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Abstract

Let G be a simple, connected graph of order n. Its distance Laplacian energy DLE(G) is given by DLE(G) =
2 |p,L - @ , where plL > pé > .-+ > pk are the distance Laplacian eigenvalues and W(G) is the Wiener index of
G. Distance Laplacian eigenvalues of sun and partial sun graphs have been characterized. We order the partial sun graphs
by using their second largest distance Laplacian eigenvalue. Moreover, the distance Laplacian energy of sun and partial sun

graphs have been derived in this paper. These graphs are also ordered by using their distance Laplacian energies.
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1. Introduction

Let G = G(V(G), E(G)) be a simple, connected graph with the vertex set V(G) = {vi,Vv2,...,V,} and the edge set
E(G). Let n = |V(G)| and m = |E(G)|, which are referred to as the order and the size of G, respectively. For a vertex
v € V(G), we write N(v) for the neighborhood (open) of v containing all adjacent vertices of v. The cardinality of N(v) is
the degree of v, which is denoted by d(v) or simply d,. If all vertices share the same degree, the graph is called a regular
graph. Let A = (a;;) € R™" be the adjacency matrix of G, where the (i, j)-entry a;; = 1 if v; is adjacent to v; and a;; = 0
otherwise. Deg(G) = diag(d,,d,,...,d,) withd; = dg(v;),i = 1,2,...,nis the degree matrix. The Laplacian matrix of G
is L(G) = Deg(G) — A(G). The analogous matrix Q(G) = Deg(G) + A(G) is called the signless Laplacian matrix. These two
matrices are real positive semi-definite. We arrange their eigenvalues as 0 = u, < y,-1 < --- < y; (Laplacian spectrum)
and 0 < g, < gy-1 < -+ < g (signless Laplacian spectrum), respectively. Any unspecified terminologies regarding spectral
graph theory can be found in [[15 [17].

The distance between two vertices u and v, denoted by d,,, is the length of a shortest path between them in G. The
diameter of G is the maximum distance between all vertex pairs. Let D(G) = (d,)urev(c) be the distance matrix of

G. Trg(v) = Y d, is called the transmission of a vertex v € V(G). If Trg(v) = k for every v € V(G), G is k-
ueV(G)

transmission regular. Let W(G) be the sum of distances between any unordered pairs of vertices. The quantity is known
as the transmission number or the Wiener index. We have W(G) = % Z Trg(v). Given v; € V(G), the transmission
veV(G)
Tre(v;) (or simply Tr;) is also known as the transmission degree. For vertex v;, its second transmission degree is defined as
n

Ti = Z d,JTr]
j=1

The diagonal matrix of vertex transmissions is denoted by Tr(G) = diag(Tr|,Tr,,...,Tr,). Given the distance matrix
of a connected graph, the associated Laplacian and its signless version have been first investigated in [4]. The distance
Laplacian matrix of G is given by D*(G) = Tr(G) — D(G) and the distance signless Laplacian matrix of G is given by
D9(G) = Tr(G) + D(G).
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In 1978, Ivan Gutman [11] introduced the energy of graph, which was originated in theoretical chemistry. Let the

adjacency eigenvalues of G be 4; > A, > --- > 4,. The energy E(G) is given by E(G) = Z |4;]. Recent results regarding
i=1

graph energy can be found in [[12}[17].

The spectrum-based graph invariant has a long history in the study of chemical and mathematical literature. The concept
of graph energy has been generalized to accommodate various applications by considering other matrices associated with
a graph. In particular, Nikiforov [18]] defined the energy of any matrix. A variety of recent results are reported in [1}[21] in
this direction.

The distance and the distance Laplacian eigenvalues of G are denoted by p” > p? > ... > pP and pt > pb > ... > pf,

respectively. The distance energy [16] of G is defined as DE(G) = Z loP|. Results regarding the distance energy can be
i=1

found in [8}2]. In [22]], the energy of distance matrix D(G) is generalized to the energy of distance Laplacian matrix DX(G).

For a connected graph G, its distance Laplacian energy DLE(G) [22] is given by

n

DLE(G) = Z

i=1

O;

L 2W(G)‘
==

k
Denote by o the largest positive integer satisfying p& > @ Define § ,f(G) = Z piL to be the sum of k largest distance

i=1

Laplacian eigenvalues. Noting Z piL = 2W(G), it is proved in [8] that
i=1

i=

7 J .
DLE(G) =2 [ZpiL(G) _ W] 5 max [pr(G) B 2JWn(G)

1<j<n
i=1 /

= 2 max (SJL(G) -

2jW(G)
1<j<n n ) ’
More related results regarding DLE(G) are reported in the recent work [2 16, 18, 9, [10, (14} 20].

Given a graph matrix, finding the extremal graphs with respect to a specific graph invariant associated with this matrix
among a class of graphs is an interesting problem, which has attracted a constant research enthusiasm over the past few
decades. For example, it is shown in [8] that the star K,_;; has the minimum distance Laplacian energy among all trees of
order n. A related problem is to order the graphs among a class of graphs of the same order with respect to a given spectral
graph invariant (such as energy, spectral radius, etc). This problem has recently been considered by Hilal [9] for distance
Laplacian matrix for trees having diameter three. These trees have been ordered in view of the distance Laplacian energies.
In this paper, we aim to continue this line of research and study the distance Laplacian spectrum and the distance energy of
the sun and partial sun graphs. We will order partial sun graphs taking advantage of their second largest distance Laplacian
eigenvalue. Furthermore, we establish a type of ordering for sun and partial sun graphs based on their distance Laplacian
energy.

