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Abstract

In this thesis we consider a recent model for resonant interaction between long and short waves
that we proposed unifying and generalising those first proposed by Yajima and Oikawa and by
Newell, which we call Yajima-Oikawa-Newell (YON) system, which has the remarkable property
of remaining integrable for any choice of the two arbitrary, non-rescalable parameters it features.
Long wave-short wave systems, which model the propagation of short waves that generate waves
of much longer wavelength, appear in many physical settings, especially in fluid dynamics and
plasma physics. Throughout the thesis, we introduce this new system through mathematical means
and by recalling the physical origin of the Yajima-Oikawa system, and employ various techniques,
both general and pertaining to the theory of integrable systems, to study it. In particular, we ob-
tain several types of solutions, including bright and dark solitons, periodic solutions, breathers
and rational solutions, by means of a general Ansatz approach and by using Hirota bilinearisa-
tion techniques (namely, the theory of 7-functions, which allows us to relate the system with the
Kadomtsev-Petviashvili equation), with which we were able to derive the general N-soliton solu-
tion both on a zero and non-zero background, and the phase shift corresponding to the collision of

two solitons (which, remarkably, only depends on the wave numbers of the two solitons).

Even though a physical derivation of the whole YON system is not available at this point of the
research and remains an open problem, the fact that the Yajima-Oikawa system, in itself a subcase
of the YON system, can be physically derived encourages us to try to obtain the whole system as
a reduction of a physical model of resonantly interacting long and short waves. In case it can be
derived in a physical context, the fact that the system features free parameters might be useful to

better model and assist experiments.

Furthermore, we introduce a recent technique for the study of stability of solutions of integrable
systems, proposed by Degasperis, Lombardo & Sommacal (2018), which makes use of the Lax
pair associated to the system to perform a linear stability analysis of the solution by introducing a
new object that we refer to as the stability spectrum, defined as an algebraic/topological structure
in the complex plane. The geometric properties of this spectrum are linked to the stability or
instability of the given solution, which allows us to provide a full classification of the stability
behaviours in the parameter space. In the thesis we employ this technique to study the stability

of the plane waves of the YON system. We also provide a few conjectures relating the topology

iii



of the stability spectrum and the existence of special kinds of functions, namely dark solitons and
rational solutions. These predictions are indeed true for the YON system, as checked with the

solutions derived via Hirota bilinearisation.
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Chapter 1

Introduction

In this work, we will introduce a new integrable model, the Yajima-Oikawa-Newell system, to
describe the interaction between long and short waves, unifying and generalising two very well-
known integrable systems (namely, the Yajima-Oikawa and Newell systems), and we will take
advantage of its integrability to apply different machinery to derive some of its properties and
solutions. With this in mind, in this introductory chapter we will review some of the basic tools

and concepts that we will later use throughout the thesis.

In Section 1.1, we will introduce the multiscale method, which enables to reduce a given system
into different ones whose behaviour is easier to study, while still keeping some properties and

information of the original system.

In Section 1.2, we will give a flavour of the concept of integrability by introducing some of the
most popular definitions of integrable system and, in particular, we will introduce the concept of

Lax integrability, along with some basic properties of Lax pairs.

In Section 1.3, we will provide a brief overview of the inverse scattering method, which permits
to derive solutions of a Cauchy problem for an integrable system by making use of its Lax pair
formulation. We will also underline one of the problems one can encounter when applying the

theory (which, in fact, appears when dealing with the Yajima-Oikawa-Newell system).
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In Section 1.4, we will review some of the main techniques to study the stability of solutions
of nonlinear systems, which will be later complemented in Chapter 5, by the introduction of a

recently developed technique for the special case of solutions of integrable systems.

Finally, in Section 1.5, we will outline the structure of the thesis, with a brief description of the

content of each chapter.

1.1 The multiscale method

The multiscale method is one of the most popular methods to reduce a complicated nonlinear
system into multiple simpler models at different scales of resolution, for which one can more
readily obtain properties that may be translated into the original system (see [17, 27, 28, 50,
146, 163]). Roughly speaking, this approach is based on the assumption that the behaviour of a
nonlinear system can be described separately at different levels of detail, some of them coarser

and some finer, in the independent variables on which the unknowns depend.

In our case, the rationale behind this assumption lies in the fact that most of the systems we are
considering that describe some physical systems actually model interacting waves. Whenever
they represent monochromatic wave packets of a relatively small amplitude, one can consider
the characteristic packet size and wavelenght of each of the packets as the different scales of
the system. The idea is to focus on one, or at most a few, carrier waves of the linear part of
the nonlinear system and study the effect of the nonlinear part on them, which, for the weakly
nonlinear regime, will act as an amplitude modulation. Thus, the amplitude of the carrier waves

will be studied as a function of coarse-grained space variables and slow time variables.

For the sake of completeness, it is worth noting that the multiscale method is closely related to
the averaging method developed by Whitham and others in the 1970s (see [74, 155]). However,
the multiscale method is more elementary, and as such it allows one to deepen further not only on
the system itself but also on some of its properties, which will be conserved or even reinforced

through the method.

In particular, the multiscale method conserves, or “increases”, the integrability of the system
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(more on integrability in Section 1.2), so the integrability of the derivative system will actually
become a necessary condition for the integrability of the original one (see [25]). An additional
application of this fact is that, by applying the multiscale method on systems that are known
integrable, one can obtain new systems that will also be integrable and have a physical meaning
provided the original system also has it. However, the number of integrable systems coming
from the application of the method is rather small, and for that reason we will call them uni-
versal systems, in the sense that they cover the multiscale behaviour of many different systems

[25].

Let us consider a dispersive, nonlinear partial differential equation of the form

ah

Du =2

F(u, gy Uggy ;0™ us ub o), (1.1)

where u = wu(x,t) is the dependent variable, which will in general be complex, = and ¢ are
the original space and time variables, the subindex = denotes partial derivation with respect to

x, and the asterisk * denotes complex conjugation. D denotes the linear dispersive differential

operator
o . 0
D = Fr + w (—2(%> , (1.2)
with
M
wk) = > amk™,  ay #0. (1.3)
m=0

The method can still be applied if higher order derivatives appear in the expression of D or if
the dependent variable u is a vector or a matrix rather than a scalar, though we will provide an
introduction restricted to this case for simplicity. The adjective “dispersive” applied to D means
that we will impose all the constants a,, to be real, and that M > 1. This is imposed so that the
linear PDE

Du=0 (1.4)

admits a solution of the form

u(z, t) = ek k] (1.5)
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with a real w for any given real k, thus ensuring that |u(x,t)| is constant for that solution (and

in fact equal to 1).

The group velocity v(k) is defined in terms of the frequency w(k) as

M
14k)=(%£f)= N magkm (1.6)

m=1

h . . . . .. .
The operator a‘l—h in (1.1), where h is a non-negative integer, is introduced for convenience and
could actually be absorbed by F' or by u, however it is usually more convenient to keep it to
simplify the computation. The term F' in the right-hand side represents the nonlinear part of the

evolution PDE. We will assume that it satisfies the expression

[00]
F(eu,euy,...;eu eul,...) = Z emMF0) (uyuy, .. u uk ), (1.7)

m=2
where ¢ denotes a small parameter and F(™) is a homogeneous polynomial of degree m.

We will consider as our Ansatz a superposition of plane waves of the form

+00

u(z,t) = > e Y (E,7) (1.8)

n=—0o
where z is coming from the solution of the linear problem,
z =kx —w(k)t, (1.9)

and the amplitude modulation 1,, depends on the slow variables & and 7,

§=¢eP(x—Vt), (1.10a)

T = eq, (I.IOb)

where V' denotes the group velocity, V' = v(k).

The sum in the right-hand side of (1.8) has an asymptotic character, meaning that we do not need
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it to converge and we will only consider a few terms (e. g. |n| < 2) for our computations. The
constant k, which ultimately plays the role of a wave number can be chosen arbitrarily as it is
convenient. One of the important points of the computation are the values of the exponents ~,,,
p and g, since they have to be chosen in such a way that we obtain finite, non-trivial solutions in
the asymptotic € — 0 limit for the evolution of the amplitude modulations v, (£, 7) in the slow
variables ¢ and 7. The exponents p and q are required to be positive so that the nonlinear effects

in the limit of weak nonlinearity ¢ — 0 are finite.

Let us remark that when performing the computations for a particular system, further depen-
dences of ¢ may be required, either in the choice of k (e. g. choosing it as k = ko + ek1)
or in the form of ¢, (&, 7) (e. g. via relations like ¢, (¢, 7) = © & 71) + 5“"1/),(11)(5,7')).
These further introduction of £ may be necessary for cases where extra cancellations occur in

the computations, keeping us from obtaining non-trivial results at the leading order.

The idea is now to introduce the Ansatz (1.8) into (1.1) and compensate terms in the left and
right-hand side to present the same exponentials, to then take the limit € — 0 to obtain equations
for the 1, (&, 7), possibly after introducing some rescalings to the dependent and independent

variables to reabsorb constants and show the equation in a clearer form.

Let us illustrate the method by applying it to an example (the derivation was performed for this
work as an exercise; we do not know of a reference including this computation, though it is likely
there is some). We will consider the cubic nonlinear Klein-Gordon equation, which appears in

several fields of physics, especially in quantum mechanics (see [20]),
Ut — Ugy + u(l —uu®) =0. (1.11)

To apply the multiscale method, we will define a slow spatial variable X = ez and slow time

variables T = et and T = £2t, with ¢ « 1 a small positive parameter.

We will look for a solution in the form

u=5u1+52u2+53u3+... , (1.12)
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where the components are of the form u; = w;(x, X, ¢, T, 7). Then we can transform (1.11) into

our new variables by using that

Upe = €(U1) e + €2 [(uQ)m + 2(u1)$x] + 63[(U3)m +2(ug)zx + (ul)xx] +0(h), (1.13)

and

Ugp = E(u1)tt+.€2[(UQ)tt—i-Z(m)tT]+€3[(U3)tt+2(u2)tT—i—2(u1)tT+(u1)TT]+(’)(54) C(1.14)

We can define a differential operator £ as

£(¢) = Ot — Puz + @, (1.15)

and the nonlinearity as

N(g) = ¢*¢* . (1.16)

We can introduce the expression for  (1.12) and its derivatives (1.13) and (1.14) to rewrite

(1.11) as

0 =ceLl(uy) + & |:£(U2) + 2(u1 )i — 2(“1)93X]

+ e [ﬁ(us) + 2(u2)ir — 2(u2)ex + 2(u1)er + (u)rr — (U1)xx — U%UT] +0(eY).

(1.17)
At O(g), we have the equation
L(u1) =0, (1.18)
that is,
(u1)et — (U1)aw +ur =0, (1.19)
which, thanks to its linearity, is solved by a function of the form
uy(z, X, t,T,7) = AX, T, 7)e!**=t) 4 ¢cc. (1.20)
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where c.c. denotes the complex conjugate, and w has to satisfy the dispersion relation

wk) = VE2 +1. (1.21)

Inserting this solution into the equation at O(£?), we have that
L(ug) = 2i(wAr + kAx)e'F=D 4 cc. (1.22)

The left hand side has the same structure as the homogeneous problem and hence represents
a secularity. Because of that, we shall equal the right-hand side to zero, which gives the rela-
tion

U.)AT = —kAx, (1-23)

which means that the wave is propagating with group velocity

V=

ko,
—=uw'(k) (1.24)

in the slow variables. We can then introduce a new variable £ = X — VT so that A(X,T,7) =

A(&,7) and L(u2) = 0 in the equation above. That means we have
up = B(X,T,7)e'k=+) 4 ¢cc. (1.25)
We can now introduce our formulae for u; and uz into the equation at O(£3) to obtain

L(uz) = [inAT +(1—*)Age + |APA+ 2i(wBr + kBX)] etlho—wt) L) A2 AP ka—wt) e e

(1.26)
Again, we have a secular term if the term in front of ei(kz=wt) is non-zero. Imposing it to be
zero, we get the condition

wBT = —]CB)(, (1.27)

so again we can set B(X, T, 7) = B(&, 7) and the term vanishes. Moreover, from the vanishing



1.2. FUNDAMENTALS OF INTEGRABIL- CHAPTER 1. INTRODUCTION
ITY AND THE LAX PAIR

of the term above we get the additional condition
2iwA; + ww” Age + |APA =0, (1.28)

which happens to be the nonlinear Schrédinger (NLS) equation. Assuming w # 0 (which is true
for every real k£ by means of the dispersion relation (1.21)), we can divide the equation by 2w

and use that w” = w3 to get
. 1 L

We do not need to worry about the remaining term in (1.26), | A|2 Ae3*(**=%Y) gince in the general

case w(3k) # 3w(k), so the term is not in resonance with the homogeneous solution.

The NLS equation is indeed one of the most ubiquitous integrable equations that can result from
a multiscale analysis. A full classification of all the obtainable integrable systems in the simplest
case is available in [27]. However, additional equations may appear by allowing for more general
operators in the original equation, and more complicated expressions for the elements in the

method in terms of €. This is in fact an active field of current research (e. g. [103]).

1.2 Fundamentals of integrability and the Lax pair

The study of integrable systems has its roots at the very beginning of classical mechanics. Since
Newton formulated his well-known laws, both physicists and mathematicians have tried to find

exact solutions to the problems they model.

Newton himself managed to solve Kepler’s problem, but until several centuries later, only a
handful of simple problems were solved. It was not until the 19th century that Liouville made
a qualitative leap in the study of integrable Hamiltonian systems, giving a general framework in
what is called today the Liouville-Arnold theorem, allowing to find a primitive that defines the
dynamics of the system (see [10, 46, 118]). However, it took another century to develop quite

systematic methods to carry out this task.
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One of the earliest and most popular methods for that is the so-called classical inverse scattering
method, developed by Gardner, Greene, Kruskal and Miura in 1967, and first applied to solve
the Korteweg-De Vries (or KdV) equation (see [78, 126]). It can be seen as a nonlinear analogue
and in some sense a generalisation of Fourier analysis, and it is applicable to many completely
integrable infinite-dimensional systems. Methods for investigating integrability in a quantum
context were developed during the following decade by the Leningrad-St. Petersburg school,
headed by L. Faddeev along with several of his students, notably Korepin, Kulish, Reshetikhin,
Sklyanin or Semenov-Tian-Shansky (see [144]). Their work, connected with the theory of quan-
tum groups by Drinfeld and Jimbo, paved the way for the algebraic formulation of the problem
(in fact, solving the equations of motion became equivalent to solving the factorisation prob-
lem in the corresponding group, see [11]). This new formulation made it possible to unify in a
single mathematical framework the study of integrable quantum field theories and spin-lattice

systems.

The definition of what makes a system integrable is however not unique, and different authors
and trends within the field use different definitions, which depending on the setting may or may

not be equivalent (see e. g. [94]).

The Liouville-Arnold theorem deals with integrability in the sense of dynamical systems, mean-
ing that there exist invariant, regular foliations, i. e., foliations whose leaves are embedded sub-
manifolds of the smallest possible dimension, that are invariant under the flow. For Hamiltonian
systems this condition is equivalent to what is know as complete integrability, or integrability in
the sense of Liouville, which consists of having a maximal set of conserved quantities in invo-
lution, that is, such that the Poisson brackets between the different conserved quantities vanish.
For systems where the phase space is finite-dimensional and symplectic (which is equivalent
to the Poisson bracket being non-degenerate), the dimension is always even, say, 2n (where,
conceptually each position coordinate is associated to a momentum coordinate). In that case,
the maximum number of conserved quantities in involution, including the Hamiltonian itself if
the system is autonomous, is 72, so that if that amount is achieved then the system is completely

integrable. The leaves of the maximal foliation associated to the integrable system are totally



1.2. FUNDAMENTALS OF INTEGRABIL- CHAPTER 1. INTRODUCTION
ITY AND THE LAX PAIR

isotropic, and the foliation becomes Lagrangian (which in certain fields of physics is also known
as a foliation of branes). In the infinite-dimensional case, the system is required to have an infi-

nite number of conserved quantities in involution to be considered completely integrable.

In the case of autonomous Hamiltonian systems, the leaves of the foliation happen to be tori,
allowing us to use the natural coordinates of the torus to define canonical coordinates known as
action-angle coordinates that decouple the dynamical system, thus allowing to solve the equa-
tions of movement by quadratures (see e. g. [11, 46, 106]). For other cases of complete inte-
grability these coordinates can also be achieved, with the flow parameters acting as coordinates
of the phase space, and the system is still solvable by quadratures. This leads us to an alternate
definition of integrability, often called solvability, consisting on the ability to find exact solu-
tions in a closed form. Even though the solutions of completely integrable systems can always
be obtained by quadratures, said solutions need not be in closed form as generally understood,
and thus the concepts of completely integrable system and solvable system are not equivalent.
Note here that some authors employ the term “exactly solvable” to refer to completely integrable
systems, especially in the infinite-dimensional case, while others employ it with the vague def-
inition that the solutions can be expressed in terms of “known” functions. Due to its ambiguity
we will avoid using this terminology and keep the distinction between completely integrable and

solvable systems.

The geometric conditions imposed for integrability in the sense of dynamical systems can be
relaxed by allowing a definition of integrability in terms of local properties, instead of global
ones. Thus, a system is called Frobenius integrable if it features locally a foliation by maximal
integral manifolds. Through the Frobenius theorem, the condition for Frobenius integrability is
a necessarily and sufficient condition for the existence of compatible coordinate grids coming

from the different local manifolds (see [107]).

Another definition of integrability is the concept of Painlevé integrability (see [1, 5, 95]). A
system is said to be Painlevé integrable if it exhibits the Painlevé property, which means that
all of its movable singularities, that is, singularities whose location depend on the initial con-

dition, are poles of the solution. All other critical points, including logarithmic branch points

10
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and essential singularities, must be fixed no matter the initial condition. This can be checked by
means of the Painlevé test (see [153]). Painlevé integrability is a necessary condition for com-
plete integrability and for Lax integrability (explained in the next paragraph), although it is not
a sufficient condition. The Laurent series employed in the Painlevé test can be used to construct
auto-Bécklund and Darboux transformations, and is useful to identify the symmetry algebras of
the PDEs, which are in turn subalgebras of the Kac-Moody algebra and the Virasoro algebra
[12].

A further definition of integrability, which will be the one we refer to throughout the thesis
simply as “integrability”, is the definition of Lax integrability, which consists on the existence
of a Lax pair (see [26, 63, 108, 109]). The classical definition of a Lax pair, which we will refer
to as a Lax pair in operator form, is a pair of matrices L(t), P(t) whose entries are allowed
to further depend on the variables of the phase space and usually on an additional arbitrary
parameter known as the spectral parameter and usually denoted as A, and such that the equations

of motion of the system can be written as

dL

— = |P,L 1.30

o = DL (1.30)
where [P, L] = PL — LP denotes the commutator and P is an anti-Hermitian matrix. A

remarkable property is that the matrix L generates the set of conserved quantities

Cy =trLF. (1.31)
This follows from the fact that
el ktr <L ) = ktr (L**[P,L]) =0, (1.32)

due to the cyclicity of the trace. This also implies that the eigenvalues of L(t) are isospectral as

t varies. Because of that, all L(t) are similar for every ¢, so that

L(t) =U(t,s)L(s)U(t,s)" ", (1.33)
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for any ¢ and s, where the unitary matrix U (¢, s) is the solution of the Cauchy problem

%U(t, s)=P(t)U(t,s), U(s,s) =1, (1.34)

where 1 denotes the identity matrix. This fact is the basis of the inverse scattering method
(further developed in Section 1.3), which roughly consists on solving the eigenvalue problem
for L when ¢ = 0 (which will be associated to an initial condition for the system) to then let
the eigenvalues and eigenstate evolve using (1.33) up to an arbitrary ¢ and use the solution to

generate the corresponding solution for the system at time .

It is important to note that Lax pairs for an integrable system are not unique, and a system can

even be described by Lax pairs of different dimensions.

We will however employ a different, more modern approach to Lax pairs, usually referred to
as AKNS form (due to the renown paper [2]) and which we will simply call Lax pair in matrix
form. Let us consider a 1+1 dimensional PDE, that is, a PDE where the dependent variables de-
pend on two independent variables x and ¢ (extensions of this machinery for systems in higher
dimensions exist, but we will ignore them for the sake of simplicity). Let us also consider a
pair of matrices X and 7' whose entries are expressed in terms of the dependent and indepen-
dent variables and possibly of an arbitrary parameter A, which again we will call the spectral

parameter. We define the Lax equations associated to the pair X, T as the pair of ODEs

v, =XV, (1.35a)

Uy =TV, (1.35b)

where we have introduced a new dependent, matrix-valued variable ¥ (xz,t, X). We will say
that X, T' is a Lax pair for our PDE if it emerges as the compatibility condition of the Lax
equations,

\Ija:t = \Iltxa (136)

12



1.3. THE INVERSE SCATTERING CHAPTER 1. INTRODUCTION
METHOD

that is, our PDE is equivalent to the equality

X, — T, +[X,T] =0, (1.37)

which is also referred to as the zero curvature condition. As it happened with the Lax pairs in
operator form, Lax pairs in matrix form are not unique. In fact, there is a direct correspondence

between both formalisms, and one can be readily transformed into the other (see [125]).

The Lax pairs in matrix form are also employed in inverse scattering techniques. A brief intro-

duction to those techniques will be provided in Section 1.3.

1.3 The inverse scattering method

As explained in the section before, the inverse scattering method is one of the most popular
methods to obtain solutions for integrable systems. It makes use of the Lax pair formulation of
the system (either in operator or matrix form) to evolve in time some parameters of the system
(commonly called the scattering parameters) that then allow us to reconstruct the solution of
the system (see e. g. [1, 2, 3, 6, 26, 57, 131, 139]). Let us note here that we will not make
use of the inverse scattering machinery throughout the thesis, however it is presented here for
the sake of completeness and to illustrate some issues that do in fact occur when treating the

Yajima-Oikawa-Newell system. A basic scheme of the method would be

Direct scattering
e

Initial condition at t = 0 Scattering data at t = 0

Solution to the IVP Time evolution

Inverse scattering
Pkttt

Solution at ¢t = t; Scattering data at ¢t = t;

Let us consider a Lax pair X, T defining the Lax equations (1.35). For simplicity, we will

assume that X and 7" have the form

X\ =iXZ+Q, T\ = (iN* Ty +i\T1 + Ty, (1.38)

13
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where A is the spectral parameter, >, (), T, 17 and T are A-independent matrices, ¥ is a
constant, diagonal matrix, and Q(x, t) is an off-diagonal matrix. The compatibility condition of

the Lax pair (1.37) entails the PDE or system of PDEs under scrutiny.

We can start the method by looking at the solution of the first Lax equation, using the matrix X.

With our choice of matrices it reads
U, = (iN2+Q)V, (1.39)
which, provided the matrix ¥ is invertible, can be rewritten as an eigenvalue problem,
(iS7'Q —ixT10,) U = A (1.40)

We will then introduce the so-called Jost solutions ¥ (x, \) and ¢(x, \) of this ODE, which are

uniquely determined by the asymptotic conditions

Y(z,N) = e+ 0(1), T — +00, (1.41a)

p(z,\) =e M1 +0(1), - -0, (1.41b)

where 1 denotes the identity matrix, via Volterra integral equations (see [3, 63, 150]). From the

Jost functions one can also define the Faddeev functions M (x, \) and N (x, \) as

M(z,\) = ¢(x, )\)e_i)‘x , (1.42a)

N(z,A) = ¢z, e . (1.42b)

The individual columns of M (z, ) and N(z, A) provide us with a basis to construct the so-
called scattering matrix, which in turn we will be able to evolve in time using relatively simple

rules.

One of the delicate points, however, is the fact that the columns of M (x, A) behave well for

x € RY, while the columns of N(z,\) behave well for z € R™. We have then the task of
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“gluing” both solutions together to get a solution that behaves well everywhere. This process is

usually referred to as the Riemann-Hilbert problem for the Jost functions.

Once the scattering matrix for an arbitrary time ¢ is obtained, then the corresponding solution at
time ¢ is usually obtained through some variation of a Marchenko integral equation, also known

as Gelfand-Levitan equation (see [123]).

