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Abstract: Polyampholyte (PA) hydrogels are incorporated of many internally charged 

polymer chains, which play an important role to influence the fractal networks and 

dynamic elasticity of the PA hydrogels owing to their different exchange and 

correlation charge-densities. Many properties of the PA hydrogels, such as mechanical 

strength and deformation, are significantly dependent on their fractal networks. 

However, working principles of chemo-mechanical coupling between the fractal 

networks and the elasticity of PA hydrogels have not been fully understood. In this 

study, a self-consistent fractal geometry model integrated with a complex function is 

proposed to understand the constitutive relationship between dynamic networks and 

tailorable mechanics in the PA hydrogels. The newly developed model is uniquely 

incorporated with the mechanochemistry, and describes the chemical polarization 

reactions of charged networks and their mechanical behaviors using complex fractal 

functions. Based on the rubber elasticity theory, constitutive stress-strain relationships 

of fractal networks have been described using their elastic, conformational, repulsive 
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and polarization free-energy functions. Finally, effectiveness of the proposed model 

has been verified using both finite element analysis (FEA) and experimental results of 

the PA hydrogels reported in literature. 
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1. Introduction 

As one of the most popular soft matters, hydrogels are composed of 

three-dimensional polymer networks containing a large amount of water, with 

capabilities of large deformation and good biocompatibility [1-5]. They have various 

functional properties, including self-assembly [6], liquid crystal behavior [7], 

non-swellablility [8], self-healing [9] and electrical conductivity [10]. Therefore, they 

have been explored for wide-range applications, including artificial muscles [4], 

medical scaffold [9], battery [11], wound dressing [12], soft robotics [13] and soft 

actuators [14].  

However, the bottleneck for their successful applications is their poor mechanical 

properties. To obtain tough and strong hydrogels, many approaches have been adopted 

by means of grafting [8,15], sacrificial bonding [16-18] and phase-separation [19]. 

Experimental studies reveal that polyampholyte (PA) hydrogel present a Young's 

modulus value as high as 10 times in comparison with those of the standard ones 

[18,20-22] (whose the Young's moduli are normally about 10 kPa [20-22]). The PA 

hydrogels with ionic bonds also show reversibly self-repairing properties during their 

mechanical cycling [23-26]. 



Many studies have reported on the toughening mechanisms, and a series of 

phenomenological and physical models have been formulated to describe the effects 

of ionic bonds on the mechanical properties of PA hydrogels [24-32]. However, 

mechanochemistry relationships between their ionic bonds and mechanical properties 

have not been well understood, mainly due to their scaling effects [33-35]. In the 

previous studies [36,37], mechanochemistry of polyelectrolyte (PE) and PA hydrogels 

has been investigated to explore their working principles of multi-field coupling 

effects, thus providing a fundamental approach to understand their thermodynamics of 

mechanochemistry. For example, simulation studies have been done for the 

deformation behavior of PE hydrogels in the presence of mechanical contraction after 

being bound with electrostatically attractive viral particles [36]. Another study was 

done to investigate the critical-adsorption conditions of PA chains onto spherical 

particles [37]. Currently, it is critically needed to explore their constitutive 

relationship between mechanical property and network structure, which is determined 

by the exchange and correlation charge-density. The thermodynamic elasticity of 

polymer network plays an essential role to determine mechanical behaviors of these 

PA hydrogels. However, currently few studies have been carried out to identify the 

toughening mechanisms of mechanochemistry, which is mainly originated from a 

complex coupling and scaling effects between molecular chemistry in network and 

macroscopical mechanics of these PA hydrogels [38-40].  

In this study, a self-consistent fractal geometry model is proposed to understand the 

constitutive relationship between network structure and mechanical elasticity in the 



PA hydrogel undergoing exchange and correlation charge-density. Initially, a 

free-energy equation has been formulated to identify the thermodynamics of polymer 

networks undergoing exchange and correlation charge-density in PA hydrogel 

[33-35,38]. A fractal geometry model is then developed to describe the constitutive 

relationship between charge-density and geometrical shape of the network structures 

by using the fractal function and rubber elasticity theory [39-41]. Finally, 

effectiveness of the proposed model is verified using both finite element analysis 

(FEA) and experimental results of PA hydrogels reported in the literature. 

