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1 Auxeticity of monolayer, few-layer, vdW heterostructure and ribbon penta-graphene
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7
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9

10 Using molecular statics simulations, we specially focus on investigating the negative Poisson’s ratio of 

11 the monolayer, few-layer, van der Waals heterostructure, and ribbon penta-graphene. As a result, we 

12 provide evidence to show that the Poisson’s ratio is the combination of bond stretching and angle 

13 rotating mechanism. The auxetic of monolayer penta-graphene is owned by the dominance of bond 

14 stretching. However, the significant effect of angle rotating mechanism causes the enhancement of in-

15 plane Poisson’s ratio of few-layer penta-graphene. Furthermore, the elongation of interlayer bonds 

16 results in a negative out-of-plane Poisson’s ratio in few-layer penta-graphene. The strong dependence 

17 of Poisson’s ratio on stacking configuration and number of layers was found. We also show that the van 

18 der Waals interaction slightly enhances the auxeticity of heterostructure penta-graphene. Finally, we 

19 discuss the significant effects of warped edges on the auxeticity of penta-graphene ribbons.

20

21 Keywords: negative Poisson’s ratio, auxetics, penta-graphene, monolayer, few-layer, heterostructure, ribbon 

22 molecular statics simulations.

23
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1 1. Introduction

2 Poisson’s ratio is a fundamental property that quantifies the deformation of a material in transverse directions 

3 under the applied loading. Most materials typically have positive Poisson’s ratios, which means that they 

4 contract when stretched. However, some materials, which are known as auxetic materials 1, have opposite 

5 behavior, i.e., they expand when stretched. Auxeticity is being investigated since the works of Lakes 2,3 and 

6 Wojciechowski 4,5. Auxetic materials and structures show unique characteristics, such as enhancing shear 

7 modulus and fracture toughness 2,6, thus they can be key applications in many fields such as the aerospace 

8 engineering 7, textile fabrics industry 8, biomedical applications 9, and strain sensors 10. Auxetics are found in 

9 various structures 11, including foam structures 2, re-entrant geometry 12,13, rotating rigid units 14, chiral 

10 structures15, Miura-origami structures 16,17, and many others 18–23. Different from bulk counterparts, metal 

11 nanoplates 24 and nanowires 25 are shown to exhibit a negative Poisson’s ratio owing to the effects of surface 

12 stresses. In the recent decade, the search for two-dimensional (2D) materials with auxeticity has attracted lots 

13 of attention. The auxeticity in 2D materials have been obtained by introducing vacancy defects 26, cutting into 

14 periodic porous 27, creating rippling sheet 28–30, and patterning hydrogenation 31,32.  2D materials, that do not 

15 have any external modification, can still have intrinsic auxeticity (for instance, graphene 33, black phosphorus 

16 34–36, borophane 37,  some 1T-MX2 38, δ-Phosphorene 39, bilayer graphane 40, and few others 41–43). Ho et al. 

17 developed a design algorithm based on machine learning to optimize hydrogenated graphene structure with 

18 tunable auxeticity 44.

19 Penta-graphene (PG) is a new 2D carbon allotrope, which was discovered using first-principle calculation 45. 

20 It is proven that it has mechanical stability and a quasi-direct band gap of approximately 3.25 eV 45–47. The 

21 electronic properties of PG can be changed by stacking 48,49, chemical functionalization 50, doping 51, and 

22 introducing defects 52. PG is a promising candidate for application in nanoelectronics 50,53, optical devices 46, 

23 batteries 54, and others 55,56. Regarding the mechanical properties, monolayer PG has been shown to have high 

24 in-plane stiffness (264 GPa.nm) 45,57,58, which is approximately 80% of pristine graphene (340 N/m)59. At 

25 room temperature, the thermal conductivity of monolayer PG ranges from 167 60 to 645 W/mK 61, which is 

26 much lower than that of pristine graphene (2000-5000 W/mK) 62. So far, previous studies found that monolayer 

27 PG exhibits a negative in-plane Poisson’s ratio 45,57,63, but the Poisson’s ratio of few-layer PG, heterostructure 
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3

1 PG, and ribbon PG have not yet been investigated. Therefore, an understanding of the Poisson’s ratio of other 

2 PG structures is necessary.  

3 In this study, the Poisson’s ratios of monolayer, ribbon, few-layer, and heterostructure PG are investigated. 

4 Poisson’s ratio of structure is the interplay between bond stretching and angle rotating mechanism. For 

5 monolayer PG, we found that the bond stretching was dominant factor causing the negative in-plane Poisson’s 

6 ratio. Meanwhile, for few-layer PG, in which the interlayer bonds are formed between layers, the angle rotation 

7 mechanism had a significant effect that increased the in-plane Poisson’s ratio. Unlike monolayer PG, few-

8 layer PG shows auxetic behavior along the out-of-plane direction due to the elongation of interlayer bonds. 