2. Distance Laplacian spectrum for sun and partial sun graphs

The sun graph S ,(a, a) (see [13]]) is a tree of order n = 2a + 1, containing a pendent vertices, each attached to a vertex
of degree 2, and a vertex of degree a. The sun graph of order n can be viewed as obtained from the star graph K ,_; by
deleting 5 — 1 pendent vertices and inserting a new vertex on remaining 5 — 1 edges of the star K ,-;. We define a partial
sun graph S, (a, k) as the tree of order n = a + k + 1, containing k, 1 < k < a — 1 pendent vertices each attached to a vertex
of degree 2, a — k pendent vertices each attached to a vertex of degree a and a vertex of degree a.

We note that S3(1,1) = P3, S,(a,0) = K;,. Examples of some sun and partial sun type graphs of order 9 are shown
in Figure (1). Sun graphs are very important, and play candidate roles for extremal graphs with respect to various graph
invariants. For instance see [13} 3] and the references therein.

For, two sequences of real numbers {s1, s2,...,s,} and {s},s),...,s,,} with n > m. The latter is said to interlace the
former, whenever

$i >80 = Spemeis fori=1,2,...,m.
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$9(8,0) So(7,1) S9(6,2) So(4,4)
Figure 1, Sun and partial sun graphs on 9 vertices.
The interlacing is said to be tight if there exists a positive integer k € [0, m] such that

si=s; fori=1,2,...,kand s,_ps; =s; fork+1<i<m.

Consider the following block matrix

my mpp v Mg
myy MmMpp -t Mg
M = . . . . s
mg | Mgy - Mgy nxn
such that rows and columns of M are partitioned according to a partition S = {S,S»,...,S5,} of the index set [ =
{1,2,...,n}. The quotient matrix Q of M is the s X s matrix whose (i, j)-th entry is the average row (column) sum of

the block m; ;. The partition S is said to be regular (equitable) if each block m; ; of M has constant row (column) sum and
in this case the matrix Q is called a regular quotient matrix (or equitable quotient matrix). In general, the eigenvalues of
Q interlace the eigenvalues of M, while for regular (equitable) partitions [7]], the interlacing is tight, that is each eigenvalue
of Q is an eigenvalue of M.

Our first result is the following which fully characterizes the distance Laplacian spectrum of the sun graph S ,(a, a).

Theorem 2.1. For a > 2, let S,(a,a) be the sun graph of order n = 2a + 1. Then the distance Laplacian spectrum of
Su(a,a)is

1 a-1 1
{0, E(12a —1+ V4@ +4a+17) E(9a — 1+ V9a2 - 22a + 17)} :
Proof. Let a > 2 be a positive integer such that n = 2a + 1 and let {vi,vs,..., V4, uy, ..., u,, w} be the vertices of S, (a, a),
where fori = 1,2,...,a, v;’s are the pendent vertices, u;’s are vertices of degree 2 and degree of w is a. Under this labelling

of S,(a, a), the distance Laplacian matrix can be written as

Ta—4 -4 -4 —4 -1 -3 -3 -3 -2
-4 TJa—-4 --- -4 —4 -3 -1 -3 -3 -2
-4 -4 N —4 -3 -3 -1 -3 -2
-4 -4 -4 TJa—4 -3 -3 -3 -1 -2
-1 -3 -3 -3 S5a-73 -2 -2 -2 -1 |. 2.1
-3 -1 -3 -3 -2 S5a-3 --- -2 -2 -1
-3 -3 -1 -3 -2 -2 - S5a-3 -2 -1
-3 -3 -3 -1 -2 -2 -2 Sa-3| -1
-2 -2 -2 -2 -1 -1 -1 -1 3a

Now, fori = 2,3,...,a, define a sequence of vectors over R as follows:
Xi—l = ( — &, X2, X35 -« - 5 Xig—15 Xias _17 xfz, )C;(?,, e -x;_]’ x;'ka, O) € RH(R)’

3



where

1 a ifi=j 1 ifi=j
a= —(n+ 4a2+4a+17), Xij = J. , and x}; = J. .
4 0 otherwise / 0 otherwise
We fist show that X, X, ..., X, are linearly independent vectors. If not, then there exists scalers a;, ay, ..., a,-1 not all

zero such that
a1X1 + ang + e+ aa_lXa_l = 0,

where 0 is the zero vector of R”. After, necessary calculation, we obtain

a-1 a-1
a Z a;,aay, ady, . ..,«xdq2,x04-1, — Z ai,az,...,0q-2,0q-1, 0l=0.
i=1 i=1

It follows that a; = a; = -+ = a,-1 = 0 and this implies that X;, X5, ..., X,—; cannot be linearly dependent vectors. Also,
by the definition of eigenequation of the matrix DX(G), we have

—(Ta -4 -4a-2) (-1(14a* +7a+8+7aVD)
(Ta-da +4a+2 }1(14a2+7a+8+7a\/5)
0 0
0 0
DHS(a.a)X, =| 20-2-(Ga-3) |=| -1(12a-1+ VD)
20+2+ (5a-3) 1(12a -1+ VD)
0 0
0 0
0 0
-1(12a-1+ VD)}(2a + 1+ VD) ~L(n+ VD)
1(12a-1+ VD)}(2a + 1+ VD) L(n+ VD)
0 0
0 0
= -1(12a-1+ VD) =1 -1 = Xy,
1(12a -1+ VD) 1
0 0
0 0
0 0

where A = 3(12a— 1+ VD) and D = 4a® + 4a + 17. Thus it follows that }(12a — 1 + V4a? + 4a + 17) is the eigenvalue of
DX(S ,(a, a)) with the corresponding eigenvector X;. Proceeding with a similar argument, we can show that X», X3, ..., X,
are also the eigenvectors corresponding to the eigenvalue %(12(1 -1+ V4a? + da + 17). In this manner, we obtain a — 1

distance Laplacian eigenvalues of D*(S ,(a, a)).
Again, Fori =2,3,...,a,let

Yi—l = ( _ﬂ’yﬂ»yi:i’ <o o5 Yia—15Yia» —1,)’?2,)7?3, oo ’y?afpy;'ipo) € RH(R)7
where
0 otherwise ’ 0 otherwise -