Since we will not employ inverse scattering analysis throughout the thesis, we will not delve
deeper into the theory and will refer to the references provided. However, let us note that all the

theory presented in this section works only when the matrix X is invertible.

Quite surprisingly, to the best of our knowledge there is no literature attacking the problem of
performing inverse scattering when X is a singular matrix, so that the problem cannot be trans-
formed into an eigenvalue problem, but a generalised eigenvalue problem. However, that is
precisely the case for the main systems we will treat throughout the thesis (the Yajima-Oikawa
and Newell systems, and its generalisation in the Yajima-Oikawa-Newell system). In such situ-
ation, the Jost matrices can still be uniquely defined with similar asymptotics as solutions of the
generalised eigenvalue problem. However, when obtaining the columns of the Faddeev func-
tions to construct the scattering matrix, the columns corresponding to zeros of the matrix X
vanish too, so one does not get enough vectors to cover for the dimension of the solution space.
Newell himself does perform an inverse scattering analysis for his eponymous system in [128],
however we were unable to reproduce the results in that work, and thus it remains unclear for us

whether he employed a general method that can be applied to general cases.

A way to circumvent that limitation requires heavy mathematical machinery of functional anal-

ysis, and is currently work in progress jointly with Cornelis van der Mee [32].

1.4 Introduction to stability

The stability of solutions of PDEs, that is, the property of a given solution to remain close to the
initial setting under small perturbations, is a classical problem in analysis and dynamical sys-

tems, of great relevance from both the theoretical and applied points of view. For linear systems,
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there exists a plethora of well-established results and techniques. For example, using Schur
analysis, the study of the stability of solutions of a linear system can be translated into studying

the eigenvalue problem of a matrix associated to the system (see e. g. [18, 96, 151].

The stability analysis of solutions of nonlinear evolution systems of integrable and non-integrable
type has been developed much more recently, and due to its complexity only certain kinds of per-
turbations of certain kinds of systems have been studied. For integrable nonlinear systems, one
of the main techniques makes use of the Floquet-Lyapunov theory to map the problem into a lin-
ear one, that can then be more easily solved (e. g. [4, 24, 138, 142]). However, for this analysis

to be applied, it is required that both the solutions and the perturbations be periodic.

Another popular line of research focuses on modulational instability, looking at the reinforce-
ment of the perturbations due to the nonlinearity and how this asymptotically affects wave trains.
In this context, modulational instability has been identified as a potential mechanism for the on-
set of rogue waves [13]. However, again only certain kinds of perturbations have been system-
atically studied: periodic perturbations (e. g. [52, 81, 83, 84]), random perturbations (e. g. [14])

or localised perturbations (e. g. [19]).

Let us illustrate a simple approach of this kind by applying it to a system we will further study

in Chapter 2, the Yajima-Oikawa system,

iSy + Syy — LS =0, (1.43a)

Ly =2(|S*)s (1.43b)

where S is a complex variable and L a real one, and the subindices denote partial differentiation.

The Yajima-Oikawa system admits plane wave solutions of the form

S(x,t) = ae? L=b, 0 =qr—uvt, v=q>+b, (1.44)

where a and b are real, constant amplitudes and ¢ is the wave number. We will introduce a
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perturbation in this solution by setting
S(z,t) =ae®(1+bn), L=>b1+pu), (1.45)
where n(z, t) and p(z,t) satisfy the system of PDEs with constant coefficients
e+ e + 2iqne —p =0,  p—2a>(ny +13) =0. (1.46)
Through standard Fourier analysis, we can construct solutions of this system of the form
n(x,t) = Ape + A* 70" p(z,t) = Be' + B*e " ¢ =kx—wt, (1.47)

where A, A_ and B are complex amplitudes, and where the dispersion relation w(k) is given

by the three roots of the polynomial

w

P(p)=p(p—2°—cip+co, p= e (1.48)
with
k2 a?
cl = () >0, co=4-—=, —00 < ¢y < +00. (1.49)
q q

Since it is a cubic polynomial, P(p) always has a real solution, and the other two solutions can
be either real or complex conjugate depending on the value of ¢; and ¢y (and thus on the value
of a, q and k). Based on our solution (1.47), we require w to be real for all real values of k
(otherwise, it would give rise to a real exponential that would consequently diverge for large ¢).
Hence, we will say that the system is stable for a given value of a and q if all three branches
of the dispersion relation w(k) are real for every real k. Otherwise, we will define the band of
instability as the set of values of k for which P(p) has complex conjugate roots. The endpoints
of the intervals in the instability band correspond to the zeros of the discriminant of P(p) with
respect to p,

D,(co,c1) = 4ch — 32¢3 + (T2¢o + 64)cy — 27cd — 32¢y . (1.50)
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All of these methods, however, are fit to study scalar models of nonlinear waves, but they do
not translate well to the multicomponent case, either because they become hugely convoluted
or because their very formulation is only properly defined in the scalar case. Thus, very little is
known in general about the stability of solutions of multicomponent systems. Moreover, they
do not take advantage of the potential integrability of the system, which could in turn simplify
or improve the calculations by using non-general machinery. In Chapter 5, we will introduce an
algebraic method which makes use of integrability properties of the system (in particular, of its
Lax pair) to investigate the stability of solutions in the linear stage, and which extends naturally
to the multicomponent case. A further advantage of this method is that, from the geometric
features of the resulting object, one appears to be able to predict the range of parameters for

which special kinds of solutions exist (in particular, solitons and rational solutions).

It is worth remarking an also fairly recent method for stability developed by B. Deconinck and
collaborators (see [47, 48, 49, 149]), in which they also use the Lax pair formulation to study the
stability of integrable systems in the linear stage. However, it is unclear how this method relates
to the one introduced in Chapter 5, or whether it can be readily extended to multicomponent

systems. This is an open line of research we are currently working on.

1.5 Aims and scopes

The present thesis covers several mathematical machinery for integrable systems by applying it
to a new integrable system we discovered and introduced during the PhD studies, which gener-
alises two very well-known integrable systems describing the interaction between long and short

waves: the Yajima-Oikawa system and the Newell system.

Some of the methods employed are newly developed, and at the present time our research on

them is still ongoing, trying to understand them in more depth and extend their applicabil-
ity.
In Chapter 2, we introduce the Yajima-Oikawa system by reproducing its derivation from phys-

ical principles, paying particular attention to its derivation from special resonant conditions
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through the multiscale method, and we provide a systematic review on previously obtained prop-

erties and solutions of the system, especially on those related to integrability.

In Chapter 3, we introduce the Newell system and reproduce its original derivation, which,
contrary to the Yajima-Oikawa case, does not rely on physical principles but is rather inspired
by equations of physical relevance. We then provide a review of results and solutions relating to

its integrability.

In Chapter 4, we combine the Yajima-Oikawa system and the Newell system into a more gen-
eral integrable system, which we call the Yajima-Oikawa-Newell system, by combining their
Lax pairs into a single one. Then, we employ an Ansatz approach to derive periodic solutions
(expressed as elliptic functions) and traveling waves (both solitary waves and rational solutions)

for the system, and derive a few of its symmetries and conservation laws.

In Chapter 5, we present the theory for our algebraic method to study the stability of solutions of
integrable systems, and apply it to study the stability of the plane waves of the Yajima-Oikawa-
Newell system, which turn out to be unstable for almost every choice of parameters. Some
conjectures are also proposed relating the geometric or topological properties of the stability
spectra to the existence of various kinds of solutions. Part of the proofs for this chapter are

presented separately in the Appendix A due to their length.

In Chapter 6, we give an overview of the theory for the Hirota bilinear method, and in particular
we introduce the method of 7-functions, which we then apply to obtain several special solutions
for the Yajima-Oikawa-Newell system, including bright and dark solitons, breathers, and rational

solutions.

Then in Chapter 7 we provide a review of the different results presented throughout the thesis

and how they related with our current lines of research.
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Chapter 2

Yajima-Oikawa Long Wave-Short

Wave System

The first model of long wave-short wave interaction that we are going to treat is a system pro-
posed by Yajima and Oikawa in 1976 [159] in the context of sonic-Langmuir waves, that is,

waves in plasma that interact with acoustic-type waves [99].

We will write the Yajima-Oikawa system as

iS; + Spr — LS =0,
2.1

Le = 2(15%)a,

where S is a complex variable representing the short wave, L is real and represents the amplitude
of the long wave, and the subindex z (respectively ¢) denotes partial derivation with respect to

the variable x (respectively ).

For the sake of completeness, let us briefly reproduce the original derivation of the system in

[159].
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2.1 Physical derivation

The initial point of the computation are the equations for Langmuir waves introduced by Za-
kharov in [162], that is, equations for an ion sound wave under the action of a high-frequency
field:

, 1

1By + iEm —-nkE =0,

2.2)
Nyt — Nga — 2(|E|2)xx =0,

where E(z,t) is the normalised complex amplitude of the electric field of the Langmuir oscil-
lation, n(x,t) is the normalised density perturbation due to the acoustic wave, and the space
and time variables x and t are also properly normalised to absorb additional constants in the

equation.

The key assumption for deriving the original form of the Yajima-Oikawa system is to consider
sound waves propagating in only one direction, e.g. in the positive x-direction, and with constant

sound speed, so that we can approximate
ng X —ngy, 2.3)

where the sound speed has been normalised to 1. From the approximation (2.3) we obtain the

relation
0 0 0

which we can introduce into the second equation in (2.2) to rewrite it as

ne + ng + (|E|?) = 0. (2.5)

In later papers, the n, term in (2.5) was dropped, thus leading to the form of the system we

introduced in (2.1).

Just a year after its introduction by Yajima and Oikawa in the context of sonic-Langmuir inter-
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action [159], the same system was introduced again independently in the context of capillary-

gravity waves by Djordjevic and Redekopp [58].

In that case, the starting point is Laplace’s equation for an irrotational fluid,

¢xm+¢yy+¢zz:07 _h’<Z<C7 (26)
subject to boundary conditions

¢, =0 at z=—h,
2.7)

¢z:<t+¢xgm+¢ygy at z=¢,

where ¢(x,y, z,t) denotes the velocity potential, A is the (constant) depth of the liquid, and

¢(x,y,t) is the position of the free surface of the fluid.
A multiscale approach (as explained in Section 1.1) was applied to this system, by assuming an
initial condition for ¢ of the form

W

tkx _ g%  —ikx
59 n sz(Ae A¥e ") (2.8)

C(.T,y,t = 0) =

where, physically, g is the gravitational acceleration, 7" is the ratio between the surface ten-
sion coefficient and the fluid density, and £ « 1 is a small (assuming weak nonlinearity), non-
dimensional parameter measuring the slope of the wave surface (hence giving the scale of the
wave envelope). The envelope A depends only on slow variables, and the frequency w depends

on the wave number & through the dispersion relation

2
w = \/gk <1 + kgT> tanh(kh) , 2.9)

obtained by substituting the Ansatz (2.8) back into the equation.

Choosing the right scale for the parameters
4
3

{zag(x—cgt), T =¢€3t,

22



2.1. PHYSICAL DERIVATION CHAPTER 2. YAJIMA-OIKAWA
LONG WAVE-SHORT WAVE SYSTEM

where ¢, is the group velocity,

cqg = Ow/0k,

and reducing the study to one-dimensional waves allows us to discern for ¢ the behaviour of
the free wave at the leading order with a long wave at 0(5%), that we denote by B({, 7), and

the short-wave contribution of the first harmonic at O(e), which is governed by the envelope
A&, 7).

Further analysis (see [58]) shows that the evolution equations for the system are singular in
the resonant case cg = gh, and the consequence is that, in order to avoid secular terms in the
multiscale expansion, the long wave evolves forced by the self-interaction of the short wave,
while the short wave is modulated by the long one. The equations for this dependence happen

to be

1A + pAgg = BA,

(2.10)
B; = _04("4‘2)57
where p is a dispersion coefficient
1
p= (k). @.11)
and « is defined as
1 k k2T

a= 51&”(1 - tanhz(kh)) [1 + 02%(1 - tanhz(k:h)) <1 + g)} : (2.12)

System (2.10) coincides with system (2.1) introduced before up to rescaling of the parame-

ters.

This last computation already shows us that Yajima-Oikawa can appear as a result of a multi-
scale approach of a different system. Indeed, this was not by chance, and Yajima-Oikawa is a
system that one can call general in the sense that it is the byproduct of multiscale analysis with
a rather general resonance condition, as explained in [59], among others. Let us reproduce their

computation.
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Let us consider a system with a dispersion relation with two branches. A good example of this
would be systems with an upper branch (e. g. of optical nature) and a lower branch (e. g. of

acoustic nature), which already reminds us of the capillary-gravity interaction.

We can think of our problem as two waves with very close wave numbers k + cx and k — ek,
with € « 1, that play the role of side-bands of the main wave k beating together to form a slow

variation. We can write this as a solution
¢ = 4a cos(kx — wt) cos[e(kz — Q)] , (2.13)

where ¢ is the variable for the upper branch, k£ and w are the wave number and frequency of the
fast main wave and « and € are the wave number and frequency of the slow modulation of the

side-bands.

The fast component of the upper branch is too fast to affect the lower branch, but the slow
component created by the beat of the side-bands can excite the lower branch. This in turn causes

the two branches, which would usually be independent, to be actually coupled.

Let us apply multiscale analysis to this system. We can write the equation of motion coming
from the upper branch as
0 0
LW ([ ) = N 2.14
where L(*) is a scalar differential operator in §/dx and 8/dt, and N is the variable corresponding
to the lower branch. To apply multiscale, we expand ¢ and N as

¢ =M 420 4 .
(2.15)

N==¢&n+...

and define slow variables X = ex, T = et and 7 = £2t. Expanding the equations of motion in
a Taylor series, we can separate the equations for the different orders in €. The first equation we
get is

LWeM) =0, (2.16)
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so we can take ¢(1) as

oM = AX,T,7)e" + c.c., (2.17)

where c.c. denotes the complex conjugate of the part before it. The second equation we get
is

w) O w) O
LWe? = - <L§ )87 + L )(3X> o, (2.18)

where Lgu) and Léu) denote the partial derivatives of L(*) with respect to the first and second
positions, respectively. As usual when performing multiscale analysis, in order to remove secular
terms, we need to move to the group velocity travelling frame, for which we define a new variable
& = e(z — ¢4t). By introducing this new variable into (2.18) (see Section 1.1 for more detail),
we can rewrite it as

2
L@ = L (5.7 10 40 e (2.19)
o \Taez T lor e '

where § and +y are constants and the last term comes from quadratic terms coupling ¢ and N in

(2.16), if they exist. Introducing the form for gb(l) in (2.17) into (2.19), we get the relation
iA; + BAge = 7An, (2.20)

where 3 and 4 are also constants.

Treating the equation of motion coming from the lower branch is more complicated. For that
reason, we will study as an example a case that appears for many optic-acoustic systems, such as
models in plasmas, where it behaves as a wave equation coupled to the upper branch through a
nonlinear driving term, so that the corresponding differential operator for the lower branch takes
the form

02 5 02

Lo - 7 _

=g A (2.21)

where ¢, is the phase speed for the waves in the lower branch. Changing variables from x and ¢
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to £ and 7 as introduced above, it becomes

10 _ 20,2 N 0.3 0 4 0
—S(Cg—cp)aig— ECgagaT"‘f ﬁ

(2.22)

Now, since N is of order €2, when we study the system at O(g?), looking at the right-hand side
of (2.22) the only terms that match the order are terms featuring 02| o) |2/0&2. The consequence
of this is that n would be proportional to | A|? and hence the lower branch would just follow the

motion of the upper branch and would not contribute towards the dynamics of the system.

However, we can remove this problem if we study the resonant condition ¢, = c¢,. With that
condition, the only possible coupling between the left-hand side and the right-hand side of (2.22)
is at order O(¢®). By doing some additional choice of coupling scale detailed in [59], the

resulting equation from the computation at O(e?) is

ne = o(|AP)e, (2.23)

where « is a constant. Note that (2.20) and (2.23) are again the Yajima-Oikawa equations as

presented in (2.1) up to rescaling of the parameters.

Remarkably, the Yajima-Oikawa system can also be derived via multiscale analysis from other
resonant conditions, for instance as a reduction of the Boussinesq equation [27, 28, 50], and it is

of application in more branches of physics, such as water waves [77, 135].

2.2 Integrability properties and solutions

A very important property of the Yajima-Oikawa system that will be key for our purpose is
that it is integrable (see Section 1.2). In their original paper [159], Yajima and Oikawa already
showed that the system they had obtained as written in (2.2) and (2.5) is integrable by providing
a Lax pair (in operator form), and applied the inverse scattering machinery [2, 78, 126] to obtain

multi-soliton solutions.

The system written in the form (2.1) is also integrable. Ma found in 1978 its Lax pair in operator
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form [121] based on the results in [58], and applied the classical inverse scattering techniques
to obtain soliton solutions (which can only go in one direction, as opposed to the ones proposed

for the original equation by Yajima and Oikawa in [159]).

In [111], a Darboux transformation for the system based on Ma’s Lax pair was introduced,
and soliton solutions were also obtained by recursively applying the transformation upon the
vaccuum solution. As for the ones introduced by Ma, these solitons can only move in one

direction.

A Lax pair formulation in matrix form for the system is also known [33, 45]:

XN =iAZ+Q, T\ = (iM)>*Ty + Xy + Ty, (2.24)

where A is the spectral parameter, X is the trace-less, diagonal matrix

¥ = diag{l, 0, —1} (2.25)

and the A-independent matrices (), A, B and C have the form

0 S iL 1 0 0
Q=10 0 s |, B=z|o0 20| (2.262)
—i 0 0 0 0 1
0 iS 0 0 S, 1i|S)?
Ti=|o0 o —is* |, To=| s 0o -is* |, (2.26b)
00 0 0o S 0

where the asterisk denotes complex conjugation.

In [156], a Darboux-dressing approach was employed to obtain breather and rational solutions
of the system via the introduction of an auxiliary version of the system featuring 4 complex

potentials.
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An explicit realisation of a rogue wave in the form of a rational solution for the system in the

form

1
z’St+§SM+LS=O,

(2.27)
Ly = (’5’2)96 )
based on the results in [156], was presented in [13]:
: T 1
G _ geilhz—wt) |1 _ Ut 5kt 3Em k)
(x—mt)2+n22+ 2 |’
(2.28)

n?t? — (x —mt)? + #

[(m —mt)? + n?t? + L]2 ’

4n?

L=b+2

where the real parameters a and b represent the amplitude of the background solution, the fre-

quency w satisfies the dispersion relation

=——b 2.2
w=5 —b, (2.29)

and the real parameters m and n are defined by

1 v
_ = _ 2 Z
m= < [5k 3<k: . zﬂ , (2.30a)
n=4++/@Bm—k)(m—k), (2.30b)
with k£ € R and
v = %k‘* + 6ka®, (2.31a)
1/
l=— (p —\/p? - 1/5> for k < —3(2a%)"3,
s (2.31b)
l= (—p + /P2 — 1/3) for 3(2a%)'3 < k < 3(2a%)Y3
_Le 1o 302
p= k" — = (27a% + 5k%)". (2.31¢)

System (2.27) can be transformed into the standard form (2.1) via different transformations, for
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instance
1 (2.32a)
r— ——=, 3la
V2
L——L, (2.32b)
S —2og, (2.320¢)
or
t— V2t (2.33a)
1
¢ — ——z, 2.33b
2 ( )
1
L—>——1L. (2.33¢)

In [35], Hirota bilinearisation techniques relying on reductions of the Kadomtsev-Petviashvili
(KP) hierarchy (which will be detailed in Section 6.1) were applied in order to derive rogue wave

solutions, which coincide with those introduced above in (2.28).

Hirota bilinearisation techniques were also employed in [45] to introduce rogue wave and breather
solutions, but also so-called “double pole solutions”, which can be interpreted as weakly bounded

groups of solitons with very close wavenumbers.

The rogue waves introduced above were also employed in [33] to model internal behaviours
in a stratified fluid under a resonant condition, which happened to follow Yajima-Oikawa-like

equations.

In the recent paper [116], periodic-background solutions were obtained for the system by com-

bining Darboux techniques with algebraic-geometric methods.

Auto-Bicklund transformations for a still integrable generalised 3-variable version of the system
were introduced in [157] and employed to construct periodic homoclinic connections of plane

waves.
Finally, several integrable generalisations of the Yajima-Oikawa equations have been proposed
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throughout the years (most of them from a mathematical perspective, whereas their physical
relevance is still to be investigated), including generalisations as vector systems [114], matrix
systems [115], systems with additional or modified terms [79], systems with more than two

equations and variables [156, 157] or systems in higher dimension [135, 62].
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Chapter 3

Newell’s Long Wave-Short Wave

System

The other classical long wave-short wave system that we want to introduce is the one proposed
by Newell in 1978 [128] as an integrable example of the family of long wave-short wave in-
teraction systems introduced by Benney a year before [16]. We will refer to this system as the

Newell system, and we will write it as

iSy + Sgz + (iLy + L* —20]S?) S =0, (3.1a)

Ly =20(|S%)., o°=1, (3.1b)

where, as in Yajima-Oikawa, S is a complex variable representing the short wave and L is the
real amplitude of the long wave. The extra parameter o, which was not present in Yajima-
Oikawa, is a sign splitting the equation into two different cases, that we can compare with
the focusing and defocusing regimes of the nonlinear Schrodinger (NLS) equation. Note that
in addition to the cross-interaction, different from the cross-interaction in Yajima-Oikawa, the
system features a self-interaction term in the first equation, similar to the self-interaction in the

NLS equation.
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We will proceed as in the case before and introduce the system by reproducing its original com-
putation, but in this case, contrary to Yajima-Oikawa, the derivation will be mainly mathematical
as opposed to deriving it physically from first principles. Indeed, to the best of our knowledge,
more than 40 years after its original derivation, the Newell system has never been derived from

first principles in a physical context in fluid dynamics or nonlinear optics.

3.1 Mathematical derivation

Let us start reproducing the derivation of Benney’s family of long-short interaction in [16].

Let us consider a triad of resonant waves whose wave numbers ki, ko and k3 and frequencies

w(ky), w(kz) and w(ks) satisfy the identities

ki — ko = ks, (3.2a)
w(ky) — w(ke) = w(ks) . (3.2b)
The first equation, (3.2a), is equivalent to
1 1
k1 = ks + §/€zy ko = ks — §kl7 ks = ki, (3.3)

where ks and k; will represent the wave numbers of the short and long wave, respectively. Note
that this setting is basically the same as the side-band modulations we introduced for the multi-
scale derivation of Yajima-Oikawa in Section 2.1. However, it is unclear whether there is a way
to relate the multiscale approach and the derivation that follows and hence to give the Newell
system a physical origin. This is indeed a relevant open question, on which we have plans to

work in the future.

Now we can write (3.2b) as
1 1
w <ks + 2k’l> —w <k‘s — 2k1> = w(kl) . 3.4
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We will now apply the long wave condition k; < kg, so that (3.4) gives us

k- V(ks) = w(ky), (3.5)

With this setting in mind, Benney proposes a rather general partial differential equation of the
form

u + L(u) = N(u), (3.6)

where u(x,t) is a displacement taking into account the short and long waves, £ is a linear

operator involving only z-derivatives,
an
L= — 3.7
; Cha 3.7)

and V is a nonlinear operator. In order to have a conservative system, we need L to only contain
odd spatial derivatives. We also need N to satisfy that both N'(u) and u/N (u) be expressible in

divergence form. Some simple forms for A/ that are acceptable are

N(u) = uu, (3.8a)
N(u) = Ulggy + 2UzlUzy (3.8b)
N(u) = UgUzzze + gz Ugzs - (3.8¢)

For the case (3.8b), the breaking of large amplitude long waves is permitted, so that at larger
amplitudes the long waves satisfy the Korteweg-de Vries (KdV) equation, while at small ampli-
tudes they are essentially nondispersive. In the other two cases the breaking of the long waves

is not permitted.

We want solutions of (3.6) made up of a long wave and a short one,

u(z,t) = %ul(x, T) + esus (X, T), (3.9)
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where u; and u, are long and short components, respectively, €; and €, are the slopes of the
long wave and the short wave, p is the ratio of the wave lengths, and X and T are slow vari-

ables.