9 Moreover, we observed the effects of stacking configuration and number of layers on Poisson’s ratio.  We 

10 also studied effect of the van der Waals interactions on auxeticity of heterostructure PG. Finally, it was also 

11 demonstrated that the warped edge effect of the PG ribbon on Poisson’s ratio.

12

13 2. Computational details
14

15

16 Fig. 1. (a) Top and (b) side view of the monolayer PG.  (red) are carbon atoms with sp3 hybridization.  1C 1
2C

17 and  are carbon atoms with sp2 hybridization at the bottom and top layers, respectively. A unit cell is 2
2C

18 presented in a red shade. (c) Illustration of bonds (  and ) and angles ( , , , and ). 1r 2r 1 2 1 2

19
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1 Fig. 1 shows the structure of monolayer PG, which was confirmed to be stable in a  previous study 45. The size 

2 of this structure is 35.92 Å × 35.92 Å, which contains 600 carbon atoms. For simulations of monolayer and 

3 few-layer PG, periodic boundary conditions were applied in the x- and y-direction. Meanwhile, the Tersoff 

4 potential, parameterized by Erhart et al. 64, was used to describe the carbon-carbon atoms interaction. This 

5 potential can reproduce the values of the geometrical parameters and mechanical properties of PG with high 

6 accuracy. To investigate the Poisson’s ratio of PG structures, molecular statics (MS) simulations were 

7 performed in the following steps. First, the structure was fully relaxed to obtain zero stress in all directions 

8 (unstrained configuration) using the conjugate gradient energy method 65. The minimization was ended when 

9 the energy tolerance, which is defined as the ratio of energy variation between successive iterations to the 

10 energy magnitude, was 10-16 (unitless). After that, the uniaxial strain was applied with the strain increment of 

11 0.001 in the x-direction, whereas the lengths of structure in other directions (y- and z-) were changed to 

12 maintain zero stresses. All simulations were conducted using LAMMPS 66, OVITO 67 was used for their 

13 visualization. Poisson’s ratio is calculated as:

14                                                                                                                                         (1a)           y
xy

x







 


15                                                                                                                                         (1b)                                                                                                    z
xz

x





 



16 where  and  are the in-plane and the out-of-plane Poisson’s ratios for the x-direction stretching, xy xz

17 respectively, and , , and   are strains in the x-, y-, and z-directions, respectively.x y z

18

19 3. Results and discussions

20 3.1. Auxeticity of monolayer penta-graphene 

21
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1

2 Fig.2. (a) Deformation of monolayer PG in the y- and z-direction with uniaxial stretching along the x-direction. 

3 Data were fitted polynomial functions . The R-square value of both fitting 4 3 2
,y z x x x xa b c d       

4 functions are of 1.0. (b) The Poisson’s ratio of PG which was obtained by Eq. 1.

5

6 In Fig. 2a, we present the resultant transverse strain in the y- ( ) and z-direction ( ) corresponding to the y z

7 tensile deformation in the x-direction ( ). We observed the increase in , indicating the expansion of PG in x y

8 the in-plane direction. The reduction in  suggests contraction of the PG in the out-of-plane direction. The z

9 relationships between transverse strains (  and ) and applied strain  were fitted to fourth-order y z x

10 polynomials with a, b, c, and d are fitting variables. For , a = −0.24, b = −0.90, 4 3 2
,y z x x x xa b c d        y

11 c = 0.55, and d = 0.085; and for , a = 29.87, b = −6.78, c = −0.96, and d = −0.92; the goodness-of-fit R-z

12 squared values of both fitting functions are of 1.0. Then, these fitting variables were used for the estimation 

13 of  and  (using Eq. 1a and Eq. 1b). In the unstrained configuration, we obtained a negative in-plane xy xz

14 Poisson’s ratio of =  −0.085, which is in good agreement with previous results 63 and a positive out-of-xy

15 plane Poisson’s ratio of = 0.92. As the monolayer PG is stretched,  becomes more negative, e.g., = xz xy xy

16 −0.19 at  = 0.16. 

