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Abstract: Molecular network plays a critical role in determining dynamic elasticity of 

soft condensed polymers, e.g., their varied cross-linking densities and end-to-end 

distances with changed Young’s moduli. Although it has been studied for decades, the 

coupling relationship between vertices and edges of molecular networks is not well 

understood, mainly because the degree of the crosslinking points and asymmetry 

molecular networks have not been considered in the previously models. In this study, 

a graph theory was employed to formulate an undirected graphical model and describe 

the coupling between vertices and edges in molecular networks, based on which the 

dynamic elasticity of polyelectrolyte hydrogel was modeled. From the Kirchhoff 

graph theory and bead-spring model, the coupling relationship between vertices and 

edges was obtained using end-to-end distance and viscosity parameters. Combining 

the Watts–Strogatz model and kinetic probability, the coupling between vertices and 
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edges for the polyelectrolyte network was studied. Furthermore, an adjacency matrix 

with eigenvalue, number of vertices and mean degree was proposed to formulate 

constitutive relationships including dynamic elasticity and stress-strain, according to 

rubber elasticity theory and Mooney-Rivlin model, respectively. The linking between 

the vertices and edges determines the network structure and dynamic elasticity of the 

polyelectrolyte hydrogel. Based on the graph theory, the vertices and edges are 

encoded by adjacency matrix, which is proposed to describe the dynamic elasticity of 

symmetric and asymmetric network structures using the crosslinking density and 

end-to-end distance. Finally, effectiveness of the undirected graphical model was 

verified using both finite element analysis and experimental results of polyelectrolyte 

hydrogels reported in literature. 

Keywords: Graph theory; polyelectrolyte; dynamic elasticity; adjacency matrix 

1. Introduction 

Soft matters have shown various fascinating mechanical behaviors, such as 

stiffening-adaptive chameleon skin, bending-adaptive sunflower stalk, 

folding-induced Venus flytrap, and twisting-responsive seed pod [1-8]. Therefore, a 

great number of studies have been conducted to study the mechanics of these soft 

matters [9-11]. Among them, hydrogels are the most attractive soft matters owing to 

their ultra-high stretchability and nonlinear stress-strain behaviors [13]. However, the 

poor strength and toughness do limit their practical applications. To improve the 

mechanical performance, ionic bonds have often been introduced into hydrogels (e.g., 

forming polyelectrolyte ones) [14-17], which have been explored for applications in 



batteries [14], electronics [15] and sensors [16,17]. 

So far, the constitutive relationship between molecular network structures and 

dynamic elasticity of these polyelectrolyte hydrogels is largely unknown, although 

there are some previous reports on this topic [18-27], including the rubber elasticity 

theory based on the knot theory [18], 8-chain model [19], viscoelasticity models 

[20,21], and statistical conformation models [22-25]. Unfortunately, these models can 

not well explain the constitutive relationship between crosslinking points (or vertices 

in geometry) and end-to-end distances (or edges in geometry) in these molecular 

networks, thus resulting in a large divergence between analytical results obtained 

using these proposed models and the experimental data [26-30]. For example, in the 

previously reported classical models [18-25], elasticity of molecular networks has 

been formulated using the constitutive relationship between number of crosslinking 

points and the end-to-end distances. However, the parameters applied in these 

phenomenological models were mainly determined by the experimental results, and 

the coupling effects among them have not been well considered and explored. 

Previously, the coupling effect between crosslinking points (or vertices in geometry) 

and end-to-end distances (or edges in geometry) has been described using the graph 

theory [28-30], which provides a probability approach to formulate the loading 

transfer and describe the dynamic elasticity using the adjacency matrix of vertices and 

edges. Therefore, new methods, such as those based on the graph theory [28-30] could 

be applied to describe the constitutive and coupling relationship between vertices and 

edges for the molecular network, of which the dynamic elasticity plays an essential 



role to determine the mechanical behavior of these types of polymers.  