1 o | ifie i
ﬁ’:Z(n— V4a2+4a+17),y,-j={'8 sy andej={ nr=d
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It is easy to see that ¥;_;, with i = 2,3, ..., a are linearly independent vectors. Further, as above we can verify that

-B(Ta) -2
B(7a) +2
0
0

D"(Su(a,@)Y) =|-28-2~(5a-3)|=pY,
28+ 2+ (5a-3)
0

0
0

where y = %(12a —1 - V4a? + 4a + 17). Therefore, %(1241 —1V4a® + 4a + 17) is the distance Laplacian eigenvalue of
DL(S #(a, a)) with the corresponding eigenvector Y. Proceeding similarly, we can show that Y5, ¥3,..., Y, | are also the
eigenvectors corresponding to the eigenvalue %(1241 —1-V4a? +4a + 17). This gives that %(12(1 —1- V4a? + 4a + 17) is

an eigenvalue of DX(S ,(a, a)) with multiplicity a — 1. This way we have obtained 2a — 2 eigenvalues of D(S ,(a, a)). The
equitable quotient matrix of Matrix (2.1)) with given blocks is

3a -3a+2 -2
-3a+2 3a-1 -1]. 2.2)
—2a —a 3a

The other distance Laplacain eigenvalues of S ,(a, a) are the eigenvalues of (2.2)) and are given below
1
{0, E(9a ~ 1+ V9a? - 22a + 17)}.
Thus we have completely obtained the distance Laplacian spectrum of S ,(a, a). [ ]

The following results can be found in [5] and is helpful in finding some D" -eigenvalues of G.

Lemma 2.2. [5] Let G be a graph of order n. If S = {vi,Vv»,...,v,} is the independent set of G satisfying N(v;) = N(v;)
foreveryi,je{l,2,...,s}. Then 8 = Tr(v;) = Tr(v)) for each i, j € {1,2,...,s} and 0 + 2 is the Dt eigenvalue of G with
multiplicity at least s — 1.

The following result gives the distance Laplacian spectrum of the partial sun graph S ,(a, k), forany k = 1,2,...,a - 1.

Theorem 2.3. Fora >2and 1 <k <a-—1, let S ,(a, k) be the partial sun graph of order n = a + k + 1. Then the distance

Laplacian spectrum of S ,(a, k) consists of the simple eigenvalue O, the eigenvalues %(5a+7k— 1+ \/(a +k)?2+2a+k)+17)
each with multiplicity k — 1, the eigenvalue 2a + 3k + 1 with multiplicity a — k — 1 and the zeros of the following polynomial

X0 = (6a +8k)x* + (=5 + a+ 11a* + 4k + 3lak + 21k)x + 4 + Ta — 3a* — 6a° + 12k
—10ak — 27ak — 10k* — 39ak*> — 18k°.

Proof. The distance Laplacian eigenvalues %(Sa + 7k — 1+ +/(a +k)* + 2(a + k) + 17) each with multiplicity k — 1 can be
obtained with the similar process as in Theorem[2.1] Also we note that S ,(a, k) has the independent set of cardinality n — k
sharing the same vertex. The common transmission of each vetex of this independent set is 2a + 3k — 1, so by Lemma|[2.2]
we see that 2a + 3k + 1 is the distance Laplacian eigenvalue of S ,(a, k) with multiplicity a — k — 1. The other four distance
Laplacian eigenvalues of S ,(a, k) are the eigenvalues of the following equitable quotient matrix

a+2k —k k-a -2k
-1 2a+k-1 =2(a-k 2-3k
-1 —2k Sk+1 =3k (2:3)

-2 2-3k -3(a-k 3a
5



The characteristic polynomial of (2.3) is

f(x) = x(x> — (6a + 8k)x* + (=5 + a + 11d® + 4k + 3lak + 21k*)x + 4 + Ta — 3d°
- 64’ + 12k — 10ak — 27a°k — 10k*> — 39ak* — 18k%). (2.4)

We note that if z; > zo > z3 are the zeros of (2.4)), then we have

fla+2k+1)=4k-k*—ak <0, fora > 3,
f(a+2k+2)=2(1—4a+a2+k+ak)>0,
fQa+3k-1)=2a(k -2)+2k(k —3)+8 >0, fork > 2
fQRa+3k+1)=-2(a-k)(1+a+k) <0,
f(3a+3k—3) = —6a* + 2ak + 16a + 2k* — 6k — 8

=2k’ = a®) + 2a(k — a) - 2a(a — 8) — 6k — 8 < 0, fora > 2,

8 3
f(3a+3k)=5ak—8a+2k2—3k+4:5a<k—§)+2k<k—§)+4>0, for k > 2.

So, by intermediate value theorem, it follows that for a > 3 and k > 2, we have z3 € (@ + 2k + l,a+ 2k + 2), 25 €
2a+3k—-1,2a+3k+1)and z; € 3a + 3k — 3,3a + 3k).

Next we have the following consequences of Theorem[2.3] which completely describes the distance Laplacian spectrum
of the graph S, (a,i),i = 1,2,a—1,a - 2.