17
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6

1 To demonstrate the origin of the negative Poisson’s ratio in monolayer PG during the tensile deformation, we 

2 studied two deformation mechanisms: the bond stretching and the angle rotating mechanisms. The illustration 

3 of two deformation mechanisms is presented in Fig. S1 of the Supporting Information. The Poisson’s ratio of 

4 PG is determined by the trade-off between these two deformation mechanisms. Previous studies had discussed 

5 the role of the bond stretching and angle rotating on Poisson’s ratio of carbon nanotube 68, graphene 33, black 

6 phosphorus 35, and bilayer graphane 40. In the case of PG, the Poisson’s ratio corresponding to bond stretching 

7 and angle rotating mechanism can be simply expressed by algebra. The size of a unit cell in the y-direction 

8 and thickness (z-direction), which is displayed in a red shade in Fig. 1, is given as: 

9                                                                                                   (2a)1 2
1 1 2 22 sin sin sin cos

2 2ya r r     
 

10                                                                                                                              (2b) 1 2
1 2cos cos

2 2
h r r 

 

11 The transverse strains are calculated as:

12                                                                   (3a)

1 2
0 1 1 2 2

0 0 0

2 sin sin sin cos
2 2 1y y y

y
y y y

r ra a a
a a a

  


        

13                                                                                               (3b)
1 2

0 1 2

0 0 0

cos cos
2 2 1z

r rh h h
h h h

 


 

   

14 where  and  are the length of a unit cell in the y-direction and thickness of PG in the unstrained 0
ya 0h

15 configuration, respectively.

16 Using Eq.1a, the in-plane Poisson’s ratio is expressed as:

17                                             (4)1 2 1 2 1 2
1 2 3 4 5 60

2y
xy

x y x x x x x x

r rA A A A A A
a

    
      

       
                
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7

1 with , , , , , 1
1 1sin sin

2
A   2

2 2sin cos
2

A   1
3 1 1

1 sin cos
2 2

A r  2
4 2 2

1 cos cos
2 2

A r  1
5 1 1sin cos

2
A r  

2 and . 2
6 2 2sin sin

2
A r  

3 As given in Eq. 4,  can be decomposed into six components, which present the dependence of bond lengths xy

4 , , angles , ,  and  on applied strain . In particular,  and , which are strain dependence 1r 2r 1 2 1 2 x 1

x

r





2

x

r





5 of  and  ; , ,  and  which present strain dependence of angles , ,  and , 1r 2r 1

x







2

x







1

x







2

x





 1 2 1 2

6 respectively. In Fig. 3, we show variations in the bonds and angles as the monolayer PG is stretched in the x-

7 direction. Regarding variations in bond lengths, we observed that ,  and  are elongated. However, as the 1r 2r 3r

8 tensile deformation is in the x-direction, the amount of increment of  is approximately seven times larger 1r

9 than those of  and . The bond stretching mechanism leads to auxeticity in both the in-plane and out-of-2r 3r

10 plane directions. In terms of angles, angle  and angle  linearly increase, leading to an expansion in the 1 2

11 in-plane direction, and a reduction in the thickness direction. Angle , however, remarkably decreases; for 1

12 example, at  =0.16, value  reduces approximately 16.4%. As shown in Eq. 4, a reduction in  contributes  1 1

13 to a positive Poisson’s ratio. Meanwhile, the angle  changes slightly, suggesting a minor contribution to 2

14 the Poisson’s ratio.

15

Page 7 of 30 Physical Chemistry Chemical Physics

P
hy

si
ca

lC
he

m
is

tr
y

C
he

m
ic

al
P

hy
si

cs
A

cc
ep

te
d

M
an

us
cr

ip
t

Pu
bl

is
he

d 
on

 0
3 

Ja
nu

ar
y 

20
23

. D
ow

nl
oa

de
d 

by
 U

ls
an

 N
at

io
na

l I
ns

tit
ut

e 
of

 S
ci

en
ce

 &
 T

ec
hn

ol
og

y 
(U

N
IS

T
) 

on
 1

/2
0/

20
23

 3
:4

0:
49

 P
M

. 

View Article Online
DOI: 10.1039/D2CP03275A

https://doi.org/10.1039/d2cp03275a


8

1

2

3 Fig. 3. The variation of bonds and angles as functions of applied strain. (a) bond lengths (  , , and ), (b) 1r 2r 3r

4 angles  , , and (c) angles  and . 1 2 1 2

5

6 To determine the effect of the bond and angle variation to Poisson’s ratio, we performed a geometrical analysis 

7 on the strain dependence of  and  with two separate pathways. In the case of first pathway (PW1), we y z

8 used Eq. 3 to calculate  and , where the values of  and  are obtained from the simulations at each y z 1r 2r

9 applied strain , and values of angles are obtained at  ( = =125.68º and = =22.41º). For the x 0x  1 2 1 2

10 second pathway (PW2), Eq. (3) was also used, where values of bond lengths  and  are obtained at  1r 2r 0x 

11 ( = =1.546 Å), and the , ,  and are obtained from the simulation at each value of . Fig. 4 shows 1r 2r 1 2 1 2 x
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1 the relationship between the resultant strains and applied strain corresponding to two pathways. It is clearly 

2 observed that if the deformation of PG follows PW1, both  and  increase. However, when the deformation y z

3 of the PG follows PW2, both  and  decrease. For the in-plane deformation, the increment of , resulting y z y

4 from the PW1, is larger than that of reduction resulting from PW2. Thus, the combination of these two 

5 pathways (PW1 and PW2) leads to the expansion in the in-plane direction. In the case of , the flattening in z

6 the thickness direction owned by PW2 surpasses the contribution of PW1, leading to a reduction in the out-

7 of-plane deformation of monolayer PG under tension. This analysis is in good agreement with the results 

8 shown in Fig. 2a (Fig. S2 in the Supporting Information).