In this study, an undirected graphical model has been formulated to explore the 

coupling between vertices and edges and characterize the molecular networks using 

end-to-end distance and viscosity parameters, based on the bead-spring model [26,27] 

and Kirchhoff graph theory [31-32]. Then the proposed model is extended to describe 

the polyelectrolyte network based on the Watts–Strogatz model, by combining the 

dynamic probability with external loadings and their mechano-chemical coupling 

[33-35]. Furthermore, an adjacency matrix with eigenvalue, number of vertices and 

mean degree has been developed to formulate constitutive relationships such as 

dynamic elasticity and stress-strain relationship, according to the rubber elasticity 

theory and Mooney-Rivlin model, respectively [36-39]. Finally, effectiveness of this 

newly proposed model is verified using both finite element analysis (FEA) and 

experimental results of polyelectrolyte hydrogels reported in literature [21,40-42]. 

This study is expected to provide a fundamental approach to formulate the 

constitutive relationship between vertices and edges of symmetric molecular networks, 

of which the dynamic elasticity is described and predicted using the adjacency matrix 

of undirected graph model. 

2. Theoretical framework  

For molecular network in polymers, an adjacency matrix (A) can be written to 

describe the mechanics between vertices and edges, based on the graph theory 

[28-30], 
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where vi and vj are vertexes (crosslink points in a molecular network), i and j are 

integer counter from 1 to N, N is the number of vertices in the molecular network and 

order for adjacency matrix (AN×N). The matrix coding of the network structure are 

shown in Figure 1(a). The terminology in graph theory and polymer science are 

mutually exchangeable [26-35] as listed in Table 1, where all the other important 

parameters will be introduced in this section. 

Table 1. Comparison between the terminologies in graph theory and in polymer physics [26-35]. 

Terminology in graph theory  Terminology in polymer physics 

Graph  Network structure 

Adjacency matrix (A) Rouse matrix (2I-A) in bead-spring model 

Vertices  Crosslink points 

Edge Chain 

The order of A or vertex number (N) The number of crosslink points 

Degree (di) Functionality of crosslink points 

Mean degree (d) The average of functionality 

Eigenvalue (Λi) Relaxation time spectrum 

 

 

Figure 1. (a) Matrix coding of the network structure of polymer based on graph theory. (b) The 

configuration properties of Gaussian chains based on the bead-spring model 



According to the bead-spring model [26,27], the eigenvalue of adjacency matrix 

(Λli) of the linear chain matrix (2I-A) is written as, 
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where 2I-A is the Rouse matrix to describe viscoelastic and configurational properties 

of Gaussian chains based on the bead-spring model [26,27], as described in Figure 

1(b). I is the unit matrix with diagonal elements of 1. 

Based on equation (2), the relaxation time (τl), viscosity (ηl), and end-to-end 

distance (hl) of linear polymer chains can be obtained [26], 
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where hs is end-to-end distance of a segment, b is the length of a molecule in the 

segment, ξ is the relative velocity of bead-spring, Nel is the number of elastic chains, 

kB=1.38×10-23 J/K is the Boltzmann constant and T is the temperature. 

For a polyelectrolyte hydrogel, the reactions among the charged polymer chains 

follow a probability manner. An extended Kirchhoff graph theory [31,32] is often 

used to describe the end-to-end distances in terms of eigenvalues for the 2I-A, 
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where hb is the end-to-end distance for branched chains, and d is the mean degree of 



the number of crosslink points. 

In the Affine network, the degree of a vi vertex is defined as the number of edges 

connected to the vi vertex as then shown as di [39]. The sum of all entries on the i th 

row of A is 
ij

j

A , and the sum of all entries on its i-th column is 
ji

j

A . In a 

molecular compound, the number of bonds is defined as the functionality of crosslink 

points [28-30]. 

Meanwhile, the probability (P(di)) of molecular networks follows the Poisson 

distribution function, based on the Watts–Strogatz model [33-35], 
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The reactions among the charged polymer chains follow the probabilistic mode of 

the Poisson distribution [33-35]. The extent of reaction is governed by the chemical 

reaction kinetics, which is mainly determined by the initial and final concentrations of 

the charged polymer chains in the polyelectrolyte hydrogel [38]. 

In the polyelectrolyte hydrogel, there are a lot of free charged chains that cannot be 

involved in the molecular networks. Therefore, the eigenvalue of matrix (2I-A) of the 

polyelectrolyte hydrogels can be rewritten as, 
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where Λi is the eigenvalue of matrix (2I-A) for the polyelectrolyte hydrogel. 

Combining equations (3) and (6), where the assumptions of combination of 

equations (3) and (6) have been presented in the Section of S1 in the Supporting 



Materials, the viscosity (η) and end-to-end distance (h) of the polyelectrolyte hydrogel 

are obtained, as follows, 
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where the definition of the end-to-end distance (h) of the polyelectrolyte hydrogel has 

been presented in the Section of S2 in the Supporting Materials.  

