Northumbria Research Link

Citation: Zhang, Ziwei, Yin, Xiuxia and Gao, Zhiwei (2023) Non-flocking and flocking for
the Cucker-Smale model with distributed time delays. Journal of the Franklin Institute,
360 (12). pp. 8788-8805. ISSN 0016-0032

Published by: Elsevier

URL: https://doi.org/10.1016/j.jfranklin.2022.03.028
<https://doi.org/10.1016/j.jfranklin.2022.03.028>

This version was downloaded from Northumbria Research Link:
https://nrl.northumbria.ac.uk/id/eprint/49143/

Northumbria University has developed Northumbria Research Link (NRL) to enable users
to access the University’s research output. Copyright © and moral rights for items on
NRL are retained by the individual author(s) and/or other copyright owners. Single copies
of full items can be reproduced, displayed or performed, and given to third parties in any
format or medium for personal research or study, educational, or not-for-profit purposes
without prior permission or charge, provided the authors, title and full bibliographic
details are given, as well as a hyperlink and/or URL to the original metadata page. The
content must not be changed in any way. Full items must not be sold commercially in any
format or medium without formal permission of the copyright holder. The full policy is

available online: http://nrl.northumbria.ac.uk/policies.html

This document may differ from the final, published version of the research and has been
made available online in accordance with publisher policies. To read and/or cite from the
published version of the research, please visit the publisher's website (a subscription
may be required.)

ok Northumbria 5

University
NEWCASTLE w

O]

8 UniversityLibrary


http://nrl.northumbria.ac.uk/policies.html

Non-flocking and flocking for the Cucker—Smale model with distributed time
delays
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Abstract

In this paper, we study a flocking behavior that may or not appear for Cucker—Smale model with distributed time de-
lays. For the short range communicated Cucker—Smale model, the flocking condition has strong restrictions on initial
data. For this case, we mainly consider the non—flocking behavior. By establishing and appropriately estimating an
inequality of the position variance such that the second order space moment is unbounded, we drive a sufficient con-
dition for the non—existence of the asymptotic flocking when the time delays satisfy a suitable smallness assumption.
Furthermore, we also provide a sufficient condition of asymptotic flocking. Finally, we present numerical simulations
to validate the theoretical results.

Keywords: Cucker—Smale model, distributed time delays, non—flocking, flocking.

1. Introduction

The Cucker—Smale(C—S) model is one of the most celebrated multi-agent models, which can describe the flocking
behavior of moving animals in nature, such as flying of birds, herding of sheep and schooling of fishes [1-3]. This
model was first proposed by Cucker and Smale in 2007 [1], then it was quickly extended in many directions, including
the model with time delays in [4—10], the model with collisions avoidance in [11-16], the model with nonlinear
systems in [17-19], the model with the problem of leader in [20, 21], and so forth.

In a real multi-agent system, it is natural to introduce a delay as a reaction time or a time to receive environmental
information, which is denoted as the reaction delay or the transmission delay respectively. The C—S model and
other extended models with the transmission delay were investigated in [22, 23]. However, in typical applications
of C—S model in biology or engineering, the transmission delay is much smaller than the reaction delay due to the
high speed communication of agents. Thus, we pay attention on the C—S model with reaction delays. When this
delay is a positive constant, [24] proved that there is an asymptotic alignment of velocities for the delayed C—S
model with or without noise, under the a-priori assumption that the Fiedler number (smallest positive eigenvalue)
of the communication matrix is uniformly bounded away from zero. By using similar assumptions of the Fiedler
number of Laplacian matrix, some sufficient and/or necessary conditions of controllability for the non-delay systems
were derived in [25, 26]. Then, Haskovec and Markou derived sufficient conditions of flocking behavior in [27] for all

classical communication weights. In a more realistic situation, the time delay is distributed over an interval rather than
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concentrated at a single time instant. Thus, the C—S model with distributed reaction delays was further considered
in [27, 28]. However, to get the flocking behavior, the decreasing of the time—varying delay or a lower bound of
the derivative of the communication weight is assumed in these papers, which is not natural. In this paper, these
assumptions are successfully removed, and the flocking behavior is also established. For other flocking results on
delayed C—S models, we refer to [22, 23, 28-30] and the references therein.