2. Theoretical framework 

Charge-density in the PA hydrogels has a decisive influence on their mechanical 

properties. Electric field (E(z)) is determined by the charge diffusion distance (z) and 

Gouy-Chapman length (LGC) [33-35], which can be written as following,  
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where Sc is surface charge-density, εd is the dielectric constant, e=1.6×10-19 C is the 

charge quantity, kB=1.38×10-23 J/K is the Boltzmann constant and T is the temperature. 

The conformational free energy (Fc(z)) [39] and polarization free energy (Fp(z)) 

[33-35] of the PA chains in the electric field can be described using the following 

equations, 
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where h(z) is the end-to-end distance of chain, N is the number of segments, b is the 

length of a segment and f is the concentration of charge.  

Here, the end-to-end distance (h(z)) of PA chain can be expressed as [33-35], 
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Substituting equation (4) into (3), the polarization free energy (Fp) is obtained as, 
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Owing to the thermodynamic equilibrium of three-body contact and polarization 

effect [33], there is a repulsive free energy (Fr(z)), which is determined by the chain 

density (ρ(z)), 
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Substituting equation (5) into (6), the repulsive free energy (Fr(z)) has a 

constitutive relationship with polarization free energy (Fp(z)), which is Fr(z)=-Fp(z) 

[33-35].  

As it is known, the thermodynamics of polymer networks is determined by their 

geometrical shapes [33-35,38], which are originated from the exchange and 

correlation charge-density with the external solvent system. Therefore, it is necessary 

to describe the geometrical shapes of network structures, whose free energies are 

determined by their charge-densities. Here, a complex fractal function (Z=|(X+iY)2+c|) 

is employed to characterize the geometrical shapes of network structures undergoing 



exchange charge-density, as shown in Figure 1. X and Y represent the coordinates for 

the complex plane. 1i = −  and c are the given constants for the geometrical fractals 

of network structures.  

 

Figure 1. FEA simulations of network structures and stress-strain curves in the PA hydrogel 

undergoing globe, ellipsoid, biconcave and double ellipsoid fractals. (a) Geometrical shape of 

globe fractal with c=0 in the complex fractal function. (b) Geometrical shape of ellipsoid fractal 

with c=0.1 in the complex fractal function. (c) Geometrical shape of biconcave fractal with c=0.25 

in the complex fractal function. (d) Geometrical shape of double ellipsoid fractal with c=0.5 in the 

complex fractal function. (e) The stress-strain curves of network structures with globe, ellipsoid, 

biconcave and double ellipsoid fractals in PA hydrogels. 

Finite-element analysis (FEA) simulations are performed to analyze the globe, 

ellipsoid, biconcave and double ellipsoid fractals of the networks, which are shown in 



Figures 1(a), 1(b), 1(c) and 1(d), respectively. In the simulations, the corresponding 

complex fractal functions are selected as c=0, c=0.1, c=0.25 and c=0.5, respectively. 

The Poisson's ratio is chosen as 0.45 [39] and the modulus is chosen as 1 MPa for the 

PA hydrogel. In this paper, a unified mathematical equation of complex fractal 

function Z=|(X+iY)2+c| is employed to describe the fractal geometry of polymer 

networks, of which the fractal shape is determined by the exchange and correlation 

charge-density. In this complex fractal function, c is a given real constant, i is the 

imaginary number, and the parameters X and Y are used to determine the 

two-dimensional (2D) fractal geometry of polymer networks. Furthermore, FEA 

simulation has been applied to characterize the fractal geometry and mechanical 

elasticity of polymer networks. As can be seen from the FEA model shown in Figure 

1(e), the geometric shape of polymer network can be determined using the FEA 

simulation. With the increase of c from 0, 0.1, 0.25 to 0.5, four types of geometric 

shapes can be obtained, i.e., globe, ellipsoidal, biconcave and double ellipsoidal ones, 

with the obtained results shown in Figures 1(a), 1(b), 1(c) and 1(d), respectively.  

Based on the experimental results [18-23] and theory of conformational entropy 

[33-37], the polymer network undergoes an ellipsoidal shape deformation, resulted 

from the repulsive free energy of charge-density. Whereas the uncharged polymer 

network always presents a globe shape (where c=0 in the complex fractal function), 

owing to its elastic and mixing free-energy functions. Therefore, the globe and 

ellipsoid shapes are employed to describe the polymer networks in the PA hydrogels, 

of which the exchange and correlation charge-density are tailorable and designable. 



On the other hand, a fractal function, which is self-consistent, has been employed to 

characterize the polymer network undergoing a geometrical shape from the ellipsoid 

(c=0.1), biconcave (c=0.25) to double ellipsoid (c=0.5) fractals in responses to the 

exchange and correlation charge-density. 