Moreover, according to the rubber elasticity theory [36-39], the elastic free energy 

(ΔFel) of molecular network can be expressed as, 
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where λ1, λ2 and λ3 represent the stretching ratios along three directions of the 

molecular networks, respectively. The relationships of λ1=λ and λ2=λ3=λ-1/2 are used in 

the uniaxial tensile stretching of molecular networks (in which λ is the elongation 

ratio), assuming the volume invariance of isotropic material, i.e., λ1λ2λ3=1. Jm∝h
2
/hs

2
 

is the ultimate tensile strength based on the Gent model [36,37]. 

According to the Kelvin model [38] and Mooney-Rivlin model [39], the modulus 

of molecular networks can be written as NelkBT(1+λ̇η/λ), under a uniaxial tension 

loading. Based on these, a constitutive relationship of stress (σ) as a function of 

elongation ratio can be obtained as, 
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where λ̇ is strain rate. Here all the different types of networks follow the Affine 

network assumptions. 

Different from the classical graph theory which does not consider the distribution 

of degrees [28-30], as shown in equations (1), (2), (3), (4), (5) and (9), our newly 

proposed model (as shown in equations (6), (7), (8), (10) and (11)) not only encodes 

the network into the adjacency matrix, but also considers the distribution of degrees. 

It can handle complex networks (e.g., the asymmetric graphical networks). 

To verify the above proposed model based on equation (11), the analytical results of 

stresses as a function of elongation ratio for the polyelectrolyte hydrogel have been 

plotted, in which the graph network is governed by equation (11). The parameters 

used in equation (11) for calculations of these values are N=8, NelkBT=0.1 MPa, 

Jm=800 and
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=1. The number of vertices (N) is used as the number of the 

crosslink points. Figure 2 shows the constitutive stress-elongation ratio relationship 

which has been obtained with the mean degrees (d) of 2, 3, 4, 5, 6 and 7. With an 

increase in the mean degree (d) from 2, 3, 4, 5, 6 to 7, the stress of graph network is 

gradually increased from 1.44 MPa, 1.46 MPa, 1.62 MPa, 2.04 MPa, 2.98 MPa to 



5.50 MPa at the same elongation ratio of λ=8.2. These analytical results indicate that 

the mean degree (d), which quantifies the interaction between vertices and edges, 

plays an essential role in determining the elasticity of the graph network. This is 

mainly attributed to the increased functionality of crosslink point in the molecular 

networks based on the rubber elastic theory [39]. 

 

Figure 2. Constitutive stress-elongation ratio curves for the polyelectrolyte hydrogel, of which the 

graph network is determined by the mean degree of d=2, d=3, d=4, d=5, d=6 and d=7, at the same 

vertex number of N =8 in molecular network.  

Analytical results of effects of vertex number (N, which is used to characterize the 

order in adjacency matrix as AN×N) on stress-elongation ratio were further obtained 

based on equation (11) and the obtained results are plotted in Figure 3. Parameters 

used in equation (11) for calculations of these values are d=4, NelkBT=0.1 MPa, 

Jm=800 and
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=3. With an increase in the vertex number (N) from 5, 6, 7, 8 to 9, 

the stress of graph network is gradually increased from 1.53 MPa, 1.54 MPa, 1.58 

MPa, 1.66 MPa to 1.75 MPa at the same elongation ratio of λ=7. These analytical 

results indicate that the vertex number (N) plays an essential role in determining the 



dynamic elasticity of the graph network. This is mainly attributed to the increased 

end-to-end distance (h) for molecular network, resulted from the increased vertex 

number (N) in the graph network based on the bead-spring model [26] and rubber 

elastic theory [39]. Based on these results, we can see that the graph network is able to 

present a sphere structure with an increase in the vertex number (N), where the mean 

degree (d) is kept a constant, thus resulting in an increased end-to-end distance (h) of 

the networks.  

 

Figure 3. Constitutive stress-elongation ratio curves for the polyelectrolyte hydrogel, of which the 

graphical network is determined by the vertex number of N=5, N=6, N=7, N=8 and N=9, at the 

same mean degree (d=4) in molecular network.  