Note that the above results only focus on the flocking behavior. But, the non—flocking behavior can be easily
observed in numerical simulations. It is also common in many practical situations, such as the opinion disagreement
in society, fish flock breaking, flight multi-formation and so on. Moreover, for the short range communicated C—-S
model (Iry > 0 such that for” @(r)dr = co; where ¢ is a communication weight function), it is unreasonable to directly
investigate sufficient conditions of flocking, since the conditions have strong restrictions on initial data. In other
words, it is more appropriate to study the non-flocking behavior. However, the theoretical results are far from perfect
particularly about the delay model. Recently, it is shown in [31] that the C—S model has the non-flocking behavior
when the initial data satisfies some conditions. When there exist distributed delays, we are also interested to find
a sufficient condition of the non-flocking behavior, which should be simple enough. We refer to [32-35] for other
non-flocking or multi-flocking results.

The remainder of this paper is organized as follows. Section 2 is to address system description and some prelimi-
naries. Section 3 is devoted to giving a simple sufficient condition to the non-flocking behavior. In Section 4, we also
establish the flocking behavior for the delayed model under some initial conditions. In Section 5, some simulation

examples are shown to validate our theoretical results. For simplicity, some proofs are given in Appendix.

2. Preliminaries

Let N be the number of agents, and (x;(?), v;(?)) € R?? denote the position and velocity of ith agent at the time .

Let the communication weight ¢ be positive and Lipschitz. Then, the delayed model is described by

Xi = Vi,

. 1 5[ ) "
TN § r— () — xi(s o ’
' Nh(®) k=1 Lr(t) a(t = $)P(lxi(s) = xi()Dvi(s) = vi(s)ds

where the parameter 4 > 0 measures the alignment strength, 7(f) > 0 satisfies that 0 < 79 < 7(¢) < T forall r > 0.

Moreover, « : [0,7] — [0, o) is a weight function satisfying

(1) 7o
h(t) = f a(s)ds, f a(s)ds > 0.
0 0

For the above model, we consider prescribed initial position and velocity trajectories
(i), vi) = (0.} (1), V1 €[=7,01, 2

where xV,V) € C([-7,0]; R?).

For simplicity, we define the position and velocity fluctuations as

N !
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By defining the average position and velocity

N

1 1<
(o), ve()) = (ﬁ PIEOEDY w(t)],
j i=1

i=1

we know from (1) that v.(¢) = v.(0) for any ¢ > 0, and then x.(¢) = x.(0) + v.(0)z. Thus, we have that for any ¢ > 0,

v ! v )
V(r>=[2NZ|vi—vc|2) : X<r>=[2NZ|x,»—xC|2] :

i=1 i=1

“

but they don’t hold for ¢ € [-7, 0) generally.

Firstly, a local classical solution {(x;, vi)}fi , of model (1), (2) can be obtained, since the right hand side of (1) is
continuous as a function of (x;, v;). Actually, its solution is global because the boundedness of V(¢) and X () will be
proved in Section 4.

Secondly, we give the definition of asymptotic flocking of model (1), (2).
Definition 1. /1] Model (1), (2) exhibits asymptotic flocking if and only if

limV(@#) =0 and sup X(¢) < oo.

t—00 >0

In particular, non-flocking (see [36] for details) can be classified in more details as semi-nonflocking, where only

lim V(¢) = 0 holds, and full non-flocking, where neither lim V(#) = 0 nor sup X(#) < co holds. The non—existence of
t—oo t—oo >0
the asymptotic flocking is proved through the unboundedness of X(#) in next section.

3. The non-flocking behavior

o (D) —xi (D))

For simplicity, we define ¢;; = ¢(|xx(s) — x;(s)]) and Dy;(?) := b rég(rydr, Y 1 < k,i < N. We are now

devoted to establishing a simple sufficient condition to the non-flocking behavior of model (1), (2).

Theorem 1. Let 7(¢) be a continuously differentiable function such that v < 1, ¥ € L'R*) and 79 < 7(t) < T.
max_V(s)

Assume that « is bounded, and 0 < ¢ € C,(R*) and r¢(r) € L'(R*). Let ky = Ae[f;'?o) , when T is sufficiently small

such that 4kg/l||¢||w7" < 1, the classical solution {(x;, v,~)}ﬁ\i1 of model (1), (2) exhibits non-flocking if

N
DU = x)- 0 = vy > Il [%HT'HU N 1]. 5
a(s)ds

i=1 0

Remark 1. Note that ¢ and T do not need to be decreasing in the above theorem. The typical short range communi-
cation weights ¢(r) < (1 + r2)’§ with 8 > 2 satisfy the assumption that r¢(r) € L'. Any smooth function with compact
support also satisfies this assumption.