The evolution equation coming from this computation will depend on the relative magnitudes of

€1, €s and p, so we will identify them with the triple (I, m, n), where
(€1, €5, 1) = (al,em,es”) , e«1, (3.10)

with [, m and n natural numbers and ¢ a small constant.

In order to obtain the evolution equation, we will assume the short wave us(X,T') to be periodic

with constant wave numbers,

us(X,T) = > 5, (X, T)e™?, (3.11)

n

where § = 6(X,T) and, in order for u, to be real, we set

S_p =Sk (3.12)

The interactions are weak, so that the system will be governed by the first harmonic, which we

will denote as S = S1(X,T), and the long wave L = u;(X,T).

With this, one can compute the evolution equations for different relative magnitudes of the pa-

rameters. For example, for the triple (I,m,n) = (3,1, 1), one obtains the equations

L+ c1Lx 204(‘5’2))(, (3.13a)

St + cgSx =€ (iBSxx + i7S*S* +idLS) , (3.13b)

with ¢1, a, 3,y and J constants, and ¢, the group velocity.

Now, the evolution equations that come from the different magnitudes are in general non-
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integrable. However, in [128] Newell found a system similar to the ones coming from Benney’s

computations that was indeed integrable.

He started with a system of the form

Sr —iKsSxx = (—K3Lx +iK4L* — 2i0K5|S|*) S, (3.14a)

Ly =20K1(|S|%)x, o=+1, (3.14b)

where K, Ky, K3, K4 and K35 are constants, and, as before, S(X,T") and L(X,T') represent

the amplitude of the long wave and the envelope of the short wave,
uw(X,T) =w(X,T) +us(X,T), (3.15)

with

w(X,T) = L(X,T), us(X,T)=5(X,T)e? +c.c. (3.16)
where 0 = kx — wt.

Note that (3.14) is assuming that the triad interaction as explained at the beginning of the section
is not direct, meaning that there are no |L\2 or LS terms in (3.14b) (which, as for the non-
resonant case in Yajima-Oikawa, would mean that the long wave follows the short wave simply

by resonance).

The reasoning for the terms in the equation is that |.S|2S is a rather general self modal interaction
while the term L?S would describe a frequency adjustment of the short wave due to a mean

current, and would arise from some u2u,, term in (3.6).

Now, equations (3.14) are using the most general choice of variables. However, through scaling
analysis one can normalise K1 = Ky = Ky = 1 without loss of generality (as long as they
are non-zero). It turns out in that case the system is integrable for K3 = K4 = 1 (in fact, for
integrability it suffices to have the condition Ky K3 = Ky K5 in (3.14), however once applied

that condition one can again rescale all the parameters to 1).
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Also in [128], a gauge transformation was introduced providing a simplification of the system.

Once applied the transformation
§ = Ge—i8 L) dy 3.17)

equation (3.14a) becomes

Sy —2LSx =iSxx . (3.18)

The form (3.18) of the Newell system is still integrable.

3.2 Integrability properties and solutions

Newell himself proved in [128] that the system as presented in (3.1) is integrable by performing
a classical inverse scattering analysis (see [2, 101, 129]). Through this analysis, he managed to

obtain soliton solutions of the form

L= , (3.19a)
£D(p)
S = 201 e~ x(9) =i (zotyo) —ip+i(e*+n*)T (3.19b)
D(p)

where £ and 7 are, respectively, the real and imaginary part of the spectral parameter, A = £ +1n,

xg and yq are arbitrary constants, and

=X —mxo+ 2T, (3.20a)
2\ ? o
D(p) =2 <1 + €2> cosh(2np) — — | (3.20b)
(4 2)
€2
' 7 P2\ 71 e
— n 2
sin (x(¢)) o ¢ (1 + §2> Do) (3.20c)
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1 1
2\ 21 2\ "1
n n -
1+= | e®—0o |1+ = e ¥
< €2> < 52)

cos (x(¢)) =

(3.20d)
D(p)

Newell’s system can also be presented through a matrix Lax pair formulation (which, to the

best of our knowledge, was not introduced in the literature before we presented it as a particular

choice in the Lax pair for the more general YON system in [30]) in the form

X\ =iAD+Q, T\ = (iN)*Ty + i\t + Ty, (3.21)
where
¥ = diag{1, 0, —1}, (3.22)
and
0 S oL 1 0 0 0 iS 0
i
Q=1 o65* 0 &% ,Tz=§ 0 -2 0| Ti=|ics* 0 —iS* [,
icL oS 0 0 0 1 0 —icS 0
(3.23a)
—io|S|? —LS +iS, i|S|?
To = | —oLS* —ioSH 2ic|S|? —LS* —iS¥ (3.23b)
i|S|? —oLS +i0S,  —io|S|?

A Hirota bilinearisation approach (explained in Section 6.1) was applied to Newell’s system in

[34] to study the rogue waves of the system in the form (3.18). In the same paper, the modula-

tional stability of the plane waves of the system was also studied, resulting in a full coincidence

of the conditions for baseband modulational instability and for the existence of rogue waves (as

also predicted in [13], see Chapter 5).
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Chapter 4

Yajima-Oikawa-Newell: A More

General System

Now that we have introduced the Yajima-Oikawa and Newell systems, their derivation and some
properties, let us delve into the actual system we are going to study: the Yajima-Oikawa-Newell
(YON) system, which unifies and generalises the two aforementioned systems, and which we

introduced in [30].

One of the big advantages of using this new system is that one does not need to study the Yajima-
Oikawa and Newell systems as separate systems. Instead, one can just obtain properties of the
YON system, which then translate immediately as properties of the other two. Furthermore,
in addition to having Yajima-Oikawa and Newell as subcases, YON system features an infinite
family of integrable systems depending on two non-rescalable parameters, « and /3, thus having
the potential to better model physical phenomena while remaining integrable. Let us follow its

derivation, as in [30].
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4.1 Mathematical derivation and integrability

Let us recall, for handiness, a couple of formulae for Yajima-Oikawa and Newell systems. The

form we take for Yajima-Oikawa is the system of PDEs

iS4+ Spr — LS =0,

“4.1)
L = 2(1S)z »
while for Newell we use the form
iS¢ + Spw + (iLy + L* — 20|S[*) S =0, (4.2a)
Ly = 20(|S))., ot =1, (4.2b)

where the absolute value of S represents the amplitude of the short wave, L is the amplitude of

the long wave, and o is a sign.

Both systems feature a Lax pair of the form

X(\) =i\ +Q, T(\) = (iN?Ty + i\ + Ty, (4.3)

where X and 7" are two complex 3-by-3 matrix-valued functions, A € C is the so-called spectral

variable, Y is the constant, traceless, diagonal matrix

10 0
¥ =diag{1,0,-1}=| 0 0o o |, (4.4)
00 —1

and Q(z,t) is A-independent and off-diagonal, that is, Q;; = 0 for j = 1,2,3, and @, with
j # k are complex-valued functions of = and ¢. 75 is also a constant matrix, while 77 and 7

are also A-independent and can be written as functions of X and Q.

In particular, as stated in [53] and explained later Section 5.1, for Lax pairs of the form (4.3),
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the only form allowed for 75, T and T} that avoids non-localities is

T

—Cs, (4.5a)

T, = —iCy — D2(Q), (4.5b)

Ty = Co — %[D2(Q)a Q)] —T'(D2(Qx)) — F([Dz(Q)v Q](O)> —iD1(Q),  (4.5¢)

where the matrices C; with j = 0, 1, 2 are constant and diagonal, the superindices (d) and (o)
denote respectively the diagonal and off-diagonal part of the matrix, the linear invertible map I"
acts on off-diagonal matrices as
M.
(CM)) ;= —= (4.6)

ik s — sy

where M is off-diagonal and s; with j = 1,2, 3 denotes the diagonal entry X, so that
[Z, DM)] = T([3,M]) = M, @7

and the maps D; with j = 1,2 also act only on off-diagonal matrices in the following man-
ner

D;j(M) = [C}, T(M)] = T([C;j, M]) . 4.8)
The proof for these formulae is provided in the Appendix A.

For Yajima-Oikawa, as presented in Section 2.2, the matrices above have the form

0 S iL 1 0 0
Q=10 0 S* [ T2=% 0 -2 0 [ (4.9a)
—i 0 0 0 0 1
0 iS 0 0 S, i|S)?
=0 0 -is* |, To=| s* 0 —iS¥ |, (4.9b)
00 0 0 S 0
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while, for Newell, we derived the Lax pair as

0 S oL 1 0 0 0 iS 0
Q=|os* 0 s | B=z|0 20| Ti=|ies 0o -ist |,
icL oS 0 0 0 1 0 —icS 0

(4.10a)
—io|S|? —LS +i8, i|S|?

To=| —oLS* —ioS* 2io|S|? —LS* —iSk |- (4.10b)
i|S|? —oLS +i0S,  —io|S|?

As usual (see Section 1.2), the Lax pairs generate the original systems of PDEs through the
compatibility condition

X, —T,+[X,T]=0. @.11)

Now, we can try to unify the two systems by combining their () matrices, given they have the

same Y. If we take
0 S L

Q= aS* 0o S* |, 4.12)
io®’L—if aS 0

where « and 3 are two arbitrary real constants, then using the relations (4.5) we can obtain the

matrices
1 0 0 0 1S 0
L=z|0 20 | Ti=|ias* o st |, (4.130)
0 0 1 0 —waS 0
—ialS|? —aLS + 1S, i|S|?
To=| —a?LS* + BS* —iaSH 2iar| S|? —aLS* —iS* |, (4.13b)
ia?|S|? —a?LS + BS + iaS, —ia| S|?

where we have used the same choices for the matrices Cy, C; and C5 as for the Lax pairs for

Yajima-Oikawa and Newell. Then, through the compatibility condition (4.11), we get the new
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system

iSy + Sgz + (iaLy + o®L* — BL —2a|S?) S =0, (4.14a)

Ly =2(|S]?) (4.14b)

T )

which we refer to as the Yajima-Oikawa-Newell (YON) system. It is integrable by construction,
given that it comes from the compatibility condition of a Lax pair. It reduces to Yajima-Oikawa
via the special choice of parameters « = 0, 8 = 1, and to Newell via the choice o = o,
B = 0 and the change of variable L — oL, where ¢ is the sign appearing in Newell’s system,

o= *+1.

The YON system is invariant under the transformation

1. -2 (2 -1)p% (c—1)8
(x,t,S,L) — <c x, ¢ “t, cexp [ZW:| S, cL — M) (4.15)

with ¢ # 0 an arbitrary real parameter. For the Yajima-Oikawa limit o — 0, the limit of the
transformation can be obtained by first applying the map ¢ — exp(—2a?c), yielding
(z,t,5,L) — (Px, c't, ¢3S, ¢ 'L) , (4.16)

while for the Newell case 8 = 0 the transformation becomes

(x,t,S,L) — (c_lac, ¢t ¢S, cL) ) 4.17)

4.2 Miura transformation

The idea of combining the Yajima-Oikawa and Newell systems was fueled by the claim in the
literature that both systems are related through a Miura transformation [119]. Similarly to the
Gardner equation, which generalises the Korteweg-de Vries and modified Korteweg-de Vries
systems [126], the existence of a Miura transformation is a good indicator of the potential exis-

tence of a more general integrable system encompassing them.
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The claim is that the paper [117] provides a Miura transformation from the Yajima-Oikawa
system into the Newell one. However, it is not claimed in the paper itself that the transformation
provided is indeed a Miura transformation, but a Darboux transformation, and a preliminary
analysis shows that there are some critical issues with assuming it is the former. The content of

this section is based on an ongoing correspondence with Annalisa Calini [23].

Let us consider the Yajima-Oikawa system (4.1) with the Lax pair given by (4.9). We will try to

relate it to the auxiliary system introduced in [117],

1
q = §(qm —uq), (4.18a)
1
,rt — 5(_rr-xx _|_ ur) R (418b)
u = (qr)z, (4.18¢)

where ¢, r and u are complex variables. System (4.18) is also integrable, and it admits the Lax

pair X1, 11, with

0 10
Xi=]lu+X 0 1], (4.19a)
r 0 0
%)\2 0 q
T = | gr %)\2 0o . (4.19b)
—Try T —%)\2

It reduces to the Yajima-Oikawa system for

t = —2it’, q=.5%, r=1iq"*, u=1L, (4.20)

where we have denoted the time variable of Yajima-Oikawa by ¢’ (i. e. S = S(z,t') and
L = L(x,t)). The condition r = i¢™* is referred in [117] as the reality condition (since it allows

for L to be real, and reduces the system to only two equations).

43



4.2. MIURA TRANSFORMATION CHAPTER 4. YAJIMA-OIKAWA-
NEWELL: A MORE GENERAL SYSTEM

A gauge transformation is then introduced for (4.18),

U =Ge, (4.21)

where @ is a solution of the Lax equations for the Lax pair (4.19), and G is the matrix

1 0 0
G=|-a 1 —¢]|- (4.22)
0 0 1

Then the target system is defined by U = XU, where
X = (G, +GX,)GL. (4.23)

This gives us a relation between variables

Uy + U+ G7 = u, (4.24a)
4z + qu = q, (4.24b)
r=r, (4.24¢)

which, according to [117], gives rise to the new system

JU e 9. 9.

G = 5 (dra + i @*q — §°F) (4.25a)
. 1, . 9. a9

Ty = §<_Txx + Up” +UTT +qr ) ) (4.25b)
N 1, ..

Uy = §(q7“)m. (4.25¢)

One can readily show that, if ¢, 7 and u satisfy (4.25), then the variables ¢, r and u given by
(4.24) satisfy (4.18). However, it is unclear how to obtain the system (4.25) starting from (4.18)
via (4.24) (which may mean that the transformation works from Newell to Yajima-Oikawa, and

not the other way around as often claimed in the literature).
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Furthermore, if one imposes the reality condition 7 = §* to (4.25), then the system reduces
to the Newell system (4.2) with o = 1. However, the reality condition to reduce (4.25) to the
Newell system does not seem to entail the reality condition to reduce (4.18) to Yajima-Oikawa,

which is a major issue to achieve a transformation between Yajima-Oikawa and Newell.

One can try and use a different approach to Miura transformations to construct one for our
problem, for example [148]. However, when one does so, a similar problem occurs, and the
condition for the reality of the long wave L in the Newell system seems to be incompatible with

the reality of L in Yajima-Oikawa.

We are currently investigating whether one can overcome these issues and define a Miura trans-
formation between the Yajima-Oikawa and Newell systems. At the time of the writing of the

present thesis, this is still work in progress.

4.3 Periodic and travelling wave solutions

Being integrable, the YON system is fit for specific, elegant approaches in order to compute
solutions, such as Hirota bilinearisation (which we will introduce later in the thesis) or inverse

scattering machinery (introduced in Section 1.3).

However, some interesting solutions can also be obtained through a less sophisticated approach

such as using an Ansatz. Let us recall our computations in [29] to obtain those solutions.

Let S and L have a travelling wave form, mimicking those of the NLS equation,
S(t,z) = s(2)e! @G Lt x) = £(2), (4.26)

where z = z — Vit with V' # 0 and w real constants which we will call the velocity and the

frequency, respectively, and s, ¢ and ¢ real valued functions of z.

Introducing this Ansatz into (4.14b) we get the equation

—45(2)s'(z) = VL(2) =0, (4.27)
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where the apostrophe denotes derivation with respect to z. We can now integrate (4.27) with

respect to z to obtain a formula for / in terms of s:
U(2) = —5>5(2)" + 1, (4.28)

where c; is an arbitrary integration constant. We can introduce the expression (4.28) into (4.14a)

and separate it into real and imaginary parts to obtain the system of equations

5(2)¢"(2) + 28’ (2)¢'(2) — [V + 47065( )2] s'(z) =0, (4.29a)

§(2) = 5(2)9/(2)2 + V 5(2)¢/ (2) + (a2¢% — Bey + w) 5(2)

2 402 4
+<V5— avcl—2a> s(2)3 +%s( 25 =0.

(4.29b)

for s and ¢. Let us multiply (4.29a) by ¢ and integrate with respect to z to get a formula for the

first derivative of ¢ as a function of s:
+cos(2)72, (4.30)

where ¢ is an integration constant. Now, we can use (4.30) to get rid of ¢ in (4.29b) and
transform it into an ODE for s:
s"(2) + W [V3 +4V (a & — Bey + w) — 8acy| s(2)
3a?

+ %(6 —aV — 2a261) s(z ) + vz s(2)° — cgs(z)_:3 =0,

(4.31)

which, again, we can integrate after multiplication by s, giving us a differential equation for

§'(2)? = _E [V3 +4V (a ¢ — Bey + w) — 8aca] s(z )2
) (4.32)
+ %(—ﬁ +aV +2a’%¢)s(2)* - %s( 2)% 4 2¢3 — 3 5(2) 72,

where c3 is an integration constant. Note that for the Yajima-Oikawa case oo = 0, the coefficient
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of 5(2)% becomes zero, making the equation lower order and leading to the Weierstrass elliptic
function (as opposed to the Jacobi elliptic functions we will obtain in general). We will only
consider the case o # 0, leaving Yajima-Oikawa to the broad literature on the subject (see

Section 2.2).

Let us then introduce the change of variable

v V(aV +2K0? —
%u(z) = 5(2)? — o, uy = (a —|—4a21a b) ; a#0, (4.33)
so that equation (4.32) transforms into
u'(2)? = —u(2)* + pou(2)? + pru(z) + po (4.34)

where
_ _LC:; N 402w —8a?V? — 5202 N o2+ 2a V3 (pg + 6w) — a® V3 — 342 Vc
Ho 203 4ot 203
2
1 5 52 [8% — &®(p2 + 4w)]
+4{2u1V+V <4w—()ﬂ>— "

(4.35)

and ¢, p1 and po are arbitrary real constants. Note that the number of arbitrary constants has not
changed, as the old set of integration constants cj, co and c3 can be expressed in terms of the

new constants ¢, (1 and pg as

c+ B
=0 (4.36a)
V2 932 2[y2 -9 4
o {c +6caV +28% +« [V (2 + W)]} . (4.36b)
16a3
VS ) 3 +2 2 +aV)— +aV 3
c3 = 2o+ 20 M;;COA V)~ (et V)] : (4.36¢)

As for ¢, the quadrature (4.30) becomes

alaV?—cV +a(ps + 4w)| — 8% + 20u(2)[c + 20V + au(z)]

?'(z) = 2a[c+ aV + 2au(z)] ' 4-37)
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In the case p; = 0, equation (4.34) admits periodic solutions in the form of Jacobi elliptic

functions. Let us compute them.

4.3.1 Jacobi elliptic sine solution

Let us assume u(z) has the form

u(z) = v + 10 (a(z —20), m) , (4.38)

where sn(z) denotes the Jacobi elliptic sine of z, and 7o, 71, a, 29 and m are arbitrary real

parameters with the constraint 0 < m < 1.

Now, if we introduce the solution (4.38) into equation (4.34) and set p; = 0, after some manip-

ulation we get the following polynomial in sn (a(z —2p), m) equated to zero:

—v3(m?a® +~3)sn? (a(z — 29), m) + 77 ((1 +m?)a® + ps) sn? (a(z — 2p), m)

1
+ Y1441 S0 (a(z — 20), m) — 1{20‘/30(3 + 4a2a4’y% —2ca’
(4.39)

+ (B — 40%w) + V228 + B — 4a’w) + [% — a®(a + 4w)]?

+ 2Va[63 + 3062 — 043,u,1 — 20042(u2 + 6w)]} =0,

where for simplicity we have already set yp = 0 since it results from the system of equations

explained in the paragraph below.

Since this equality must hold for every value of z, the only possibility is that all the coefficients
are identically zero. By doing so, we obtain a set of algebraic equations for the parameters w, m,
a, Y0, Y1, M2, and c. In particular, from the independent term of (4.39) one can get an expression
for w in terms of the rest of parameters. However, this expression turns out to always be non-real
for any choice of parameter, which contradicts our initial assumption that w is a real constant.
Hence, we can conclude that no solution of the form (4.38) exists starting from an Ansatz of the

form (4.26).
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4.3.2 Jacobi elliptic cosine solution

Let us now assume a solution with the elliptic cosine cn(z) replacing sn(z) in (4.38). Then,
going through the same computation as (4.39) and solving the system of equations for the pa-

rameters, we obtain that the solution has the form
u(z) = macn (a(z — 20), m) , (4.40)

and that

o = (2m? — 1)a?, c=b—aV, (4.41a)

and

1
w= {287 + 207 [a*(1 - 2m?) — 2V?] + da Vb +
8a (4.41b)
+ /(b — 2ama) (b + 2ama) [b2 + 4a2(1 — mQ)aQ]} ,

where m, zg, a # 0 and b are real parameters with 0 < m < 1. Introducing the solution (4.40)
back into the Ansatz (4.26) via the change of variable (4.33), we get the following solution for

the YON system:

S(ayt) = Leitoteenn| - |+ 2me I;S( —z).m)]

B —aV —2maacn <a(z - zo),m>

L(x,t) = 507 , z=x—Vt, (4.42b)

: (4.42a)

where ¢(z) satisfies the quadrature
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¢ (z) = 4104{134- 2« [V + macn (a(z — zo),m>]

N V(b= 2ama) (b + 2ama) [b2 + 4a%(1 — m2)a?]

} (4.42¢)

2maa cn (a(z — 20), m) +b

where the sign in front of the square root must be the same sign chosen for w.

Let us note that, in addition to the arbitrary coupling parameters o and S coming from the YON
system (4.14), the solution (4.42) features five additional real parameters —namely a, b, m, V,

and zg,— with a sixth one coming from the integration of (4.42c).

We now need to do one last check. In order for our computations to be true, we need our initial
assumption that s, ¢ and w are real to be true. However, our formulae feature square roots that,
depending on the values of the parameters, may become imaginary. Hence, we will need to
check the sign inside each of the square roots and impose constraints on the parameters to make

sure they are all positive. These constraints turn out to be

>2m, Vb=0. (4.43)

Additionally, in the special case m = 1, the value b = 0 is allowed as long as aVa > 0. We

will treat that special case in Section 4.3.4.

Let us now obtain a few properties of the cnoidal solution. Its short wave |.S| oscillates between

the values
1 /V(b
1 [V (b+ 2maa) and
2 o?

1 JV(b—2maa)

. , (4.44)

(07

that is to say, |S|? oscillates with an amplitude |Vma/a

, whereas the long wave L oscillates

between the values

B8 —aV —2maa B8 —aV + 2maa
and

902 902 ) (4.45)

that is to say, with an amplitude |2ma/«/|. Both S and L are periodic in 2 with period [4K (m)/al
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and in ¢ with period |[4K (m)/(aV')|, where K (m) is the complete elliptic integral of the first
kind of m,

B df ! dt
K = = . 4.46
(m) fo A/1—msin?6 J;) A/ (1 —2)(1 —mt?) (.40

2 2
15 15
2
1 1
15 0.5 0.5
- 0 - 0
1 -0.5 -0.5
p p
0.5
1.5 1.5
0 -2 -2
2 -1 0 1 2 2 -1 0 1 2
x x
(a) Short wave |S|. (b) Long wave L.

(c) Short wave profile at ¢t = 0. (d) Long wave profile at ¢t = 0.

Figure 1: Elliptic cosine solution with a = 1, 5 = 2,V = 1.2,b = 5,a = 1.3, 29 = 0,
m = 0.5.

Finally, let us note that two special solutions appear when taking the particular choices m = 0
and m = 1. When m = 0, the elliptic cosine reduces to the trigonometric cosine, so the solution
becomes a plane wave. For the choice m = 1, the elliptic cosine reduces to the hyperbolic

secant, hence leading to a localised solution, which we will cover in Section 4.3.4.
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4.3.3 Jacobi delta amplitude solution

We will now proceed as above but using the Jacobi delta amplitude dn(z) instead sn(z) or cn(z)

in (4.38), thus obtaining the following solution to (4.34):

a

u(z) = o dn (ol = z0)m). (447)

with

2 2
we=\pz-t)a, e=b-aV, (4.482)
m
and
1
- W{2a2[ —2V?m® + (m? - 2)a®] + 4VmPab + m*(26% + 0°)

(4.48b)

+ 1/ (mb — 2ac) (mb + 2aa) [m2b% — 4a2(1 — mQ)az]} )

where, as in the previous case, m, zg, a # 0, and b are real parameters with 0 < m < 1.

