are written in terms of the coupling constants Jand h as

q
=e’coshh  ecosiPh 2sinh2J: (8.53)

The idea is to de ne the patrtition function in terms of the adjacency matrix associated
to a properly de ned graph. In order to draw a graph describing the structure of the

system, we consider a change of variables ;! ¢, de ned as

=2¢ 1 qz%l G 210:1g (8.54)

In terms of the variables ¢ the transformed Hamiltonian is written as

X -~
Hv=J (g D@6+ 1) 5 (2 1+2¢4 1)
i=1 i=1
XN XN
= 43 c¢Gya (h 23) (G+G+) (@ h)N (8.55)
i=1 i=1
XN
= 1 GG+ 2 (GHGe)* 2+Zl N;
i=1 i=1

where in the last expression a scaling of the coupling constants is taken into account

(8.56)

Since the values of the variables ¢ are in fO;1gwe can de ne the adjacency matrix asso-
ciated to a graph G = (V;E) representing the system, characterised by V vertices and E
edges. In this case, the graph is a simple undirected cycle Cy, where each vertex is
connected to two other vertices via two edges, being a 2-regular graph. The graph is
represented by its adjacency matrix, the N N matrix A with elements

8

%1 ifg ¢

Aij :§ (8.57)

0 otherwise
Since the graph is simple and undirected, the corresponding matrix A has zeros as di-
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agonal elements and it is symmetric. Every vertex is labelled by the variable ¢ and in
order to involve these variables in the adjacency matrix, we consider the dual-edge graph,
where for each edge in the original graph, a vertex is drawn in the dual and in the latter
two vertices are connected by an edge if the corresponding edges in the original one share

a vertex.

Figure 8.5: Graph representing the spin chain with periodical boundary (left) with ver-
tices ¢ and edges {;]j ) and its edge-dual (right).

In this way, the variables ¢ label the edges mapping the spins. In particular, the
original spin +1 corresponds to an existing edge between two vertices, a spin 1 to the
situation in which two vertices are not connected. The adjacency matrix associated to the

edge-dual graph A for N spins is given by

1
¢ 0 0 =2 0 ¢
0 cg O 0 O
C3 0 Cs 0 .
. with ¢ 2f0;1g 8§ =1;:::;N: (8.58)
0O 0 0 :=:: 0 oy
0O 0 0 == o O

The generic element of the previous matrix is given by
(A)ij =G ij 16 ijer With i =€ (8.59)

where is the Kronecker delta and we have stressed the signi cant constraint given
by the periodical conditions. It is possible to reproduce the structures involved in the
Hamiltonian (§.55)| by considering traces of powers of A. In particular, we seek expres-
sions with the purpose of reproducing the interaction with the external eld (one-body)

and the interaction between rst neighbours (two-body).
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We start by computing odd powers of the adjacency matrix, for which we have

A X
tr A2 =2(2n+1)  GG41:11Ge2nn 2n+1:N (8.60)
i=1

where we assumen 1. As we can see, for the Kronecker delta involving the number of
spins, the contribution of the expression is non zero only for the con gurations in which
the number of spins coincides with the power of the adjacency matrix and when they
have values ¢ = 1 for each i. Since the rst non-zero term in (§.60)]appears for n=1
and describes a three-body interaction, we can exclude the presence of such terms in the

speci ¢ problem we are studying. For the quadratic term we get

“ e A\
rA®= AijAji = G+1 ij 176G ij+1 G+1 ji 217G ji+1
i=1 j=1 i=1 j=1
AN
= G+1G+1 ij 1 i 11G+1G i 1 ji+1TGG+1 ij+1 i 1TGG ij+1 i+l
i=1 j=1
ha\l

= Gi+1G 2;N+C.2+1+0.2+Ci0i 1 2N
= 2C7+2CGG4 2N

= 2G +2GG+1 2N
(8.61)

where we have used the fact that ¢; 2 f0;1g The term multiplied by .y is derived by
considering that the highlighted terms appearing in the second row give in general a zero
contribution, except for the case in which the index j can be at the same time equal toi 1
and i +1. By involving the periodical condition cy+1 = €y, this occurrence is veri ed only

for N =2 for each i =1;2 and the term is non zero only for ¢ =1.
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We will now consider the trace of the quartic power of the adjacency matrix, as follows

Lo R
tr A% = Ajj Ak Ak A
i=1jk;l=1
IRAER (8.62)
= Ge1 i 1+G ij+1 G jk 177G ket
i=1jk;l=1
Cer1 kil 177G ki+1 G+1 1 177G piva
for which we can evaluate the terms giving a non zero contribution, obtaining
., N )
tr A% = 2¢t +4G7CA, +2GG41G42G+3 4N
=1 (8.63)
= 2G +4GG+1+2CC11G+2G+3 4N
i=1

where the term involving 4.y is derived in an analogous way to the term 5.y in (B.61),

by imposing the periodical condition. Summarizing we get

N\ B\
tr A = G+Gs1 +2 2N GGy (8.64)
i=1 i=1
. B\l L\
tr A% = C+Gy t4 GG+1+2 4N GG+1G+2G+3 (8.65)
i=1 i=1 i=1

We can rearrange the terms appearing in in order to write the Hamiltonian
involving the traces of the matrices, giving that
0