3.1. An inequality of the position variance

Based on Definition 1, we intend to show the unboundedness of X(¢), which yields the non-flocking behavior.

Inspired by the key equality of the position variance established in [31, 37], we obtain the following proposition.



Proposition 1. Assume that 7(t) be a continuously differentiable function such that Ty < 7(t) < 7, and let {(x;, vi)},.L,

be a smooth solution to model (1), (2). Then, we have that for any t > T

d1Y
= (5 > i) - xc<t)|2]
N N
— u)®,.(u)duds

A
Z(x,(‘(') Xe) - (VZ(T)_VC)_2NZZf h(s) ()
=1 k=1 ST
)ds. ©)

UE[s—7,s|

2 = 2
5N (V (5) = Algllo sup V(w)

Z |-xl - xclz

i=1

) and then integrate it over (7, f). Following from (1) we obtain that for any

Proof. We first compute dtz (—

t 2 Ta
(1 d (&
7 [5 ; lx; — chZJ = (;(xi - xe) - (vi = Vc)]
N 1 N N 1 !
= D himvl -5y Z} ; BB oy 2 D (1) = () - () — (0 @

To estimate the last term of the right hand side of (7), we can rewrite x;(¢) — x;(¢) as

X (1) = xi() = x1(5) = xi(8) + x4(8) = xi(8) — (xi(1) = x;(8)) = xx(s) — x:(s) + f (Vi = vi)(0)db
4 ®,,(1). Then, we can use

Note that the definition of @, (¢) gives that (xi () — x;(¢)) - (Vi (t) — vi(£)d(|xx () — x;(2)]) =
the above equalities to obtain that

Gri - i(s) = vi(s)) - (1) = xi(1))

M= i[M=
- S

1]
—_

N N f
bri - k() = vi(s) - () = xi(s)) + Z Z Bri - (Vi(s) = vi(s)) - f (vi(6) — vi(0))db

i=1 i=1 k=1
L d
< D02 7@+ gl sup Vi(w), @®)
=7 o1 @8 ue(t-7.,1)
since the Holder inequality yields that
Z(Vk(s) —vi(s) - f (vi(0) — vi(0))d6
ik=1
[ N % N % v
f 2, 0(s) = v,-<s>)2] (Z(vk(m - v,w))z) do = f VSVOdo <7 sup Vi)
s k=1 ik=1 s u€Eft-7,1]
for any s € [t — 7(¢), f]. As a consequence, combining (7) with (8) we get that
2
prl [ lez Xel )

APlloT
lIglleT sup V2(u),

Vi) - — a(t — s)D,.(s)ds —
( ) Z ; h(t) t—1(t) ( ) kl( ) 2N u€[r-7,t]
4

[\

€))



since J(;r ® a(s)ds = h(t). Finally, by integrating both sides of (9) over [T, t] we complete the proof. O
Taking into account the right hand side of (6), we firstly estimate the third term. In the following lemma, we show

that V(#) does not change dramatically when ¢ grows, so

V2(s) = Alpllo sup  VZ(u)

ue[s—T,s]
can be non-negative when 7 is small enough.

Lemma 1. Let 0 < ¢ € C,(R*), and let V(0) # 0. Assume that T > 0 satisfies e < 2, then

V(s) < ko OV(), Y1>0,s€[-7,0), (10)
and
V(s) < V@), Yi,s>0, (11)
where
2% "
SE|-T.
ko= ———— k= 2kod||]|o- 12
0 V) oAl (12)
As a result, for any t € (0,7]
1
EV(O) < V() <2V(0), X(1) < X(0) + 27V(0). (13)

By establishing the following delay inequality of V,

%V(I)Z—/lllfﬁlloo sup  V(s),

se[t—1(t),t]
we can eventually prove the above lemma. The precise proof is given in Appendix.

N
According to the first term of the right hand side of (6), we need to estimate Y (x;(T) — x.) - (v;(T) — v¢). Since T is

i=1
N N

sufficiently small, the following lemma shows that ) (x;(T) — x.) - (vi(T) — v,) is close to Z(x? - X) - (v? —v.). The
i=1 i

i=1
precise proof is given in Appendix.