Again, we can undo the change of variable (4.33) to get a solution of the original system,

14 [mb + 2aadn (a(z — 20), m)]

1,
— Zeip(z)—wt)
S(z,t) 5¢ " ) (4.49a)
m(f—aV)—2aadn (a(z — 20), m)
L(x,t) = , z=x—-Vt (4.49b)
2ma?
where ¢ satisfies the quadrature
¢ (z) = 1 2Vma + mb + 2ca dn <a(z — 2p) m)
dma ’
4.49
N v/ (mb — 2aa) (mb + 2aa) [m2b2 — 4a2(1 — m2)oz2]] (445¢)
B 2aa dn (a(z — 20), m) + mb ’

where the sign in front of the square root must coincide with the sign chosen for w. Similarly to

the cnoidal solutions, the dnoidal solutions feature five arbitrary real parameters —namely a, b,
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m, V, and zp,— with a sixth one coming from the integration of (4.49c).

As with the cnoidal solutions, we need to check the sign inside the square roots involved in
the formulae above to ensure that all the variables are real. In this case, the constraints on the

parameters turn out to be

1—-m b 1—-m
< — <2
2 aa m

2 aVa>0, O<m<1. (4.50)

m

m

Additionally, it admits the special values a% = —24/ 1%—2” and % =2 for0 <m < 1. We

will treat the special case m = 1 in Section 4.3.4.

Let us also introduce some properties of the solution. It is periodic in x for both L and |.S| with
period |2K(m)/al, and in ¢ with period |2K(m)/(aV')|, where K (m) is the complete elliptic
integral of the first kind of m as written in (4.46). The phase of S is also periodic, with period

4K (m)/al.

As for the amplitudes, the short wave |S| oscillates between the values

d 1 [V(2aa + mb)
ma? an 2 ma?

5 : 4.51)

1\/V[2aa(1 —m)"2 4 mb]

that is to say, the oscillations in |S|? have an amplitude |Va(1 —+/1 —m)/(2c)|, whereas the

long wave L oscillates between the values

m(f—aV)—2aa and m(f—aV)—2aay/1—m

2ma 2ma?

: (4.52)
that is to say, with an amplitude |a(1 — /1 — m)/al.

4.3.4 Traveling waves: Solitons

Let us now study the special choice m = 1 in (4.40). In that case, the period of the elliptic
cosine diverges, and hence the solution becomes localised. The resulting object is of solitonic

nature, and can be either bright or dark.
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(c) Short wave profile at t = 0.
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(d) Long wave profile at t = 0.

Figure 2: Delta amplitude solution witha = 1,58 =1,V =2,b=9,a = 3,29 = =2, m = 0.5.

The generic solution coming from the cnoidal one when m = 1 corresponds to a dark soliton of

the form
1 % [b + 2aa sech (a(z - Zo))]
S(x,t) = ée’(¢(z)_Wt) ; (4.53a)
B —aV —2aasech (a(z — zo)>
L(z,t) = 507 , z=z—-Vt, (4.53b)
w= % [2/52 — 2022V + a2) + 4Vab + b% + /bt — 4a2a262] , (4.53¢)
a
with
Z— 20 a
o(z) = <2a V 4+ b £ sgn(b) \/m> + arctan (tanh <—(2 — zo)>>
da 2
(4.53d)

(b — 2aa) tanh <%

F sgn(b) arctan (
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where the phase ¢ is an arbitrary integration constant, and the sign function satisfies sgn(0) =

0.

As a direct consequence of (4.43), and as it can be observed from the formulae above, the con-

straint on the parameters that ensures the validity of the soliton solution is, when b # 0,

aa

>9. (4.54)

As mentioned before, when m = 1 the special choice b = 0 is also allowed by the system. In

that case, the phase becomes

V (z — 20)

b(z) =

+ arctan (tanh (g(z — zo)>> + ¢, (4.55)

and the soliton in .S becomes a bright one.

over the back-
—aV
202

Note that both amplitudes and the background of S do not depend on 3 at all, while they all

1|V
As for the amplitudes, the square of the short wave, |S|2, has an amplitude 5 ‘a
o

Vb
ground
4o

, whereas the long wave L has an amplitude _¢ over the background
!

depend inversely on «.

By construction, both S(x,0) and L(x,0) are centred at x = z(, whereas S(z, ty) and L(z, t()

for a given tg are both centred at x = zg + V'tp.

Whenever b = 0, the short wave .S has zero background (and hence is of bright nature), whereas
for V.= f(/a, the long wave L has zero background. When both equalities are true one has
a bright soliton solution, and when both are false the solution is dark. When only one of the

equalities is true the solution is mixed bright-dark one.
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The resulting formulae for the fully bright case is

. Basech (a(z — zp)
S(z,t) = */—ie“‘ﬁ(z)—wt) ( 5 " ) , (4.56a)
2 o
a sech —
L(z,t) = — <a(2 ZO)> , z2=x— ét, (4.56b)
« «
82 + a2a?
w=-E23% (4.56¢)
o(z) = ﬁ(z2——azo) + arctan (tanh (g(z - zo)>> + ¢ . (4.56d)

A similar computation can be carried for the dnoidal solution (4.47) by taking the limit m =
1. However, the resulting formulae are the exact same soliton formulae that resulted from the

cnoidal case.

-
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1

-
o

;
9 9
8 8
7 0.5 7 0.5
6 6
- 5 « 5
4 4
3 0 3 0
2 2
1 1
0 -0.5 0 -0.5
-40 -20 0 20 40 -40 -20 0 20 40
z z
(a) Short wave |S]. (b) Long wave L.
1 0
09r ! -0.05
08r ! -0.1r
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@05 =025
0.4r ! -0.3r
03r q -0.35
02f ] 04T
0.1r ! -0.45
0 - -0.5
-50 0 50 -50 0 50
x x
(c) Short wave profile at t = 4. (d) Long wave profile at t = 4.

Figure 3: Bright soliton solution, with @« = 0.5, 5 = 2,a = 0.25,b =0,V = 4, zg = —20.
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4.3.5 Traveling waves: Rational solutions

We can obtain further types of solution by making different choices of parameters in our original
differential equations. Let us get back to (4.32) and make the choice ¢; = c3 = c3 = 0. Then,

the equation becomes
(aV —B) + 3V—(av - 5)2] : (4.57)
It can be solved through an integration process,
fo 3v3a?lof ¢ = J_r\/?z. (4.58)
. (V(aV = 5) — 302232 v

By computing the integral, solving with respect to s(z) and introducing it into the formulae for

¢(z) and ¢(z), we get the solution

Z i(p(z)—w V (OéV — /8)3
S(at) = e (é(2)—wt) \/ e g (4.59)
_ 3.2
Lz, t) = 2aV - B)’2 r=x—Vt, (4.59b)

" 3a2[9a2 + (aV — B)222]°

a2V?2 —8aBV + 4532
1252 b , (4.59¢)

¢(z) = arctan ((anfﬂ)z> + <‘2/ + aVB; B) z+¢o, (4.594)

w =

where the phase ¢ is an arbitrary integration constant. As in the cases before, one needs to
check the inside of the square root involved in S to ensure it is a positive quantity. That entails

the following constraint for the parameters:

ViaV —8)=0. (4.60)

The short wave |S| turns out to be a dark rational solution with an amplitude depression of

\/V(aV — B)/(3a2) propagating over a non-vanishing background /V (aV — B)/(3a2) (that

is, the minimum is at zero), whereas the long wave L has an amplitude 2(aV — 3)/(3a2) over
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the asymptotic background —2(aV — 3)/(3a?) (again meaning that the peak is at zero, either
growing from a negative background or decreasing from a positive one). Also note that the
profile of the short wave is that of a peakon, produced by the non-differentiability of the arctan

function inside the phase, while the profile of the long wave is akin to a soliton.
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9 0.25 9 -0.25
8 0.2 8 0.2
7 0.15 7 0.15
6 0.1 6 0.1
=5 0.05 =5 0.05
4 4
0 0
3 3
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2 2
04 -0.1
1 1
0 0.15 0 -0.15
-20 -10 0 10 20 30 -20 -10 0 10 20 30
xT x
(a) Short wave |S]. (b) Long wave L.
0.3 T T T T T T 0
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0 : : : : : : -0.16 ‘ : : : :
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(c) Short wave profile at t = 4. (d) Long wave profile at t = 4.

Figure 4: Rational solution witha =2, 3 =1,V = 1.

In the special case 8 = 0, that is, going back to the Newell system (3.1), the rational solution

_ 2 iee-en, |V
S(z,t) J3a € TR (4.61a)

2132

becomes

Liz.t) = ——2~ = =x—-Vt 4.61b
V2
3 V  aV
= — -+ — 4.61
o(2) arctan(vz> + (2 + 3a)z+¢0’ (4.61d)
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and the constraint on the parameters (4.60) becomes

a>0. (4.62)

Note that taking o > 0 is equivalent to making the choice of sign ¢ = 1 in the Newell system,

showing that the two choices of sign are most likely intrinsically different.

To the best of our knowledge, this was the first time such a rational solution was derived for the

Newell system (3.1).

Another special solution can be obtained by taking the extra choice of parameters w = —c?/4,

in addition to ¢; = ¢y = ¢3 = 0. The quadrature for s(z), (4.32), then becomes

o2

§'(2)% = _WS(Z)4 [5(2)2 — %(av — ﬁ)] , (4.63)

and an integration process similar to the one before leads to the solution

_i((z)—wt) V(aV —B)

S(z,t) =e \/a2 (aV )R (4.64a)
_ 2(aV = p) o

L(t,z) = ToZ (aV = Bt z=x—-Vt, (4.64b)

w=—c/4, (4.64¢)

o(z) = %z + arctan <W> + ¢ - (4.64d)

As before, the constraint after checking the square root is

ViV —8)>0. (4.65)

This is a bright rational solution, where the short wave |S| and the long wave L have amplitudes

\/V(aV — B)/(a?) and —2(aV — B)/(a?), respectively, on a zero background.

Again, to the best of our knowledge, it is also a novel solution of the Newell system once taken
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B = 0, and again it is only valid for o > 0 (that is, for o = 1).

4.4 Symmetries and conservation laws

As the last part of this chapter, we will obtain some additional properties of the YON system
related to symmetries and conserved quantities. Namely, we will first study the Lie point sym-
metries of the system, which are continuous transformation groups that map every solution of

the system into another solution.

Afterwards, we will proceed to study the conservation laws of the system. Since it is integrable,
it allows infinitely many conservation laws. However, we will just derive a few explicit ones by

studying multipliers.

4.4.1 Lie point symmetries

Let us start with the Lie point symmetries. The computations that follow were done as part of
the collaboration for [29] although they did not make the final version of the paper. In order to
perform the computation we will need all the quantities and variables involved to be real. Hence,
since S is complex, we will split it into real and imaginary part, S(x,t) = Si(x,t) + iSa(x, t),
introduce it into (4.14a) and also split the equation into real and imaginary part. By doing so,

we are able to rewrite the YON system as a system of 3 real PDEs, which we will denote

.7:1 =0, .FQZO, .F3=0, (4.663)
where
Fy = —Say + S14x + @*L*S) — BLS) — 225153 — 28} — aL,Ss, (4.66b)
Fo = S14+ Sozz + LSy — BLSy — 2aSy — 205285 + a* L2 Sy, (4.66¢)
Fs =Ly —2(SF + 95).. (4.66d)
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We say that the 1-parameter group of transformations

E:E(l',t,Sl,SQ,L,ﬁ), T =z(x,t,51,592,L,¢e),

§1 = gl(x,t, Sl,SQ,L,E), 52 = gg(x,t,sl,SQ,L,E), L= E(x,t,Sl,Sg,L,e),

acting on a subset of R? and depending on a real continuous parameter ¢, is a Lie point symmetry

of (4.664) if its infinitesimal generator

0 0
X = — 4.67
S T T Mgg TR ag T (4.67)
where
T ot
ng(fﬂ,t,sl,SQ,L,é‘) = A ) =T($,t,Sl,SQ,L,€) = A ;
Oe =0 oe =0
oS oS
m Enl(xataslst7L7€) = 71 n25U2($,t,Sl,SQ,L,€) = 572 ’ (468)
_8 e=0 € le=0
oL
n3 = 773(.%', t, Sla 527 L7 5) = A
Oz e=0
satisfies the invariance condition
X®F, =0 whenever F; =0, i=1,2,3, (4.69)
where the second prolongation X (?) is given by
0 0 0 0
x@ — x 4 p@) (t) (z) (t)
+771 aS +771 aS +772 aS +772 8512’1‘/ (470)
L@ 0w 2 +77( DN O '
3 aL aSl,x:}: 2 852,:1:9: ’
where the extended infinitesimals are found through the formulae
0" = Danj — (D2€)Sj — (Da7)Sje (4.71a)
" = Dy — (De€)Sj0 — (De) St (4.71b)
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") = Dunjiay — (Du)Sjne — (DaT) St (4.71c)
for j = 1,2, and
" = Dyns — (Dp€) Ly — (Der) Ly (4.71d)
77:(;t) = Din3 — (Di§) Ly — (Dy7) Ly, (4.71e)

with D, and D, denoting the total derivative with respect to x or ¢, respectively.

The invariance condition (4.69) leads to an overdetermined system of linear equations for the in-
finitesimals &, 7 and 7); and its solution leads to a unique determination of Lie point symmetries,
see [136]. By employing a computational approach as described in [40, 41, 42, 43, 44], we can

obtain, for every choice of the parameters o and 3 in (4.14), the vector fields

4 d Xs= -0 5O : (4.72)

X
! ot’ 051 052

I
|
&
I
|

which correspond, by making use of the exponential map, see [136], to translations in z,

(z,t,51,52,L) = (x +¢,t,51,52, L), (4.73)

translations in ¢,

(z,t,51,52, L) = (x,t +¢,51,52, L), (4.74)

and rotations around the origin in the (S7, S2)-plane,
(z,t,81,82, L) = (x,t,S1 cose + Sosine, —Sy sine + Sy cose, L), (4.75)
respectively. One can obtain additional Lie point symmetries by taking special choices for the

parameters. If o # 0, then we have the additional generator

ol e @ 2% Sy 0 S 420%5 0 20°L-8 0
LT T e o2 05, o? 05, o2 oL

. (4.76)
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which corresponds to the transformation group

2 2
S1e7% cos (5 > + Spe % sin </82€> ,
o

4.77)
52 2 B
—S1e % sin + Soe™“® cos —€
O[ (6]
p L 5 —2
? 1-— 56 € + Le € .
[') ] X1 X2 X3 X4
X]_ 0 0 0 2‘Xrl
X, | 0 0 0 |4Xo— 2 X,
X3 0 0 0 0
Xa | 2% | 4+ 5] 0 0
Table 1: Commutator table for o # 0.
If « = 0 and 8 # 0, then we also have the generators
0 0 0 0 0
X5 =4t— +2 - 35 — 35 4L — 4.78
e T A TR S T T (4.782)
8 0 0
X¢ = pBtS tS 4.78b
6=270 235 — BtS1=5 5, +a7 ( )

The generator X5 is associated to a transformation group corresponding to a scaling transforma-
tion,

(Z,t, 51,5, L) = (e*x, et e85, 6738y, e L), (4.79)

which was already introduced in (4.16), whereas the transformation group associated to Xg is

given by

(z,t,81,82, L) = (x,t, Sy cos(Bte)+ Sy sin(Bte), — Sy sin(Bte)+ s cos(Bte), L+<) , (4.80)

and it corresponds to a precession with frequency e around the origin in the (S, .S2)-plane.
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[L]] X1 | X2 | Xs]| X5 | Xe
X: | 0 0 0 | 2X; | 0
X2 | 0 0 0 | 4X> | BX;
Xs | 0 0 0 0 0
X5 | —2X1 | —4X2 | 0 0 | 4Xs
Xe | 0 | —BX3| 0 | —4Xs| 0

Table 2: Commutator table for « = 0, 8 # 0.

4.4.2 Conservation laws

As stated before, one of the key properties of integrable systems is that they possess an infinite
number of linearly independent conserved quantities. Although there exists specific machinery
to compute them for the special case of integrable systems, such as using Lenard chains, which
allow one to obtain the conserved quantities via recursions (see [122]), as for the rest of this
chapter we will ignore the integrability of the system and apply a standard method in order to
obtain a few explicit conservation laws following [29]. A conservation law is a relation of the
form

pe+ fe =0, (4.81)

where p = p(S, L, Sy, Ly, ...) is the density and f = f(S, L, Sy, Ly, ...) the corresponding
flux, respectively. The second equation of the YON system, (4.14b), is trivially a conservation

law of the system, with

po =1L, (4.82a)

fo=—2|9. (4.82b)

As stated in [7, 8, 9], conservation laws correspond to symmetries of the equation, but in many
cases those symmetries may turn out to be non-classical or even non-local. When Noether’s the-
orem can be applied, the correspondence between conservation laws and symmetries are made

explicit; however, in order to apply it one needs to write the system in a variational formula-
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tion, which we were unable to find. Because of that, we will employ the multiplier method (see
[7, 8,9, 136]), which consists on finding a vector g = (g1, g2, g3), called multiplier, depending

on S, L and their derivatives up to a fixed but arbitrary order, such that

og1&1 0ga€a 0933
53 =0, 59 =0, 5L =0, (4.83)

where

&1 =Sy + Sz + (iaLy + o°L* — BL —2a|S1?) S, & =FF, &=L —2(59).

(4.84)
are the equations in YON system (and its complex conjugate for the complex equation), and
where §/du denotes the variational derivative with respect to the variable w. If a multiplier g like

that can be found, then it ensures the existence of some p and f such that

pt + fo = g1E1 + g2&2 + g3E3 = 0. (4.85)

By using the specially designed GeM software package for symmetries and conservation laws
(see [40, 42, 41, 43, 44]), one can, for any choice of o and 5, compute pairs of conserved

densities and fluxes depending on derivatives up to second order, namely

pr=5L*=|SP, (4.86)
fi = —2aL|S|* — 2 Im(S*S,); (4.86b)
pa = 20°L|S|? — B|S|*> + 2a (S*S,), (4.87a)
fa = 2a|S,|* — 2a Re(S*Sy,) + 40°L Tm(S*S,) — 23 Im(S*S,.) ; (4.87b)
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2
p3 =2a%tL|S|? + %xL2 — ng — Bt|S|? — ax|S|* + 2at Tm(S*S,), (4.88a)
fz = — 2022 L|S|* + Bx|S|* + 40*tL Tm(S*S,) + 2at|S,|* — 2ax Tm(S*S,)  (4.88b)

— 208t Im(S*S,) — 2at Re(S*Szz);

1
4 =§a5L4 — 202 L2|S)? — a®BL3 + 203|S|* + 403 L Tm(S*S,) (4.89a)

1
- iagLfc + 262%S|% — 4aB Im(S*S,) + 4a?|S.|?,

f1=603BL2|S|> + 8 L|S|* — 4a?B|S|* — 40B8|S4|? + 403 L|S,|? (4.89b)
— 40°L3|S|? + 8a3| S| Im(S*S,) + 452 Im(S*S,) — 4a*L? Tm(S*S,)

+8aL, Re(5*S,) + 408 Re(S*S4z) — 40®L Re(5*S,,) + 8a? Im(S*S,,).
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Chapter 5

Stability of Plane Waves for the YON

System

Once we have studied some basic properties of the YON system in the previous chapter ignoring
the fact that it is integrable, now we will devote to the study of the stability of its solutions
(see Section 1.4). In this case we will make use of its integrability properties by following the
stability method introduced in [53], which makes use of the Lax pair of the system (4.3) to
systematically construct local perturbations of solutions (namely, of plane waves, though we
plan to extend the method to broader kinds of solutions) and study their stability in an algebro-
geometric framework through the so-called stability spectrum. The theory on this method will

be presented in Section 5.1.

This algebro-geometric method had already been applied to the study and completely charac-
terise the instabilities of plane waves in the vector nonlinear Schrédinger (VNLS) equation (see
[53, 54, 55]), and the 3-wave resonant interaction model (see [120, 141]), and we succesfully
applied it to the YON system too (see [30]). Let us present how the method works to then show

its application to the YON system.
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5.1 The stability spectrum

We will follow the original introduction of the method in [53]. Let us consider an integrable

system of PDEs as introduced in Section 1.2, with a Lax pair of the form

U, =XV, U, =TV, (5.1)

where ¥, X, and T are N x N matrix-valued complex functions of z, ¢, the unknown variables
of the system of PDEs at hand, and their derivatives. X and 7" will also depend on an additional
complex parameter called the spectral parameter, which we will denote by A. For our purpose,
we will consider this dependence to be polynomial up to linear order for X, and to quadratic

order for 7T, that is,

X(\) =iAE+Q, T\ = NTo + My + Ty (5.2)

The system of PDEs arises from this framework as the compatibility condition of the Lax
pair,

X, — T, +[X,T) =0, (5.3)

where [ X, T'] denotes the commutator of X and 7', [X, T| = XT — T'X. That means that the

equality (5.3) will hold if and only if the original system of PDE:s is satisfied.

Given that both X and 7" are polynomial in ), the left-hand side of the compatibility condition
will also be polynomial. In particular, since X is linear and T’ is quadratic, the left-hand side of
the compatibility condition will be cubic, and, since it must hold for every choice of A, it yields

4 equations for the matrix coefficients X, Q, Ty, 11 and T5.

Let us now introduce a small perturbation. Given a pair X and T solving the compatibility
condition (5.3), let us consider a new solution X + §.X and T' + §7T differing by a small change
of the original X and 7. Then, the perturbations §. X and 67" must satisfy, at first order, the
linearised equation

(6X); — (6T)y + [6X, T + [X, 6T] = 0. (5.4)
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That means that the task at hand is finding a solution A(x,t,\), B(x,t, \) of the linearised
equation

Ay — By + [A, T] + [X, B] =0, (5.5)

where we have denoted A = 60X and B = T to simplify the notation. Let us note, however,
that both A and B are related to the fundamental solution of the Lax equations (5.1), ¥ (x, ¢, \).

Namely, if we define a new matrix-valued function ®(x,¢, \) by

O(z,t,A) = W(z, 6, )MA) T (2,8, 1), (5.6)

where M () is an arbitrary constant matrix depending only on A, then it satisfies the pair of
linear ODEs
o, =[X, D], o, = [T, D). (5.7)

These relations are a direct consequence of the Lax equations (5.1):

d, = (TMIY),
= U, MU+ MYt
= XUMU' oMUY

= [X, vMUY] = [X, 9],

where we have used the matrix relation

M= MM M (5.8)

for any invertible matrix M, so that

Ul o 0t = ol Xou Tt = —9lx

xT

where we have again applied the Lax equations (5.1). The proof for ®; is completely analogous.

The compatibility of equations (5.7), ®,; = P4, coincides with the compatibility condition

69



5.1. THE STABILITY SPECTRUM CHAPTER 5. STABILITY OF PLANE
WAVES FOR THE YON SYSTEM

for the Lax pair. With this, we can now prove the following result, previously introduced in

[53].

Proposition 5.1.1 Let A and B be a pair of matrix-valued functions solving the linearised equa-

tion (5.5). Then, also the pair
F =[A, 9], G =B, 9] 5.9
is a solution of the same linearised equation, that is,
F,—G,+[F,T]+[X,G]=0. (5.10)
Proof: To prove the result we will only need the relations (5.7) and the Jacobi identity.
Fy— Gy + [F, T+ [X, G] = ([4, ®]): — ([B, @])2 + [[4, @], T] + [X, [B, @]].
We have that

[A, @] = [As, ] + [A, D]
= [Ay, @] + [A, [T, ©]]
= [At7 <D] - [(I)a [Aa T]] - [Tv [va A]]

= [At7 <I>] + [[Av T]v (I)] - [[A’ (I)]7 T]7

and, similarly,

[B7 (I)]ac = [Bxy CI)] - [[X7 B]7 CI)] + [X7 [Bv (I)]] :

Putting all together we have that

F,— Gy + [F, T+ [X, G] = [As — B, + [A, T] + [X, B], 9],

but the first entry of the commutator is the linearised equation for A and B, so it is equal to 0,
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which proves the proposition.
With this proposition, we can also get the following corollary:

Corollary 5.1.2 The matrix-valued functions

0X oT

are a solution of the linearised equation (5.10).