Corollary 2.4. Let S,(a, 1) with a > 3 be the sun graph of order n = a + 2. Then the distance Laplacian spectrum of
S .(a, 1) consists of the eigenvalue 2a + 4 with multiplicity n — 4, the simple eigenvalue 0 and the zeros z1 > 7z > 73 of the
following polynomial

x* = x*(6a + 8) + x(11a® + 32a + 20) — 6a’ — 30a* — 42a - 12,

wherez1 € Ba+3,3a+4), 2 € a+1,2a+2)and z3 € (a + 3,a + 4).
Proof. Let the vertex labelling of S, (a, 1) be {u,u’, v, va,...,v.1,w}, where d(u) = 1, d(u’) = 2, v;’s are pendent vertices
and degree of w is a. Also, v;’s form an independent set with common transmission 2a + 2. Thus by Theorem [2.3] it follows

that 2a +4 is the distance Laplacian eigenvalue of S ,(a, 1) with multiplicity a — 2. The other distance Laplacian eigenvalues
of S,(a, 1) are the eigenvalues of the following matrix

3¢ -1 -3@@-1) -2
-1 2a -2@-1) -1
-3 -2 6 -1 1
-2 -1 —(a-1) a+2

and its characteristic polynomial is xp(x), where p(x) = x> — x*(6a + 8) + x(11a® + 32a + 20) — 6a°® — 30a® — 42a — 12. Let
71 = 2o = z3 be the zeros of p(x), then by manual calculations, we obtain
pla+3)=3-a<0,
pla+4)=2(a-2)a-1)>0,
pQRa+1)=(a—1)*>0,
pRa+2)=-2a-2)<0,
pBa+3)=-3@-1)<0,
p(Ba+4) =2(a* +a+2).

So, by intermediate value theorem, we see that z; € (3a+ 3,3a+4), z2 € 2a+ 1,2a+2)and z3 € (a + 3,a + 4). |



Corollary 2.5. Let S, (a,2) witha > 2 be the sun graph of order n = a+3. Then the distance Laplacian spectrum of S ,(a, 2)
consists of the eigenvalue 2a+7 with multiplicity a—3, the simple eigenvalue 0, the eigenvalues %(Sa +13+ Va? + 6a + 25)
and the zeros 7| 2 7 > Zj of the following polynomial

X = X% (6a + 16) + x(11a*> + 63a + 87) — 64> — 57a*> — 169a — 156,
where z; € 3a+5,3a+6), 7, € 2a+5,2a+6) and 7 € (a + 5,a + 6).

Proof. By Theorem 2a + 4 is the distance Laplacian eigenvalue of S ,,(a, 2) with multiplicity a — 3. The other distance
Laplacian eigenvalues of S ,(a, 2) are the eigenvalues of the following polynomial is

x(x* — x(5a + 13) + 64> + 31a + 36)p(x),

where p(x) = x* — x(6a + 16) + x(11a> + 63a + 87) — 6a° — 57a*> — 169a — 156. Let 7) 2 7j 2 z; be the zeros of p(x), then
by manual calculations, we obtain
pla+5)=-2a-2)<0,
pla+6) =2(a®> —2a +3) > 0,
pQa+5)=2%>>0,
pRa+6)=-((a-2)(a+3))<0,
pBa+5)=-2(a-2)(a+1)<0,
pBa + 6) =2(a + 3).

So, by intermediate value theorem, it follows that 7| € (3a + 5,3a +6) 7, € (2a + 5,2a + 6) and 7} € (a + 5,a + 6). [ |

Next, proceeding as above, we can verify the cases, k =a — 1 and k = a — 2, where a > 3.

Corollary 2.6. The distance Laplacian spectrum of S ,(a,a — 1) consists of the eigenvalues 0, the eigenvalues 6a — 4 +
Va2 + 4 each with multiplicity a — 2, the zeros 71 = z2 = z3 of [2.3), where z; € (6a — 6,6a — 3), z2 € (5a — 4,5a — 2) and
z3 € (3a —1,3a).

x4+ (8 = 14a)x® + (12 — 68a + 63a*)x — 44a + 1364 — 904°. (2.5)

Corollary 2.7. The distance Laplacian spectrum of S ,(a,a — 2) consists of the eigenvalues 0, the eigenvalues %(1261 -

15 =+ V4a? —4a + 17 ) each with multiplicity a — 3, the eigenvalue 5(a — 1) and the zeros z; > zo > z3 of (2.6), where
z1 € (6a—9,6a —6), 2, € (5a—"7,5a—-5) and zz € (3a — 3,3a - 2).

X+ (16 — 14a)x* + (71 — 141a + 63a*)x + 84 — 293a + 295a* — 90a°. (2.6)

The following result gives that ordering of the trees belonging to the family S ,(2a — i,i), 2 < i < a — 1, on the basis of
their second largest distance Laplacian eigenvalue z; (S ,(2a — i, 7)), where z; is the largest root of the cubic polynomial f(x)
given by equation [2.4] with a replaced by 2a — i and k by i.

Theorem 2.8. For2 <k <a-1, we have 7;(S,2a — (k— 1),k — 1)) > z1(S,,2a — k, k)).
Proof. Replacing a by 2a — k in the cubic polynomial f(x) given by equation[2.4] we obtain
fix) = x> = (12a + 2k)x* + (K* + 18ak + 44a® + 2a + 3k — 5)x + 4 — 6ak®
— 36ka® — 484> — 8ak — 3k* — 12a* + 5k + 14a + 4.

Let z; = z1(S,(2a — k, k)) be the largest root of the polynomial fi(x). By the discussion after the Theorem we have
z1 € Ba+ 3k —3,3a + 3k) = (6a — 3,6a) as a has to be replaced by 2a — k. It is easy to verify that