On the other hand, the order (N) in the adjacency matrix AN×N can reflect the 

dynamic elasticity of graphical network. For example, the adjacency matrix A9×9 

reveals that there are nine crosslinking points in the network to resist the external 

loading, and the dynamic elasticity is better than those with the lesser five 

crosslinking points with adjacency matrix A5×5 [26-30]. 

It should be noted that the above-mentioned study was carried out for the 

undirected graphical network using the adjacency matrix, which were often used to 



characterize the directed and asymmetric graphical networks. Effects of asymmetry of 

directed graphical networks on stress-elongation ratios were further investigated using 

equation (11) and the results are plotted in Figure 4, at the same given values of vertex 

number N=6 and mean degree of d=1.67. Parameters used in equation (11) for 

calculating these values are NelkBT=0.1 MPa, Jm=480 and
2

22

sh

b




=6.  

 

Figure 4. Constitutive stress-elongation ratio curves for the polyelectrolyte hydrogel with the 

undirected and directed graph networks at the same vertex number of N=6 and mean degree of 

d=1.67. (a) For the stress-elongation ratio curves. (b) Divergences of undirected and directed 

graph networks of the stress as a function of elongation ratio. 

The obtained stresses of directed graphical networks are 3.35 MPa, 3.50 MPa, 3.58 

MPa and 3.69 MPa, in comparison with that of undirected graph network of 3.50 MPa, 

at the same elongation ratio of λ=4, as shown in Figure 4(a). Meanwhile, the 

divergences between the undirected (di=(1,2,2,2,2,1)) and directed (di=(1,2,2,3,2,1), 

di=(1,3,3,1,1,1), di=(1,4,2,1,1,1) and di=(1,5,1,1,1,1)) graphical networks were 

calculated using equation (11), and the obtained data are -0.149 MPa, 0.001 MPa, 



0.074 MPa and 0.167 MPa, respectively, as shown in Figure 4(b). These analytical 

results reveal that the dynamic elasticity of the molecular network is critically affected 

by its symmetry and asymmetry, which can be characterized by the mean degree (d) 

to describe the order of the edges. 

3. Finite-element analysis (FEA) and experimental verification 

3.1 FEA simulation 

A commercial software (ABAQUS, 3DS Dassault Systems, France) was used for 

finite-element analysis (FEA). We used the FEA to characterize the effects of vertex 

number (N) and mean degree (d) on the constitutive stress-strain relationships of the 

undirected graphical networks, and the obtained results are shown in Figure 5. The 

Young’s modulus and Poisson's ratio of the edges of molecular networks were chosen 

as 1 MPa and 0.45 [39], respectively, in the simulations. The 2-node beam element, 

B31, was used to perform the calculation, and 1000 elements were used to model the 

whole unit. The area of the closed polygon is 500 mm2, and the section of beam is a 

circle with a radius of 0.2 mm. The polyelectrolyte network structure in the FEA 

model is about 106 times larger than that in the molecular network of the hydrogel. 

The obtained FEA results of stress-strain (σ-ε) are plotted for the undirected 

graphical network with the mean degrees (d) of 2, 3, 4, 5 and 6, at a given vertex 

number of N=8, as shown in Figure 5(a). It is revealed that the stress of undirected 

graphical network is gradually increased from 0.02 MPa, 0.38 MPa, 0.46 MPa, 0.47 

MPa to 0.50 MPa at the same strain of ε=0.4, with an increase in the mean degrees (d) 

from 2, 3, 4, 5 to 6.  



On the other hand, the FEA results of stress-strain (σ-ε) results are plotted for the 

undirected graphical network with the vertex numbers (N) of 5, 6, 7, 8 and 9, at a 

given mean degree of d=4, as shown in Figure 5(b). These simulation results present 

that the stress of undirected graph network is gradually increased from 0.40 MPa, 0.43 

MPa, 0.45 MPa, 0.46 MPa to 0.52 MPa with an increase in the vertex number (N) 

from 5, 6, 7, 8 to 9, at the same strain of ε=0.4. These FEA results broadly support 

that the mechanical property and elasticity of molecular network can be improved by 

the increase in vertex number (N) or mean degree (d). 

 

 

Figure 5. Effects of vertex number (N) and mean degree (d) on the constitutive stress-strain 

relationship of the undirected graph network, based on the FEA simulations. (a) Effect of mean 

degree (d). (b) Effects of vertex number (N). 