It follows from Proposition 5.1.1 and the fact that

0X oT
A= B=% (5.12)

trivially satisfy the linearised equation (5.5).

Let us now go back to our system through the Lax pair (5.2). We will need to impose a few
additional properties on the matrix coefficients. First of all, we will impose that > be constant
and Hermitian, and hence, without loss of generality, we will consider it diagonal and real, in

block-diagonal notation
Y = diag{ay1y,...,arl}, 2<L<N, (5.13)

where the eigenvalues oy, . .., ay, are real and distinct, 1 is the n; x n; identity matrix where

n; is the multiplicity of the eigenvalue «;, and N is the order of the matrix X.

Then, the structure of X allows us to split the set of N x N matrices into two subspaces: the
subspace of block-diagonal matrices and the subspace of block-off-diagonal matrices, where the
size of the blocks is defined by the size of the blocks with the same eigenvalue in >. We can

then, given any N x N matrix M, adopt the notation
M =MD 4 MO (5.14)

where M(4) denotes the block-diagonal part of M and M(©) denotes its block-off-diagonal
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part.

Consistently with this notation, we will define the entries M j;, as matrices themselves of di-
mension n; X ny demarcated by the blocks above. Note that the matrix entries M ; do not

necessarily commute with each other; in fact, they are in general rectangular matrices.

Also note that, given two arbitrary matrices M and A, we have that M@N (@ is block-
diagonal, M@DA) §g block-off-diagonal, whereas, for N > 2, MO A is neither necessarily

block-diagonal nor block-off-diagonal.

Furthermore, we will impose Q(z,t) in (5.2) to be block-off-diagonal, and differentiable up
to sufficiently high order so that all the derivatives involved in the computation are properly

defined.

After this consideration, we can express the matrix coefficients of T as functions of > and @)

through the compatibility condition of the Lax pair (5.3):

Ty = Cy, (5.15a)
T, = Cy —il; —iD9(Q), (5.15b)
To = Co+ Ip — %[D2(Q)7I‘(Q>](d) —I'(D2(Qx))

- 1([02(Q), Q1) - iD1(@) — [1,T(Q)], (5.150)

where the matrices C'; with j = 0, 1,2 are constant and diagonal (we will set Cy = 0 since
its value is irrelevant for our purpose), the linear invertible map I' acts on block-off-diagonal

matrices as

AL
(T(M)) ;4 = o (5.16)
where M is block-off-diagonal, so that
[Z,T(M)] =T([Z,M]) =M, (5.17)
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and the maps D; with j = 1,2 also act only on block-off-diagonal matrices as

Dj(M) = [C;,T(M)] = T([Cj, M]) . (5.18)

Finally, the non-local matrices I; and Iy are block-diagonal and are defined by

Li(z,t) = F dy [Q(yi), Dy (Q(y,t))](d) (5.19a)
(et = [ dy{ -5l @), @ o
- [Qw. 1. T(D2@0. 1), Q11| (5.190)

~ifQu.n. Di(@w.0)]” - [Qw.n. [, F(Q(y,t))]](d)} .

The detailed proof for these formulae is provided in the Appendix A.

The nonlocality generated by I; and I, whose consequence is that Q(z,t) will satisfy an
integro-differential equation through the compatibility condition, rather than a partial differ-
ential equation, is problematic, since it is non-physical and it is unclear whether the system can
be treated via spectral methods in case they are non-zero (see [51]). Because of that, we will

only consider the local case, and will therefore give the condition for I; and I to vanish.

Proposition 5.1.3 The matrices 11 and Iy vanish if and only if the blocks of C1 and Cy are

proportional to the identity matrix, that is,

Cl =diag{51]ll,...,ﬂL]lL}, CQ =diag{fyl]ll,...,’yL]lL}. (5.20)

The proof of this proposition is also provided in the Appendix A.

We will keep these conditions for locality from now on, so that the evolution equation for the
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matrix () reads

Q= ~T(D2(Qur)) - [P(02(Q0). @] " ~ T ([D2(@). Q1) - [(P2@r(@) . @]
- [F([DQ(Q)> Q](O)), Q] ) iDi(Qu) i[D1(Q), Q1. (5.21)

With this, we can introduce a local perturbation by substituting the given solution () with Q+d@),
and then linearise the equation (5.21) by neglecting the nonlinear terms in §¢). That way, we

obtain the linear PDE

50 = ~T(D2(0Qr)) ~ [P(D20002)). @]~ T([Da(@). 5] )
~1([D206Q). Q1 + [D2(@). 6Q]”") ~|(D2(@r (@), 60

[(D:6Qr(@) ", @| - [ (D:(@r @), Q]

- [r(l@. @1?). 50]” - [r([p260). 1), @]

- [r(Ip2(@. 501). @] - ips(o@n)

—i[D1(Q), 6Q]“ —i[D1(5Q), Q] .

22
©) (5.22)

This leads us to the main result of this section:

Proposition 5.1.4 The matrix

F =%, o], (5.23)

defined as in the Corollary 5.1.2 by taking the Lax pair (5.2), satisfies the same linear PDE
(5.22) as 4Q if and only if the matrices C1 and Cs satisfy the locality condition (5.20).

The proof of the proposition is rather long but straightforward. Roughly, the idea of the proof is
to combine the ODEs for ®, (5.7), to obtain a A-independent PDE for the matrix F'. In order to
do so, one can split the first of the ODEs in (5.7) into block diagonal @) and block-off-diagonal
®(°) = I'(F) parts,

AF =T(F,) = [Q, ®P] —[Q, T(M]?, o =[Q,T(FW.  (524)

T
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With this one can write F} from (5.23) together with the second ODE in (5.7), that is,
F, =%, [T, ®]], (5.25)

expand T' with its expression in (5.2) along with (5.15) and replace all the terms AF' in the

resulting expression using the formula (5.24).

Once that is done, all the terms containing & cancel out, provided the condition (5.20), and the

remaining terms in F; can be rearranged in the same form as (5.22) purely algebraically.

With this we have arrived to an important conclusion. The matrix F' that we defined in (5.23) has
the same block-off-diagonal structure as the perturbation 6@ and is a A-dependent solution of the
linearised equation (5.22), with a A-dependence originating from both the arbitrary matrix M ()
and from the fundamental solution of the Lax equations ¥, both of which make up ®. Its role
is analogous to that of the exponential solutions of linear equations with constant coefficients,
that is, by “moving” the spectral parameter A over what we call the stability spectrum (which
will be introduced later on in this section), I’ provides the Fourier-like modes of the system of

PDEs.

Note that throughout the whole chapter we have not made any reference to the boundary con-
ditions of Q(x,t) at x = +oo. In fact, F' does not depend at all on the boundary conditions
and hence it is fit to treat problems with either vanishing or non-vanishing boundary conditions,
periodic solutions, and even other different kinds of problems which may be of physical inter-

est.

Now, the results in Proposition 5.1.4 imply that any sum (or, for our interest, integral) of
F(x,t, \) over the spectral variable )\ is also a solution of the linearised equation (5.22) for 6@,
and, as such, a proper perturbation of the solution. Henceforth, we will simplify the notation by

simply calling that object 6@,

5O, 1) = f ANF (2,1, . (5.26)

xr
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The choice of integrand and path of integration must be performed in such a way that §Q is
bounded in the x variable at any fixed ¢ and in the proper function space (e. g. a localised

perturbation). The construction of perturbations via a series,

0Q(z,t) = Y F(z,t,)), (5.27)

AelcS,
which is potentially a good framework to represent periodic perturbations.

Both in the integral and in the series cases, the boundedness of the solution implies that F'(z, ¢, \)
itself must be bounded, which leads to the construction of what we called the stability spectrum
S, which consists on the subset of the complex A-plane for which the perturbation F'(x, t, \) is

bounded in the x variable.

Whether a given A belongs or not in the stability spectrum depends on the asymptotic behaviour
of Q(z,t) for large |z|. When Q(x, t) vanishes sufficiently fast for |x| — oo, for example when
its entries are in L', then S, coincides with the so-called Lax spectrum, that is, the spectrum
of the X operator that acts on the fundamental solution through the Lax equation ¥, = X W.
That is the case when the matrices X, 7" in the Lax pair are 2 x 2 matrices. In that cases, the
procedure introduced in the present chapter is equivalent to the method of squared eigenfunctions

(see [100, 160]), making it unnecessary to use this more convoluted method.

However, when dealing with N x N matrices, this is not true anymore, as )z, t) tends in general
to some finite, nonzero value when |z| — co. In that case the Lax spectrum and the stability
spectrum do not coincide, and the squared eigenfunctions method cannot be applied anymore
[110]. In fact, the action that should be studied to consider stability is not the direct action but
the action through the commutator, &, = [X, ®]. The corresponding stability spectrum S,
will consist on a piecewise continuous curve, potentially along with a finite number of isolated

points.

Before continuing, note that the study of the completeness of the F'(z, ¢, \) in (5.26) and (5.27)
is out of the scope of this work, and hence we will only describe solutions of the linearised

equation for 6@ (5.22) belonging to an adequate function space and that can be obtained through
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the integral or series representations introduced above.

We will claim that a given solution Q(z,t) is linearly stable (with respect to ¢) if any small

change 6Q)(x,to) compatible with our representation remains small as time grows.

Let us now show how we can represent the matrix F'(z,¢, \) in the case of 3 x 3 matrices. We
can consider the fundamental matrix solution ¥ of the Lax equations (5.1), and denote its three

column vectors by 1[)(1), 1/1(2) and ¢(3),
U — (¢(1> e 11,(3)) . (5.28)
We can consider without loss of generality that U has unit determinant, so that
det & = oM . p@) A B (5.29)
Then, the expression for F'(z,¢, \) (5.23) can be rewritten as
F(z,t,\) =[S, (a, t, )M\ (2, t,\)], (5.30)

where ¥4 denotes the adjugate matrix of ¥. We can express it through its rows,

AT
v = | A" || (5.31)
¢A(3)T

where the superscript 7' denotes transposition, transforming column vectors into rows. In this

framework, the vectors 1)2() are given by the expression
A0 = (M) A () (5.32)

where {j, m,n} is a cyclic permutation of {1, 2, 3}.

Since for a generic non-reduced Q(x,t) and a given value of A\ we need six eigenfunctions, we

77



5.1. THE STABILITY SPECTRUM CHAPTER 5. STABILITY OF PLANE
WAVES FOR THE YON SYSTEM

can represent the perturbation using the basis of matrices M (Gm) given by
MYU™ = 506y, Gom=1,2,3,  j#£m, (5.33)
where the deltas denote the Kronecker delta. Then we will denote
FUm =[5, wMUmgA] . (5.34)
The strength of this choice relies on the fact that
U(z, 6, VMU T (2,8, 2) = O (D A ) e, (5.35)

where €y, denotes the parity of the permutation {j, n, m} of {1,2,3} (thatis, €., = 1ifitis

a cyclic permutation and €;,,,, = —1 otherwise). We can then write FUm) g
FUM (2.4, )) = [2, ) () A w("))T] € - (5.36)
With this representation, we can write the perturbation as

F(a,t,0) = >, pIm (N FI™ (2,8, )) (5.37)
jm

where the six functions 7™ (M) play the role of a Fourier-like transform.

Let us illustrate how the method works by applying it to the plane wave solutions of the Yajima-

Oikawa-Newell system introduced in Chapter 4.
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5.2 The YON case

Let us recall the YON system introduced in Chapter 4,

iSy + Spz + (iaLy + o®L* — BL —2a|S?) S = 0, (5.382)

Ly =2(|S]?) (5.38b)

x )

which has a Lax pair

XA =iA2+Q, T\ =N+ X1 +Tp, (5.39)
with
10 0
¥ =diag{1,0,-1}=]1 0 0 0 |, (5.40)
00 —1
0 S il
Q= aS* 0o S* |, (5.41)

io®’L—iBf aS 0

which, using formulae (5.15), give rise to

-1 0 0 0 -S 0
L=t 0 2 0 | Ti=| —ast 0 s |, (5.42a)
0 0 —1 0 aS 0
—ia|S|? —aLS +iS, i|S|?
To=| —a?LS* + BS* —iaSH 2iar| S|? —aLS* —iS* |. (5.42b)
ia?|S|? —a?LS + BS +iaS, —ialS|?

We will study the plane waves of the system following the computations in [29], which have the
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general form
S(z,t) =ae® L(z,t)=b, 0=qr—vt, v=q>—a’?+pb+2ad?, (5.43)

where we have introduced three new arbitrary real parameters, namely, the two amplitudes a
and b and the wavenumber of the short wave, q. The last formula of (5.43) shows the dispersion

relation for the plane wave.

The first step to apply on the solution (5.43) the stability method introduced before is finding
a corresponding fundamental solution \il(x, t,\) of the Lax equations (5.1). One can find such

solution with the form
B(z,t,\) = e?VR(z, )W) - Rz t) = diag{l,e 1}, (5.44)

where

2
p(\) = §A2 + a?b? — 20:a® — b, (5.45)

and the z, t-independent matrix W () takes the form

W) =1 —iaa g —ial- (5.46)

Since W () has the trace properties
(W) =q, t(W?) =v+3p, (5.47)

then the solution W (z, , \) in (5.44) has unit determinant.

For our purpose, and according to the formalism in the previous section, it is convenient to
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choose the alternative solution ¥ (z, ¢, \) whose column vectors ¥0) are defined by
YU = U(z, 6, \) fON), =123, (5.48)
where the three vectors fU)()\) are the eigenvalues of W (),
Wf(j) — wjf(j) 7 (5.49)

where w; denotes the corresponding eigenvalue of W (). We will consider them normalised so

that

F. ( JIN f<3)) —1, (5.50)

which entails the condition det (\I!(:c, t, )\)) = 1. Proceeding this way, we can compute the

column vectors z/)(j ), which turn out to be
) = eii+ot) (@) (5.51)

with

nj = wjz — wit, j=1,2,3. (5.52)

With this, we can use formula (5.36) to compute the eigenfunctions F'(7") (z,t, \) corresponding

to the plane wave solution at hand. With further simplifications coming from the fact that
m+mn2+mns=0-3pt, (5.53)
and the matrix relation (for any pair of arbitrary vectors v and v)
eie(Ru)(Ru AR =R [u(u A v)T] R7Y, R(z,t) = diag {1, e, 1} ,  (5.54)
we get the expression

FU™ (g, ¢, ) = e/l—mm) R [E, FOO) A f(n))T] R~ €jum j#m, (5.55)
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where, as before, €y, denotes the parity of the permutation {j, n, m}.

This shows that, apart from the phase #, which is independent of ), the eigenfunctions FU™) (z, ¢, \)
depend on x and ¢ only through the exponentials ¢!(i—1m) which, thanks to the expression

(5.52), one can write in the form

eii(kna:—wnt) ,  kn =Wpy1 —Wpio, wp = w?z+1 — w721+2 , n=1,2,3 mod3 , (5.56)
where the wave numbers k;(\) and the corresponding frequencies w; () are defined in terms of

the eigenvalues w; of the matrix W, that is, the roots of the characteristic polynomial

P(w,\) =detfwl —W(A)] = (w—wi)(w — wa)(w — ws)
(5.57)
= (w—q)(w* =\ +p) +7,

where the parameters p and r are defined as

p=20a® —a?b® + fb=v —¢*, r = a*[2a(q + ab) — B]. (5.58)

Since we require our solutions to be bounded functions of x, we can conclude that the set of val-
ues of \ that allows us to construct valid perturbations is the subset of the complex A-plane where

at least one of the wave numbers k;(\) is real. That leads us to the following definition.

Definition 5.2.1 The stability spectrum S, is defined as the set of complex values of A for which

at least one of the three wave number functions ki(\), ka(N), and ks(\) is real.

The dispersion relation between the wave number k; and the corresponding frequency wj is
parametrically defined by the functions k;(\) and w;(\) by varying the spectral parameter \
over the stability spectrum S,. The corresponding plane wave will be linearly stable if w;(\) is
real for the values of j such that k;(\) is real for every A in the spectrum S,. Otherwise, if for

some j and A € S;, w;(A) is non-real, then the plane wave solution is linearly unstable. In that
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case, the relevant physical information of the instability is given by the gain function,

T;(\) = Im(w;(\)|,  AeS,,  Im(k;(\) =0. (5.59)

We can then proceed to classify the different stability spectra for each choice of parameters
and the corresponding gain functions. Note that the characteristic polynomial P(w, A) in (5.57)
depends only on the wave number g of the short wave solution, the parameters r and p defined
in (5.58), and the spectral parameter A only via the combination A> — p (which, in turn, is also
the only appearance of p). Because of that, it is sufficient to fix the values of ¢ and r in the
characteristic polynomial and redefine the stability spectrum as a curve in the complex plane of
A2 — p. By doing so, our parameter space reduces to the (g, r)-plane. We will then introduce the

more convenient, complex variable A as

A=)\ —p, (5.60)

so that the parameter p becomes irrelevant for the classification of spectra. In a minor abuse of

notation, we will refer to the characteristic polynomial as a function of A as

P(w,A) =detfwl — W] = (w — wy)(w — w2)(w — ws)
(5.61)
= (w—q)(w® = A) +r.

To make the change of variable explicit, we will denote by S the stability spectrum in the
complex A-plane through the following definition.

Definition 5.2.2 The stability spectrum S” is defined as the set of complex values of A for which

at least one of the three wave number functions ki(A), ka(A), and k3(A) is real

Let us also note that the parameter g, if non-zero, can be rescaled to ¢ = 1 by rescaling w by g,

A by ¢2, and r by ¢3, that is, through the change of variables

w— qu, A — ¢*A, r—¢r. (5.62)
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We will however keep ¢ in the formulae so that we can set ¢ = 1 numerically when desired, and

study separately the case ¢ = 0.

Let us consider first the part of the spectrum S* that lies on the real axis, In A = 0. In that
case, all the coefficients of the characteristic polynomial P(w, A) are real, and hence either the
three zeros w1 (A), wa(A), and ws(A) are real, or one is real and two are complex conjugate. In
the first case, the three wave numbers k; (A) are real, while in the second one none of them is,

leading to the following.

Proposition 5.2.3 If A is real then it belongs to the spectrum S™ if and only if the w-discriminant

of the polynomial (5.61) is non-negative, that is, if A, P(w, A) = 0, where

Ay P(w, ) = k2 k3 k3 = 4A% — 8¢°A? + 4q(¢® — 9r)A — 2712 + 4o (5.63)

As shown by the expression (5.63), the large and positive real values of A do always belong
to the spectrum S*, while the large and negative real values of A do not. We can study the
asymptotics of the equation P(w, A) = 0 around the point at infinity of the complex A-plane to

obtain the behaviours of the roots w;:

wi(A) = VA — &5 + O(1/A%?2)
wa(A) = —V/A — 5 + O(1/A%?2) (5.64)
w3(A) = g+ § + O(1/A%),

where the labels 1,2,3 are arbitrary. It is clear from (5.64) that if A is real, large and posi-
tive, then also the wave numbers k;(A) are real and large. Conversely, if A is real, large and
negative, then none of the wave numbers k;(A) are real and hence A does not belong to the

spectrum.

Let us turn our attention to the w-discriminant (5.63). It is a cubic polynomial of A with real
coefficients, so it can either have one or three real zeros. If it only has one zero, say A, then
the discriminant A,, P(w, A) must be negative for all values A < A, and positive for A > A .

That means that the real part of the spectrum S* is the semi-axis A, < A < oo. If, on the
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contrary, A, P(w, A) has three real roots, say Ag < A_ < A, then the discriminant will be
negative both for A < Ag and for A_ < A < A, meaning that the real part of the spectrum S*
consists on the finite interval Ag < A < A_ and the semi-axis A, < A < oo. This finite gap
between the different pieces of the real part of the spectrum will be a distinctive feature of the
topology of the spectra in our classification. Its existence is determined by the A-discriminant
of Ay P(w, A), that is AyA,, P(w, A), which depends only on the two parameters ¢ and r, and

can be summarised in the following result.

Proposition 5.2.4 Let AyA,, P(w, A) be the A-discriminant of the discriminant (5.63), that is,
ApALP(w, A) = 16r(8¢° — 27r)3. (5.65)

The spectrum S™ has one, and only one, finite gap (G) on the real axis if and only if
ANALP(w,N) > 0, namely, if and only if 7(8¢3 — 27r) > 0, and it has no gap if
r(8¢® — 27r) < 0. The gap opening and closing threshold values of the parameters are v = 0

andr = (8/27) ¢>.

Now that we have completed the study on the real part of the spectrum, we can switch our
attention to the non-real values of ¥ that yet belong to the spectrum, ¥ € S* with Im(A) # 0.

For this we will introduce what we call the polynomial of the squares of the differences,

PCA) = (¢ =KD~ k(¢ —k3) =+ 122+ ¢+ 0, (5.66a)

whose the roots (;(A), j = 1,2, 3, are the squares of the differences of the A-dependent roots

w;(A) of the characteristic polynomial P(w, A),
G(A) = k3 (A) = (wjs1 — wjg2)®, j=1,2,3 mod3. (5.66b)

The coefficients of the polynomial P((, A) (5.66a) can be computed explicitly in terms of the

coefficients of the polynomial P(w,A) (5.61) using symmetry properties (see [54]). Let us
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consider a generic monic polynomial
fl@)=aN + fnaz" 4+ o, (5.67)

and try to construct a new polynomial g(y) whose roots are the squared differences of the N

roots x; of f(x), that is,

gw) =[] [y — (x; — xm)2] - (5.68)

j<m
Since the roots of g(y) are, by construction, quadratic symmetric functions of the roots z; of
f(x), the coefficients of g(y) are necessarily polynomials of the coefficients of f(z). In partic-

ular, for the case N = 3, g(y) is also a cubic polynomial,

9W) =v* + 90° + 1y + 90, (5.69)
and its coefficients are given by Vieta’s formulae,

92 =2(3f1— f3),
g1 = (3fi — f2)%, (5.70)

go =278 +4fP —18fof1foa + Afof3 — [113.

Note that these formulae give g(y) the non-generic form g(y) = y(y + g2/2)? + go. Also note

that, when y = 0 in (5.68), we have that

—9(0) = Au(f) = [ ] () — wm)* (5.71)

j<m
By using the formulae (5.70) with the coefficients of P(w,A) in (5.61), one can compute the
coefficients 7, of the polynomial of the squares of the differences (5.66a), which turn out to

be
2 =—20BA+¢%),

7= (3A+¢)°, (5.72)

7o = —4A3 +8¢2A% — 4q(q® — Ir)A + 27r% — 4rg3 .
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Also the property (5.71) tells us that the w-discriminant (5.63) is related to this new polynomial
by
AyP(w,A) = —P(0,A). (5.73)

Relation (5.73) allows us to rewrite the Proposition 5.2.4 for characterisation of gaps in terms of

the new polynomial P.

We now get to the main point of the method, which is that we can also redefine our stability
spectrum S? by changing the point of view on P(¢, A), and instead of seeing it as a function
of ¢ with coefficients on A we can see it as a function of A with coefficients in {, or rather as
an implicit equation of a curve, similar to an algebraic curve. By doing that, we can express the
stability spectrum as the locus of the A-zeros of P((, A) corresponding to a real, non-negative
value of the variable ¢ > 0. We can then construct the stability spectrum by moving ¢ in the
interval [0, c0) and, for each value of ¢, computing the three A-roots of P((, A). Let us note that

the polynomial of the squares of the differences has the expression as a polynomial in A

PG A) = —4[A = A (O] [A — A2(O] [A — A3(C)]

—4A% + A%(9¢ + 8¢%) — 2A(3¢% — 3¢%¢C + 2¢* — 18¢r) (5.74)

+ ¢ =202 + ¢*C + 27r% — 4¢Pr,

which, assuming ( is real, has real coefficients, and hence the following.
Proposition 5.2.5 The stability spectrum S™ is symmetric with respect to the real axis.