Lemma 2. Let 0 < ¢ € Co(R*), and let V(0) # 0. Assume that T > 0 satisfies e < 2, then the classical solution
{(x;, vi)}fil of model (1), (2) satisfies that

N
D (@) = x) - ((F) — )
i=1

N _
> Z(x? - Xe) (V? — V) + % (%Vz(o) -

All¢llo (X(0) + ZfV(O))V(O)) _
i=1

2k

3.2. The key estimate

S

Obviously, it is key to compute f; s—r(s) a(s —u)®,.(u)duds in the right hand side of (6). If we roughly replace

@} (u) by @;.(s) in this term, then

1
h(s)
3 1 S !
f — a(s — u)®,(s)duds = f D (8)ds = Dyi(t) — Dy (7),
T I’Z(S) s—7(s) T
since A(s) = j(; ® a(u)du. By the definition of ®y;, we know that

0 < Dyi(1) < lrgp()llLr (14)
5



so there is a good estimate

ﬁ % S_ST(S) a(s — w)d(s)duds < |[rg(r)ll.:.

But, we can not follow this method directly. Actually, even we can establish that @ (1) < ©;.(s) + C(s — u), then

! 1 S
f — a(s — w)®,(wduds

/’Z(S) s—7(s)
[ S_i(y)a(s—u)(@,@(s)+C<s—u>)dudss||r¢<r)||u+C | s

S

which is not bounded. In the following lemma, we give a reasonable estimate of f; ﬁ () @

(s —u)®,,(w)duds. For

clarity, the whole proof is divided into four steps.

Lemma 3. Let {(x;, vi)}fi | be a smooth solution to model (1), (2). Let 7(t) be a continuously differentiable function
such that v < 1, T € LY(R") and 79 < () < 7. Assume that « is bounded, and 0 < ¢ € Co(R*) and ré(r) € L'(R").
Then,

llalloo

fOTO a(s)ds

f 1 S
f — a(s — u)(D,’d(u)duds < |lrp(P)| 1 [ I + 1], vVt > 27.

I’Z(S) s—7(s)

Proof. Step 1: Changing the order of integral.

By integrating over s first we get that

s 1 s t min{g(u),t} CZ(S _ Lt)
— a(s — u)®p,(wduds = f (f ds) D (u)du, (15)
ﬁ ]’Z(S) s—7(s) k 7-7(T) max{u,T} ]’Z(S) k

where g is a bijective function from (0, o0) to (7, o) such that

g(u) —7(g(w) = u (16)
since T’ < 1. Then g is strictly increasing and
u+to<glw)<u+T. (17
Furthermore, from (16) we have know that g and 7 are commutative, then
1-g'(u) = —7'(g(u)g'(w) = =g’ (x(u)7’ (w), (18)

Step 2: Integrating by parts.

min{g(u),1} o(s—u)

For simplicity, we denote f(u) = f ds. By (16), we have that r + 79 < g(#) <t +T,soforany t > 7

max{u,7} h(s)
min{g(r),t} Q’(S _ t)
so= [ ds = 0.
max{t,7} h(s)

Similarly, following from (16) we get that g(* — (7)) = 7, and then forany ¢t > 7

Mgt} (o = o (=
sa-ao)= [ ATy = 0
max{7—1(7),7) (s)



Combing the above two equalities with (15), we have that

j; m a(s — wd,(wduds

s—7(s)
= fOPu() - [T~ 7(D)Qu(T — (7)) = | " O () f' (u)du
- - f ®yo(u0) (). (19)
T-7(T)
Note that
d ~ min{g@)1) o (s — u) a(0) g (wya(g(u) — u) )
Ef(u) = - fr;ax{u!ﬂ h(s) ds — W 1 [ioo](u) + W 1g(”)<r(l/t), vVt > 27, (20)

where 1¢(u) is an indicative function such that 1(x) = 1 when u € Q, otherwise 1o(u) = 0.
Step 3: Dividing the integral region.
To compute f’(u), the integral region [T — 7(7), f] is divided into [T — 7(7), 7], [T, g’l(t)] and [g’l(t), t]. Firstly, for

u € [t — 7(7), 7] we have from (20) that

f Wals—w g walgw) —u)
0 h(g(w))
agw —w) aF-uw) gwaw-u fg“” a(s — Wt (s)a(r(s))
h(g(w)) h(7) h(g(w)) : h2(s)
a(gw) —w) fg“‘) a(s — T(s)a(x(s))
h(gw)  Je h2(s)

d
_Ef(u)

ds

A

< (I-g'w)

ds, 2y

since g(u) is increasing and

d 7(1)
W (s) = = (fo a(s)ds) = 7 (8)a(1(s)).