1B -
Cici+1=Z%A4 2 4N
i=1 i

XN XN

1
GG+1G+2G+3 '[I‘A +2 2N C|C|+1E (8-66)
=1
R X
G+Gy =trA% 2 5N GGyt (8.67)
i=1 i=1

Hence, the Hamiltonian of the system becomes

0 1 0 1
Hn( 25 4)= 2%'&2 2 2N C|C|+1E 4%A4 2 an CICi+1Ci+2Ci+3E* N;

(8.68)
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where a rede nition of the coupling constants ( 1; 2)! ( 2; 4)is considered

8
§2= 1 2
4 (8.69)
P .
. 4 4
and is written as a function of ,and 4as
(20 4)= 2% 5= 2%2 4 (8.70)

By assuming a Boltzmann distribution for the adjacency matrices of the form (8[58),|rep-
resenting the set of all possible con gurations of the system fAg the partition function
for the system can be written as
N Hn fAG o) 4 .
Zn( 2o 9= e N T (8.71)
ng

and it can easily checked that it corresponds to (B.52). The partition function can be
rewritten in terms of eigenvalues. Since the matrices belonging to the set fAgare sym-
metric they are diagonalizable, with eigenvalues ; 2 R. By using the cyclic property of

the trace, we have

A~ m ~ m

rA"=tr oDO ! "=tr 0oD "=tr D "= ™ form=2:4:  (8.72)

After a suitable rede nition of the coupling constants, the partition function takes the

form
X W

ZnGoixg) = ov() el el (8.73)
fg i=1
where represents a con guration. As we can see in (8.73), it is not possible express the
partition function in terms of the spectrum only. This is because to express the original
adjacency matrix we start with N degrees of freedom and we haveN 1 degrees of free-
dom when we consider the eigenvalues. The invariance of the trace imposes a constraint

on the total sum of eigenvalues. Then new parameters are needed to restore the proper

number of degrees of freedom and this may be related to the degree sequence for the
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graph (see section8.1). The coe cients ¢y ( ) encode the information about the symme-
try of the speci ¢ con guration, related to the symmetry group underpinning the graph
structure and its automorphisms, as we will see in section

It seems that with our description, we are in some way modelling the interaction
term for the spins. Indeed, if we consider the mean- eld version of the Ising model, the

interaction will be represented by a star

Figure 8.6: Star graphs representing the mean- eld interaction term for a system com-
posed of 3, 4 and 5 spins respectively.

The spectrum  of a star graph is given by
P—— P——
(Sy D=f N 1, N 1;0;:::;0q; (8.74)
therefore in this case we have
4 _1 .
tr Agiar = > trASar (8.75)

and we recover the typical form of the partition function for the two-star version of the

Curie-Weiss model.

8.5 Automorphisms of graphs

In order to give a proper expression for the coe cients ¢( ) in equation (8.73), we con-

sider the following de nitions in the context of graph theory [18].

De nition 8.5.1  Isomorphisms of graphs are bijections of the vertex sets preserving adja-

cency as well as non-adjacency.

De nition 8.5.2  Automorphisms of the graphX = (V;E) are X ! X isomorphisms, they
form the subgroup Au¢X) of the symmetric group Syifv ).
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Chapter 8. Towards networks

De nition 8.5.3 Homomorphisms of graphs are de ned as adjacency preserving maps. A
mapf :Vy! V,is a homomorpism of the grapX, = (V1;E;) to the graphX, = (V;,;E) if

(f (x);f (y)) 2 E; whenever aX;y) 2 E;. Non-adjacency is not preserved in a homomorphism,
S0 a bijective homomorphism is not necessarily an isomorphism. The chromatic number of
the graph X is the smallest cardinal numbem such that the set HorfX;K,,) of X I K,

homomorphisms is nonempty.

A graph and its complement have the same automorphisms. The automorphism
group of the complete graph K, and the empty graph K_n is the symmetric group S,
(of order n!). The automorphism group of the cycle of length n is the dihedral group Dy,
(of order 2n). A star has S, as automorphism group (of order n!). A path of length 1

has 2 automorphisms.

The automorphism group of a graph is determined by the automorphism groups and

the isomorphisms of its connected components.

In the case of the Ising model the coe cients c( ) in (B.73) are given in terms of

automorphisms of a con guration, as

iDnj . 2N
jAut( )i jAut( )j’

on( )= (8.76)

since we are essentially considering cycles (elements of the dihedral group Dy,).

The relevance of the symmetry factor becomes evident when we consider more com-

plex structures than cycles, as we will see in the nex section.

8.6 Exponential random graphs

A random graph is de ned to be G(n;p), where p is the probability associated to an edge

between a pair of vertices [57] [103],[15]. We consider the adjacency matrix of an undi-
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Exponential random graphs

(@) (b)

Figure 8.7: Example of two di erent con gurations sharing the same spectrum (@) =
(b)=f 2;2;0;0;0gand possessing di erent symmetry factors cs(a) =5, c5(b) = 15.

rected random graph

1
0 ap aiN 8
a;, 0 i1 ay %1 i with probability p
A= : . aij = §
~0 otherwise
aN 0

We consider the occurrence of an edge with probability p 1=2 and every entry in the
matrix a; 2 f0;1g The probability distribution for every entry is then the Bernoulli dis-
tribution. Since the graph is undirected, the adjacency matrix is symmetric, i.e. it is

invariant under orthogonal transformations
A! O”AO; with 00~ =1: (8.77)