9

10    

11  Fig. 4. (a) The strain along the in-plane and (b) out-of-plane direction of PG with PW1 and PW2.

12

13 Previous studies suggested that the negative in-plane Poisson’s ratio of PG is the result of a flattening 

14 mechanism 57, which directly relates to the decrease in thickness of PG. Our results are in agreement with 

15 those of previous studies. It is worth noting that in the angle rotating mechanism, all angles including  and 1

16  are allowed to change. Even though  and  contribute to a negative Poisson’s ratio, the overall 2 1 2

17 combination of angles leads to the positive Poisson’s ratio as shown in Fig. 4a. Zhang et al. 45 explained the 

18 in-plane auxeticity of PG as a consequence of rotation of the sp2-hybridized atom. In particular,   atoms 1
2C
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10

1 move along the tensile direction, resulting in a clockwise rotation of the  plane. Consequently, the 1 1
2 1 2C C C

2  plane rotates in the same direction, resulting in the expansion of PG in the lateral direction. From the 2 2
2 1 2C C C

3 simulation results,  decreases and  increases (Fig. 3c), implying that  plane and  plane 1 2 1 1
2 1 2C C C 2 2

2 1 2C C C

4 moved in two opposite directions, which is different from the suggested plane rotation mechanism.

5 For the free-standing monolayer graphene, thermal fluctuation may induce ripples owing to its low bending 

6 stiffness. The mechanical properties of graphene, such as thermal expansion 69 and bending rigidity 70, can be 

7 effected by the temperature and size of structure. To investigate the temperature and model size effects on 

8 Poisson’s ratio of PG, we further examined the PG structures with larger size of 179.62 Å×179.62 Å and 

9 359.23 Å × 359.23 Å, containing 15000 and 60000 atoms, respectively. The molecular dynamic (MD) 

10 simulations were performed at various temperatures ranging from 1 to 500 K. The results show that the values 

11 of  are almost identical for all the structures (Fig. S3 in the Supporting Information). Similar results are y

12 obtained at different temperatures. This indicates that the effects of the model size and temperature on 

13 Poisson’s ratio of PG can be neglected. 

14

15 3.2. Auxetics of few-layer penta-graphene

16

17

18 Fig. 5. Top view and side view of few-layer PG with (a) AA and (b) AB stacking configuration.
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1

2 Previous studies focused on the electrical properties of few-layer penta-graphene 48,49. In this section, we 

3 demonstrate the effect of the stacking configuration and number of layers on both in-plane and out-of-plane 

4 Poisson’s ratios of few-layer PG. Fig. 5 shows PG structures with AA and AB stacking configurations, which 

5 can be fabricated by exfoliating the T12-carbon (T12C) phase while maintaining its dynamic stability 45. In 

6 few-layer PG, C2 atoms at interfaces form interlayer bonds changing the hybridizations of these C2 atoms from 

7 sp2 to sp3, whereas C2 atoms at the bottom and top of the slab remain sp2 hybridization. In the case of bulk 

8 structures, all C2 atoms at interfaces form interlayer bonds, resulting in a sp3 hybridization for all the carbon 

9 atoms. The geometrical parameters and binding energies of monolayer, bilayer, and bulk PG with AA and AB 

10 stacking configurations are listed in Table 1. We define the bulk structure containing AA and AB stacking PG 

11 as AA-T12C and AB-T12C, respectively. The binding energy of a few-layer PG can be obtained from: 

12                                                                                                                                         (5) 
 

( 1)
nPG PG

binding
i

E nE
E

n A





13  where  is the total energy of few-layer PG with n layers, and  is the total energy of monolayer PG. nPGE PGE

14 Ai is the area of interface between layers.

15

16 Table 1. Calculated lattice constants a, height h, interlayer distances d, average energy per atom Eave and 

17 binding energy of monolayer Ebinding of bilayer and bulk T12C with AA and AB stacking configuration.

a (Å) h (Å) d (Å) Eave (eV/atom) Ebinding (eV/A2)

Monolayer 3.592 1.411 −6.451

AA bilayer 3.575 1.490 1.590 −6.606 −0.145

AB bilayer 3.479 1.608 1.346 −6.768 −0.314

AA-T12C 3.565 1.554 1.590 −6.772 −0.152

AB-T12C 3.405 1.729 1.348 −7.153 −0.363

18
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12

1 It can be observed that PG with AB stacking has lower values of  and  compared to those with the aveE bindingE

2 AA stacking configuration.  of AB stacking configurations are approximately two times lower than that bindingE

3 of AA stacking, thus PG structures with AB stacking configuration are more energetically favorable than those 

4 with AA stacking. Additionally, for both cases of stacking,  and  decrease and approach the value aveE bindingE

5 of T12C with an increase in the number of layers, suggesting the stability of PG structure is related with n 

6 (Fig. S4 in the Supporting Information). 