An 8-node hexahedron element, C3D8R, was used to perform the FEA simulation 

for the three-dimensional structures. About 12000 elements were used to model the 

whole unit of polymer networks [42,43]. Fractal geometric equations in real space 

used in FEA simulation have been presented in equations (S1), (S2) and (S3) in the 

Supporting Material. The possible limitation using the element of C3D8R is that the 

FEA simulation results generated from 1-point integration often fail to obtain those of 

each single unit. The color-bars of the FEA results are used to characterize the stress 

distribution of the polymer networks in responses to the exchange and changes of 

charge-density. Whereas, the contour plot, which is determined by the complex fractal 

function of Z=|(X+iY)2+c|, is used to present the divergence in the speed of the fractal 

geometry for the polymer network. Figure 1(e) shows the simulated mechanical 

stresses as a function of strain for the PA hydrogels. The geometrical shapes of 

network structures are selected to have globe, ellipsoid, biconcave and double 

ellipsoid fractals. FEA simulation results show that the tensile stresses are increased 

from 0.78 MPa, 0.88 MPa, 0.91 MPa to 1.04 MPa for the networks undergoing globe, 

ellipsoid, biconcave and double ellipsoid fractals, respectively, at the same strain of 

40%. These simulation results prove that the geometrical shape of network structure 

significantly influences the mechanical property of the PA hydrogel. Owing to the 



exchange and correlation charge-densities, the geometrical fractal of network 

structure then enables different constitutive stress-strain relationships and a variety of 

mechanical properties, which have been verified by the FEA simulation results. 

Self-consistency is one of the inherits in fractal theory, of which the complex fractal 

function is employed to characterize the geometrical shapes of polymer networks. 

With the exchange and correlation of charge-density, the geometrical shape of 

network structures is varied owing to the repulsive free energy.  

Considering the polymer chains in the PA hydrogels with ellipsoid shapes, the long 

axis of the chain can be denoted as l and the short axis can be denoted as s, therefore, 

the modulus (Er) of the PA hydrogel is expressed as [44], 
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where kl/s=l/s, which has been employed to characterize the geometric shapes of 

polymer networks. Here l is the major axis and s is the minor axis of ellipsoid 

polymer network. ϕ is the volume fraction of polymer chain, Gc is the shear modulus 

ratio and Ew is the modulus ratio of water to gel in PA hydrogel. Based on the given 

constant of kl/s=l/s, the geometric characteristics of polymer networks are determined, 

and the complex fractal function can be obtained by the constitutive relationship 

between kl/s and c. When c is determined, the values of X and Y can be obtained 

according to the contour plot of Z function. The shape of polymer network can be 

determined by kl/s=l/s. All the obtained data can be further applied to FEA simulations. 

According to the continuum mechanics [27], the end-to-end distance (h(z)) of 

polymer chain can be described by the elongation ratio as, 
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where h(z0) is the initial end-to-end distance, I1 is the strain invariant, λ1, λ2 and λ3 

represent the elongation ratios along three directions, respectively. In combination of 

equations (2), (6), (8) and (9), the free energy (Fz) can be expressed as, 
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By integrating the parameter z with the external force, the free energy (Fzm) of 

molecular network undergoing the deformation is, 
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Meanwhile, according to the rubber elasticity theory [40,41], elastic free energy 

(Fel) is obtained, 
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where Nel is the number of chains and β is a material constant. In combination of 

equations (11) and (12), the total free energy (FPA) of PA hydrogel is obtained, 
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According to the assumption of volume invariance for the isotropic material, i.e., 

λ1λ2λ3=1, the constitutive relationship of stress (σu) as a function of elongation ratio (λ) 

for the PA hydrogel undergoing the uniaxial tensile stretching can be finally achieved, 
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To verify the proposed model of equation (14), it has been used to analyze the 

mechanical behavior of PA hydrogels. The obtained results are plotted in Figure 2, in 

which the constitutive stress-strain relationships are varied. All the parameters used in 

the equation (14) for calculations are NelkBT=0.1MPa, β=0.003, fN3/2b/NelLGC=3, 

ϕ=0.5, Ew=1 and Gp=2. Results showed that the stress of PA hydrogel is increased 

from 2.88 MPa, 3.14 MPa, 3.30 MPa, 3.39 MPa to 3.45 MPa at the same elongation 

ratio of λ=7, with an increase of kl/s from 1 to 5. The analytical results using the 

equation (14) reveal that the stress of PA hydrogel has been enhanced with an 

increase in the kl/s, which can be used to describe the effects of geometrical shape and 

fractal of the polymer networks. The value of kl/s gradually increases with the 

development of fractal geometry from globe, ellipsoid, biconcave to double ellipsoid. 