With the assumption that the entries are independent, we have a symmetric matrix with
entries independent and identically distributed. As we have seen in section 2.1, this leads

to a Gaussian weight in the partition function. The partition function is

X W )
Zy@=  on() e®i: (8.78)
fg i=1
Here, it is crucial distinguishing between con gurations having the same spectrum and

di erent symmetry factor, related to the number of the associated automorphisms. In

gure 8.7 it is shown an example of two isospectral con gurations with di erent number
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Chapter 8. Towards networks

of automorphisms. The symmetry factor is given by

ISvi - NI

AUt ) AU ) (8.79)

on( )=

with Sy the symmetric group. In the jargon of graphs what is di  erent between the two
con gurations reported in gure 8.F (d) and (b) is the degree sequence
d(@) =f1,1,1;1;4g,
(8.80)
d(b) =2;2;0;2;2g;
whereas the sum of the degrees is the same, this given by the fact that the number of
edges for the two graphs is the same.
Giving the similarity of the forms of the partition functions constructed in this chap-
ter with those encountered in the theory of random matrix ensembles, we expect that

some results can be applied to real networks.
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Conclusions

In this thesis we have investigated several integrable systems in the framework o ered
by the approach of di erential identities. We have seen how mean- eld theories can be
suitably described via the introduction of nonlinear equations of hydrodynamic type sat-
is ed by the order parameters of the theory. The breaking of the solutions induced by
the e ects of nonlinearity is regularised via a viscous shock solution. We have explic-
itly applied the method to the Curie-Weiss model, where we have found that the order

parameter satis es a Hopf equation.

We have then studied the Volterra reduction of the Toda lattice, connected with the
Hermitian matrix ensemble with even interactions only. At the leading order in the con-
tinuum limit of the eld variable, we have obtained the Hopf hierarchy. We have analysed
the speci c case of all but the rst three times set to zero. With this assumption, we have
studied the dynamics of the solution and we have observed the emergence of a structure
characterised by fast oscillations after the breaking. This feature resembles the structure

of a dispersive shock and occurs in di erent scenarios in the space of parameters.

Within the perspective of the corresponding hydrodynamic systems, it seems that the
magnetisation in the Curie-Weiss model and the continuum limit of the order parameter
in the Volterra lattice belong to the same class of solutions, both being solutions of the
Hopf hierarchy. What distinguish the two systems is the initial datum and the regulari-

sation mechanism.

Particular emphasis has been given to the study of the symmetric matrix ensemble
and its underpinning integrable structure, the Pfa  lattice. We have introduced a suit-
able notation of the eld variables constituting the elements of the lattice, making the

double-chain structure shared by the eld variables manifest. We have considered the

177



GOE as the free theory (or initial datum) for the Pfa  lattice and we have introduced a
suitable reduction, by selecting the even times only, in analogy with the construction of
the Volterra lattice from the Toda lattice. We have studied the behaviour at the leading
order in the continuum limit of the eld variables in the rst ow, where the equations

can be recast in form of a new hydrodynamic chain.

The introduced hydrodynamic chain constitutes an interesting object per se, given
that it di ers from the standard integrable hydrodynamic chains studied in literature,
for the presence of an additional seed. We have addressed the question of integrability of
the chain, analysing the geometric structure behind it via the evaluation of the Nijenhuis
and Haantjes tensors and we have obtained the corresponding Gibbons—Tsarev system.
We have extended the study to the next two ows, nding a hydrodynamic chain-like
structure as well. Also, we have observed a nominal proliferation of seeds in the hydro-
dynamic chains associated to higher ows and a dependence on an increasing number of
nearest neighbours in the dynamics. We have then conjectured the existence of a hydro-
dynamic chain hierarchy. From these observations, it seems that the symmetric matrix
ensemble is a system characterised by a sort of intrinsic multi-dimensionality. This is
something that is evident starting from the more complex structure of the underlying
Pfa lattice compared to the Toda lattice. Therefore, we expect a broader and richer pat-
terns of possible behaviours in the context of the symmetric matrix ensemble compared
to those observed for the Hermitian matrix ensemble.

In the last part of the work we have applied the above mentioned method of di  er-
ential identities to the two-star model, in the context of graph theory, reproducing the
classical result of the mean- eld underlying theory. Finally, we have determined the
partition function for the one-dimensional Ising model in terms of the elements of the

adjacency matrix associated to cycles.



Appendix A

Exploring the Pfa

lattice

A.1 Observations on the structure of the Pfa

Let us consider, for N = 8, the matrix L of the form

1
Loo(t)
L3;2(t)
Lao(t)
L(t) =
Lso(t)

Le:2(t)

L7:o(t)

Lg:2o(t)

0 0
Loa(t) O
Lza(t) 1

Laa(t) Laa(t)
Ls;a(t) Lsa(t)
Lea(t) Leal(t)
L73(t) Lza(t)

Lga(t) Lgalt)

La;s(t)
Ls;5(t)
Les(t)
L7:5(t)

L8;5(t)

0

1

Les(t) Le7(t)
L7e(t) Lz7(t)

Lgs(t) Lg7(t) Lgg(t)

lattice

0

0

0

1

where L;; are functions of t = ft;;t,;:::gand Lon0n+1 are related to the Pfa  an

The Hamiltonian commuting equations are

Lonion+1 = n -
P
men hon 2

h i
@Lz Lk oL
@t t

!
functions

(A.1)

(A.2)



Chapter A. Exploring the Pfa lattice

In order to explore the structure of the di  erent elements of the matrix L, we will consider

the equations for di erent ty and solve the corresponding system of equations in

terms of elements L;;; .