7 Fig. 6 shows the transverse strain  versus the applied strain  of few-layer PG with different numbers of y x

8 layers. For both the AA and AB stacking configurations, a significant change in  with the number of layers y

9 is demonstrated, implying a significant effect of n on the in-plane Poisson’s ratio. In the case of AA bilayer 

10 PG,  gradually increases as the structure is stretched (Fig. 6a). With n ≥ 4, however, decreases and y y

11 approaches a robust valley point, which is defined as the critical strain . This indicates that Poisson’s ratio c

12 turns from a positive to a negative value at .c

13

14   

15 Fig. 6. The resultant strain in the y- direction as functions of applied strain in the x-direction of few-layer PG 

16 with (a) AA and (b) AB stacking configuration.

17
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13

1 Fig. 7a shows the dependence of the in-plane Poisson’s ratio on the number of layers.  of few-layer PG xy

2 with AB and AA stacking configurations change from negative to positive values at n = 2 and 3, respectively. 

3 As the number of layers increases,  of few-layer PG approaches the value of bulk T12C, which are 0.068 xy

4 and 0.086 for AA- and AB-T12C, respectively. We also found that with the same number of layers,  of AA xy

5 stacking is lower than that of AB stacking. When the number of layers increases, the structure could be 

6 separated into two parts: (i) layers on the surface of structure, which contain atom with sp2 hybridization, and 

7 (ii) layers in the interior part. The deformation of the surface layer is closed to that of monolayer PG, whereas 

8 the deformation of interior part is similar to that of bulk PG. Therefore, we can estimate the effective Poisson’s 

9 ratio ( ) of the few-layer PG as:eff

10                                                                                                                                     (6)0 12( 1) T C
eff

n
n

   


11 where n is the number of layers;  and  are the in-plane Poisson’s ratio of monolayer PG (−0.085) and 0 12T C

12 bulk T12C (0.068 for AA and 0.086 for AB stacking configuration), respectively. Fig. 7a shows that , eff

13 estimated using Eq. 6, is consistent with the results obtained from MS simulations. Similar to the tendency of 

14 , we also found that the critical strain  increases with n (Fig. 7b) and approaches the  of the bulk, xy c c

15 which are 0.076 and 0.11 for AA and AB stacking configuration, respectively. Fig.7 reveals that the 

16 dependence of the in-plane Poisson’s ratio on the number of layers is larger in the case of AB stacking than 

17 that of AA stacking configuration.

18
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1

2 Fig. 7. (a) In-plane Poisson’s ratio and (b) critical strain  of few-layers PG with AA (red) and AB (blue) c

3 stacking configuration.

4

5 To better understand the effects of stacking on the in-plane Poisson’s ratio of few-layer PG, we further 

6 investigated the deformation of AA- and AB-T12C under tension. In both cases of AA- and AB-T12C,  and 1r

7  increase as the structure is stretched (Fig. S5 in the Supporting Information). Thus, the positive value of 2r

8  may be originated from the dominance of the angle rotating mechanism. Fig. 8a shows that the increase xy

9 in  and reduction in  increase during tension. It should be noted that in the case of monolayer PG,  2 1 2

10 slightly changes, whereas  of AA- and AB-T12C notably increases. The magnitude of  follows the 2 2

11 order of AB-T12C > AA-T12C > monolayer. Consequently, we also found that  follows the order AB-xy

12 T12C (0.086) > AA-T12C (0.068) > monolayer (−0.085). The increment in  can be affected by the 2

13 elongation of bond  between C2-C2 atoms, as displayed in Fig. 8c. More specifically, we observed a 3r

14 remarkable difference between  of bulk T12C and monolayer PG (Fig. 8b). For example,  of AA- and 3r 3r

15 AB-T12C are three and eight times higher, respectively, than that of monolayer PG. The difference in 

16 elongation of bond  is due to the naturally stronger sp2-sp2 bonding of C2-C2 in monolayer PG compared to 3r

17 the sp3-sp3 bonding in bulk T12C. The large change in  in bulk T12C leads to significant increment of , 3r 2

18 especially in the case of AA-T12C. Therefore, a positive in-plane Poisson’s ratios are obtained for both AA- 
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1 and AB-T12C. Moreover, we also investigated the out-of-plane Poisson’s ratio of few-layer PG. As shown in 

2 Fig. S5, we found that  of AB-T12C decreases from 0.089 at  = 0 to zero value at  = 0.117. With  > xz   

3 0.117, the value of  becomes negative, indicating the out-of-plane auxeticity. We also revealed that as xz

4 shown in Fig. S6 (Supporting Information), the out-of-plane Poisson’s ratio of few-layer PG decreases as the 

5 number of layer increases. 