The complex fractal geometry can be described by kl/s, and the evolution of fractal 

geometry under stress is represented by introducing geometric parameter kl/s into the 

model. As explained above, a higher value of kl/s is linked with the increased 

polarization of polymer chains, which results in the transformations from globe, 

ellipsoid, biconcave to double ellipsoid fractal, and the mechanical stress is therefore 

increased. 



 

Figure 2. Analytical results of equation (14) for the PA hydrogels with various length-diameter 

ratio of l/s of kl/s=1, kl/s=2, kl/s=3, kl/s=4 and kl/s=5, where the network with geometrical shapes of 

globe, ellipsoid, biconcave and double ellipsoid fractals. 

To further investigate effect of exchange and correlation charge-density on the 

mechanical behaviour of PA hydrogel, two parameters, i.e., concentration of charged 

monomers (f) and Gouy-Chapman length (LGC) have been studied based on equation 

(14). Parameters used in equation (14) for the calculations are NelkBT=0.1 MPa, 

β=0.024, N3/2b/NelLGC=30, fN3/2b/Nel=30 nm and Er=1. Figure 3(a) shows the 

analytical results of the stress-strain curves for the PA hydrogels with various 

concentrations of charged monomers (f) from 0.10, 0.15, 0.20, 0.25 to 0.30, calculated 

using equation (14). Results show that the stress values are increased from 6.07 MPa, 

6.86 MPa, 7.64 MPa, 8.42 MPa to 9.21 MPa with the increase of concentrations of 

charged monomers in the PA hydrogels, at the same elongation ratio of λ=7. Results 

also show that with an increase in the concentration of charged monomers (f), the free 



energy (Fzm) of PA hydrogel is significantly increased owing to the increased 

polarization and repulsive free energies, as predicted from equation (11).  

Meanwhile, effect of Gouy-Chapman length (LGC) on the mechanical behavior of 

PA hydrogel is also investigated using equation (14), and the obtained results are 

presented in Figure 3(b). Results reveal that the stress is gradually decreased from 

8.42 MPa, 6.74 MPa, 6.07 MPa, 5.71 MPa to 5.48 MPa with an increase in the 

Gouy-Chapman length (LGC) from 4 nm, 7 nm, 10 nm, 13 nm to 16 nm. As explained 

above, with an increase in the Gouy-Chapman length (LGC), the free energy (Fzm) of 

PA hydrogel is decreased, mainly due to the decreases in polarization and repulsive 

free energies.  

The relationship between fractal geometry and electrical parameters can be well 

predicted using the model of equation (14). The effects of concentration of charged 

monomers (f) and Gouy-Chapman length (LGC) on the end-to-end distance (h(z)) of 

the fractal network of PA hydrogel is shown in Equation (4) [33-35]. With the increase 

of concentration of charged monomers (f), end-to-end distance (h(z)) is increased, 

which indicates that more double ellipsoidal fractals are produced under the action of 

electric field, leading to the enhanced mechanical properties due to electrostatic 

repulsion. However, the increase of Gouy-Chapman length (LGC, which represents 

dielectric properties) leads to the decrease of the end-to-end distance (h(z)), and the 

fractal tends to become globe shape. The proposed model can well describe the effects 

of exchange and correlation charge on end-to-end distance (h(z)) according to the 

connection of fractal geometry to charge density. 



 

  

Figure 3. (a) Analytical results of stress as a function of elongation ratio for the PA hydrogel with 

various concentrations of charged monomers (f). (b) Analytical results of stress as a function of 

elongation ratio for the PA hydrogel with various Gouy-Chapman lengths (LGC). 