That means that the stability spectrum is a symmetric piecewise smooth curve in the complex
A-plane. Switching from a triplet of real A-roots of P(¢, A) to a pair of complex conjugate roots
and one real root (or vice versa) when moving ¢ from 0 to o0 comes from a collision of two real

(or two complex conjugate) A-roots. That happens at a zero (; of the discriminant

that is, when Q({;) = 0, provided the discriminant changes sign. The polynomial () turns
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out to be of fifth degree. It factorises as

Q(¢) = 4Q1(¢) Q2(Q)

Q1(¢) = 18¢C + 27r — 8¢, (5.76)

Q2(C) = ¢ — 8¢%¢% + 8q(2¢® — 9r)C + 4r(8¢% — 27r) .

After a collision where the discriminant Q)(¢) changes sign, two real A-roots scatter off the real
axis, or two complex conjugate A-roots scatter into the real axis. This makes the factor Q%(()
irrelevant for our analysis since it does not encode a change of sign. It is worth noting, however,
that, for more convoluted systems where P (¢, A) is of a higher degree, components that do not
encompass changes of sign may be relevant to characterise meaningful collisions of roots taking

place off the real axis, or even several simultaneous collisions in the real axis.

Be that as it may, for the case at hand we only need to focus on Q2((). It is a cubic polynomial
with real coefficients, so its three roots (1, (2, and (3 can either be all real if the discriminant of
Q2(¢) is positive,

AcQs(¢) = 16r(16¢> — 27r)° > 0, (5.77)

or two complex conjugate and one real if the discriminant is negative.

We can also write our condition for the existence of a gap in terms of Q2((), reformulating it as
Q2(0) = —(1¢2¢3 = 4r(8¢® — 27r) > 0. It is more convenience for the study of the condition
to consider the sign of gr instead of the sign of r and ¢ separately. In particular, we can use the

condition ¢?@Q2(0) > 0, which translates into
(gr)[8¢* —27(qr)] > 0, (5.78)

which is never satisfied if gr < 0 and, in fact, is only satisfied if 0 < gr < (8/27)q¢*.

We can do something similar with condition (5.77) on the discriminant of QQ2(¢) to transform it
into the condition

(gr)[16¢* — 27(qr)] > 0, (5.79)
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which in turn gives the condition 0 < ¢gr < (16/27)g*. If that is the case, then for large enough
values of ¢, namely (3 < ¢ < o0, as well as for {; < ¢ < (2, Q2(() is positive, while for
(2 < ¢ < (g and for —0 < ¢ < (1, @Q2(C) is negative. We can now analyse all the possible

cases according to the sign of the (-roots of Q2(().

(1) (1 < (o < (3 < 0: this case (all three roots are negative) is not allowed due to Vieta’s

relation (1 + (o + (3 = 8¢°.

(i) ¢1 < (2 <0 < (3: Vieta’srelation (1 (2(3 = 4r(27r—8¢®), implies (gr) [27(qr) — 8¢*] >
0, while the positive discriminant condition (5.79) does not allow gr to be negative. That
means that only the interval (8/27)¢* < qr < (16/27)q* is allowed. In that case, two A-
roots collide for ( = (3 and, for 0 < ¢ < (3, the spectrum exhibits two complex conjugate
curves in the A-plane. We refer to this complex part of the spectrum as branch (B), since
the two end-points at ( = 0 of the two A-roots trajectories do not generically coincide
with each other (see Figure 5a below). Gaps are not allowed in this case, which we denote

as 0G 1B OL, or B-type.

(iii) ¢1 < 0 < {2 < (3: the same Vieta’s relation above requires 0 < qr < (8/27)¢*, which
is also compatible with the positive discriminant condition (5.79). Two A-roots collide
for { = (3, get off the real axis and collide again for ( = (3 on the real A-axis thereby
forming one complex closed curve, which we term loop (L) (see Figure 6a below). In
this case there exist no branches. However, a gap does exist since its existence condition

(5.78) is satisfied. Thus, we denote this spectrum type 1G 0B 1L, or LG-type.

(iv) 0 < (1 < (o < (3: this case is not allowed by two Vieta relations, which lead to the in-
equalities 6¢*—27(gr) > O and (qr) [27(¢qr) — 8¢*] > 0, and by the positive discriminant
condition (5.79).

Let us now consider the spectra S* whose parameters g, r satisfy the negative discriminant
inequality, namely (qr) [16¢* — 27(qr)] < 0. In that case only one (-root, say (s, is real, while
the other two are complex conjugate roots. Again we will study the possible cases according to

the sign of (3.
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(i) ¢3 < 0: not possible since Vieta’s relations for the polynomial Q2((), see (5.76), and the

sign of the discriminant A:Q2(() are never compatible.

(ii) (3 > 0: again, combining Vieta’s relations with the negative discriminant condition shows
that this is possible only for gr < 0 or gr > (16/27)q*. The resulting spectrum is of type

0G 1B OL.

With all the observations above we can finalise our full characterisation of the possible spectra,
which is shown in Table 3. As explained before, we have completed the computation assuming
Table 3: Stability spectra

qr <0 0<q7“<%q4 %q4<qr
0G 1B OL 1GOB 1L 0G 1B OL

q # 0 (so that, for the sake of plotting, we can just take ¢ = 1 and it will be equivalent
to any other non-zero value). For completeness, we can study the non-general choice ¢ = 0
separately, assuming  # 0. In that case the polynomial of the squares of the differences P((, A)
becomes

P(C,A) = — (4A — ) (A= O)? + 2702, (5.80)

and hence P((,A) = —4A3 + 27r2. By means of the Proposition 5.2.3, the real part of the

3 For the complex part of the

spectrum is the semi-axis Ag < A < o0 with Ag = [(27/4)r?]
spectrum, let us note that Q2(¢) = ¢ — 10872, which means that the only real zero of Q2(() is
the positive number (3 = (108r?) 2 For this value, the polynomial P((3,A) has a double real
A-root Ap, which can be found to be Ap = (1/2)(3 = 21/3\¢. As ¢ is moved back from oo,
two A-roots collide at Ag when ( = (3 and then scatter off the real axis to produce a branch,

whose end-points for ¢ = 0 are located at the complex conjugate points Age™? and Age2/3,

That means that for ¢ = 0,  # 0, the spectrum is of type 0G 1B OL.

The only additional choices left to study are the non-generic thresholds between regions, in
particular gr = 0 and ¢gr = (8/27)g*. We have already seen what happens when ¢ = 0 and

r # 0, we can now look at the spectrum when r = 0. In that case, the characteristic polynomial
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(5.61) becomes
P(w,A) = (w — q)(w® = A), (5.81)

making the roots explicit. The corresponding spectrum is entirely real, which we will denote as

0G 0B OL. The wave number functions have the expression

ki(A) = —q— VA, ky(A)=g—VA, k3(A)=2VA, 0<A<+c0. (582

The last choice of parameters we have to check is 27r — 8¢3 = 0, where a gap disappears. In

that case the discriminant Q(0) goes to zero, meaning that the polynomial of the squares of the

differences,
L o ? 8 o
PO,A) = —4[A+ 34 A— 37| (5.83)
has a double A-root, Ap = —(1/3)q?, where a branch closes up and becomes a loop. The

corresponding spectrum can be classified as 1G 0B 1L, where the real segment before the loop

is reduced to only a point.

Now, once we have completed the study of the stability spectrum, regarding the space variable x,
we can switch our attention to the time variable ¢ to look at the stability of the perturbations. That
means we have to investigate whether the frequencies wj (A), wa(A), and w3 (A) (see (5.56)) are

real numbers for A € S*. We can write their relation with the wave numbers k;(A) as

1
wj = §kj (2q + kj + 2k;11) j=1,2,3mod 3, (5.84)

which can be derived from their definition (5.56) by first inverting the map {w;} — {k;}, that
is

1
w; = §<q+kj+2kj+2), j=1,2,3mod 3. (5.85)

However, this is not a dispersion relation, since every frequency w; is written in terms of two
different wave numbers, k; and k; 1. We can obtain a proper dispersion relation by eliminating

the variable A among the algebraic relations P(w,A) = 0, P((,A), and w; = k;j(¢ — wj). In
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order to do that, we also need to introduce the polynomial of the squares of the differences for

W2, which we will denote by R(£, A),

R(EA) = (€ —wi)(€ —wd)(€ —ws)? =& + 6262 + 51€ + 0o - (5.86)

where the coefficients can be computed using Vieta’s relations (5.70):

02
61 = (¢* — 6gr — 2¢°A + A2)2 , (5.87)

-2 (q4 — 6qr — 2¢°A + AQ) ,

o = 1% (—4¢>r + 27r* — 4¢*A + 36qrA + 8¢*A% — 4A3) |

The problem then reduces to finding a Grobner basis for our set of polynomials, which can be
obtained via standard methods, e. g. Buchberger’s algorithm or Faugere’s algorithms [22, 64,
65]. With that, we can compute the three-branch dispersion relation H(+k;, +w;) = 0, where

H (k,w) has the expression
H(k,w) = w® — 4gkw? + k? (4¢° — k*) w — 4rk>. (5.88)

Note here that the dispersion relation (5.88) can also be obtained via a stardard Fourier approach
to the linearised equations. However, the Fourier expansion approach can only be used for plane
wave, whereas the approach shown in this chapter has the potential to be applied to broader
classes of solutions, which will be a topic of further research. Further reasons justifying the

convenience to use this approach are explained in Section 5.3.

Now that we have the dispersion relation, let us study the stability for generic values of ¢ and
r. We have seen that for any generic value of ¢ and r, the stability spectrum exhibits both a
real component and a complex, non-real one. For each point A of the real part of the spectrum,
all three wave numbers k1 (A), k2(A), and k3(A) are real. That means, by using the expression
(5.84), that the corresponding frequencies w;(A) are also real, so the perturbations constructed

using only the real part of the spectrum are bounded in ¢ and thus do not cause instabilities.
On the other hand, for points A on the non-real part of the spectrum (that is, either on a branch
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or on a loop), only one of the three wave numbers, say k3(A), is real, whereas the other two
are non-real. Again by using the expression (5.84), the corresponding frequency ws(A) is then

non-real, since its real part is
1 2
Re(wg) = §k3 (2(] + k3) + §k3 Re(kl) . (5.89)
while its imaginary part, which produces the instability, has the form
2
Fg()\) = \Im(w3)| = g |k‘3 Im(k1)| s (590)

which is non-zero as long as A is off the real axis. We can conclude the analysis of stability with

the following result.

Proposition 5.2.6 All stability spectra S are classified with respect to the parameters q and
r # 0 in two types: the B-type, containing a real part and one branch, and the LG-type, con-
taining a real part with one finite gap, and one loop. Only for r = 0 the spectrum is totally real
with no complex part. The plane wave solutions are then linearly stable if and only if r = 0,
with w, = k% + 2qk1, wo = —k% + 2qko, and w3 = 0, and is otherwise unstable for every value

of q and every non-vanishing value of r.

Examples of these two types of spectra have been numerically computed. In Figure 5, B-type
spectrum is presented (Figure 5a); with the corresponding gain function I' on the branch (Fig-
ure 5b), which proves that this instability is of baseband type, that is, waves are unstable around
|k| = 0; the functions k;(A), for j = 1,2,3, if A is real, together with the function k3(Re(A))
on the branch (Figure 5c); the real frequency on the branch as function of k£ = k3 (Figure 5d).
The same functions are plotted in Figures 6b, 6¢ and 6d, for an LG-type spectrum, which is
shown in Figure 6a. In particular, Figure 6b shows that in this case the instability is of passband

type, namely, waves are stable for sufficiently small values of |k|.
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Figure 5: B-type spectrum, ¢ = 1, r = —4.
5.3 Stability and rogue waves

One relevant application of the method is that the classification of the spectra in having either
passband or baseband instability gives a straightforward prediction on the existence of rogue
waves understood as rational solitons. As shown in the literature, baseband modulation instabil-
ity is one of the proposed mechanisms for the origin of rogue waves [13, 14, 152]. Using the
stability spectra, the existence of baseband instability is associated to the existence of branches
in the spectrum, which enables to relate the choices of parameters that allow for rogue waves
with the topological properties of the stability spectrum. In fact, we propose the following con-
jecture, which is yet to be proven rigorously but holds true for all the systems studied and has

some geometrical intuition.
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Figure 6: LG-type spectrum, ¢ = 1, 7 = 0.1.

Conjecture 5.3.1 The existence of branches in a stability spectrum for a plane wave is equiva-
lent to the existence of rational solitons constructed using that same plane wave as background.
The value of the spectral parameter X\ at the end of the branches coincides exactly with the value

of A that allows one to turn breathers into rational solitons in the Darboux-dressing framework.

This conjecture, if true, tells us that not only can we predict the existence of rogue waves from the
shape of the spectrum, but it also gives the exact value of the spectral parameter we have to use to
construct them via spectral methods. That would be a strong point remarking the convenience of
using the approach in this chapter instead of simpler methods like a Fourier expansion. We also

have an addition conjecture, still not proven rigorously, regarding the existence of gaps.
Conjecture 5.3.2 The existence of gaps or, otherwise, parts of the real axis not included in
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the stability spectrum is related to the existence of dark solitons having that plane wave as
background. The values of the spectral parameter \ in the gap can be used to construct the dark

soliton solution via spectral methods.

Note that in this case we do not propose an equivalence, given that for some systems there exist
dark solitons that use values of the spectral parameter out of the gaps for their construction. For
example, for the YON system both the finite gaps and infinite gaps in the A-spectra, which may
be used to construct dark solitons, can move to the imaginary axis for big enough values of p

when going back to the original spectral parameter A\, which serves as a counterexample.

A rigorous proof and, if true, a geometric analysis for these conjectures are yet to be produced,

and are a topic of further research.

Summarising, some strenghts of the method introduced in this section in comparison with

Fourier-based methods are:

* It is better suited to deal with multicomponent systems, which are often hard to treat or

untreatable with other methods.

* It provides additional information in the form of the stability spectrum, which allows to
predict the types of instability that the system presents without the need to derive the gain

function.

* The stability spectrum can also potentially provide predictions for the existence of special

types of solution, such as rational solutions or dark solitons.

* Although further research is needed, the links between its topology and the behaviour of
the system may provide deeper insights on the nature of integrability from the geometric

point of view.
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Chapter 6

Hirota Bilinear Method for the YON

System

The last part of the thesis will be devoted to the application of Hirota bilinearisation techniques
(see [88, 89, 90, 91, 93]) to obtain general classes of soliton and rational soliton solutions for
the YON system. Multiple techniques have been developed throughout the years to construct
solutions in closed form for nonlinear equations of integrable type. Some of the most notable
methods include inverse scattering techniques [1, 2, 3, 6, 78, 126, 131], Biacklund transforma-
tions [85, 140], and Darboux methods [111, 156]. Nevertheless, the Hirota bilinear method has
two very important points that distinguish it from the methods before: it is not an analytical
method but an algebraic one, and it is not a spectral method, meaning that it does not rely on
the existence of a Lax pair to work. In fact, some authors claim it can even be applied to non-
integrable systems [113, 137]; however, other results seem to point otherwise, finding evidence
that the existence of multisoliton solutions via Hirota bilinearisation may indeed be a character-
isation of integrability (see [87]). Studying this characterisation and the connections between
the method and the classical definitions of integrability is currently an open field of research.
The construction of a Hirota bilinearisation of a system is also useful for constructing Béacklund

transformations [92].
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The specific approach we are going to take, known as the method of 7-functions, makes use of
the Kadomtsev-Petviashvili (KP) equation (see [98]) and the discrete KP (dKP) equation, also
known as Hirota-Miwa (HM) equation (see [93, 127]) to write the corresponding bilinear forms
as elements of the KP hierarchy. It has been succesfully applied to several integrable systems
including the massive Thirring model [38], the semidiscrete Camassa-Holm equation [134, 143],
the complex short pulse equation [72], the Sasa-Satsuma equation [73, 158], the Yajima-Oikawa
system [35], the Newell system [34, 39], the vector nonlinear Schrédinger (NLS) equation, also
known as Manakov system [66], the discrete NLS equation [132], the generalised derivative
NLS equation [37], the nonlocal NLS equation, also known as Ablowitz-Musslimani equation
[68], the multicomponent coupled Ito equation [36], the Degasperis-Procesi equation [70, 71],

or the reduced Ostrovsky equation [69], among others.

6.1 The Hirota bilinear method

A very nice introduction to the Hirota bilinear method is presented in [86]. We will follow
results from that paper along with workshop notes [67] that Baofeng Feng kindly provided to

give some insights on the topic.

The first step in the method consists on bilinearising the equation, which means rewriting the

original equations with Hirota’s bilinear operator D,

Dyf-g=(0x— )" f(z)g(y)| (6.1)

=y’

instead of the regular derivatives. Let us illustrate how we can perform this bilinearisation by

performing it on the Korteweg-de Vries (KdV) equation,

Ugge + OUU, + ur = 0, (6.2)

following the computations in [86]. A way to find it is to change variables so that the leading
derivative has the same number of derivatives than the nonlinear term, that is, to define a new

variable w such that the first two terms in (6.2) have the same number of derivatives. If we
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establish each z-derivative having degree 1, then the leading derivative u,., has degree 3, so,
in order to balance the term uu,, © needs to have degree 2, so we can introduce the change of
variable

w= 3w, 6.3)

so that (6.2) transforms into

Wezzer + OWeasWagr + Weat = 0. (6.4)

Now we can integrate (6.4) with respect to = to get

Wepee + 3W2, + Wer = 0. (6.5)

This integration should introduce an integration constant, but given that w is just defined in (6.3)
up to

w — w + xC1(t) + Co(t), (6.6)

we can absorb the integration constant by making an appropriate choice for Cy(t) and C1(t).

Now that we have an equation with balanced derivatives, namely (6.4), we can bilinearise it by
introducing a new variable with natural degree (as explained above) equal to zero, that is, either

log(F') or f/g. For this case, the former works, so let us define

w = ylog(F), (6.7)

with 7 a free parameter. By introducing it into (6.4), we get an equation of fourth degree in I,

with a structure

F? x (quadratic term) + 3v(2 — v)(2FF" — F’)F"? = 0. (6.8)

We want the equation to be quadratic, so we will choose v = 2, so that the equation be-
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comes

FryzaF — 4FypyFy + 3F2, + FyF — F,Fy = 0. (6.9)

Once we have the equation in a quadratic form, we can try and replace the derivatives with
Hirota’s bilinear operator (6.1). D operates on a product of two functions similarly to the Leibniz

rule, but with an important sign change,

Dyf-g9g=feg—f9z, (6.10a)
Df - g = f9az = 2fuls + fr. (6.10b)
D.Dif - g = fatg — fogt — ft9x + fGar - (6.10¢)
In particular, we can write
D,D\F - F =2(F, F — F,F}), (6.11a)
DIF . F = 2(FypyuF — 4Fy00 Fy + 3F2), (6.11b)

so that we can rewrite (6.9) as
(D; +D,D))F-F=0, (6.12)

which we will call the Hirota bilinear form of the KdV equation. Overall, to obtain the Hirota

bilinear form we have applied the transformation
u = 202 log(F) (6.13)

and integrated the equation once, to then transform the derivatives into Hirota derivatives using
the D-operator. This is, however, not an algorithmic process, and the exact transformation and
the number of new variables needed to get to a bilinear form may vary from one system to
another. In fact, for some systems a Hirota trilinear formalism has been introduced, due to the

impossibility of finding a bilinear form for the equation (see [80]).
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Now that we have the bilinear form (6.12) we can use it to obtain solutions of the KdV equation.

Let us give a few useful propertes of the D-operator before. Let P be a polynomial. Then,

P(D)1-f=P(=0)f, P(D)f-1=P)f, (6.14a)
P(D)eP* . 9% = P(p — q)ePtT (6.14b)

Oz log(f) = (D3f - £)/(2f?), (6.14c)

0z log(f) = (Dzf - )/(2f%) = 3(D3f - ))*/(2f"). (6.14d)

Let us start obtaining the soliton solutions. The bilinear form of KdV, like for many other

systems, is of the polynomial form

P(D,,D,,...)F-F=0. (6.15)

We can do the further assumption that P is an even polynomial, since all the odd terms cancel

out due to the antisymmetry of the D-operator.

The most basic solution we can look for is the vacuum solution, corresponding to v = 0 in (6.2).

By means of (6.13), the corresponding F'-solution is of the form
F = (C10)z+Co(t)

: (6.16)

but, as we said, we have the freedom to choose C(¢) and Cy(t) however we want, so we can

just define the vacuum solution as F' = 1. It is a solution of the system as long as

P(0,0,...) =0, (6.17)

that is, as long as the independent term of the polynomial is zero. The soliton solutions are
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obtained as finite perturbation expansions around the vacuum solution,

F=1+4cefi+e%fo+... (6.18)

where ¢ is a formal expansion parameter. Each extra term we take in the finite expansion will
contribute an additional soliton to the solution. Let us start with the 1-soliton solution, which
only uses one perturbation term,

F=1+ef. (6.19)

If we substitute it into (6.15), we get

P(Dy,Dy,.. )[1-14¢€l-fi+efi-1+2f1- f1]. (6.20)

The order €° vanishes due to (6.17). For the order !, both terms are actually the same due to

relation (6.14a) and P being an even polynomial. It gives the equation

P(03,01,..)f1=0. (6.21)

The soliton solutions will be associated to the exponential solutions of this equation. For the

1-soliton solution, we can take

fi=¢€m, n=pxr+qt+ ...+ const, (6.22)

so the equation (6.21) provides a dispersion relation for the parameters p, g, . . . in the exponen-
tial,

P(p,q,...)=0. (6.23)

Once that we have established f; is an exponential solution, the term of order 2 also vanishes

due to property (6.14b),

P(Dg,Dy,...)e"-e" = P(p—p,q—gq,...)e*" = P(0,0,...)e*" = 0. (6.24)
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For the particular case of KdV, with

F =1+ ePrrat+oo (6.25)

the equation (6.23) provides the well known dispersion relation ¢> = p.

For the 2-soliton solution, one has to add one more term to the vacuum solution, F' = 1+ f1 + fo,

and, in order to combine the solitons, we want that

fr=em+e”, (6.26)
with the notation
7; = pix + q;t + ... + const, (6.27)
with p;, g;, . . . complex parameters related through the dispersion relation (6.23).

A similar analysis to the one performed for the 1-soliton solution tells us that the combination
we are looking for is

F=1+¢eM 4™ 4 Apgemtn, (6.28)

where A1s has the form
P(pl —DP2,41 — G2, .. )

App = — :
P(p1 +p2,q1 + q2,--.)

(6.29)

For the 3-soliton solution, the corresponding form would be
F=14eM4e”4e™ 4 AjgeMT2 4 A13eM T 4 Age™ B 4 A9 A3 Agze™ T3 (6.30)

where the A;; are defined as in (6.29). The computation is based on imposing that the solution
reduces to the 2-soliton solution when the third soliton goes to infinity (when 13 — +00). The

general N-soliton solution can be obtained in a similar way (see [80]) and has the form

N
F= ) exp ( Dl D+ mm) : (6.31)

ni=0,1 I<i<j<N i=1
1<i<N
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where we have defined A;; = e#(3) . Note that going from the 2-soliton solution to the V-
soliton solution does not add additional conditions or constraints on the individual solitons or on

the equation, and is completely fixed.

The existence of these multisoliton solutions without additional constraints on them is a distinc-
tive feature of integrable systems. Indeed, one can define a system as Hirota integrable if such
a solution exist, and, for all the systems studied up to our knowledge, this definition of integra-
bility is equivalent to more conventional definitions of integrability, like Lax integrability (see

[861]).