3.2 Experimental verification 

Five groups of experimental data [21,40-42] of polyelectrolyte hydrogels were 

collected to verify the analytical results generated from the proposed model of 

equation (11). Here, NelkBT is linked to the modulus of polyelectrolyte hydrogel based 

on the rubber elasticity theory [36-39], Nel is the number of elastic chains in 

polyelectrolyte hydrogel, kB=1.38×10-23 J/K is the Boltzmann constant, T≈298.15 K is 

the temperature and Jm is the material constant [36-37]. Λi is the eigenvalue of matrix 

(2I-A) [26,27,31,32] for polyelectrolyte hydrogels, 10<N<100 is the order in AN×N 

adjacency matrix [27,39], 2<d<6 is the mean degree (or functionality of crosslink 

point) in AN×N adjacency matrix [27,39]. λ̇ is the strain rate ranged from 0.007 s-1 to 

1.25 s-1 reported in Ref. [21,40-42], hs is the end-to-end distance of a segment, b is the 

length of segment, ξ= 1 s-1 is the relative velocity of bead-spring [26] and 
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ranged from 0.0035 to 0.625. The Levenberg-Marquardt optimization algorithm was 

adopted for all the calculation parameters.  

Table 2. Values of parameters used in equation (11) for PAAc and PAAm polyelectrolyte 

hydrogels. 

 NelkBT(kPa) N d Jm 
hs

2
λ̇

2b
2
ξ
 

PAAc 1.32 62 
4 1200 0.1 

PAAm 2.86 47 

To verify the proposed model of equation (11), the obtained analytical results have 

been plotted in Figure 6(a) to predict the stress-elongation ratio behavior of the PAAc 

(polyacrylic acid) and PAAm (polyacrylamide) polyelectrolyte hydrogel [40]. All the 

parameters used in the calculation using equation (11) are listed in Table 2. Figure 



6(b) shows the correlation index R2 between the analytical and experimental results, 

which are 99.21% and 99.79% for PAAc and PAAm polyelectrolyte hydrogels, 

respectively. It can be clearly seen that the proposed model well predicts the 

mechanical properties of the PAAc and PAAm polyelectrolyte hydrogels. 

  

Figure 6. Comparisons of analytical results using equation (11) and experimental data [40] of the 

stress as a function of elongation ratio for PAAc and PAAm polyelectrolyte hydrogels. (a) The 

stress-elongation ratio curves. (b) Divergences of analytical and experimental results of stress. 

To verify the proposed model using equation (11), the obtained analytical results 

have been plotted in Figure 7 to predict the stress-elongation ratio behavior of the 

P(VBIM+-co-v-lignin-co-AM) (VBIM+: 1-vinyl-3-butylimidazolium bromide, v: 

vinyl, AM: acrylamide) polyelectrolyte hydrogel [41]. All the parameters used in the 

calculation using equation (11) are listed in Table 3. The experimental data [41] and 

the analytical results based on the classical Gent model [36,37] are plotted in Figure 7 

for comparisons. With an increase in the VBIM+ concentration from 6%, 8%, 10%, 

12% to 14%, the stress of molecular network is gradually decreased from 80.2 kPa, 

65.6 kPa, 46.7 kPa, 41.0 kPa to 18.2 kPa at the same elongation ratio of λ=7, as shown 

in Figure 7(a). Figure 7(b) shows the correlation index R2 between the analytical and 
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experimental results, which are 94.33%, 98.56%, 99.00%, 99.61% and 96.03% for 

VBIM+ concentration of 6%, 8%, 10%, 12% and 14%, respectively. It can be clearly 

seen that the analytical results obtained using equation (11) agree well with the 

experimental data (|Δσ|<15 kPa). 

Table 3. Values of parameters used in equation (11) for P(VBIM+-co-v-lignin-co-AM) 

polyelectrolyte hydrogels. 

VBIM+ NelkBT(kPa) N d Jm 
hs

2
λ̇

2b
2
ξ
 

6% 4.02 76 

4 430 0.1 

8% 3.39 75 

10% 2.39 74 

12% 3.82 31 

14% 1.75 24 

  

Figure 7. Comparisons among analytical results using equation (11), using the classical Gent 

model [36,37], and experimental data [41] of the stress as a function of elongation ratio for 

P(VBIM+-co-v-lignin-co-AM) polyelectrolyte hydrogels. (a) The stress-elongation ratio curves. 