To determine other constraints on the elements of the matrix, we will consider that L

is introduced as a matrix given by dressing the shift matrix with the matrix Q, decom-

position of the moments matrix

L) =Q() Q) :

A.2 Equations for derivatives w.rt.  t;

We now consider the equation

explicitly for N =4;6.

With N =4, the matrix L is

1) 1

21(t) Laa(t) Laa(t)
3a(t) Laa(t) Las(t)
41(t) Lap(t) Laga(t)

L(t) =

(A3)
(A.4)
1
0
(A5)
1
L4;4(t)

The system of equations that we can write by considering every non zero element of the

matrix L is the following ( @=@% @)

@Ly,1=0
@L12=0
@Ly1 = Lyzlas

@Loo = Loz lao

(A.6)

1
@Lloz=5Llos Lig Lop+Llzztlss

2
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Equations for derivatives w.r.tt;
1
@Ls1= Loz Lpjlso+lgg+ §L3;1 Lin+Lloo+Llas Lag
_ 1

@Lzo=L3i+Llgo+ §L3;2 Lin Lop+Llaz Lag

@Lzz= Laslsyo

@L34=0
. (A7)
@Ls1= Loglap+lailag+ Loz Lig Laa + §L4;1 Lin+Lloo Lazt+lag

_ 1

@Lso= Loz Lgi+Llaolaz+ §L4;2 Lin Lo Laztlaas
@Lsz= Laszlao
@Lys=0

Inserting the constraints related to the form of Q, it is possible to solve the system.

The matrix L for N =4 have the structure in terms of Q elements given by

0 1
0 1 0 O
Y31 Y32 %2
Q4;4 Ua;4 U4;4
L=Q Q= (A.8)
Gsals2taalaa %52+ (ds1 Oa2) ey %2
02,2 Q4:4 02;2G4:4 Ua;4
03,1042 U202 * GanGag Qe
02:204;:4 02:204:4 Qa:4

where Q has the following structure

0
G2 O

1
0 o
Q= (A.9)
31 Oz2 Oas O

41 a2z O Qga
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Chapter A. Exploring the Pfa lattice

The added constraints are, then,

L1 =L44=0
Lop= Lags
Lip=Llas=1

With these prescriptions, the system is

reducing the number of equations to 8, with variables t = flLy.1; Loo; Lo:3; L3:1; Laos Laa; Lao; La:3g

@Lo1 =Laalos

@Lop =Laplos

@Lloz= Lopolagz

@Ll31= Lpilsp+Llan Lo
@Ll3p=L31+Llsz Laolop

@La1= Loilap+lailgz+Llailon
@Lsp=L3olaz Lag+Lloz

@Lsz= Laolos;

(A.10)

(A.11)

The latter elements are e ected by more constraints than those previously considered,

thus yielding to the fact that the variables L;;; are not the best option to treat the system.

If we consider as new variables the entries of the matrix Q, we will produce a system

with 5 distinct equations and 6 variables foy.; O3.1; O3:2; Ga:1; Ga:2; Gu:aQ By analysing the

form of the L matrix in terms of Q entries, we recognise a suitable change of independent

variables, for which it is possible to write a closed system of 5 equations.

The number of independent variables per N is
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Equations for derivatives w.r.tt;

We introduce the variables g with i =0;1;:::;4, written in terms of Q entries

ag= —=

d3;1
a; = —=
! Qa4
03,2
ap= —=
2 Qa4
= Y2
Q44
Y
Qa4

The form of the matrix L in terms of this set of variables is

0 1
0 1 0 0
& a a 0
L= ) (A.13)
yptay Ay a, a3
a 1
do do
+
a1 a3 Qagtay a; 0
2h) 2h)

Starting from the system (A.11), we obtain the following in terms of & variables

@ap=aa
@Qa;=ajax+ay
@a= a+as+ag
(A.14)

@az=aaz &

@ay = a3 +a a3

The elements of the matrix L show a precise structure in terms of g;.

The “skeleton” of the matrix in terms of the independent variables is
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Chapter A. Exploring the Pfa lattice

First, we notice that the independent elds appear as shown in the following.

Then the additional terms in the lower part of the matrix are given by multiplying

the entries appearing in the more external frame

Finally, every element is rescaled by the entry ag and we reproduce the form of L for

N =4.
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Equations for derivatives w.r.tt;

It is possible to identify the system (A.14)|by analysing the second step of the con-

struction for the L matrix.