3. Experimental verification 

3.1 Materials 

Two groups of experimental data of PA hydrogels undergoing exchange and 

correlation charge-density (reported in Ref. [18,45]) have been collected to verify the 

analytical results generated from the proposed model, namely; (1) 

poly(NaSS-co-MPTC) PA hydrogel [18], where NaSS represents sodium 

p-styrenesulfonate and MPTC represents 3-(methacryloylamino) 

propyltrimethylammonium chloride. As reported in Ref. [18], the exchange and 

correlation charge-density of the poly(NaSS-co-MPTC) PA hydrogels are originated 

from the ionic balance in solution; (2) poly(NaSS-co-DMAEA-Q) PA hydrogel [45], 

where NaSS represents sodium p-styrenesulfonate and DMAEA-Q represents 
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dimethylaminoethylacrylate quaternized ammonium. As reported in Ref. [45], the 

exchange and correlation charge-density of the poly(NaSS-co-DMAEA-Q) PA 

hydrogels is originated from the concentrations of multivalent cations in solution. 

Here, NelkBT is the modulus introduced by rubber elasticity theory [39-41], Nel is 

the number of chains undergoing ion crosslink in the PA hydrogel, kB=1.38×10-23 J/K 

is the Boltzmann constant, T≈298.15 K is the ambient temperature, β is a material 

constant which indicates the limit of chain at a fully extended state [40,41], 
3/2

el GC

fN b

N L
 

is the coefficient of PA hydrogel undergoing exchange and correlation charge-density , 

N is the number of segments, b≈1 nm is the length of a segment [33-35] and f is the 

concentration of charge, LGC≈10 nm is Gouy-Chapman length [33-35], kl/s is 

length-diameter ratio of l/s [44],  =0.2 is the volume fraction of polymer chain [44], 

Gc=100 is the shear modulus ratio and Ew=400 is the modulus ratio of gel to water in 

PA hydrogel [44]. As discussed in Figures 2 and 3, changes of fractal structure can be 

explained in detail using the equations (4) and (8), which determine the end-to-end 

distance and long-short axis ratio, as well as the transformation of fractal networks. 

3.2 Effect of univalent cation on fractal geometry in PA hydrogel 

To verify the proposed model based of equation (14), the experimental data [18] for 

the poly(NaSS-co-MPTC) PA hydrogel reported in Ref. [18] have been employed to 

compare with the analytical results based on the proposed model. Figure 4(a) plots the 

theoretically obtained relationships between tensile stress and elongation ratio of the 

poly(NaSS-co-MPTC) PA hydrogels with various concentrations of NaCl, i.e., 0 

mol/L, 0.06 mol/L, 0.15 mol/L, 0.3 mol/L and 0.5 mol/L. All the parameters used in 



the calculation of equation (14) are listed in Table 1.  

Table 1. Values of parameters used in equation (14) for poly(NaSS-co-MPTC) PA hydrogel with 

various concentrations of NaCl. 

NaCl (mol/L) NelkBT (kPa) β 

3/2

el GC

fN b

N L
 kl/s 

0 46.5 

0.007 1 

2.40 

0.06 29.4 2.10 

0.15 16.9 2.09 

0.3 8.9 2.05 

0.5 2.7 2.00 

Both the analytical and experimental results show that the tensile stress of 

poly(NaSS-co-MPTC) PA hydrogel is decreased from 2.52 MPa, 1.66 MPa, 0.94 MPa, 

0.48 MPa to 0.14 MPa with an increase in the concentration of NaCl from 0 mol/L, 

0.06 mol/L, 0.15 mol/L, 0.3 mol/L to 0.5 mol/L, at the same elongation ratio of λ=10. 

Results reveal that the NaCl plays an essential role to influence the charge-density, 

resulting in the dramatic decrease of thermodynamic free energy for the polymer 

networks and changes of the geometrical shapes from ellipsoid to globe owing to the 

neutralization reaction between NaCl and PA hydrogel [18]. Therefore, the tensile 

stress of poly(NaSS-co-MPTC) PA hydrogel is decreased with an increase in the 

concentration of NaCl, mainly due to the decrease in the charge-density. The 

simulation results fit well with the experimental data with errors limited to |Δσ|<0.20 

MPa. The divergences between the analytical and experimental results of the 

poly(NaSS-co-MPTC) PA hydrogels were calculated using the correlation index (R2), 

and the obtained results shown in Figure 4(b) are 98.75%, 99.59%, 99.46%, 98.02% 

and 98.51% for concentrations of NaCl of 0 mol/L, 0.06 mol/L, 0.15 mol/L, 0.3 mol/L 



and 0.5 mol/L, respectively. The working principles of different concentrations of 

NaCl in the poly(NaSS-co-MPTC) PA hydrogel are illustrated in Figure 4(c). With an 

increase in the concentration of NaCl, the charge-density is gradually decreased 

owing to the neutralization reaction between NaCl and poly(NaSS-co-MPTC) PA 

hydrogel, thus resulting in the transformation of geometrical shape of network 

structure from ellipsoid to globe. Therefore, the tensile stress of the hydrogel is 

decreased with an increase in the concentration of NaCl, resulted from the 

transformation of geometrical shapes of the network structures. 