Similarly, we have from (20) that for u € [T, g7 (¢)],

fg“') @(s—w . a0) g walg)—u)
u h(s) g(w) h(g(u))
a(g(u) — u) N f 9 a(s — u)t' (s)a(r(s))
h(g(u)) u h2(s)

d
_Ef(u)

IN

(1-g'w) ds,

and for u € [g71(1), 1]

"o/ (s — u) a(0)  alt—u) " a(s — u)t' (s)a(r(s))
fu o P ew = Thn f s

Combining the above two inequalities with (21), we can conclude that

d
_Ef(u)

- f ) f ()l
T-7(T)

’ sl g (s — W' (s)a(r(s)) f“’) a(g(u) — u)
Dy dsd Q)1 - g'(w)—————d
f‘z"‘r(‘r) ¢ (u) min{u,7} hZ(S) s T-7(T) ¢ (u)( 8 (u)) h(g(u)) !

! a(t —u)
+ Opi(u)————=du. (22)
fg- U

<




Step 4: Final estimates.
Thus, for the third term of the right hand side of (22) we have that

1—g~ (1)
! a(s)ds
L—l(,) (Dkl(u)a'(l( 5 )du < ||r¢(r)||L1 fOT = ||r¢(r)||L| y (23)

since (16) gives that t — &~ (¢) = 7(r). For the second term of the right hand side of (22), we can use (14) and (18) to
get that

50 , o a(g(u) — u) f T ,a(gu) — u)
D)1 — gy 28— - LED =Y ora(ud
ff-r(ﬂ = g ) ey T—1(7) Tes h(g(u)) i

llalleo llallo

inf h " ats)ds

where p* = max{p,0} and p~ = max{—p,0}. Now, we compute the first term of the right hand side of (22). By

< Alrglle = f (@ (gu))"g' wdu < lr¢(llp —————I1T") Il (24)

integrating over u first, we get that

' max{r,g(u)} _ ’
f (Dki(u)f UL (s — u)t (s)a/(‘r(s))dsdu
-7(7)

min{u,7} hZ(S)
: jr‘ (f:r(s) Pui()a(s — wdu )(T (S)h);(a§7—(s))duds
< ooy [ T 4y < gy, 05)

C h(s) fra/

Combining (22) with (23)—(25), we obtain that

llallco ,
—IIT I + 11,
 a(s)ds

0

!
- [ outor e < sl (
T-7(T)
since 7’| = (7/)* + (7/)". Thus, following from the above inequality and (19), we complete the whole proof. O

3.3. The proof of Theorem 1
Combining Proposition 1 with the above three lemmas, we can prove Theorem 1.
Proof of Theorem 1. Note that 4k Al|¢llT < 1 = 7 < 2 since k = 2koAll¢llT and ko > 1. So for any s > 0, we can
use (10) to get that
Al sup V() < AUllThoe™ T V2(s) < 45 AIPlITV(9),
ue[s—7,s]
and then by (11) we have that
1 f VAs) = Al sup V2w d
- S) — T Su u N
2N J: 4

uels—7,s]

—2kt)

1 - 42 Al ¢lloT 2 1= 4R2AlglT V2O (e —e
2N f (s)ds 2N ' 2k

1 — 42 Al T
4Nk

2 —2kt
1% (0)(4-1 —e )

8



Note that

1 - 4G AllplleT

V2
16Nk ViO+

( Loy - Ale(X(0) + 2%V<0>)V(o>) -0

2N 2k

for sufficiently small 7. Then, it follows from Proposition 1, Lemma 2 and Lemma 3 that for any 7 > T,

4 lil (1) = xe ()
dr 2,»:1 xi(8) — xc

N 2 =
[llloo , 1 — 4k Al|plleoT ot
;(X? = Xc) - (V? = ve) = |lrg(r)ll (W”T Il + 1] - 4—NkV2(0)e 2kt (26)

Thus, if

Z(x = x) - (00 = v) > Il [%nr'ny +1],

0

from (26) there is a positive lower bound of < Z |x; — xc|*> when t is large enough. Combining this argument with (4),

we know that X(¢) — oo, so there is the non ex1sltence of flocking. O
Specially, the condition (5) becomes Z (x —X.) - (v —ve) > |[ré¢(r)|| as the delays approach zero. For model (1),

(2), it is obvious to see that X(¢) is unbounded It is coincident with Theorem 1 for C—S model without delay in [31].