We can identify the equations for the system in g; variables by comparing the skeleton

matrix and the matrix obtained in the steps previously shown

We reproduce the system

@Qay=aap+tay

@ay= ayg+as+ag

@Qaz=apaz &
@ay = a3+ & ag
@ap = aa
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For N =6 the matrix L is

Loo(t)
Lz (t)
L(t) =
L4;2(t)

Lso(t)

L6;2(t)

0
L2(t)
L3:3(t)
La(t)
Ls:3(t)

Le:a(t)

Chapter A. Exploring the Pfa lattice

(A.15)

Laa(t) Las(t) O

Lsa(t) Lss(t) 1

Lea(t) Les(t) Les(t)

Investigating the form of L written in terms of the decomposition matrix Q, we obtain a

pretty complicate form, still useful to deduce some constraints on L elements

L1n1=Les=0
Lgz= Lao
Lss= Laa

The form of the Q matrix for N =6 is

O2;2
Os;2
Q4.2

Os;2

053 Os4 Qe O

Os;2 O3 Us:4

(A.16)
1
0 0
0 0
(A.17)
0 0
0 s

As in the previous case, we introduce a new set of variables, related to ratios of Q ele-
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Equations for derivatives w.r.tt;

ments
O2;2 O3;1
= = a = —=
% Ua;4 ! Qa4
032 Q4,2
a = —— Q= ——
2 Qa4 ¥ Qa4
Qz:1 Qs:4
= —= b =
H Q4.4 0 O6:6
= %3 by = B4
O6:6 Os;6
O6;4 Os;3
D= —— b, = —=
3 O6:6 4 Os:6

b5=E bG:E

O6:6 Os:6
O6:2 Os;1
b= —£< b = —=
! Os:6 8 Os;6

With this set of variables, we produce a closed system of 14 di

@ap = aa %ao b,

@Qa =ayaptay

@a;= a+as+ag

@az=ay(az by) agby (as bg)

@ay=a3+a(as by) agby+bs

@bg = bg b, %boaz
@by = by by +by bg
@by = by +b5+bg
@bz =bybz by

@b, = b3 +b; bz +by
@bs = by bs +bg
@bg = bs + by bg + b7
@b, = aybZ +bzbg  bg

@bg = a; b3 + b3 bs

erential equations.
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Chapter A. Exploring the Pfa lattice

The matrix L has the following form expressed with variables g and b;

0 1 0 0
E a ay ag 0
>
s ajay ay a1 & ag
: —ao 3 dy 1
L=
E a; (ag b;z)*'ﬁubz bs 2 (ag bl);'oa4+a3b2 bs ag by b,
B as(by b2 bg)+ay(byby+by bg) bybs bg ag(by b3 bg)+ap(byby+by bg)+bs bybg by byb, batbg by b2 bg
% ag by ao by bo bo
a4( bpbz+hy) a;( bybs+by) bsbs by ag(_bpbz by)+ap(by by by) babg+bg by bs+by b, b3+hy
aobo ao bo bo bo
We now analyse the structure of the matrix L, starting from the independent variables
a and by

We consider the diagonal shifting of every independent variable
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Equations for derivatives w.r.tt;

We obtain the additional terms by multiplying the terms appearing in the external
rows of the blocks progressively. First, we consider separately the action of the g and of

bi

Then we consider the mixed action of the two classes of variables in two steps. The

rst considering the second row and the third column

and the second step considering the independent variables of the third row (a4 for the

rst elementand a3 for the second) and the forth column

Finally, we rescale the entries in the bulk blocks with the variables ag and by

189



Chapter A. Exploring the Pfa lattice

and we can reproduce entirely the complete form of the matrix L for N =6

Analogously to what we did for the case N = 4, we will analyse the structure of the
matrix L in terms of the variables a and b; in order to easily produce the equations

composing the system for N = 6. We start considering the lower part of the matrix,
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Equations for derivatives w.r.tt;

We reproduce the following equations
@by = by by +bs  bg
@by = by +b5+bg

@bs=bybs by

@by = b3+ by bz +by

@bs = by bs + bg
@bg = bs + by bg + by
@by = ayb3+bsbg by

@bg = a; b3 + bz bs

We now consider the equations with g variables by comparing the skeleton matrix

with independent elds and the step of the matrix involving all the products in a vari-

ables
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Chapter A. Exploring the Pfa lattice
We have the equations
@a; = by+ay
@a= a+as+ag

@az=ay(az by) aghb, (ay bg)

@Qas=aj+a(as by) asbp+bs
Finally, for the equations involving the variables ag and by with derivatives in the skele-

ton matrix, they are connected respectively to a, and b, and we obtain the last two equa-

tions in the system

1 1
@ap = aay anbz @bo = by by Eboazi
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Appendix B

Continuous limit of the even Pfa

lattice

B.1 Equations for t,- ow and higher order corrections

We provide, for the reduced even Pfa Hierarchy, the corrections to the leading order of

equation up to O("3):

1
uf= (k+2)uk*t kuk t utuluk u?  uCuluk+uluk T+ uluktt +5 k2ul ( uk 1y

+(kZ +2Kk)ud ukt kuk 20Qul +utud +ulul, 2uQuktt+u0 Ukt Ukt o

1
+— 2 ud, (k+1)3+1)u*t KBPuk 1 +3ud uk*t +3ulultt +u0 uk t+ukil

12 XXX XXX
uk 3k?+3k+2 3ulul +3ulul +utud, +uul, "2+0 3 ; k<0
ul = u® ut+utu? +uul +% ufu,t "+%uO 3utud +3ulul +ul +ululd,
+u0u)](-XX "2+O "3
ut = 2u2ul ul utul+ulul +ufuZ + ufu? 1uoufX 1 ud, (ut)?