Fi®) = fioi(x) = =2x% + (18a + 2k + 2)x — 12ak — 36a* — 2a — 6k + 8 = —2g(x),

where g(x) = 2—a+k+1)x+6ak+18a>+a+3k-4. At x = 7;(S ,(2a—(k—1), k—1)), we have fi(z1(S,Ra—(k—1),k-1))) =
Sz (S,QRa—-(k—1),k—1))) — fic1(z1(S,QRa — (k— 1),k —1))) = —2g(z1(S ,(2a — (k — 1),k — 1))). It is easy to see that the
7



function g(z,(S ,2a—(k—1),k=1))) = 21(S ,Ra—(k—=1), k—=1))> = 9a+k+1)z1(S ,(2a—(k—1), k= 1)) +6ak+18a*> +a+3k—4
is increasing for z)(S,(2a — (k — 1),k — 1)) > 22+ Since 7;(S,(2a — (k — 1),k — 1)) > 6a — 3 > 221 it follows that
8(z1(8,(2a — (k — 1),k — 1))) is an increasing function for all 6a — 3 < z;(S,(2a — (k — 1),k — 1)) < 6a. Therefore,
2(z1(S,2a - (k—1),k—1))) < g(6a) = —5a + 3k — 4 < 0. This gives that g(z;(S,(2a — (k — 1),k — 1))) is negative for all
21(8,(2a—(k—1),k—1)) € (6a-3, 6a), which further gives that f;(z;(S ,(2a—(k—1), k—1))) is positive. Since f;(6a—3) <0
and f;(6a) > 0, it follows by intermediate value theorem that the largest root of f(x) lies in (6a—3, z;(S ,(2a—(k—1), k—1))).
From this the result follows. [ |

3. Distance Laplacian energy of sun type graphs

. In this section, we obtain the distance Laplacian energy of the sun and the partial sun type graphs. We will show these
graphs can be ordered based on their distance Laplacian energy.
The following result gives the distance Laplacian energy of the sun graph S ,(a, a).

Theorem 3.1. For a > 2, the distance Laplacian energy of S ,(a, a) is
DLE(S ,(a,a)) =6a -5+ (a—1)V4a? + 4a + 17 + V9a? — 22a + 17 +

Proof. The distance Laplacian spectrum of S ,(a, a) is given in Theorem 2.1 and it is easy to see that its non-zero distinct
eigenvalues can be ordered as

%(lZa— 1+ Vda? +4a+17) 2 %(901— 1+ V9a2 - 22a +17)
> %(ua —1- Va@ +4a+17) 2 %(951 — 1= V94> - 220+ 17).

The average of the transmission degree sequence of S ,(a, a) is

2W(Su(a,@)) a(la—4)+a(5a—3)+3a 12a* — 4a

2a+1°

n n T 2a+1

Besides, if %(1261— 1-V4a? +4a+17) < 122‘;2;4" then we obtain (18a—1)> < (2a+1)*(4a®+4a+17), which further implies

1 9
that 4(4a* + 8a® — 594 + 27a + 4) > 0, which is true for a > 2. The distance spectral radius §(12a — 1 + Vda? + 4a + 17)

is always greater than the average transmission 124 —da Lastly, it can be easily verified that %(9a —1+4 V9a2 —22a + 17) is

2a+1
w. Therefore, we get o = a — 1 + 1 = a and by the definition, we have

greater than or equal to

DLE(S ,(a, a)) =2( Z PH(S u(a, a))

i=1

_ 2aW(S(a, a)))
n

1 1
:2((a— 1)5(1261— 1+ VAa® +4a + 17) + E(9a— 1+ V9a2 - 22a + 17)

3 a(12a* - 4a)
2a + 1

1
=6a -5+ (a—1)V4a® +4a+ 17 + \/9a2—22a+17+2 0

a+1

The following result gives the distance Laplacian energy of S ,(a, 1) and S ,(a, 2).
Theorem 3.2. For the sun graph S ,(a,k), k = 1,2 with a > 3, the following holds.
(i) The distance Laplacian energy of S ,(a, 1) is

8
DLE(S (. 1) = 2(z1 +22 - 2a 4~ —=),

where z; € Ba+3,3a+4)and 7, € (%,Za + 2).

8



(ii) For a <7, the distance Laplacian energy of S ,(a,2) is

60

DLE(S (a,2)) = Va? + 6a +25 +2(z; + 7)) —5a— 9 - —— —5

where 7 € 3a +5,3a +6) and 7, € (W 2a +2).

For a > 8, the distance Laplacian energy of S ,(a,2) is

80

DLE(S ,(a,2)) = Va* +6a+25+27] —a+3 - —,
a+3

where 7} € (3a +5,3a + 6).

Proof. By Corollary 2.4 the distance Laplacian spectrum of S ,(a, 1) consists of the eigenvalue 2a + 4 with multiplicity
n — 4, the simple eigenvalue 0 and the zeros z; > z, > z3 of the following polynomial

p(x) = x* — x}(6a + 8) + x(11a* + 32a + 20) — 64> — 304> — 42a — 12,
where 71 € Ba+3,3a+4), 0 € 2a+ 1,2a +2) and z3 € (a + 3,a + 4). Also, the average of the transmission degrees is

2W(S,(a,1)) 3a+2a+a+2+Qa+2)a—-1) 2ala+3) g0
n h a+?2 T oa+2 a+2’

It is clear that z; is the distance Laplacian spectral radius of S, (a, 1) and is always greater than or equal to M Also,
it is easy to verify the validity of 2a + 4 > % Next, we show that z, is greater than or equal to w By Theorem

2 € Ra+1,2a+2),s0if2a+1 > % we obtain a < 2, since we already assumed a > 3. Further by manual
calculations, we found that

2 3 2(a* + 4a® + 84> — 48
(a(a+ )): ( )>0andp(2a+2)=—2(a—2)<0-

a+2 (a+2)3

Thus z; € (%, 2a + 2) and it follows that z, > M Therefore,c =1+n—-4+1 =n-2 = a and so the distance