 

 

Figure 4. Effect of NaCl concentration on the constitutive tensile stress-elongation ratio 

relationship of poly(NaSS-co-MPTC) PA hydrogel with the NaCl concentrations of 0 mol/L, 0.06 

mol/L, 0.15 mol/L, 0.3 mol/L and 0.5 mol/L. (a) The stress-elongation ratio curves. (b) 

Divergences of analytical and experimental results [18] of tensile stress. (c) Schematic 

illustrations of geometrical fractals of network structures in the poly(NaSS-co-MPTC) PA 

hydrogels with different concentrations of NaCl. 
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3.3 Effect of multivalent cations on fractal geometry in PA hydrogel 

Furthermore, effect of multivalent cations on fractal geometry of polymer network 

has also been investigated for the PA hydrogel [45]. It is expected that the multivalent 

cation plays an inherently different role to influence the exchange and correlation 

charge-density in comparison with that of univalent cation, resulting into distinct 

differences in fractal geometry and mechanical elasticity of polymer network. 

Analytical results of tensile stress as a function of elongation ratio obtained using 

equation (14) are plotted in Figure 5(a), which also includes the experimental data of 

poly(NaSS-co-DMAEA-Q) PA hydrogels with various concentrations of FeCl3 

reported in Ref. [45]. All the parameters used in the simulations using the equation 

(14) are listed in Table 2. Both the analytical and experimental results show that the 

tensile stress of poly(NaSS-co-DMAEA-Q) PA hydrogel is significantly increased 

from 0.15 MPa, 0.47 MPa, 0.74 MPa, 1.26 MPa to 1.69 MPa, with an increase in the 

concentration of FeCl3 from 0 mol/L, 0.3 mol/L, 0.5 mol/L, 0.7 mol/L to 2 mol/L, at 

the same elongation ratio of λ=6.1. Based on the experimental observations, the Fe3+ 

and Cl- ions react with polymer chains and thus increase the charge-density of PA 

hydrogels [45]. This helps the increase of the polarization free energy of polymer 

chains, thus effectively increasing the tensile stress. In this case, the FeCl3 is used to 

enhance the charge-density in the poly(NaSS-co-DMAEA-Q) PA hydrogel, whereas 

NaCl is used to decrease the charge-density in poly(NaSS-co-MPTC) PA hydrogels 

due to the neutralization reactions between NaCl and PA hydrogel [18]. 

For comparisons of these results, the divergences between the analytical and 



experimental results of the poly(NaSS-co-DMAEA-Q) PA hydrogels are calculated 

using the correlation index (R2), which are 94.75%, 96.32%, 98.03%, 96.87% and 

98.90% for concentrations of FeCl3 from 0 mol/L, 0.3 mol/L, 0.5 mol/L, 0.7 mol/L 

and 2 mol/L, respectively, as shown in Figure 5(b). These results indicate a good 

agreement between analytical and experimental results. 

Table 2. Values of parameters used in equation (14) for poly(NaSS-co-DMAEA-Q) PA hydrogel 

with various concentrations of FeCl3. 

FeCl3 (mol/L) NelkBT (kPa) β 

3/2

el GC

fN b

N L
 kl/s 

0 8.0 

0.012 0.1 

1.10 

0.3 22.3 1.15 

0.5 29.5 1.20 

0.7 50.7 1.25 

2 71.3 1.30 

 

Figure 5. Effect of FeCl3 concentration on the constitutive tensile stress-elongation ratio 

relationship of poly(NaSS-co-DMAEA-Q) PA hydrogel, where the concentrations of FeCl3 are 0 

mol/L, 0.3 mol/L, 0.5 mol/L, 0.7 mol/L and 2 mol/L. (a) The tensile stress-elongation ratio curves. 

(b) Divergences of analytical and experimental results [45] of tensile stress. 