2 6

3ulul, +3ulul +ulul, ul+3uul +3ulu? +2u?ul, +uluz, "?+0 "3
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Chapter B. Continuous limit of the even Pfalattice
(k+1uk*t (k Duk T+ utuk u?+uCutuk+uluk T+ uCuktt

1
*5 ud, (k¥ ukt k2 2k+1)ukt 20Quft 4k 1) 2ulul+utul +ulul, uk

1
AUl Ut TS 2 e (P DUt (ko 1)Pu T+ Bugu + 3

+u0 uk+ukl o+ 3k? 3k+2 3ulul, +3ulul +ululd, +ulul, uk "2

+0 "3 ; k>1:



Appendix C

Hydrodynamic chains for ow t,

Here, we list the discrete equations in t, and the leading order of the continuum limit,

recasting the expressions in terms of the corresponding hydrodynamic chains reported

in (7102

k — k ki1 ki 2,k k2

1, k.0 K
U, =a Uyt agUy tag Uy +a Uy +a , Uy

k1, .k k+1 k k+2
Fa Ux T8, U B, Ux (€1

C.1 Discrete equationsin t,
« eld u,t

3 2 2 2 2
1_ 1 0 1,1 0 1 0 1 ,,0
@4un - un 1 un 1 Un un 1 un 1 un 1 un 1 Un un 1

2 2
0 1 0 3,,0 0 1 1 0 1 1,1 0
un 2un 2 un 1 un 2un 2un 1 Unp un 1un 1 un 1un un 1un 1

2 1 1 0 1 0 1 0 1,,0 2 0
un 1 un 1+un +un 2un 2+un 1un 1 un 1 Un un 2un 2un 1

2 2 2 2
+unl ur? + unil ur? +unl ur? urll + unzunlur?"' unzunilur?

3 2 2
3,,0,,0 0 1 2,0 1 1 0,1 1,1,0,1
*tUy UpUpyg + Up Up+ U™ Up Up+ Uy UnUp +Up"Upiy UplUp

2
0 0 1 2,0,,0 1 1,0,,0 2.
+ Uy UjpqUpiq TULRUQURqUR T URTURUL UGS

(C.2)
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Chapter C. Hydrodynamic chains for owt,4
« eld u?

0

1 2
@un=sun 2 u,?

12 o0 2 1 2

0 ,,1 0,,1 1
3uU, Uy 1+ 2UpUn UpT+2 Upig Uy 1 Uy

+ ul

2 2
1 2 ,,0 2.,,0 1,,0 1 1,0 1
n+1 un+1 2un 1un 1+2un+1un+1 un 1un 1un l+un+2un+1un+l

1 0,,1 0 1 0 0 2 0 0,,2 0,,0 2
+un+1 2unun'|'3un+lun+l un Zun 1un 2 un 1unun 1+unun+1un

+ur?+1ur?+2ur%+1 ;
(C.3)
« eld u}
@,u; :% Up 1 UpqUn 2uf 5 up g 4+ Uptuy us +ul oUf Hug 2u,’
UZ 1 +upy ug Uy 2uf g +upRul g uqud ) 2ud Hud 5 up g
(C.4)

2
0 0 1,1 1,11 0 2,1 1.2 1
Un+1 Un+aUn Upya HUpipUpUngg 2un+1unun+1 2un+2un+un+1

1,1 2 O/n,,1 1,2 0 1,2 0o ,3 .
UpUnyp  2U5 +Up(2Uh4  URUR) HULUAUSL  2U00UR )

« eld u?

1 41 25 ¢ 2 1 .3 0 2 0,1 , 1 .0
@4un_§ un1 Up unl 2un 1un1 l'Inl +2unun 1un+1un1

1,1 2,,0 1,,1 2,,0 0 2 2,,0 1,3 0
+un 1un 1unun 1+un un lunun 1+un 2un 2unun 1 2un 1un 1un 1

1,3 ,.0 0,,1,,3 ,,0 0 ,4 ,,0 1,,0,,1
2u,"Uy Uy 1 2UQURUL qUp q 2U4 oUp U 1 +2U, UpUngg

2 2
04,1,1 0 1,,1 o ,0 ,1,1
+2 Uy UpUnyq 2 Ugyq UpUng, 2U441UnsoUnUnss

2 2 2 2 2 2
0 1 2 0 1 2 0 1 2 1,,0,,1,,2
Up Uy Uyt Uy Uny1 Up Un+2 Unp+o Up  Up UjU[UG

2+ul 0 1 2

1,0 1 1 0 1 1,2
Upi3Un+2UnsoUn ni1 Uns1 UnerUn 2U5 +UR 2U5.1  UQ[UR

2
0 0 2,,2 1,,0 3 0 0 1 3 0 1 3
un+2un+3unun+2 + 2un+3un+2un + 2un+1un+2un+1un +2 un+2 un+2un

1 0 1 2 1 0 3 1 2 0 0 4 .
+un+2(un+1(un+1un 2un)"'un+2(2un un+2un))+2Un+2Un+3un ’

(C.5)
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Discrete equations irt,

« eld ukfor k>2

1 1 2 9 K 1,0 k+1 1,1 0 Kk
@4Un—§ Uy 1 Upg un 2Uy g Up g un 1T Uy" Uy 1Up qUp

1,,1 0 k 0 2 0 k
+un un lun 1un+un 2un 2un lun

0 k+1 1,0 yk+t 0 k+2 1 .0 k1
2un 1Un 1Up 2Up"Up qUp'7 2un 2Up 1Up 2Upin 1YUk+n 1Un