6

7

8

9 Fig. 8. (a) Variation of ,  as the structure is stretched and (b)  of AA- and AB-T12C as functions of 1 2 3r

10 applied strain. (c) Illustration of deformation of bond  under stretching in the x-direction.3r

11
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1 3.3. Auxetic of van der Waals heterostructures penta-graphene

2

3

4 Fig. 9. Top and side views of PG heterostructures. (a) hAA1, (b) hAA2, and (c) hAB stacking. d and h are 

5 interlayer distance and height of PG, respectively.

6

7 Next, we study the Poisson’s ratio of heterostructure PG for various stacking configurations. As shown in 

8 Fig.9, three different stacking configurations, which are hAA1, hAA2, and hAB, were evaluated. These three 

9 configurations were examined in study of heterostructure of PG and penta-BN2 71. To describe the van der 

10 Waals (vdW) interactions between carbon atoms, the standard 12-6 Lennard-Jones potential was used: 

11  , where r is the interatomic distance, and two potential parameters are  = 0.002635 
12 6

4LJV
r r
 

         
     



12 eV and  = 3.369 Å 72. The cut-off distance was set at 10 Å. Table 2 presents the calculated values of 

13 geometrical parameters and energy for stacking configurations of the bilayers and bulk heterostructures. It can 

14 be seen that ,   and d of hAA2 PG are smaller than those of hAA1 and hAB PG. For instance,  aveE bindingE bindingE

15 of bilayer hAA1, hAA2, and hAB are −9.974 meV/A2, −13.835 meV/A2, and −12.084 meV/A2, respectively. 

16 The dependence of binding energies of the bilayer heterostructure PG on interlayer distance is presented in 

17 Fig. S7 (Supporting Information).  Therefore, among three stacking configurations, hAA2 has the highest 

18 stability in terms of energy. Furthermore, it is also observed the structural transition of hAA1 and hAB stack 
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1 configurations as the structure is stretched (Fig. S8 in the Supporting Information). Owing to the structural 

2 transition, the distance between layers varies from 3.193 Å to 2.917 Å for hAA1 PG, and from 2.953 Å to 

3 2.917 Å for hAB PG. Consequently, due to its higher stability, the heterostructure PG with hAA2 stacking 

4 configuration is considered the dominant configuration.

5

6 Table 2. Calculated lattice constants a, height h, interlayer distances d, average energy per atom Eave and 
7 binding energy of monolayer Ebinding of bilayer and bulk heterostructure PG with hAA1, hAA2 and hAB 
8 stacking configuration.

a (Å) h (Å) d (Å) Eave (eV/atom) Ebinding (meV/A2)

Bilayer hAA1 3.592 1.410 3.193 -6.461 -9.974

Bilayer hAA2 3.593 1.409 2.766 -6.466 -13.835

Bilayer hAB 3.592 1.409 2.953 -6.464 -12.084

Bulk hAA2 3.593 1.407 2.766 -6.481 -13.841

9

10

11

12 Fig. 10. (a) The average height of a PG layer in few-layer hAA2 PG. (b) In-plane Poisson’s ratio of few-layer 

13 hAA2 PG. The black line demonstrates the value of bulk hAA2 PG which is equal to −0.088.

14
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1 The relationship between the in-plane Poisson’s ratio of few-layer hAA2 PG and the number of layers is shown 

2 in Fig. 10b. We found that the auxeticity enhances as the number of layers increases.  decreases slightly xy

3 from −0.085, calculated for monolayer PG, to −0.088 calculated for bulk hAA2 PG. This tendency is opposite 

4 to that found in the case of few-layers PG, in which the effect of interlayer bonding significantly increased 

5 . However, the C2 atoms in heterostructure PG do not form interlayer bonds and remain sp2 hybridization; xy

6 thus, the deformation of heterostructure PG tends to be similar to that of monolayer PG. As shown in Fig. 10a, 

7 the height of each layer in few-layer hAA2 decreases as the number of layers increases. This indicates that in 

8 comparison with monolayer PG, each layer in heterostructure PG is compressed in the thickness (z-) direction 

9 owing to the vdW interactions. As the strain is applied, this compression enhances the fattening in thickness 

10 direction, resulting in the more negative in-plane Poisson’s ratio in few-layer hAA2 PG. While an experiment 

11 for stretching a heterostructure PG might be challenging due to the weak vdW interaction between the layers, 

12 we note that experimental measurement of Poisson’s ratio of heterostructure black phosphorus was done by 

13 using four-point bending apparatus 36. We expect that the method in previous study can be applied for studying 

14 heterostructure PG.  