For the applications of PA hydrogels, it is also critical to understand their tearing 
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deformation behaviors [45]. During the tearing loading, the volume of PA hydrogel is 

kept a constant, i.e., λ1λ2λ3=1, λ1=λ, λ2=λ-1 and λ3=1. This will result in the first strain 

invariance, i.e., I1=λ2+1/λ2+1, which is illustrated in Figure 6(a). Based on the 

equation (13), the constitutive relationship of tearing stress (σs) as a function of 

elongation ratio (λ) can be obtained, 
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       (15) 

In equation (15), the length-diameter ratio of l/s expressed by kl/s is a material 

constant. For the exchange and correlation charge-density in the PA hydrogels, the 

length-diameter ratio (kl/s) is determined by electrostatic repulsion and polarization. 

On the other hand, under a uniaxial tension, the mechanical loading will lead to the 

change of fractal geometry. The tensile and tearing loadings are able to change the 

values of kl/s. Figure 6(a) shows that varying the values of kl/s leads to changes in the 

fractal shape from a globe to a double ellipsoid, resulting from the mechanical 

loading. 

Effect of charge-density on the tearing force as a function of displacement has been 

further investigated using equation (15), and the corresponding parameters used in the 

calculation are listed in Table 3. Figure 6(b) shows the obtained calculation results for 

the tearing stress values as a function of displacement. The experimental data [45] of 

poly(NaSS-co-DMAEA-Q) PA hydrogels with various concentrations of FeCl3 This 

are also included. Clearly, the simulation curves fit well with the experimental data 

[45]. Both the analytical and experimental results show that the tearing force of 



poly(NaSS-co-DMAEA-Q) PA hydrogel is significantly increased from 0.35 N, 0.49 

N, 0.60 N, 0.87 N to 1.05 N at the same displacement of λ=7.5 mm, with an increase 

in FeCl3 concentration from 0 mol/L, 0.5 mol/L, 0.7 mol/L, 1 mol/L to 2 mol/L. 

Therefore, the effects of FeCl3 concentration on the tearing forces of 

poly(NaSS-co-DMAEA-Q) PA hydrogel are similar to those of the tensile stress. The 

increased charge-density and changes in geometrical shapes of network structures are 

the two main reasons for the improvement of both the tensile and tearing mechanical 

strengths of the poly(NaSS-co-DMAEA-Q) PA hydrogels.  

Table 3. Values of parameters used in equation (15) for tearing test of poly(NaSS-co-DMAEA-Q) 

PA hydrogel with various concentrations of Fe3+. 

FeCl3 (mol/L) NelkBT (mN) β 

3/2

el GC

fN b

N L
 kl/s 

0 3.6 

0.001 2 

10.7 

0.5 5.2 10.8 

0.7 6.3 10.9 

1 9.3 11.0 

2 11.0 11.1 

The divergences between the analytical and experimental results of the 

poly(NaSS-co-DMAEA-Q) PA hydrogels are calculated using the correlation index 

(R2), and the obtained data are 87.34%, 92.88%, 90.33%, 86.27% and 94.98% for the 

concentrations of FeCl3 increased from 0 mol/L, 0.5 mol/L, 0.7 mol/L, 1 mol/L to 2 

mol/L, with the maximum error value |Δσ|<0.20 N, as shown in Figure 6(c). 



 

 

Figure 6. Comparisons of analytical and experimental results [45] for the tearing force as a 

function of displacement of poly(NaSS-co-DMAEA-Q) PA hydrogel. (a) Schematic illustrations 

of poly(NaSS-co-DMAEA-Q) PA hydrogel undergoing tensile and tearing loadings. (b) The 

tearing force-displacement curves, where concentrations of FeCl3 are 0 mol/L, 0.5 mol/L, 0.7 

mol/L, 1 mol/L and 2 mol/L. (c) Divergences of analytical and experimental results of stress. 

To further verify the proposed model, effect of ionic strength on the mechanical 

behavior of the PA hydrogel has been investigated based on the equation (14). The 

obtained results of tensile stress as a function of elongation ratio are shown in Figure 

7(a), which also includes the experimental data of poly(NaSS-co-DMAEA-Q) PA 

hydrogel reported in Ref. [45]. The parameters used in the equation (14) are listed in 

Table 4. Both the analytical and experimental results show that the stresses of 

poly(NaSS-co-DMAEA-Q) PA hydrogels are significantly increased from 0.36 MPa, 
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0.90 MPa to 1.87 MPa at the same elongation ratio of λ=8, with adding various ions 

of Na+, Zn2+ and Fe3+. Meanwhile, the divergences between the analytical and 

experimental results of the poly(NaSS-co-DMAEA-Q) PA hydrogels are calculated 

using the correlation index (R2), which are 97.79%, 92.34% and 96.97% for NaCl, 

ZnCl2 and FeCl3, respectively, as shown in Figure 7(b).  