4. A sufficient condition of flocking

For model (1), (2) with short range communication weights, a sufficient condition of the initial data was given
to establish the non-flocking behavior in the above section. In this section, we investigate the flocking behavior for
model (1), (2).

Lemmad. Let 0 < ¢ € C,(R*) be a decreasing function. Let T € [0,7] satisfy that ¢ < 2. Then, the classical
solution {(x;, v,)} of model (1), (2) satisfies that for any t > 7,

dv () <_MS(D(t))
dr — 2

where D(t) = sup{|xi(s) — x;(s)| : s € [t =7, 1],k # i}.

V() + 32k57 PlIglI2, V (),

Proof. It follows from (1) that for any ¢ > T,

3

d N N N
d—t[Zm—wP]: Nh(t)ZZ(vka)—v,-(r)) alt = )¢y - ils) = vi(s))ds. 27
i=1

=1 k=1 t=1(0)
According to (27) and v(s) — vi(s) = v(t) — vi(#) + vi(s) — v (2) + vi(t) — vi(s), we have that
N
[Z S w ]
i=1 k=1

21 N N
= Yy -wor [ a= s

41 al
= Z > f,_ At = )i (vi(s) = Vi) V(D) = viD)ds, V1 >T.

Il
—_
=~
1]
—_

9



By the above equality and the Young inequality we get that for any # > 7

4 [ Y-

i=1 k=1
PR g XX ‘
< —h—)ZZ(vk<r>—v,(t))2 f = s + )ZZ f 2= DB (s) = vie)’ds
i=1 k=1 =7t =1 k=1 Y17
/l !
< Vo = 90uds + 4Nl sup ]Z(v,(s) - (1)’ (28)
1—=7(t SE[t-T,t i=1

N
j(;r @ a(s)ds. Then, we compute Y (vi(s) — vi(£))*. According to (1) and the Cauchy—Schwarz inequality,

i=1

since h(t)
we have that for any s € [t — 7, 1],

" 2
i(s) = vi(1)* = ( f v,-<u>du) =

N 2

 NhG kzz; \L‘T(u) a(u — w)p;(vi — vi)(w)dwdu

2Nl & f f o - ) —v)w) , [
< — dwd
= ; u—7(u) h(u) ot
. 12I|¢|I (f f a(u — w)lvg — Vi|2(w) )(f f a(u - du)'
u—T(u) h(u) u—7(u) h(u)

Following from (10), we get that

o a(u — w)lvg = vi*(w)
Z Z f f @ h(u) dawdu

i=

!
< sup VA(w) f f h = dwdu<(k0e2kTV(t)) f du < 16k2TV2(1),
u—7(u)

we[t—-27,1] K

since h(t) = f(;(t) a(s)ds. Combining the above two inequalities, we obtain that

sup Z(v,(s) — Vi)

SE[t-T,1] i=1

A2||¢||2 o alu - 16k %812, 2
< 16KV f f . h(u) dodu < =22V, (29)

Thus, by (28) and (29) we have that

N
(Z D - ) <~ha )Vz(t) alt — $)dyds + 64T NP1, VA1), (30)
t—(1)

i=1 k=1

According to the definition of D(f), from the decreasing of ¢ we can get that

_ f = ds < HOHDO)

Thus, combining the above inequality with (30),
av ( )

< —A(D() V(1) + 64K2T> P ||BII1% V2 (0),

which completes the proof. O
10



Theorem 2. Let 7 € [0,7] satisfy that e < 2. Let 0 < ¢ € C,(R") be a decreasing function. Assume that there exists
vy > 1 satisfies that

8
(y — D(D(0) + Dg(y(D(0) + 1)) > V(0). (3D
AVN
Then the classical solution {(x;, v;)} of model (1), (2) exhibits flocking behavior if T is small enough.
Proof. According to the definition of D(¢) in Lemma 4, by the model of (1) we have that
14(5) = 5 = 50 = 5O+ [ ) = wwd
0