Now that we have an idea of how the general method works, let us introduce the method we
will employ, the method of 7-functions, following [67]. We will make use of the discrete
Kadomtsev-Petviashvili (dKP) equation, also known as Hirota-Miwa equation (see [93, 127]),
which is also integrable. It is an equation for a complex-valued 7-function defined on a three-
dimensional lattice with lattice constants a1, as and ag, so that the coordinates of the vertices are
(k1aq, kaag, ksas) with ki, ko, ks € Z. In a slight abuse of notation we will denote these coor-
dinates as (k1, k2, k3), so that we will denote 7(k1, ko, k3) = 7(k1a1, keasg, ksas). The standard

way of writing the dKP equation in bilinear form is

al (CLQ — ag)T (k‘l + 1, k‘z,k‘g)T (k’l, ko + 1,ks + 1)
+ aso (ag — al) T (k‘l, k?z + 1, kjg) T (kﬁl +1, k:g, k‘g + 1) (632)
+a3(a1 —GQ)T(k17k2,k3 + 1)7’(1€1 + 1,k + 1,k3) =0.
The dKP equation appears naturally when generalising certain geometric settings to a nonlinear
stage (see [60]). By defining

3

3
1 2 1 3
xzi_zlaiki, y=2i_21aik:i, t=3i_z:1al-ki, (6.33)

and taking the continuous limit a; — 0, we get the bilinear equation [67]
(D — 4Dy Dy + 3D) 7(2,y,t) - T(w,y,t) = 0, (6.34)
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which, by means of the change of variable © = 2(log 7)., transforms into the original KP
equation [98],

(—4up + 6uty + Ugzy), + 3ty = 0. (6.35)
By using the more compact notation
T (k1 + 1, ko, k3) =71, T(ki,ko+1,k3+1) =703 =71, (6.36)
we can write the dKP equation as
a1 (ag —a3) 71 + az (a3 — a1) o2 + az (a1 — a2) 7373 = 0. (6.37)

Note that it can also be rewritten as a determinant,

1 a1 amn
1 a9 a2T27/‘\2 =0. (638)

1 a3 as7sT3

The dKP hierarchy is then defined as the set of dKP equations for lattices (k;, k;, k) taken from

the bigger lattice (k1, ko, k3, . . .),

(a;1 o a:ﬂl) TiTjm 4 (a:nl — a;l) TiTmi —+ (a;l — a;l) TmTij = 0. (639)
We can further rewrite the dKP equation by using the gauge transformation

T— (az_l - agl)k2k3 (al_l - agl)klkg (al_l — (12_1)k1]€2 T, (6.40)

so that it becomes

T1Tog — ToT31 + 13712 = 0. (6.41)
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Via a similar transformation, the equations in the dKP hierarchy can also be transformed into

TmTij — TjTim T TiTjm =0. (642)

This is integrable, and its Lax pair is known and has been employed to study its Darboux trans-
formation (see [130]). It also admits solutions in terms of the following discrete Gram-type

determinant [133]

T(kil,k‘z,k‘g) = \mij (k17k2’k3)|1<i,j<N (643)
with
3 —_
mij (ki, k2, k3) = cij + (ar, ki) ¢ (ag, ky) (6.44)
J =1
where
¢ (ar, k) = (1 —api) ™™,  (ar, k) = (1+ ag;)*™ . (6.45)

That means it can also be explicitly expressed as

—k1 —ko —ks
1 1-— ; 1-— : 1— .
7 (ka, b, k) = [ + (_ Wz) <_a2p) (a:ap> |
Pi 1 qj L+ a19; 1+ a24; 1+ asq;
(6.46)
The dKP equation also admits the Casorati-type solution [133]
0 1 N-1
B RRT DA )
o @ . (N-1
T (k1, ko, k3) = SO? QP? ) & ; (6.47)
0 1 N—1
PRI
with
3 3
oM (kt, ho, bs) = cipl? [ ] (0= agp) ™ + Big? [ [ (1= aja) ™ (6.48)
j=1 j=1
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One can also define higher order equations in the dKP hierarchy via the determinant [133]

1 a @ - a7 o' %nA
1 ay a2 - a7 a ’nh

—0, (6.49)
1 a, a2 -+ a" 2 a" 1.7,

so that we can get, for example, the equation

a% (ag — a3) (a2 — aq) (a3 — aq) 171 — a% (a1 — a3) (a1 — aq) (a3 — aq) 2T

+ a% (a1 — a2) (CLl — a4) (QQ — CL4) T3?3 — QZ ((11 — CLQ) ((11 — a3) (ag — a3) 7'4?4 = O .

(6.50)
Together with the following equations written using (6.39)
(a3" —ar) mma+ (ag" —ay') o + (a7 —ay') 2 =0, (6.512)
(agl — aZl) T1T34 + (al_l — agl) T4T13 + (a;l — al_l) 3741 = 0, (6.51b)
-1 ~1 -1 -1 -1 -1 _
(a2 —as )7‘47’23 + (a3 —ay )7’27‘34 + (a4 — Gy )7‘37’42 =0, (6.51¢)

and the original dKP equation (6.37) we can write the following equation of hydrodynamic

type
0 (a1 —a2) T2 (az—a1)ms (a2 —as) T3 asTy
as — ai) T2 0 a1 —ag)Tie (ag —az) T4 a3T3
( ) ( ) ( ) 0. (652
(a1 —ag) T3 (as —a1) ™ 0 (a3 — aq) T34 as Ty
(a3 —ag) T3 (a2 —as) o4 (aa —as) T34 0 aim

In order to have a non-trivial solution we require that the determinant of the coefficient matrix
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be equal to zero,

(al - a2) (a3 - a4) 712734 — (al - CLS) (a2 - CL4) T13T24 + (al - CL4) (CLQ - a3) T14T23 = 0.

(6.53)

Now that we have introduced this language of 7-functions we can see how other systems can be
derived in this same language following similar definitions to (6.46). Let us illustrate it by seeing
how it enables to construct and study the continuous two-dimensional Toda hierarchy. The
Toda lattice is an integrable model describing a chain with a nearest neighbour interaction under
a certain special potential (see [147]). It can be written in the so-called Flaschka’s variables
as

day,

T :an(bn_bn 1)7
dt ! (6.54)

db
d7tn = 2(@%71 - a2> )
where physically a,, and b, are functions of the generalised coordinate ¢, and generalised mo-

mentum p,, of the n-th particle in the chain.

The two-dimensional Toda lattice is a still integrable extension of the one-dimensional one ob-
tained by adding a linear coupling in the vertical direction (see [112, 124]), so that the equation

of motion for the (n, m)-th particle is

d*Yn,m

a2 e~ Wnm=yn=tm) — g =lume1=ynm) 4 (Ynm+1 + 2Ynm + Ynm—1) 5 (6.55)

where v, ,, is the position of the (n, m)-th particle and « is a coupling constant. We will consider

a continuous limit in the vertical direction, that s, y,, , — yn(z,t). Expanding yy, mm+1 as

Yn 1 2‘92?/71 3
n,m =Yp = h—— —h O(h s 6.56
Ynmt1 =Y 5 Tal e T (h?) (6.56)

we end up getting

2 2
0"Yn = e~ Wn=yn-1) _ o=Wn+1=ynm) | tha Yn

=3 5 O, (6.57)
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If we define r,, = y,, — yn—1, after normalising the constants and neglecting the terms of higher

order in h, we get
Pry,  0%ry

Eroa e Qe — et _ gln—1 (6.58)

By defining the new variables z = $(t + z) and s = 5(z — t), so that

1 1
O = 5((}y —0s), O = 5(% + 0s), (6.59)
then (6.58) becomes
0%ry, — 9p—Tn _ pTn+l _ grn—1 (6.60)
0z0s ¢ ‘ ‘ ’ '

the two-dimensional Toda equation in light-cone coordinates [67]. We can now introduce a

change of variable to linearise the equation,

_ 02
e’ —1= 3205 log(m,), (6.61)
so that (6.60) adopts the Hirota bilinear form
(Dst — 2)7‘n *Tn = —Tn+1Tn—1 - (662)

Let us get back to the dKP equation (6.32). If we introduce the change of variable

1 —aipi = —pi, 1+aiq; = qj, (6.63a)
1— = abs

Wi e (6.63b)
1+ azq; 1+ ag; a1 — as
1—asp; 1-—0b"1p

L (6.630)
1—|—a3qj 1+b6— q; a1 — as
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then through the indices transformation

n = —(]Cl + kg) , (6.64a)
b=k, (6.64b)
I = ks, (6.64¢)

the dKP equation becomes

(a = b D1k, Dr(k+ 1,1+ 1)

(6.65)
—amy 1 (k+ 1,071 (k1 + 1) + b7 (kL 4+ D (k+1,1) =0,
which we can rewrite as
ab(Ta(k, )k + 1,0+ 1) = Tt (k + 1,071 (1 + 1))
(6.66)

=Tp(k, D)ok + 1,1+ 1) — 7 (k, L+ D)1 (K + 1,1)

namely, the discrete analogue of the two-dimensional Toda lattice (6.62). That means it admits

a Gram-type solution similar to (6.43),

n —k -1
1 : 1 —ap; 1—bp;? 3
(k1) = |eij + _ B api Pi ) ests) (6.67)
Pit g\ 4 L+ ag; 1+ bg;
where
& = pi_ll'fl +pir1 + ..., f_j = qj_ll'fl +qjr1 + ... (6.68)
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6.2 Hirota bilinearisation for the YON system

Let us apply the theory introduced above to study the Yajima-Oikawa-Newell (YON) system

iS; + Spz + (ialy + o*L? — BL —2a|S|*)S =0, (6.692)

Ly = 2(15P)z (6.69b)

following results from our paper in preparation [31] By replacing L with L/« and § = 24, we

can rewrite it as

iS; 4 S + (iLy + L? — 261 — 2a|S[*)S =0, (6.70a)

Ly = 2a(|S)?)s . (6.70b)
We will bilinearise (6.70) by using the change of variables

L:z'(log‘};*) : S:%, 6.71)

where f and g are complex functions and f* denotes the complex conjugate of f. The rationale
for the form of L is to ensure the resulting quantity is real, plus balancing the derivatives as

explained in the previous section.

The application of (6.71) into (6.70b) entails

i <10g J;j) - 2 ( Jif:;) . (6.72)
tr T
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By integrating with respect to x, we get
: f* > 99"
i|log=— | =2« + (6.73a)
< s fr*
Dif* - f 99"
1 =2x +C1 (6.73b)
fre fr*
= iDyf - f* = —209g" = CLf [, (6.73¢)
where we have used antisymmetry and the property
0 Dga-b
> === (6.74)

= log = =
or % ab
for arbitrary functions a and b. By setting C'; = 0 in (6.73c), we get the first of our bilinear

equations,
iDf - f* = —2alg|*. (6.75)

Introducing (6.71) into (6.70a) is a little more convoluted,

(g g fr , £\ ( f*> 99" | g
il = = —< | —log — i — — 200 — | -2« = =
(5),+ (7). {( o'y ) +[i(on®r) [ o2 (sT) -2 ff*} 7Y
(6.762)
iDtg-f+D§g-f _Dif'f_<D§f*~f*_D§f'f>
f2 f2 f2 2f>x<2 2f2
* 2 ES ES
+ (z%) = 215D?ff*' ! 204??*]? -0, (6.76b)
_ D+ DY)g-f 9<D§f*-f* N Dyf-f L (Daf*- f)?
f2 f 2f*2 2f2 f2f*2
200D, f* - f 4+ 2agg* _
7 ) 0, (6.76¢)
_ (iD+DYg-f g <f2(2 5= 215) R f — 22)
f2 f 2f2f*2 2f2f*2
(D:Ef* ) f)2 225D$f* ’ f + 2agg* _
+ f2f*2 + ff* ) - 0> (676(1)
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iD, + D2 . * *2 - 2 E . 2
__ (D f2x>g /o ?G . fm . ff B j; . (fmff2f£2f )
210D, f* - f + 2agg*
=0, (6.76e)
fr*
_ D+ DYg-f g fi  fee 2fifs | 200Duf*-f+2ag9"\ _
12 A f fr* fr* ’
(6.76f)
Dy + D2)g - = 2f 5 fo+ [ fow 200D f* - f + 2ag9*
_ (@D 2;5)9 N fggf;= + f*faw 20D f f*+ 99"\ _ .
f f If If
(6.76g)
iD; + D2)g - D2 —2i6D,)f - f* + 2agg*
f f If
By decoupling (6.76h), we obtain two additional bilinear equations,
(iDy+D2)g- f =0, (6.77)
(D2 —2i6D,)f - f* + 2alg|* = 0. (6.78)
We can use the previous bilinear equation (6.75) to rewrite (6.78) as
iDif - f* = (D% —2i6D,)f - f*. (6.79)

So, summarising, the YON system transforms into a system of three Hirota bilinear equations:

(iDy + D?)g - f =0, (6.802)
iDyf - [* = (D} = 2i6Dy) f - f*, (6.80b)

iDf - f* = —2alg|*. (6.80c)
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6.3 Bright soliton solutions

Now, to produce bright soliton solutions (understood as soliton solutions on a zero background),

we can take our variables f and g with the form

f=1+efo+efsa+..., g=cgi+ g3+ g5+ ... (6.81)

and introduce them into our bilinear equations (6.80). In order to obtain the one-bright-soliton

solutions we can assume

f4:f6:-~-207 g3:g5:...20. (682)

After this choices, to the lowest order in € our bilinear equations (6.80) yields

(iD; + D3)g1-1=0, (6.83a)
(D2 —2i6Dy) fo - 1+ (D% — 2i6D,)1 - f§ = —2ag19F, (6.83b)
iDifa-1+iDyl - ff = —2ag19% . (6.83c)

From (6.83a) we get

091 ’q1
- t=3=0, 6.84
ot T a2 (©.84)
which gives us a solution
g =me", =k + ikt + ¢o, (6.85)

with k; the corresponding wave number and ¢ an arbitrary initial phase.

From (6.83b) and (6.83c) we get

2 fo Ofs  Of5 Ofy

2 95902 2 - —2ag1g" .
3.2 0 Ew + o2 + 2i6 Ew ag197 (6.86a)
Ofy  0f5

za—f - za—f = —2aq1 97 . (6.86b)
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We can plug the expression for g; obtained above into (6.86) to get

2
Zz _ aaff _ _Qawaenﬁnl _ (6.87b)

For these equations we can try an Ansatz
fo= At p = agem el (6:88)

and after substituting we get that

200m|?(id + kf)

Ay = . 6.89
> G+ b0 — k) (@5
Putting everything together, we end up with the solution
sl (06 + K¥) i0 + ki e+ 1
oy (20 + Ky ¥ k1 + k*
=1 mw+ny — 6.90
f + (k‘l—|—k‘ik)2(kjl—kjik)6 L B 20[’,)/1‘2 ) ( a)
k2 — k2
20 ’2( 5~ k) 716 k1 em+nt 1
ajm|7(20 — Ky x|k +k*
* 1 4 m+ny — s 6.90b
f (k1 + k§)2(k —kf)e 1 2aly | ( )
k*z k:2
16 + kY
- 4 7]1+TI 1 m
Fi+ ke ‘
2
g=men = -1 _];3’71‘]{2 0l, m = kix + ikt +¢o.  (6.90c)
17— R
0 —71 0

Upon getting back to the S and L variables through the change (6.71), the formulae above

provide the one-soliton solution. For example, for the short wave we have

f}/l 6771

9 _
F T 2amParE) et
L 1
L+ m e ©

S = (6.91)
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and

|7’26711+771k

ISP = 99"

e 20y |2 (10 +k7) ¥ 2a|m1|?(i6—k1) A
1 (1 Tzt ) Ut G

(6.92)

We can denote k1 = k, + ik; and get back to the original variables in (6.69) to write explicitly
the general form of the one-bright-soliton solution as
8ei(k*2t+k:*x) kik2’y
i

S(-'L',t) = 864kik’“tkik2 T "}/’2621%1[,3 — 2(]% T zk,«)a] ) (6933)

Gde2kr (2kit+z) k; kﬁ |’Y|2

L(x,t) = — .
(@) 64eShikrt g 2|ch — 162k Qhit+2) k2| |2 (2k;a0 — B) + |y[tethr® (4a2|k|? — 4afBk; + 52)
(6.93b)
5 5
45 1.5 45 15
4 ! 4 !
0.5 0.5
35 o 85 0
3 05 3 0.5
+ 25 -1 -~ 25 -1
2 -1.5 2 -1.5
1.5 2 1.5 2
25 2.5
1 3 1 3
05 35 05 35
0 0
0 2 4 6 8 0 2 4 6 8
xT xT
(a) Long wave L. (b) Short wave |S].
0 2
051 1.8
1.6+
1+
141
15¢ 12}
S 2 w1
-25r 0.8
0.6
3+
0.4
-3.5 0.2
-4 . L . L 0 , .
0 2 4 6 8 10 0 2 4 6 8 10
x x
(c) Long wave profile at t = 2.5. (d) Short wave profile at ¢t = 2.5.

Figure 7: 1-bright-soliton solution withao =1, 8 =2, k1 =2+ 14,y = 2 + 4.
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Both S and L are solitons moving with velocity

V =2k, (6.94)

so that L(x,0) = L(x + Vt,t) for every x and ¢ (and the same applies for |S(x,t)|).

When ¢ = 0, both |\S| and |L| have their maximum at

1 64k2k}
= ——1 LT , 6.95
e = 35198 (e = s 7) O
with the soliton in L having an amplitude
A4k?
Ap = L , (6.96)
—sgn(k;)\/402|k]2 — 4aBk; + B2 + (2ak; — 3)
where sgn(k;) denotes the sign of k;, while the amplitude of | S| satisfies
A% = —k; AL (6.97)
as a direct consequence of the property
L(z,t) 1
—_——— = ——. 6.98
SO =k (2%

Note that all the formulae above reduce nicely to the Newell case 5 = 0 for every value of
the parameters. However, for the Yajima-Oikawa case o = 0, the amplitude A;, in (6.96)
diverges whenever k; < 0. That, together with the expression for the velocity (6.94) indicates

that Yajima-Oikawa admits only bright solitons traveling to the right direction.

Once we have computed the formulae we can check that the solitons obtained in Section 4.3.4
via an Ansatz approach are indeed subcases of the ones we obtained via Hirota. In particular,
the bright soliton solution coincides with the Hirota soliton for the special case k; = (/2a, so
that the velocity of the soliton is exactly V' = /. This reduction does not work well for the

Yajima-Oikawa case o = (, which is not surprising considering our Ansatz computation was
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only valid for o # 0.

Through a similar process, we can compute the two-bright-soliton solutions by assuming k4 and

gs are also nonzero in (6.81). By doing that, one ends up with the expressions

26+k1 7714’,7];“ i(5+l€2 771+77;< 1 0
ki+k* E1+k3
KT mptnF 0Ky g 0 1
f _ ko+kF ko+k (6.992)
-1 0 _2am? _209fy |
FIokZ TRk
0 -1 _ 20"‘/§<’Yl o 2alys]?
RF2kZ T kEF2—k2
G0—=ki_ m+nf  i0—=ks m+nF
ke +kF € T +hE © 1 0
i0—ky oma+nf  i0—ky jmatng 0 1
P = ko+k¥ ka+k3 (6.99b)
1 0 _2am® 2098 | ]
FIokZ TRk
0 1 . 2ayF v, _ 2aly/?
R T REEAD
WOHEY pyamE 0K p ¥ 1 0 o
k1+k3 ki +kX
WOk potnF  OHKY  poand 0 1 o2
ko+k3 ko+k3
_ 2a|v1 2 Za'y*’yg
g= ] 0 _k;“'—l'cf _k;wl_kg 0l. (6.99¢)
20931 2aly2|?
0 —1 — — 0
[ S
0 0 N —2 0

One can study the phase shift via the changes of variable X = z+2ky; and X = x+ 2ky;, where
k1; and ko; are the imaginary parts of k1 and ks, in order to make “stationary” the first and second
soliton, respectively. That way one can make ¢ go to +c0 to collapse to a one-soliton solution,
and then study the difference in phase between the two asymptotic one-soliton solutions. The
phase shift for the first soliton in the 2-soliton solution then takes the form

(K2, + k3, + k3, + k3, — 2k1;ka; — 2k1rkoy )2 (K2, + k3, + k3, + K3, + 2k1;ko; + 2k1,kay)

1
—o1
G0 = ooy 1o [(k@ K2 RS + k2 — 2kigka + 2k )2(K3, + K2, + K, + K2, + 2kyika; — 21@”/{%)] ’
(6.100)
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(c) Long wave profile at t = —0.5. (d) Short wave profile at t = —0.5.

Figure 8: 2-bright-soliton solution witha = 1, 8 = 2, k; =2+ 4, ke =1 —2i, v = 2+ 14,
Yo =1+ 2i.

where k1 = k1, + ik1;, ko = ko, + ikoy, and the sign o is

o = sgn[ka (ko — k11)] - (6.101)

The corresponding shift for the second soliton can be obtained by simply swapping the subindices

1 and 2 in the formulae above.

Further solitons can be added to the solution by taking more nonzero terms in f and g. The

resulting f and g have similar forms as above, by extending the size of the determinant in 2 for
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each soliton added, so the /N-soliton solution has the form

A 1y

[= ; (6.102a)
—-1y B
A ]lN Cn

g=|—1y B Onxi] > (6.102b)

where the N x N matrices A and B are defined by

10 + k* % 20y F~
_ 7 ni+n’ _ ’71 ’7.7
= gl g o 2000 (6.103a)
ki + K} ki = k;
the column vector ¢, satisfies (c;)); = €, i = 1,..., N, and the row vector r., satisfies (-); =

—%i-
As one would expect, the soliton solutions above coincide with the ones obtained for the Newell

system in [34] when setting 3 = 0 and @ = 1, and with the solutions for Yajima-Oikawa

obtained in [35] upon setting « = 0 and 3 = 1.

6.4 Dark soliton solutions

In the previous section we computed the bright soliton solutions. Now we will also use the
Hirota techniques to produce dark soliton solutions (by which we mean soliton solutions on a
constant non-zero background), also following our paper in preparation [31]. In order to do so,
we will have to modify the change of variables we used for the bilinearisation. In the bright case,
we just wrote a change of variable on a zero background, however now we need to explicitly

account for the plane wave

S = peller=(@ 201 (6.104)
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in our change of variable. To do so, we can modify our previous change of variable (6.71)
into

*
S = p%ei[qx—@“%‘")ﬂ ., L=v+i <log J; ) . (6.105)

NV A T <gg*>
i <log 7 >xt 2ap ) (6.106)

By integrating it with respect to x we get

From (6.70b) we get

. f*) 299"
i|llog= | =2ap +C (6.107a)
< f) [T

Dif* - f 99*

=< —2ap +C (6.107b)
I e
— iDif - f* = —2ap%gg* — CLf f*. (6.107¢)
In this case we will set C; = —2ap? to obtain

iDuf - f* =200 (> = |9]) (6.108)

which will be one of our bilinear equations. To introduce the change of variable in (6.70b), the

computation will again be a longer one,

z(?)t (¢ + 2ap* — 12 +2(51/)f+22q (]gc)x—i-(?)m—?(log‘];:)m
+g[u+i<logf*> ] —2i67 [V+z<logf*> ]—2@ 299" g*0 (6.109a)

/ j / 7 5
; . 2f,
ZD}gz / +2ap2§+21 mfg2 / + Dﬁz ! ?ijé !