2
0 k 1 0 1 k 1 0 0 1 k 1
2uk+nuk+n 1un 2 uk+n 1 uk+n 1un 2uk+n 1uk+nuk+nun

2 2 2 2
0 1 k 0 1 k 1 0 1 k
+ uk+n 1 uk+n 1 Un uk+n uk+n un+uk+n 1uk+n 1uk+n 1un

1,0 1 k 1,,0 1 k 1 0 1 k
+uk+nuk+n 1uk+n 1un uk+nuk+nuk+nun uk+n+1uk+nuk+nuﬂ

2
k k k 2 0 1 k 1
uk+nuk+n+1uk+nun+uk+n 2uk+n 1(uk+n 2un 2un )+ Un un(2un+1

0 1 k 1 1 1,k
+udu tukt+200 jul jukt ou luluf+u t@uk, ] utub)
k 1, k+1 1,0 k+1 0 k+1
+un+1(2un+2 Un) 2un 1UnUn 1)+2uk+nuk+nun +2uk+n+1uk+nun

2
0 1 k+1 0 1 k+1 0 k+2 .
+2uk+n 1uk+nuk+n 1u +2 uk+n uk+nu +2uk+nuk+n+1u !

1,k
Un)

(C.6)
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« eld uXfork>1

198

2 2
1 0 1k 1 0
2unlunlunl u

N

1,,0 1k 0 1 0 1k 0 0 2 k 1,1 0 k
2un un 1un 1 2un 2un 2un lun 1 2un 2un lun 2 un 1un 1un 1un

0 k k k1

1,,1 0 2 0 1 0
Up un lun 1un un 2un 2un lun 2uk+n 2uk+n 2un

0 1Kk

k 1 1
+2uk+n 1uk+n 1un

1 0 k 1 0 1
2uk+n 1uk+n 2un 2 uk+n 2 uk+n Zun

2
1,,0 1k 0 1 1k 0 0 1 1k
+2uk+nuk+n 1un +2 uk+n 1 uk+n 1un +2uk+n 1uk+nuk+nun

2 2 2 2
0 0 2 k 0 1 k 0 1 k
+2uk+n 1uk+nun uk+n 2 uk+n 2 Un + uk+n 1 uk+n 1 Un

k k

1 0 1 1 0 1 k 1 0 1
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C.2 Continuum limitin  t,

The leading order of the thermodynamic limit with the time rescaled as

be recast in the hydrodynamic chain

k k

k — Jk 1 k 0 1 2 k k 2 k k 1 k
Up =@ Ux" T agUyx tajUytaUy+ta oUyx "8 Uy =8, Uy

whose coe cients are listed below.

8
2 200l @Y
:

K _
& 1=

0 k 2

8

%zwgz k>2
K _
akz‘%

-0 k 2
ak =

t ="ty can

k+1 k+2 .

k
F 8 Ux s

(C.8)

k>2
(C.9)

(C.10)

(C.11)
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2 (U0)2+U 1 Ou1+(u0)2(u1)2 (u0)2 2

2u? 2u, tu? + (ud)?u} k=0

2 (U h)Pug + 20, (uR)? + 2(uR)® + U H(uR)?ux

k>2

2u?)?u? k=2

k=1

k=1

2 3(U0)2UX 1+k 4 k(u)(())Zu 1+k 4 (U0)2 1+k 4 k(u0)2 1+k

Luluk + (ud)2ultuk k< 1

.2
2 u? uf " 2udu? k=1

2u? u,t+2ulu k=0
0? 04y 1yly0
u? “+u2u? + u tutuf k=1

72 kulu K T+20u%u, X T+ kulul X+ ulutu, K

8
2 k(UR)Pu U ugui+ (uRPuust k(u)?ugt
U tug + (UR)2us + Uy PuRu + (uuguf 2(ug

8
uduk T+ kuluk T+ ulutuk  kuluktt uluk
2 ulul+ulu2ui 3ulu k=2

(C.12)

k>2

(C.13)

k< 1



Continuum limitin t4
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Appendix D

Permutations for one-dimensional

Ising model

The partition function for the Ising model in one dimension is written in terms of the

adjacency matrix Aas

X . .
ZN (X2, X4) - eX2 tr A2+X4 tr A4 e N (X2+2X4) : (D.l)
ng
SinceA is symmetric it can be diagonalised

A=0DO"; (D.2)

with D is the diagonal matrix of the eigenvalues of A and the matrix O is given by the

corresponding eigenvectors.

D.1 Transformation of adjacency matrix for di erent con gu-

rations

We observe that, given the adjacency matrix AN for a speci ¢ con guration, it is possible

to identify a set of transformations R acting on the associated eigenvectors orthogonal

203



Chapter D. Permutations for one-dimensional Ising model

matrix by permuting its rows, that leave invariant the structure of AN itself

Ay = 0DOT O0=PO
Ay =0ODQOT =RODOTPT (D.3)
AAN = PIANP| l:

where the last expression is given by the fact that a permutation matrix is orthogonal.
The e ect of the transformation B on the adjacency matrix is to permute rows (acting

from the left) and columns (acting from the right via the inverse). Hence, we have

- R h. [
ANR=RAN 9 AniR =0 (D.4)

that means that the permutations that leave invariant the adjacency matrix are those that

commute with Ay .

The permutations of n objects form a group, called the symmetric group S, of order
n!. In terms of matrices every element of the group is given by a permutation of the
eigenvectors of the identity matrix.