Using the triangular inequality, we get that

Vi) = vi(u)| < vi(u) = vel + [vi(u) = vl

) _
\/m(u) vel ;m(u) vl _ 5 le)_M V<u) 32)
From the above two inequalities and (13), we have that
V(u) " V(u) V(0)_ f " V(u)
D < D —du<D0)+2—=7 d
(l)<()f | S POR T |
(u)
< DO)+1+ (33)

if T is small enough (2&\/%)‘? < 1). Note that D(T) < D(0) + 1. So for any y > 1, there exists + > T such that
D(t) < y(D(0) + 1). Let 1y be the largest time such that D(¢) < y(D(0) + 1).
Now, we prove ty = co. If not, D(ty) = y(D(0) + 1). Then, from Lemma 4 we have that
aviy  _ _A¢(y(DO) + 1))
dt N 2
_Ap(y(D(0) + 1))
- 4

V(@) + 32652 PN, V(e)
V), Ytelr il (34)

when 7 further satisfies that 128k5721|¢|12, < #(y(D(0) + 1)). Following from (34), we get that for any 7 € [7, o],

A D 1

V(1) < V(T)exp {—W(r - 7")} . (35)

Combining the above inequality with (33),
V() 4 V(0) 8 -
D)< DO)+ 1+ <DO)+1+ , Ytre[r, 1]
W< PO+ 1+ e a0+ ) = PO R 6m0) + D) "

Thus, from assumption (31) we get that D(#y) < y(D(0) + 1), which is in contradiction with D(#y) = y(D(0) + 1). Thus,
tp = oo, and then (35) holds for any ¢ > 7. O

Remark 2. There does exist a sufficiently large y such that assumption (31) holds, if r¢(r) — o0 ast — oo. A typical
example is that ¢(r) = (1 + r*) P2 with g € [0, 1).
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5. Simulations

Example 1. Similarly as before, we first investigate the non-flocking behavior. Roughly, let a(r) = 1, N = 6,
d=3,7(t) = %, o(xr — xi) = (ml—op)ﬁ’ﬁ = 0.1. But ¢ may not be a polynomial function in this paper. The initial
Xk —Xi
positions and the initial velocities are

x10 = (0.1,-0.5,0.5), vio=(1,-1,1),
x20 = (0.2,0,0.3), vy =(-100,-5,4),
x30 = (0,0.2,0.1), vz =(0,20,40),
x40 = (0.6,0.5,0.2), v40 =(-2,1,3),
x50 = (0.1,0.2,0.2), vso = (6,200, 3),
x60 = (0.8,0.3,0.1), veo = (80,4,2).

It is easy to compute that the above initial condition satisfies (5) in Theorem 1. The velocities distance v;(¢) — v.(f) are
shown in Fig.1(b). As expected, the system appears the non—flocking behavior. The simulation results successfully
validate our theoretical analysis about Theorem 1.

In addition, the velocity distances v;(f) — v () are shown in Fig.1(a)(b)(c)(for 7(¢) = %, (1) = ;—j:; or (1) =
10;:0 respectively) for the case of the critical exponent 8 = 0.1. From the above simulation results, we can know that

7(¢) is a positive influence on the non—flocking behavior. The results are consistent with Theorem 1.

s

Example 2. For the behavior of flocking, we choose the following data: a(f) = 1, N = 3,d = 3, 7(¢) = Tepo

o(xr — x;) = m, B = 0.1, the initial positions and the initial velocities are

xlO:(]9_5’5)5 V10=(]3]90)3
X0 = (—2, 3, 3), Voo = (—2, —0.5, O),
X30 = (5, 2, 1), V3g = (l, —2, 0)

They satisfy the condition of Theorem 2. The velocities distance v;(#) —v.(¢) are shown in Fig.3(b). It is easy to see that
there exists flocking, so the results successfully validate Theorem 2. Compared with the previous case (see Fig.1(b)),
it seems that the flocking behavior is sensitive to the initial data. If initial data satisfy the condition of Theorem 2,
there exists flocking. It exhibits non-flocking if initial data satisfy the condition (5).