 

 

Figure 7. Effect of different ions (Na+, Zn2+ and Fe3+) on the constitutive stress-elongation ratio 

relationship in poly(NaSS-co-DMAEA-Q) PA hydrogel [45]. (a) The stress-elongation ratio curves. 

(b) Divergences of analytical and experimental results of stress. (c) Schematic illustrations of 

geometrical fractals of network structures in the poly(NaSS-co-DMAEA-Q) PA hydrogels with 

different ions of Na+, Zn2+ and Fe3+. 

The working principles of different ions (Na+, Zn2+ and Fe3+) in the 

poly(NaSS-co-DMAEA-Q) PA hydrogel to improve the tensile stress are illustrated in 

Figure 7(c). Because of the different ionic strengths of Na+, Zn2+ and Fe3+ ion doped 

hydrogels, it is able to achieve different geometrical shapes of the network structures, 

1 3 5 7 9 11

0.0

0.5

1.0

1.5

2.0

2.5

(a)

T
en

si
le

 s
tr

es
s 

σ
 (

M
P

a
)

Elongation ratio λ

             Na+    Zn2+    Fe3+  (0.7 mol/L)

Exp.       

Mod.       

(8, 1.87)

(8, 0.90)

(8, 0.36)

1 3 5 7 9
-0.18

-0.12

-0.06

0.00

0.06

0.12

0.18

(b)

 R2= 97.79%

 R2= 92.34%

 R2= 96.97%

E
rr

o
r 

Δ
σ

 (
M

P
a

)

Elongation ratio λ



e.g., ellipsoid fractal for Na+, biconcave fractal for Zn2+ and triple ellipsoid fractal for 

Fe3+ [45]. Therefore, the mechanical behaviors of the poly(NaSS-co-DMAEA-Q) PA 

hydrogel after adding different ions are resulted from the various geometrical shapes 

of their network structures. 

Table 4. Values of parameters used in equation (14) for poly(NaSS-co-DMAEA-Q) PA hydrogels 

doped with different ions of Na+, Zn2+ and Fe3+. 

 NelkBT (kPa) β 

3/2

el GC

fN b

N L
 kl/s 

Na+ 9.7 

0.012 0.1 

1.1 

Zn2+ 22.5 1.2 

Fe3+ 51.1 1.3 

4. Discussion and conclusions 

A self-consistent geometry fractal model has been proposed in this study to 

represent the mechanical behavior of the PA hydrogels. A complex fractal function is 

employed to characterize the geometrical shape of network structure, together with 

the consideration of charge-density, which is associated with the exchange and 

correlation charges generated in the hydrogel systems. The thermodynamics in the PA 

hydrogels undergoing exchange and correlation charge-density is formulated by the 

repulsive, polarization, conformational, elastic free energies. Then the self-consistent 

complex fractal function is used to analyze the geometrical shapes using the 

parameter of length-diameter ratio of l/s (kl/s) with a repulsive free-energy function. 

This study is expected to provide a mathematical fractal to describe the polymer 

network and explore the mechanochemistry in PA hydrogel undergoing exchange and 

correlation charge-density of univalent and multivalent cations. 



From a broader conceptual and practical perspective, this framework by designing 

and modifying the self-consistent geometrical fractals and shapes is well suitable for 

the achievement of the design of desired mechanical behaviors of the PA hydrogels. It 

can be applied for the hydrogel toughening using exchange and correlation 

charge-density, thus resolving the issues for difficult balance of deformability and 

toughness in the hydrogels. Moreover, the proposed model is also expected to guide 

the design strategy of PA hydrogels, with potential applications in actuators and soft 

robotics, which are driven by the exchange and correlation charge-density. 

Finally, effectiveness of the proposed model has been verified using both FEA 

simulations and experimental results for the PA hydrogels. Comparisons between the 

analytical and experimental results reported from the literature [18,45] are presented, 

the toughening mechanism of PA hydrogel from mechanochemistry has been clarified, 

and the working principles of exchange and correlation charge-density of univalent 

and multivalent cations have been investigated and discussed. This study is expected 

to provide a fundamental framework to understand the mechanochemical constitutive 

relationship between charge-density and mechanics, as well as the toughening 

mechanisms in PA hydrogels. 
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