15
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1 3.4. Auxeticity of penta-graphene ribbon

2

3

4 Fig. 11. (a) Configuration of PG ribbon with size of 143.69 Å × 359.23 Å with the number of warps n = 6. 

5 The periodic boundary condition is applied in the y-direction. The warped edge is described by function 

6 . The position of atoms in the z-coordinate in the (b) y-direction and (c) x-direction./( , ) sin( / )x ls x y Ae y 

7

8 For materials at the nanoscale, the surface and edge have significant effects on the mechanical properties of 

9 materials. We further investigated the edge effect on the in-plane Poisson’s ratio of PG ribbons. Previous 

10 studies on 2D materials ribbon found that the edge stress induces out-of-plane buckling along the free edge, 

11 which can be warping, twisting, or curling 73–75. The surface function  is used to /( , ) sin( / )x ls x y Ae y 

12 describe the structure of the warped edge 73. Here, A is the amplitude of perturbation, l is the penetration depth, 

13 and λ is the half wavelength, and  with L is the length of PG ribbon and n is the number of warps. /L n 

14 We discussed the relationship between the characteristics of the warped edge and wavelength in the 

15 Supporting Information. Fig. 11a illustrates the configuration of warped edge PG ribbon which has size of 
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1 143.69 Å × 359.23 Å with warping number n = 6 and =59.86 Å, which is found to be stable. The fitting 

2 parameters for the warped edges equal to 3.65 Å and 16.32 Å for warping amplitude (A) and penetration depth 

3 (l), respectively. The amplitude of ripples reaches the highest values along the free edges and decays along 

4 the width of the ribbon (Fig. 11c).

5

6

7  

8 Fig. 12. (a)  Snapshots of PG ribbon (143.69 Å × 359.23 Å) under tensile deformation in the y-direction. (b) 

9 The z-position of atoms at the top and bottom of the warped edge in PG under stretching. (c) Resultant strain 

10 in the x-direction under stretching in the y-direction. 

11

12 Fig. 12a shows snapshots of the PG ribbon at several strains during tension in the y-direction. We found that 

13 under stretching, the configuration of warped edge is transformed from three-dimensional to two-dimensional, 

14 and the PG ribbon is completely flattened as the tensile strain excessed 0.0053. To further understand the 
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1 deformation of the warped edge, we quantified the relationship between the amplitude of the warped edges 

2 and applied strain for ribbon with width of 143.69 Å (Fig. 12b). Results clearly show that the amplitude of the 

3 warped edge reduces and becomes zero at a critical strain of = 0.0053, which is similar to that illustrated in c

4 Fig. 12a. This critical strain  indicates a structural transformation of the warped edge. Moreover, the two c

5 deformation schemes can be clearly distinguished from the -  curve shown in Fig. 12c. At a small strain x y

6  ≤ , the deformation of the ribbon is the combination of deformation of the warped edge at the outer part  c

7 and the pristine monolayer PG at the interior part of the ribbon. The flattening of the warped edge leads to the 

8 planar expansion of ribbon; thus, it contributes to the in-plane auxeticity of the ribbon. Combined with the 

9 intrinsic negative Poisson’s ratio of pristine monolayer PG in the interior regions, the ribbon may have a 

10 smaller value of in-plane Poisson’s ratio (more auxeticity) than that of the former case. As the strain ≥ ,  c

11 the configuration of ribbon is transformed into a two-dimensional planar structure, and the deformation 

12 mechanisms of ribbon are similar to those of monolayer PG, as discussed in the previous section. In Fig. 13a, 

13 we present the in-plane Poisson’s ratio of PG ribbon as the structure is stretched. We only show Poisson’s 

14 ratios under small strains before the structural transition occurs. It was found that the Poisson’s ratio decreases 

15 with an increase of applied strain. The width dependence of the in-plane Poisson’s ratio is shown in Fig. 13b. 