D2f*.f* Dif-f Dof*-f [ Duof* f\?
(-5 [2” e () ] (©-10%)
09D 299 g

A T T
- 2
. (iD¢ + 21D, +fl2)x +2ap%)g - f (6.109¢)
g (DAf*-f* D2f  (Duf* f)° | 20— )Duf* - f + 20p99"\
_f< oz T e I )‘O’
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_ (iDy+2iqDy + D3+ 20p%)g - [ g <f2(2f§z ~2f2%) [ facf ~212)

f2 f 2f2f*2 2f2f*2
(Dof*- )2 2i(6 —v)Dof* - f + 2ap*gg*
T e T e =0, (6.109d)
; ; 2 VAR * *2 2
. (th+21qu+2Dw+2ap )g-f g fL:_ : +@_f7:§
f A e f o f
f2 Zf = f*fa)® | 2000 —v)Daf* - f + 20p%gg"
- + 727 + i =0, (6.109¢)
(iDy + 2iqgD, + D2 + 2ap?)g - f
9 (fa  foe  2fufy | 20(6 —v)Dof* - f +2ap°gg*
~$( - ik w0 0D
. (iDy + 2igD, + D? + 2ap?)g - f
f2
A= 2 ufE A+ fer 20(0 —v)Duf* - f + 2ap%gg*
_;(ff J};“* [ faa 2000 —v) J;f*f ,099):07 (6.109g)
. (iDy + 2igD, + D? + 2ap?)g - f
f2
D2 —2i(§ —v)D,)f - f* + 2ap®gg*
_ ?( 2 — 2000 —v) fjclf f*+2ap%9" (6.1090)
By decoupling (6.109h), we obtain the bilinear equations
(iDy + 2igD, + D) g - f =0, (6.110)
(D = 2i(6 — v)Dy)f - f* = 20p%(|f* = |g]*) - (6.111)
We can use the previous bilinear equation (6.108) to rewrite the latter as
iDif - f* = [D2—2i(6 —v)D]f - f*. (6.112)
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To summarise, by using the change of variable (6.105) we were able to rewrite the YON system

as

(iDy + 2igDy + D?)g- f =0, (6.113a)
iDyf - [* = [DF = 2i(0 = v)D.f - f*, (6.113b)
iDf - f* = 2ap?(|f]? — |g]?). (6.113¢)

One can compare these with the following equations in the extended KP hierarchy

(Dgy — 20Dy, — D3 )T 1 - Tae = 0, (6.114a)
(Day = 20Dy, + D3 )Tk Tnsrk = 0, (6.114b)
[(CL - b)DI—1 + 1]7—n,k: *Tn+l,k = Tnk+1Tn+1,k—1 - (61140)

As members of the KP hierarchy, they have a Gram-type solution

Tk = ]m?j’khgi,jgN, (6.115)
with .
L PP — — @ , 6.116
T T ki+k;< o) \kiva) O (110
where
1
& = gttt kizy + kimg + &o, & = o1t k¥ + kXPay + €. (6.117)
¢ i
If we add the constraint condition
1 1 1
= k2 — k2% 6.118
ki—a+k;’<+a 2a(a—b)p2(2 i) ( )
which we can rewrite as
2a(a — b)p?
ala—bp” _ ki — E, (6.119)

(ki —a)(kF +a)
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to the /NV-soliton solutions, then the T-functions satisfy

1
(CL — b)ax_lTnJg = WaxQTn’k 5 (6120)
so that (6.114¢) becomes
(Day + 200" )Tk Tt 1k = 200" Tkt A T 1 k1 - (6.121)
After adding this constraint, we can set n = —1 and k£ = 0 in the three KP bilinear equations to
get
(Dy, —2aDy, — D2 711 - 7-10 =0, (6.122a)
(Dg, —2bDy, + D2 )71 100 =0, (6.122b)
(Dy, + 20zp2)7:170 - T0,0 = 204;)27:1717'07,1 . (6.122¢)
We can then introduce
=710, g=T-11, f* =100, g =101, (6.123)
so the bilinear equations above become
(Dy, —2aDy, — D2 )g- f =0, (6.124a)
(Dg, —2bDy, + D2)f - f* =0, (6.124b)
(Dgy + 20p) f - f* = 2ap%gg* . (6.124c¢)
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Finally, by taking xo = it, a = iq and b = i(J — v), they become

(iDy + 2igD, + D)g- f =0, (6.1252)
iDyf - f* = [D? —2i(6 —v)D,]f - f*, (6.125b)
iDif - f* = 2ap*(If1 = g]*), (6.125¢)

which are exactly the equations (6.113) that we obtained for the YON system.

That means that we can adapt the solutions (6.115) and (6.116) as solutions of the YON system.

The 1-dark-soliton solution is given by

~1.%
—Zk1_5+yegl+§f7

6.126
d by + ki (6.1262)
tk1+0 —v *
Fol T 6.126b
ki —0+vk —iq *
=1+ SRS 6.126
I= N T vk Kt B
iky + 6 —vEkf +iq *
*=1- L G1tep 6.126d
g i+ kE ki —iq (6.126d)
& =kiz +ikit + &, & =kiz — ikt + &, (6.126¢)
where the parameters must satisfy the constraint condition
2ia(q — 6 + v)p?
=k — ki 6.127
e = igP2 1=k ( )
By taking k1 = ki1, + ik1;, we can rewrite the constraint condition as
-4 2 2
ki, =+ (OW — (ky — q)2> ) (6.128)
1i

As with the bright case, the dark solitons move with a velocity V' = 2k;, that is, they satisfy

L(x,t) = L(x + 2k;t,0) and |S(x,t)| = |S(z + 2k;t,0)].
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Figure 9: 1-dark-soliton solution withav = -1, =3, ki1 =1+4+d,p=1,v=1,¢q=1.
The N-dark-soliton solution is, as in the bright case, given in determinant form,
ik — 0+ v
f=0— —L it : (6.129a)
k; + kX
J NxN
tki+6—v 4
= (8 J*_eﬁz-* +&j (6.129b)
kS + kj NxN
= 6i; + —2 ! bt , 6.129¢
I=10 T Tk K tig (0.129¢)
J NxN
ik +0 —vkf+i
P L R f‘qefi"%“ (6.1294)
ki + kj k; —iq NxN
& = kix + ik}t + o, & =kfv— ik}t + &, (6.129)
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where the parameters are subject to the constraint

2ia(q — 6 +v)p?
ki — iq|?

=k — k. (6.130)
As with the 1-dark-soliton solution, we can set k; = k;, + tk;; to write the constraint as

1
_ 2 2
ki = £ (W — (ki — q)2) . (6.131)
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Figure 10: 2-dark-soliton solution with « = 2, § = =3, k1 = V2 + 2i, ko = /6 + 1, p=1
v=149=1

The phase shift for the 2-dark-soliton solution can be written explicitly by denoting k; = k1, +
ik1; and ko = ko, + ikso; and proceeding as in the bright case, that is, moving with the velocity

of one of the solitons to make it stationary, so that for ¢ — +oo the solution collapses into a
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1-soliton solution. For the first soliton, the phase shift reads

1 <k%r + k%z + k%r + k%z + 2k1,koy — leik%)
k2 k2 + k2 k2 — 2k koy — 2k1iko;
¢ = I P Ry +2kfl I Liv2i/ (6.132)

The formula for the second soliton can be also written by simply exchanging indices 1 and 2 in

the formula above.

6.5 Breathers and rogue waves

To derive the breather solutions, we can use the same change of variable (6.105) we used for
the dark solitons in the previous sections. For the breather case, we will employ the breather

solutions for the KP hierarchy (6.114)

Tk = |m?j’k|1<i,j<Na (6.133)

where

2 n k
mit =) @imbjr (Kim = b) ( Fim — b _Kim —a) - enve, 6.134)
ij el Kim + k;} k}!} +b k;’} +a
with
1 2
§im = o a$—1 + kimx1 + k5,22 + &imo (6.135a)
m

5;‘7« = m$—1 + k;frﬂfl + k;TZIz + S;T,O, (6.135b)
Jr

and ki, Kjr, Qims @jry Eim 0, §jr,0 arbitrary complex parameters.
If we add the constraint condition

1 1 1
__ kit + ki) | 6.136
kii—a + kio —a 2a(a—b)p2( ) ( )
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which we can rewrite as

2a(a — b)p?
(ki —(a)(k-ip— Q) ki1 + kiz, (6.137)
1 (]
then the 7-functions satisfy
1
(a‘ - b)a’ﬂffrn,k = 2C¥p2 aszn,k 5 (6138)
so that (6.114¢) becomes
2 _ 2
2 5 KT 3 sh—1 .
(Dzy + 2007)Trk * Tnt1k = 2007 Tr ket 1 T4 1,k—1 (6.139)

By performing the same transformation from the KP bilinear system to the one coming from the

YON system, we can write the N-breather solution as

2 * ;
aimbir k% +1(0 — v
f _ Z im ]TIE jr ki )] eiim'f‘f;kr , (6.1403)
m,r=1 im Jr NxN
2 % Lk ;
a¥ b* ki —1(6 — v
f* _ Z im jr]E*] k( )] egferfjr , (6.140b)
m,r=1 im + Jr NxN
2 . . * () — ;
g = Z azmbjr[kjr + Zi(s 7/)] k’zm - tLq eﬁimJFﬁj*r , (61400)
m,r=1 klm + ij kjr + tq
) NxN
| Gk =10 =V kg, +ig e e 6.140d
g = 2 k¥ +kj B —igC (6.140d)
m,r=1 im ar Jr 4 NxN
The constraint condition becomes
20(q— 6 2
kR LT Sy (6.141)

(ki —iq) (ki — iq)

We can also study the fundamental rogue wave solution (understood as a rational solution) using

the same bilinear equations in the KP hierarchy. Let us consider the solution

Top = ABm™ (6.142)
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Figure 11: Breather solution with § = 1, k; =2+ 4, ke =1 —2i, a1 = 1+ 2i, b1 = 1 — 24,

as=2—1,bb=2+1p=1Lv=1q=1.

where
mn,k_—k1+b _kl—b
k1 + Ef Ef+0b
with
& = . + kw1 + kiwa, & =

and A and B are the differential operators

A = aO(klakl) + ai ,

kEf +a

" kma\' e
k¥ +a ’

x_1+ kir + kf%g ,

B = bo(k} o) + b1 .

(6.143)

(6.144)

(6.145)
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with ag, a1, by and by arbitrary constants. In this case, the constraint condition turns out to

be
2a(a — b)p?

= 2k? 6.146
(kl _ CL)2 1> ( )

which coincides with the constraint for breathers (6.137) for k;; = kjo = k;. By taking the

choice of parameters leading to the YON system, we get our fundamental rogue wave solution,

k¥ +i4(0 — .
f=AB [Wefﬁf?‘ ] : (6.147a)
1
Ef +i(0 —v) k1 —iq ¢ pex
— —AB| & ST 6.147b
g [ i+ k kftig (6.147b)
The constraint condition then becomes
2ia(6 — v — q)p?
Ekl - iq)?P — 2k?, (6.148)
which we can rewrite using iz = k; as
22(2 — q)? +2a(6 — v —q)p* = 0. (6.149)

Now, since we have k; + kf in the denominators, we need k; to have a non-zero real part. That
means that (6.149) needs to feature complex conjugate roots, since it is a cubic equation with

real coefficients. We can write it in terms of the original « and S instead of using 9 as
22(2 — q)? + (B — 2av — 20q)p*. (6.150)

The condition to have two complex conjugate roots in a cubic polynomial is a condition on the

discriminant, namely
A = 4p%[2a(q + v) — G] [8q3 +27p%[2a(q + v) — B]] <0, 6.151)

which coincides exactly with the condition for branches in the stability analysis (see (5.79),
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with r given in (5.58)) after identifying p = a and v = ab, hence supporting the conjecture
in Section 5.3. Note that, when taking & = 0, hence reducing the YON system to the Yajima-
Oikawa system, the condition for the existence of rogue waves coincides with the one derived

using Darboux-dressing in [156].
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Chapter 7

Conclusions and Outlook

To close out the thesis, let us give a brief tally of the results presented in the thesis and an outlook

of prospective lines of research branching from them.

In this work we have presented a new long wave-short wave interaction system, unifying and
generalising the Yajima-Oikawa and Newell systems into a what we called the Yajima-Oikawa-
Newell system. It has the remarkable property of being Lax integrable for any choice of the two
arbitrary, non-rescalable parameters it features. We have derived its bright and dark multi-soliton
solutions, as well as the rational solutions by means of a Hirota bilinear approach. We have
studied the stability spectra associated to its plane wave solutions, showing that the condition
for the existence of the topological feature referred to as branch in the stability spectrum of
a plane wave corresponds to the existence condition of the corresponding rogue wave coming

from the Hirota bilinear method.

In Chapter 1 we gave an introduction on several techniques and pieces of theory on integrable
systems, including multiscale method, Lax pairs and inverse scattering. We showed how the
standard inverse scattering techniques are not of application to certain kinds of systems where
the Lax pair features a singular matrix (and, later on, we verified that the Yajima-Oikawa-Newell
system is an example of those). Trying to derive new machinery for this kind of systems is one

of our current lines of research, jointly with Cornelis van der Mee. We finished the introductory
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chapter giving a review of different approaches to the stability of solutions of nonlinear systems,
and their advantages and disadvantages in terms of applicability and additional information they
provide. Another of our lines of research focuses on how these different techniques relate to

each other, especially to the one we later employ for Chapter 5.

We then went on to reproduce the historical introduction of two very well-known integrable
systems to model the interaction between long and short waves, namely the Yajima-Oikawa
(Chapter 2) and Newell (Chapter 3) systems, after which we provided a review of the different

results on them available in the literature.

After having presented those two classical systems, in Chapter 4 we introduced a new system
generalising them into a single integrable system, which we called Yajima-Oikawa-Newell, via
working with their Lax pairs. In a first survey of the system, we employed an Ansatz approach
to compute periodic solutions in the form of elliptic functions, soliton solutions (by making the
periodic of the elliptic solutions go to infinity), and rational solutions. We are currently work-
ing on finding connections and applications of the Yajima-Oikawa-Newell system for physical
settings, jointly with Antonio Degasperis and others. In this chapter we also present existing lit-
erature about links between the Yajima-Oikawa system and the Newell system, and how, despite
some authors claiming it provides a Miura transformation, the arguments provided fell short of
a proof of this fact. We are currently trying to derive a Miura transformation for these systems

jointly with Annalisa Calini.

In Chapter 5, we present a method to investigate the stability of solutions of integrable sys-
tems by transforming the problem of stability into the problem of studying the geometric and
topologic features of a certain curve in the spectral parameter space, which we call the stabil-
ity spectrum. We applied the method to study the stability of the plane wave solutions of the
Yajima-Oikawa-Newell system, and concluded that they are unstable for almost any choice of
parameters. We also introduced a few conjectures relating the topology of the stability spectrum
to the existence of various types of solutions, namely rational solutions and solitons. A rigorous
proof for these conjectures is not available at this point of the research, and is currently work in

progress. Another of our current lines of research deals with extending the applicability of the
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stability method, either to broader classes of Lax pairs (which could potentially lead to the study
of some systems of great physical relevance, like the massive Thirring model), or to broader
classes of solutions, particularly to periodic solutions and soliton solutions of multicomponent
systems (both of which have been barely studied). Finally, jointly with Sara Lombardo and
Priscila Leal da Silva, we are investigating the relation between our stability spectra and the

ones studied by Deconinck and collaborators.

Finally, in Chapter 6 we provided an overview of the general theory of Hirota bilinearisation
and, more in particular, of the theory of 7-functions, relating the bilinear form of integrable sys-
tems to that of members of the Kadomtsev-Petviashvili hierarchy. We then applied these Hirota
techniques to obtain various kinds of solutions of the Yajima-Oikawa-Newell system, namely
bright and dark solitons, breathers, and rational solutions. These results form part of a paper
currently in preparation, written jointly with Baofeng Feng and Kenichi Maruno. In particu-
lar, the condition derived for the existence of rational solutions for the Yajima-Oikawa-Newell
equation coincides with our condition for the existence of branches in the stability spectrum in
Chapter 5, hence supporting our conjectures in Section 5.3. As a final note, we want to mention
that a further line of research related to the material in Chapter 6 focuses on the connection
between the Hirota techniques and spectral techniques, such as the Darboux-dressing method.

This is also work in progress.
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Appendix A

Proof for the Lax Pair Formulae

In this appendix we will provide the proofs for formulae (5.15) to (5.19) and Propositions 5.1.3

and 5.1.4.

Let us consider a Lax pair of the form
X =AY +Q, T = Ny + \Ty + Ty, (A.1)

where X is a constant diagonal matrix, and @, Ty, 11 and Ty are matrices depending only on x
and ¢, but not on A. For the sake of simplicity, we will assume that all eigenvalues of X have
multiplicity 1 and @) is off-diagonal (although the proof will be also valid for a matrix ¥ with
repeated eigenvalues and () a block-off-diagonal as introduced in Chapter 5). The compatibility
condition of the Lax pair reads

X, —T,+[X,T] =0, (A.2)

which, for the choices of X and 7T in (A.1), translates as
O, — (AQ(TQ)QE FAT)s + (TO)J;) + [ME +Q, N2Ty 4+ AT + TO] 0. (A3)

We will assume the matrices 3 and @) are known and try to find an expression for 75, 77 and 7 in
terms of them. Since the relation (A.3) has to hold for every choice of ), the coefficient of every
power of A has to be identically zero, so we will study each of the coefficients to obtain relations

among the matrices. Henceforth, for any given matrix M we will denote its diagonal part as M ()
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and its off-diagonal part as M (°). From the coefficient of A3, we get the expression
iSn=0 = T¥=0, (A.4)

since ¥ is a diagonal matrix with distinct eigenvalues. Now, the coefficient of \? gives us the
expression

—(T2), +1i[X,T1] + [Q,T>] = 0. (A.5)

Note that both X and 75 are diagonal matrices, which imply that the result of both commutators in
(A.5) is off-diagonal. In order to study it, we will split the equation in diagonal and off-diagonal

part. For the diagonal part we have

(ng))x —0, (A.6)

which, along with (A.4) tells us that T, is a constant, diagonal matrix. We will denote it as

Ty = (5. From the off-diagonal part of (A.5) we also get the expression
i[=, 1]+ [Q 1] = 0, (A7)

where we have used that, since ¥ is diagonal, [X,T1] = [Z, Tl(o)]. To obtain a formula for Tl(o),

let us take a look at the expression
[=,11"] = i[Q,Cs]. (A8)

Note that the linear map [X, e] is actually an automorphism of the subalgebra of off-diagonal
matrices, and hence it is invertible when restricted to that class. Let us denote its inverse by I'.

Given any off-diagonal matrix M, one can explicitly write I'(M) as
where a; = X;; denotes the j-th diagonal entry of Y. It is easy to check that, as expected,

I([2,M]) = [2,T(M)] =M. (A.10)
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With this definition of I', we can use the equation (A.8) to get an explicit expression

T = ir([Q, Cal) = —iDa(Q) (A1)
where we have arbitrarily defined
D;(M) =T([C;, M]) (A.12)
for any off-diagonal matrix M. Now, from the coefficient of A, we have the relation
—(T1)e +i[2,T0] + [Q, T1] = 0. (A.13)

We will proceed as before and split it into diagonal and off-diagonal part. Note that, as opposed to

T5, now T has a non-zero off-diagonal part. From the diagonal part of (A.13), we get
d d
—(r{?), + [Q. 171 =0, (A.14)

so that

7@ _ J[Q,Tfo)](d) = zf [eA¥(te} 02])](d) . (A.15)

We have that, since C5 is diagonal,

[Q,Calij = Qi(C2)jj — (C2)iiQij = Quj (v — Vi) » (A.16)

where we have denoted by v; = (C?2);; the diagonal entries of C. Then, from the definition of I’

in (A.9), we have

Q; — Q5

so that

(A.18)

Vi — Yk Ve — Vi
ikaj( : - l) .

ap — Q5 a; — O
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Now, when ¢ = j, the constants inside the bracket cancel out, so that

[Q,F([Q,Cz])] =0, (A.19)

i

and hence from (A.15) we get that
T = foNxN = (1, (A20)

where C denotes an arbitrary, constant, diagonal matrix. Furthermore, from the off-diagonal part

of (A.13) we get the relation
—(1{?), +i[5, 1] + Q1) =0, (A2D)

so that, proceeding as before,

TO(O) = ZF([QaTl](O)) - ZF((Tl(O))x>
. iF([Q, C — iDg(Q)](o)> + r(r([Qm, C'z])) (A.22)
= =iD1(@) + ([@, D2(@)] ) = T(D2(Qu))

Finally, the independent term gives

Qr — (Ty)z +[Q,Tp] = 0. (A.23)

Its diagonal part gives the relation
d d
—(0y?"), +[@. 15" =0, (A.24)

so that

Tl = J[Q7T§°)](d) _ i“er([chﬂ)](@
= [l r(fe.n@l)]” - [0 r(pa(@a)]

@ (A.25)
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Let us study each of those integrals individually. First, note that

f [Q,F([Q, 01])](d) = JONXN (A.26)

by the same reasoning as (A.15)-(A.20). For the next one, let us recall that

Dy(Q)ij = Qij %: — % (A.27)

so that
e — Vi
[Q; DQ(Q)]” = Zk: <szij Z — a]j - Qi ij o — Zk >
(A.28)
3 Ve =Y V=T
= ;sz@k] (ak —q; o — 0%)
and then
N Qi@ (= i T
F([Q,Dg(Q)])ij —;ai_% <ak_aj ai_@}g) . (A.29)
Now, we have
N QuQuQri (= N %
[Q’ F<[Q’D2(Q)]>]ij N ; ) — oy (ak —a; o — ak)
' (A.30)

v QukQuQr; <’Yk—’)’l 7 —’Vk> .
Z

Q — O G —ap oy — O

Swapping the indices k and [ in the second sum, we have that

@ r([e. (@) =

v

1 k— 1= Yk 1 1= Yk i — Y
:ZQilQlek]’{ <7 Yo 7)_ <7 i
o — «

~ ap — o o — Qg i— o \op—a o — o
(A.31)
but then when ¢ = j, all the constants in the bracket cancel out, so that
[Q.7([Q.D:(@])] =0 (A32)
(23
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and
(d)
Q. T([Q.D2@]) | = | 0w (A33)
We now have only one integral left in (A.25),
()
|[@ ra0)]”. (A34)
Let us proceed with it. First, we have that
DQ(QI)Z Qz] Vi ’YJ (A.35)
so that
Yi — Y
ID2(Qz)),. = Qij— , A.36
and hence

(Qik)e Qk]”‘“] . (A3

[Q FDQ (Qz) ]J ;{sz ng (k—ia (@i — )2

i)

Now, when ¢ = j, we have

(@ T(0@)], = X 55 (@@ + @) . (A3)

k

Now the key point is that we can distribute the constant to construct entries of F(DQ(Q)) or

r (Dg(Qx)) in any way we want, so that we get the relation

Q. T(D2(@0)] = [@ T (P2(Q0)] = ~[r(D:@). @] - a3

(2 2

Letus call R = I'(Dy(Q)) and R, = I'(D2(Q,)) to simplify the notation. Then we have

Q. B.] = (1@, B.] — [R.Qu])

QR = RQ = RQu + QuR) a0

w\'—\w\ww\)—tw\.—l
e N e N
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That means that

@ r(0:@)], =@ T(me@)] = 5 ([erma@)] ) @an

k23 7 0

and hence

(@ r(0a@a)] " = L@ r(a@)] . (A42)

Putting all these results back into (A.25), we have that

10— [[er@@)]” = - slarm@n)]”. @

where C is a constant, diagonal matrix.

We can now put all the results together to give the full expression for 75, T and Tjp:

T =T + 1) = ¢y, (A.44a)
T =T+ 7 =, —iDy(Q), (A.44b)
Ty = T + 1

= 0 @ r(02@)] D@ + T([Q. D2(@)]?) ~ T(Da(@u)), (Adde)

which coincide with the formulae given in (5.15) after setting I; = Iy = 0. We will also set

Cy = 0 since it does not matter for our purpose.

The off-diagonal part of (A.23) gives us the formula for (), which coincides exactly with the one

presented in (5.21) after substituting the formulae in (A.44).

Iy and I; being zero comes from the fact that we have assumed that all the diagonal matrices
involved have distinct eigenvalues. To understand how it works and prove the Proposition 5.1.3
we can look at how the proof adapts to having a matrix ¥ with repeated eigenvalues, so that (d)
and (o) represent respectively the block-diagonal and block-off-diagonal part of the matrix, as
explained in Chapter 5. In that framework, M;; represents the ¢, j-th block of the matrix, instead
of a single matrix, so that we have to be careful not to assume commutativity. The only point of
the proof where we used commutativity was in (A.16) and the analogous computation for C';. That

relation is only true if we impose that (C2);; = v;1; and (C1);; = £;1;, which means that C
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and C have the same diagonal structure as X and is exactly the condition (5.20) of the Proposition

5.1.3.
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