(b) Divergences of analytical and experimental results of stress. 

Figure 8(a) plots the theoretically obtained stress-elongation ratio values and 

experimentally obtained ones for polyelectrolyte hydrogels of 

P(NaSS-co-DMAEA-Q-co-UM) (NaSS: sodium p-styrenesulfonate, DMAEA-Q: 

dimethylaminoethylacrylate quaternized ammonium, UM: 2-ureidoethyl methacrylate) 
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with physical crosslinker UM’s concentrations of 0.5%, 1%, 2.5% and 10% [42]. All 

the parameters used in the calculation using equation (11) are listed in Table 4. With 

an increase in the UM concentration from 0.5%, 1%, 2.5% to 10%, the stress is 

increased from 33.7 kPa, 50.1 kPa, 57.8 kPa to 150.9 kPa at the same elongation ratio 

of λ=6. These analytically and experimentally obtained results reveal that the stress of 

molecular network can be significantly enhanced from 33.7 kPa to 150.9 kPa (an 

increase of 447%), with an increase in the UM concentration from 0.5% to 10%.  

Table 4. Values of parameters used in equation (11) for P(NaSS-co-DMAEA-Q-co-UM) 

polyelectrolyte hydrogels. 

UM NelkBT(kPa) N d Jm 
hs

2
λ̇

2b
2
ξ
 

0.5% 3.78 29 

4 430 0.1 
1% 5.42 33 

2.5% 5.98 36 

10% 14.66 37 

Moreover, the correlation index (R2) between the analytical and experimental 

results have been calculated, and the obtained results are 99.70%, 99.49%, 99.77% 

and 96.15% for P(NaSS-co-DMAEA-Q-co-UM) polyelectrolyte hydrogels with the 

UM concentrations of 0.5%, 1%, 2.5% and 10%, respectively, as shown in Figure 

8(b). It can be seen that the analytical results agree well with the experimental data 

[42], with the divergence of stress being limited to |Δσ|<12.5 kPa. The working 

principle of physical crosslinker of UM in the P(NaSS-co-DMAEA-Q-co-UM) 

polyelectrolyte hydrogels is illustrated in Figure 8(c). It is clearly observed that with 

an increase in UM concentration, both the number of crosslink point (or vertex 

number (N)) and the functionality of crosslink point (or mean degree (d)) increases, 



which is the reason why a stronger polyelectrolyte hydrogel can be obtained. 

 

 

Figure 8. Comparisons of analytical results using equation (11) and experimental data [42] of the 

stress as a function of elongation ratio for P(NaSS-co-DMAEA-Q-co-UM) polyelectrolyte 

hydrogels. (a) The stress-elongation ratio curves. (b) Divergences of analytical and experimental 

results of stress. (c) Schematic illustration of the graph theory, which is determined by the 

physical crosslinker of UM. 

Experimental data [21] for the polyelectrolyte hydrogels of P(NaSS-co-MPTC) 

(MPTC: 3-(methacryloylamino) propyltrimethylammonium chloride) were compared 

with the analytical results obtained from equation (11). All the parameters used in the 

calculation using equation (11) are listed in Table 5. With an increase in the NaCl 

concentration from 0 mol/L, 0.06 mol/L, 0.15 mol/L to 0.3 mol/L, the stress of 

P(NaSS-co-MPTC) polyelectrolyte hydrogel is gradually decreased from 2.49 MPa, 

1.58 MPa, 0.93 MPa to 0.47 MPa at the same elongation ratio of λ=10, as shown in 

Figure 9(a). Furthermore, the divergences between the analytical and experimental 

results [21] of the P(NaSS-co-MPTC) polyelectrolyte hydrogels were calculated using 
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the correlation index (R2), and the obtained results are 99.11%, 99.77%, 99.31% and 

93.19% for the concentrations of NaCl of 0 mol/L, 0.06 mol/L, 0.15 mol/L and 0.3 

mol/L, respectively, as shown in Figure 9(b). These analytical results fit well with the 

experimental data with errors limited to |Δσ|<0.20 MPa.  

Table 5. Values of parameters used in equation (11) for P(NaSS-co-MPTC) polyelectrolyte 

hydrogels with various NaCl concentrations. 