16 It is worthy noted that the Poisson’s ratio in Fig. 13b is obtained by averaging the value of Poisson’s ratio 

17 from 0 to . We realize that the Poisson’s ratio increases (less negative) as the width of ribbon enhances, and c

18 the correlation of Poisson’s ratio and width can be fitted to the function . The PG ribbon 0.085 35.22 / w   

19 can be separated into three regions: the interior region of ribbon and two warped edge regions. The width of 

20 each warped edge region is approximately twice the penetration depth l; thus, the width of the remaining 

21 interior region is . Therefore, the effective Poisson’s ratio of the PG ribbon can be expressed as:  4w l

22                                                                                                                                 (7) 0 0
4

e
l

w
     

23 where  and  are the Poisson’s ratios of the interior and warped edge regions, respectively. From the fitting 0 e

24 function and Eq.7, we obtain = −0.085 (Poisson’s ratio of monolayer PG) and = − 0.62. 0 e
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1

2  

3

4 Fig. 13. (a) Relationship between the Poisson’s ratio and tensile strain in the y-direction. The ribbon has 

5 L=359.23 Å, while width of ribbon is varied. (b) The dependence of in-plane Poisson’s ratio on width of 

6 ribbon. (c) The analytic model to describe the warped edge, which is represented by an inclined plane (blue 

7 line).

8

9 To understand the connection between the in-plane negative Poisson’s ratio and the width of PG ribbon, an 

10 analytical model of warped edge was proposed 30. The warped edge is illustrated by an inclined plane (IP) as 

11 shown in Fig. 13c.  is the angle between the IP and x-direction, and  is the length of IP. The length of IP  r

12 in the x-direction is the value of its projection .  When the ribbon is stretched in the y-direction, the IP cosr 

13 decreases, resulting in the reduction of angle . The strain dependence of angle  can be expressed as:  

14                                                                                                                                           (8)0 1
c

 


 
  

 
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1 with  is the value of IP’s angle at the unstrained configuration. When ,  becomes zero, which 0 0  

2 represents the flattening of warped edge at the critical strain as shown in Fig. 13. The strain in the x-direction, 

3 corresponding to the tensile strain in the y-direction can be expressed as:

4                                                                                          (9)
2

0 0 0

0 0

cos cos cos cos
cos cosx y

c

r r
r
     

  
 

  

5 Consequently, the in-plane Poisson’s ratio of warped edge ( ) is obtained as:e

6                                                                                                                                    (10)
2
0x

e
y c

 
 


   



7 Assuming that the IP’s angle is small, the angle with respect to the x-coordinate at an arbitrary point on the 

8 warped edge is given as:

9                                                                                                    (11)1 /( , ) tan sinx ls A yx y e
x l




     

10 The IP’s angle at the initial configuration  of the warped edge with  and  can be 0 [0, 2 ]x l [0, ]y 

11 expressed as:

12                                                                                              (12)
2

0 20 0

1 1( , ) 1
2

l Ady x y dx
l l e


 

 
    
  

13 Hence, using Eq.10 the in-plane Poisson’s ratio can be obtained:

14                                                                                                               (13)

2

22
0

11

e
c c

A
l e

 

         

15 in which the amplitude of warped edge (A) and penetration depth (l) are 3.65 Å and 16.32 Å, respectively. 

16 The critical strain ( ) is 0.005, which is the saturation value of  at width  (Fig. S10 in the Supporting c c  

17 Information). By applying these values to Eq. 13, the in-plane Poisson’s ratio of warped edge is of −0.75, 

18 which is close to the value obtained from the width dependence of Poisson’s ratio ( = −0.62) in Fig. 13b. e

19 Therefore, the proposed IP model can describe the in-plane Poisson’s ratio of warped edge PG ribbon. It is 
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1 worth noted that as the temperature increases, the thermal-induced fluctuations may become large enough to 

2 change the warped edge configuration (Supporting Information).

3

4 4. Conclusions

5 In this study, we investigated the auxeticity of the monolayer, few-layer, vdW heterostructure and ribbon PG. 

6 We found that negative Poisson’s ratio is the combination of the bond stretching and angle rotating 

7 deformation mechanism. Monolayer PG shows the partially auxetic behavior (i.e., negative in-plane and 

8 positive out-of-plane Poisson’s ratio). The dominance of the bond stretching mechanism results in a negative 

9 in-plane Poisson’s ratio in monolayer PG. The angle rotation mechanism significantly increases the in-plane 

10 Poisson’s ratio of few-layer PG and enables it to turn to positive values. The elongation of interlayer bonds is 

11 found to be the origin of auxeticity in the out-of-plane direction of few-layer PG. Moreover, the strong 

12 dependence of Poisson’s ratio on the stacking configuration and number of layers was also observed. We also 

13 demonstrate the minor effect of vdW interaction on the auxeticity of heterostructure PG. Finally, we found 

14 the significant effect of warped edge on the in-plane auxeticity of PG ribbon. We expect our results can provide 

15 a further explanation of the mechanism for low-dimensional materials with intrinsic auxeticity rather than 

16 extrinsic auxeticity, which requires a complex structural design of the materials.
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