Laplacian energy of S ,(a, 1) is given by

DLE(S i@, 1)) =2( ) pl(S u(a. 1)) - M)

i=1

B a(a(a + 3))
=221+ Qa+4a-2)+2 - T)
8
=2z +z22-2a-4- a+2).
(ii) The average of the transmission degrees of S ,(a, 2) is ZW(S @) _ 2 +f3a+4) 2a + 6 — 4% and by Theorem 2.5} the

distance Laplacian spectrum of S ,(a, 2) consists of the elgenvalue 2a + 7 with multiplicity a — 3 the simple elgenvalue 0,
the eigenvalues 2(5a +13 + Va2 + 6a + 25 ) and the zeros 7| > z} 2 z} of the polynomial

g(x) = x* = x}(6a + 16) + x(11a* + 63a + 87) — 6a° — 57a* — 169a — 156,

where 7} € (3a + 5,3a +6), 2, € 2a +5,2a +6) and 7§ € (a + 5,a + 6). Clearly, the distance Laplacian spectral radius
%(Sa + 13 + Va2 + 6a + 25) is always greater than or equal to Ad+6ard) Besides, 2a + 7 > M givesa + 13 > 0,

a+3
w. For the eigenvalue 7, € 2a +5,2a + 6),

since w 2a + 6 — 1703 € (2a + 5,2a + 6), we need to calculate q(w) By direct calculation it can ve

. - 341202 +2450—
verified that q( ZW(S;;(” 2))) = = +4&“+g;22$§7ﬁ‘2‘§“ 508

a > 8 and positive for a < 7. Since g(2a + 5) > 0 and g(2a + 6) < 0, it follows that z, € (2a + 5, M) for a > 8 and

7 € (ZW(S"(” 2) 24+6), fora < 7. Lastly, for the eigenvalues 7} and 5 (5a+ 13— Va? + 6a + 25 ) itis clear that 7§ < M
9

which is true for positive a. Also z; > 2a + 7, so it is greater than

. It is now easy to verify that this last expression is negative for all



and %(Sa +13 - Va? + 6a + 25) < M, for all a. Thus, it follows that fora <7, wehaveo =1+a—-3+2 =a and
fora>8,wehave o =1+4+a—-3+1=a- 1. Therefore, for o = a, the distance Laplacian energy of S ,(a, 2) is given by

N 2W(S (a2
DLES @,2) =2 Y ph(S (a2 - 2102 2)

i=1

1
:2(5(5a+ 13+ Va2 +6a+25)+Qa+T)a-3)+7, +7,

2a(a* + 6a + 4))

a+3
=Va? + 6a + 25 + 2(z, +Z')—5a—9—ﬂ
B ata a+3’
Similarly, for o = a — 1, the distance Laplacian energy of S ,(a, 2) is
80

DLE(S ,(a,2)) = Va® +6a + 25 +2z] —a+3 — )
a+3
| ]

The next result is an immediate consequence of above result and gives the estimates for the distance Laplacian energy

of S,(a,1) and S ,(a,?2).
Corollary 3.3. Let S, (a, k), k = 1,2 be the sun graph. Then the following holds.

(i) Fora > 3, the distance Laplacian energy of S ,(a, 1) satisfies
16

16
6a—m <DLE(S,,(a,1))<6a+4—a+2.

(ii) For a > 8, the distance Laplacian energy of S ,(a, 2) satisfies

S5a+ 13 + Va2+6a+25+%<DLE(Sn(a,2))<5a+15+ a’+6a+25+
a

a+3’

Theorem 3.4. For a > 3 and 3 < k < a — 1, let S,(a,k) be the partial sun graph of order n = a + k + 1 and let
y=(a+ k)2 +2(a+k)+ 17. Then the following holds.
(i) Ifk > 7, then
2k(6k — 2)
a+k+1"

DLE(S (a,k)) = 2z + (k= 1) \Jy + ak — 5a — k* — 4k + 1 +

2(a—1)(6k-2)

(ii) If3 <k <6, then
a+k+1

DLE(S ,(a,k)) = 2z + (k= 1)\Jy —ak + a + k* = 8k — 5 +

Proof. By Theorem the distance Laplacian spectrum of S, (a, k) consists of the simple eigenvalue 0, the eigenvalues
%(SQ +7k—1+ \/ (a +k)? + 2(a + k) + 17 ) each with multiplicity k — 1, the eigenvalue 2a + 3k + 1 with multiplicity a—k— 1

and the zeros of the following polynomial
p1(x) = x> — (6a + 8k)x* + (=5 + a + 11d® + 4k + 3lak + 21k*)x + 4 + Ta — 3a* — 6a° + 12k

— 10ak — 27a%k — 10k* — 39ak* — 18k°,

where z3 € (a+2k+ l,a+ 2k +2), 20 € 2a+ 3k —-1,2a+ 3k + 1) and z; € (3a + 3k — 3,3a + 3k). The average
WSaak)) _ 2a2+6akedPodh — 9y 4 Af — 2 — O3 Tt is clear that the eigenvalue 1(5a +

transmission degree of S ,(a, k) is “ .
Tk — 1+ +/(a+k)? + 2(a + k) + 17 ) is the distance Laplacian spectral radius of S ,(a, k) and so it is always bigger than or

10



equal to average transmission degree =—====2. For the eigenvalue 5(5a + 7k — 1 — +/(a + k)> + 2(a + k) + , we have
qual g ission degree 2752 For the eigenvalue 1(5a + 7k — 1 — \(a + k)2 + 2(a + k) + 17 h

(a+k)2+2(a+k)+172(a+k+1)2,givingthat%(5a+7k—1—\/(a+k)2+2(a+k)+17)s%(5a+7k—1—(a+k+1))=
2a+3k—-1 <2a+4k—2—w:w,providedthat6k—2<(k—l)(a+k+l). It is easy to verify this last inequality

a+k+1
holds for all k > 4. For k = 3, we have 1(5a + 7Tk - 1 - Va+k?+2a+k) +17) = 1(5a +20 — Va? +8a +32) and
WEuak) = 24+10~ 18 . By direct calculation it can be verified that the inequality 1(5a+20~ Va? + 8a + 32) < 2/Sul)
holds in this case as well. For the eigenvalue 2a + 3k + 1, we have 2a + 3k + 1 < 2a + 4k - 2 — %, giving that
6k —2 < (k—3)(a+ k+1). Itis easy to verify that this last inequality holds for k > 7 and a > 3. This gives that
for3 <k <6,wehave 2a +3k+1 > M and for k > 7, we have 2a + 3k + 1 < M For the eigenvalue

z1 € (3a + 3k — 3,3a + 3k), we have z; > 3a + 3k — 3 > 2520 "oiving that k < a — 1, which is always true. For the
2W(S x(a.k))

eigenvalue z3 € (a + 2k + 1,a + 2k + 2), the inequality 7z < a + 2k +2 < , clearly holds. Lastly, for the eigenvalue
22 € 2a+ 3k —1,2a+ 3k + 1), we have already seen that the inequality z3 < 2a+3k+1 < w holds for all k > 7 and
a>3. Fora>3and3 <k < 6, it can be easily verified that z3 < M Thus, it follows that fora > 3 and k > 7, we
haveo =k—1+1=k,whileasfora>3and3 <k <6,wehaveo =a—-1.