Similar to Example 1, we change the value of 8 in order to investigate the influence of ¢ on the flocking behavior.
The simulation results are given in Fig.2(a)(b)(c)(for 8 = 0.5, 8 = 1 or § = 10 respectively). It is easy to see that
¢ promotes flocking, it is in keeping with the sufficient condition (31) in Theorem 2. It is also consistent with the
classical results by Cucker and Smale in 2007 (see [1]). In addition, we can change the value of 7(¢), then we obtain
the following Fig.3(a)(b)(c)(for 7(¢) = ﬁ, (1) = % or 7(t) = % respectively). From the simulation results, we
can discover that the flocking behavior is closely related to delay 7(¢) and 7(¢) is a negative influence on the flocking

behavior. From this perspective, it verifies our conclusion from Theorem 2.

12
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6. Conclusion

In this paper, we obtained sufficient conditions of non—flocking and flocking for the C—S model with distributed
delays. It was the key to estimate an inequality of the position variance such that X(#) is unbounded. A significant
basis of our approach was that the non—existence of the asymptotic flocking is equivalent to the unboundedness
of X(¢). Furthermore, by estimating an inequality of the derivative of V(¢), we obtained a sufficient condition that
velocity decays to zero at the rate of exponential growth and the upper bound of position is bounded when ¢ is large
enough. Above all, the sufficient conditions depend on initial data, communication weight and time delays according

to simulation results and the main theorems.

7. Appendix

Proof of Lemma 1. By the Holder inequality and (27), we have that for any ¢ > 7,

by
—> - VclzJ
dt i=1

1
2

Allles [ Yoy R

_ 2Pl _ PN o
NI Z_T(t)a(t S)[i:I;h}k(I) v,(t)l] (i:1;|vk(s) v | ds
Aiglles (7

- NE®) Jro a(t = s)V(s)V(t)ds.

From (4), we have that J
EV(I) 2 —Allgllc sup  V(s), (36)

se[t—1(1),t]

since h(t) = [ a(s)ds. Then, by (36) and (12) we have that
V'(0) > ~Al¢lleTho V(0).

By the continuous differentiability of V() and the definition of k£ (12) we obtain that V’(¢) > —kV(¢) holds in some
time intervals. Define that
fo =supf{t = 0: V'(s) > —kV(s), ¥ s € [0,0)}.

Now, we show that fy = co. If ¢, is finite, we have that

V'(t) > —kV(1t), Y te€[0,1), (37)
and
V'(to) = —kV(to). (38)
Following from (37) we obtain that
V(s) < V@), VYig>t>s>0. (39)

When s € [-7,0), by the definition of ky and inequality (37) we obtain that forany #p >t >0 > s > -T

V(s) < koV(0) < koe"' V() < ko 2V (1).
14



Combining the above two inequalities, for any ¢ € [0, #5) we have that
V(s) < ko V(7). (40)

Using (36) again, we can obtain from the above inequality and the assumption of 7 that

V(1) > —A7llgllwkoe V(E), V1 € [0, 10).
At the same time, we can use (39) to deduce that

V(to) > ky'e M V(0) > 0.

Combining the above two estimates with ¢* < 2 we get that

V/(t0) 2 =A7|¢llookoe"V(t0) = =KV (t0).

Thus, fy = oo, and V'(r) > —kV(¢) for any ¢ > 0. Then, we can easily obtain (10) and (11) with # > s. For (11) with

t < s, we can use a similar computation of (36) to get that

%V(I)Sﬂlltﬁlloo sup  V(s).

se[t—1(1),t]

By (11) with ¢ > s we get that J
yAAYE koAllplleoTe TV (2) < KV (1),

which yields (11) for the case of ¢ < s. O

Proof of Lemma 2. From the Holder inequality we have that for any > 7

d N
7 [;(xi —xc) - (vi = Vc))

N 1 N N t
- Yl g 2 ; f L D) ~ )~ 50
> L i i lvi = vil* = Alglle at—s) i v — vil? 5 i i Ix(£) — x,(0)? E ds
- 2N i=1 k=1 o INh(®) Ji—) i=1 k=1 o i=1 k=1 ‘ l
I N t
= N (V () — APl X (2) o V(S)dS)-
Thus, we can obtain from (13) that
N
D (E) = x) - (D) = )
i=1
N 1 T t
> ;(x? —x) - () —ve) + N s (Vz(t) = APl X (1) 0 V(S)dS) dt
- T (1 Agll(X(0) + 27V(0))V(0)
> Dl - 0f —v)+ o (ZVZ(O) - " )

i=1
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since (11) gives that

f V(s)ds < V(1) HMslds < %

—1(1) 1=7()
O
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