NaCl(mol/L) NelkBT(kPa) N d Jm hs
2
λ̇

2b
2
ξ
 

0 112 55 

4 240 0.07 
0.06 71 50 

0.15 41 45 

0.3 20 44 

 

 

Figure 9. Comparisons of analytical results using equation (11) and experimental data [21] of the 

stress as a function of elongation ratio for P(NaSS-co-MPTC) polyelectrolyte hydrogels. (a) The 

stress-elongation ratio curves. (b) Divergences of analytical and experimental results of stress. (c) 

Schematic illustration of the graph network, which is determined by the NaCl concentration. 
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polyelectrolyte hydrogel is illustrated in Figure 9(c). With an increase in NaCl 

concentration, both the number of crosslink points (or vertex number (N)) and the 

functionality of crosslink point (or mean degree (d)) are decreased, resulting into a 

lower stress of the polyelectrolyte hydrogel. 

To verify the proposed model and quantitatively study the effect of monomer 

concentrations (Cm) of gel on mechanical behaviors, a group of experimental data of 

P(NaSS-co-MPTC) polyelectrolyte hydrogels reported in Ref. [21] were employed to 

compare with the analytical results using equation (11). The analytical results of stress 

values as a function of elongation ratio are plotted in Figure 10. The parameters used 

in equation (11) are listed in Table 6. As revealed by both the experimental and 

analytical results, the stress is gradually increased from 0.54 MPa, 0.84 MPa, 1.01 

MPa to 1.03 MPa, with an increase in the monomer concentrations (Cm) of 

P(NaSS-co-MPTC) polyelectrolyte gel from 1.5 mol/L, 1.75 mol/L, 2 mol/L to 2.1 

mol/L, at the same elongation ratio of λ=5. It can be clearly seen that these analytical 

results agree well with the experimental data. Meanwhile, the correlation index (R2) 

between the analytical and experimental results were obtained as 96.54%, 97.08%, 

98.59% and 98.46% for the polyelectrolyte hydrogels with the gel monomer 

concentrations (Cm) of 1.5 mol/L, 1.75 mol/L, 2 mol/L and 2.1 mol/L, respectively, as 

shown in Figure 10(b). The working principle of monomer concentration (Cm) in the 

P(NaSS-co-MPTC) polyelectrolyte hydrogel is illustrated in Figure 10(c). Based on 

the bead-spring model [26] and rubber elastic theory [39], the mechanical strength can 

be improved with an increase in the mean degree (d), which is able to increase the 



end-to-end distance (h) resulted from involvements of a large number of molecules in 

the network per volume to resist the external mechanical loading. 

Table 6. Values of parameters used in equation (11) for P(NaSS-co-MPTC) polyelectrolyte 

hydrogels with different monomer concentrations of gel. 

Cm(mol/L) NelkBT(kPa) d N Jm 
hs

2
λ̇

2b
2
ξ
 

1.5 40 2 

50 230 0.07 
1.75 77 3 

2 106 4 

2.1 118 5 

 

 

Figure 10. Analytical results and experimental data [21] of stress-elongation ratio curves of 

P(NaSS-co-MPTC) polyelectrolyte hydrogels, with monomer concentration (Cm) of gel of 1.5 

mol/L, 1.75 mol/L, 2 mol/L and 2.1 mol/L. (a) The stress-elongation ratio curves. (b) Divergences 

of analytical and experimental results of stress. (c) Schematic illustration of the graph network, 

which is determined by the monomer concentration (Cm) of gel. 

4. Conclusions  

In this study, a graph theory framework is established to understand the coupling 

between crosslink points/vertices and chains/edges in the molecular networks, of 
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which the dynamic elasticity is explored for the polyelectrolyte hydrogels. The 

adjacency matrix (A) parameters, eigenvalue (Λi), number of vertex (N) and mean 

degree (di), are applied to estimate the dynamic elasticity of graphical networks. This 

graphical model is able to combine with the topological parameters (e.g., N and di) 

and dynamic elasticity, to explore the working principle of vertices and edges in the 

elasticity of molecular network. Furthermore, a constitutive stress-strain relationship 

is formulated based on the bead-spring model. The obtained analytical results have 

been verified using both the FEA simulation results and experimentally obtained data 

reported in literature. Therefore, the proposed model provides a novel fundamental 

approach to explore the working principle of graph theory for the dynamic elasticity 

of the molecular network. 
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