Therefore, for a > 3 and k > 7 the distance Laplacian energy of S ,(a, k) is given by

26W(S u(a, k)))

k
DLE(S y(a,k) =2( 3 pl(S u(a. b)) = =

i=1
k-1 k(2a* + 6ak + 4k> — 4k
(R 6arTa=1+ g+ - 2L I 20
a

2
2k(6k — 2)

=2 k-1 k—5Sa—-k —4k+1+— =
21+ ( VY +a a Hl+y— =

Fora>3and3 <k <6,ifc=a-1, then

a—

DLE(S y(a,k)) =2( ) pl(Su(a, b)) -

o |

2(a — DHW(S 4 (a, k)))
2

—

Ga+Ta-1+y)+za+@—k-1QRa+3k+1)

NS

_(a—l)(2a2+6ak+4k2—4k))
a+k+1

2(a — 1)(6k — 2)
_ _ _ 2 _ _ -~ S =
=271+ (k—Dfy—ak+a+k"—8k—-5+ il
Fora>3and3 <k <6,if o = a, then

2aW (S x(a, k)))

DLE(S i(a,k) =2( ) pH(Sula. ) - ——=

i=1

1
=2(§(5a+7a—1+ V) +za+zn+@—k-1DQ2a+3k+1)

B a(2d® + 6ak + 4k* — 4k))

a+k+1
2a(6k —2)
22(21 +Z2)+(k— l)ﬁ—ak—3a+k2— 16k -1+ m,
where y = (a + k)> + 2(a + k) + 17. This completes the proof. [ |

The final result gives the distance Laplacian energy ordering of the trees belonging to the family S, (2a—k, k),n = 2a+1
andk=0,1,...,qa.

Theorem 3.5. The distance Laplacian energy of the family S, (2a — k,k),n = 2a + 1 satisfies the following

DLE(S ,(2a,0)) < DLE(S ,(2a — 1,1)) < DLE(S ,(2a — 2,2)) < --- < DLE(S ,(a, a)).
11



Proof. For k > 7, the distance Laplacian energy of S ,(2a — k, k) can be obtained from (i) of Theorem [3.4]and is given by

DLE(S ,(2a — k,k)) =2z + (k— 1) V4a? + 4a + 17 + 2ak — 10a — W+ k+1
4k(3k — 1) (-7
+ —
n

Let Hy = S,2a—k, k) and H, = S ,,(2a — ky, k;) be any two members of the family S ,(2a — k, k), with k; > k;. Then from
(37D, we have

DLE(H,) - DLE(H)) = 2(z1(Hy) — 21 (H))) + (ky — k1) V4a® + 4a + 17 + 2a(k, — ky)
— 203 = k3) + (ky — ky) + %(k2(3k2 ~2) = ki(3ki - 1))
= 2(21(Hy) — 21 (H) + (ky — k)| VAa® +4a + 17 + 2a - 2k + ko)
+1+ %(3k1 +3k - 1]

Since zi(H}), z1(H;) € (6a — 3,6a), it follows that z;(H,) — z;(H;) > 3. Also, n = 2a + 1 gives that V4a? +4a + 17 =
Vn? + 16 > n. With this it follows that

DLE(H,) — DLE(H,) > -6 + (ko — kl)[2n — 20k + ko) + %(3k1 +3ky — 1)] >0, (3.8)

if (ky — kl)[2n —2ky + ke + ﬁ) + 2(3ky + 3ky — 1)] > 0. Since, k» — k; > 1, it follows that DLE(H,) — DLE(H,) > 0,
provided that 2n — 2(k; + k; + kz%kl) + 23k + 3k, — 1) > 0. This last inequality holds if 2n — 2(k; + k» + ﬁ) > 0,
3

which is so if k; + k, + 3 < n, as ky — k; > 1 implies oo S 3. Since n = 2a + 1 and ky,k, < a — 1, it follows that

ki + ky < 2a —2 = n — 3. This shows that the inequality DLE(H,) - DLE(H,) > 0, always holds. Thus, we have shown
that the distance Laplacian energy DLE(S ,(2a — k, k)) of the family S ,(2a — k, k is an increasing function of k,k > 7. So,
we have the following ordering

DLE(S ,(2a —7,7)) <DLE(S ,(2a — 8,8)) < DLE(S ,(2a — 9,9)) < - - -
< DLE(S,(a+2,a—-2)) < DLE(S,(a+ 1,a—- 1)). (3.9)

For 3 < k < 6, the distance Laplacian energy of S ,(2a — k, k) is obtained from (ii) of Theorem [3.4]and is given by
DLE(S ,2a — k,k)) =221 + (k — 1) V4a2 + 4a + 17 — 2ak + 2k* + 2a — 9%k — 5
+ %(31( -1DQRa-k-1)
=271 + (k= 1)(Vn2 + 16 — n) + 2k> + 4k — 10 — %(Sk - Dk +2), (3.10)

where the last equality is obtained by using n = 2a + 1. Using the fact z;(S,(2a — i,1)) — z21(S,(2a — (i — 1),i — 1)) > =3,
fori = 3,4, 5, 6 together with (3.10) and proceeding by direct calculation it can be seen that