The permutation  of n elements : fl;:::;ng!f 1;:::;ngcan be represented in the

following two-line form as 0 1

%1 2 n E
(D.5)
1 @ (n)

and there are two natural ways to represent a permutation with a permutation matrix,
starting from the n n identity matrix |,. The rst way is to consider a permutation of
columns of I, the second a permutation of rows. We will consider the matrix P = p;

associated to the permutation of rows of I, as

8
% 1 ifi= ()
Pij :§ (D.6)

0 otherwise

The entries in the i th column are all 0 except for 1 in correspondence of the row  (j),

we can write

P=eqw ep € m (-7
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where g is a standard basis vector, a column of length n with 1 in the j th position and

0 in every other position.

Let us consider for example the permutation

0 1
2 3 4 5

:% (D.8)
4 2 5 3

the corresponding permutation matrix P is given by

P=ce Q) €@ €@ €@ €3G ~— €1 €& € e ez ~ (D.9)

o B O O O
o O O +» O
- O O O O
o .o = O O

where the second row in |5 occupies the forth one in P , the third row occupies the second

one and so forth, following the prescription (0.8).]

The n n permutation matrices that can be constructed starting from the |, identity
matrix form a group under matrix multiplication with identity matrix as identity ele-
ment. Any permutation may be written as a product of transpositions a cycle composed
of two elements. In general a cycle of degree m is a permutation interchanging m objects

cyclically.

The group S, of permutations of n objects f1;:::;ngcan be generated by then 1

fundamental transpositions (1 $ 2); (1$ 3);:::;(1$ n).

Case N=3

We consider the group of row permutations for 3 3 matrices. It is composed of 6 ele-

ments, each of them can be expressed in terms of the 2 fundamental elements

PL=(1% 2 P2=(1% 3) (D.10)

205



Chapter D. Permutations for one-dimensional Ising model

The symmetric group S; is then

Sz =f1; p1; P2; P1P2; P2P1; P1P2P1 9 (D.11)

where 1 corresponds to the identical permutation, pf = pg =1 and p1pyp1 = P2p1p2- It

can also represented formally as

Sz = hp1;p2jpf = p3 = (p1p2)* = 1i (D.12)

The operators associated to the elements are identi ed by matrices M 3 3 as follows

0 1 0 1 0 1

00 1 0 01

l3= 10 P = 00 P, = 10
01 01 0

0 1 0 1 0 1

1 0 01 00

PP = 01 PP = 0 O PiPP = 01
00 1 1

By considering the possible con gurations represented by the adjacency matrices for N =
3 we have the following relations between the speci ¢ adjacency matrix and the various
permutation matrices.

The adjacency associated to the con guration with no link and labelled as Ag(O) triv-

ially commutes with all the elements of the group S3

0 1
00
A;0=F 0 o (A5(0)) = f0;0;0g
00
(D.13)
h. i h. i h. i
Az(0);13 = A30);P = 63(0):P2 =0

h. i h,. i h, i
A3(0);PiP = A3(0);RP, = A3(0);P PP =0

The same is veri ed by the complementary con guration, where all the links are on being
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represented by the adjacency matrix A3(3)

1

1 1
A;(3)=H 0 1 (As(3)=f2; 1; 1g

1

(D.14)

h. i h. i h. i
A3(3);13 = A3(3);A = A3(3);R =0
h i h. i h i

A33);PIP, = A3(3);RPL = A3(3);PPPy =0

We notice that with equal commutation relations with the elements of S; what allows us

to distinguish Ag(O) from A3(3) is the spectrum of eigenvalues related to the matrices.

The situation is di erent for the intermediate con gurations, where each adjacency
matrix commutes with just one of the elements of Sz, other than with 13, this being trivial.
The other elements of the group, xed the adjacency matrix, allow us to pass from a

con guration to another representing the same structure (having the same spectrum).

The possible con gurations represented by the adjacency matrix with spectrum (A3(1))
are shown in the following. Each adjacency matrix is accompanied by the corresponding
graph, the permutation matrix with which it commutes (the trivial I3 is not shown) and

the transformations taking it to the equivalent con gurations are represented.

(As(1)=1 11,09 B 1 of
As(1;2) = E
P

A3(1 2):R =
PoPL; LR \
0 1 9
P PP
As(1;1) = % A3(1;3) = %

A3(1 )P =0 A3(1 3); P1P2P2 =0
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The same is given for the con gurations related to the spectrum  (A3(2))

- [ I 0 1
(As(2))=f " 2; 2,09 0 1
A3(2;3)= 0 1

A3(2 3); P1 =0

PP, PLP,P;

0 1 Q
1 O
P, PP
As22)=8 0 1 As(2:1) E
h 10
R i
A3(2;2);P2 =0 A3(2 1) P1P2P2 =0

Now we consider the general form of the adjacency matrix for N =3 and look for the
constraints on the values of the entries, by imposing the relations of commutation with

the di erent permutation matrices, representations of the group Ss.
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Transformation of adjacency matrix for dierent con gurations

1
0 G ¢
As=F, 0 o (D.15)

Imposing that the commutator respectively with Py, B, PP,P;, PP, and P,P,; is zero

The general form for A3 is

we get

(A3(2)) (A3(1)) (A3(3)) (A3(0))
f pi;pﬁ;OQ f 1;1;0g D 1;1g 0;0;0g

Az P =0 ! CG3=0C

. i
A3;P2:0 ! CG3=0C
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