DLE(S ,(2a —i,i)) > DLE(S,2a—-i—-1,i-1)), fori=3,4,5,6. (3.11)

Now, the distance Laplacian energy of S ,(2a,0) = K, was obtained in [8] and is given by DLE(S ,(2a,0)) = 12a — 10 +
ZQ%. By (i) of Corollary the distance Laplacian energy of S,(2a — 1, 1) satisfies 12a — 6 — 16 < DLE(S,(2a -

2a+1

1,1)) < 12a -2 - %. Similarly, by (ii) of Corollary the distance Laplacian energy of §,(2a — 2,2) satisfies
10a+3 + Vda? +4a + 17 — 5% < DLE(S ,(2a - 2,2)) < 10a + 5 + V4a® + 4a + 17 — 5% for a > 5. We have
80
DLE(S ,2a-2,2)) > 10a+ 3+ V4a* +4a+ 17 - ——
2a+ 1
80
>10a+3+2a+1-
2a + 1

12



80
a+ 1

= 12a+4-
“ 2

16
>12a-2 -
= a 261

DLE(S,(2a-1,1)).
+1> (Sn(a ’))

This gives that DLE(S ,(2a — 2,2)) > DLE(S ,(2a — 1, 1)). Further,

16 > 12a - 10 +

DLE(S,2a~1,1)> 124~ 6 ~ >—— 2a+1

= DLE(S 1,(2a,0)).

This shows that DLE(S ,(2a — 2,2)) > DLE(S ,(2a — 1, 1)) > DLE(S ,(2a,0)). Again, z; € (6a — 3, 6a) gives

160
DLE(S ,(2a - 3,3)) = 221(S y(2a — 3,3)) + 2(Vn2 + 16 — n) + 20 — —
n
> 120+ 14+ 2 Viz 4 16— n) - 220
n

80
>10a+5+ V4a? +4a + 17 — — > DLE(S ,2a - 2,2)),
n
for all a > 5. Lastly, by Theorem [3.1} we have
10
DLE(S ,(a,a)) =6a -5+ (a—1)V4a? + 4a + 17 + V9a% — 22a + 17 + —.
n

Also, by (3.7) the distance Laplacian energy of DLE(S ,(a + 1,a — 1)) is given by

DLE(S,(a+1,a—1)) =2z +(a—2) V4a2+4a+17—a—19+§
n

33
<lla+(@-2)V4a® +4a+17-19 + —
n
10
<6a-5+(@-1)V4a? +4a+ 17+ V9a? - 22a + 17 + —,
n

provided that V9a2 — 22a + 17+ V4a? + 4a + 17-5a+14-2 > 0. Since V9a? — 22a + 17 > 3(a—4') and Vda® +4a + 17 >

2a + 1, we get the inequality V9a? —22a + 17 + V4a® +4a + 17 — 5a + 14 — % > 0, which always holds, giving that
DLE(S ,(a + 1,a — 1)) < DLE(S 4(a, a)). From these observations together with (3.9) and (3-T1)), the result follows. This
completes the proof. ]

From Theorem it is clear that among all the trees belong to the family S ,(2a — k,k),k = 0, 1,...,a, the star K,
and the sun graph S ,(a, @) attains attains the minimum and the maximum distance Laplacian energies, respectively.

4. Concluding remarks

Let M, (C) denote the set of n X n matrices with complex entries. Given M € M, (C), let o-{(M) > 0o(M) > --- > 0,(M)

denote the singular values of M. The quantity |M||. = Y, 0;(M) is called the trace norm. Given a symmetric matrix M,
let o7;(M) be its singular values and 4;(M), i = 1,2,... ,ln,l be its eigenvalues. We have o;(M) = |1;(M)|. For a connected
graph G, it can be seen that the trace norm of the matrix DX(G) — @Im is equivalent to the distance Laplacian energy
DLE(G). Here, I, € R™" is the identity matrix. Finding the set of matrices that attain the extremal values of the trace norm
among a certain class of matrices turns out to be an interesting problem. In this direction, the trace norm of matrices in the
(di)graphs setting have been widely explored. We refer the readers to [[19] for recent relevant results.

From this point of view, Theorem indicates that the matrix D%(S ,(a, a)) — WSy @a)

n(“’“)) I, has the maximum trace norm
while as the matrix D(S ,(2a, 0)) — wln has the minimum trace norm over all the matrices belonging to the family

{DL(S,,(Za —k k) - 2W(S n(zna -k, k)

In:k=0,1,2,...,a}.
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Ordering graphs on the basis of their spectral norms with respect a given graph matrix is a very hard problem. This
problem is so difficult that even ordering a small family of graphs with some given parameters seems impossible. For
distance Laplacian matrix this problem is considered by Hilal in [9] for trees having diameter three. In [9], the author have
shown that the trees of diameter three can be ordered on the basis of their distance Laplacian energies. A similar problem
can considered for trees of diameter d > 4. Therefore, we leave the following problem.

Problem 1. Let 7 (n,d) be the family of trees of order n and diameter d > 4. Is it possible to order the elements of the
Sfamily T (n,d) on the basis of their distance Laplacian energies.

The solution of the problem|[I|for any d > 4 is clearly a very difficult job. A partial solution for some fixed values of d can
even be difficult. Since, the sun type graphs S ,(a,a), a > 2 and the partial sun type graphs S ,(a, k), k > 2 are of diameter
4, it follows that the work in this paper provides a partial solution of the problem [I|for the case d = 4. In fact, we believe
that the idea provided in the paper can be helpful to solve the problem [I] for the case d = 4, completely.
Acknowledgements. We are highly thankful to the anonymous referees for their comments and suggestions to improve the
presentation of the paper.
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